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Foreword

These lecture notes describe a way of looking at extremes in a multivariate setting. We
shall introduce a continuous one-parameter family of multivariate generalized Pareto
distributions that describe the asymptotic behaviour of exceedances over linear thresh-
olds. The one-dimensional theory has proved to be important in insurance, finance
and risk management. It has also been applied in quality control and meteorology.
The multivariate limit theory presented here is developed with similar applications in
mind. Apart from looking at the asymptotics of the conditional distributions given the
exceedance over a linear threshold – the so-called high risk scenarios – one may look
at the behaviour of the sample cloud in the given direction. The theory then presents a
geometric description of the multivariate extremes in terms of limiting Poisson point
processes.

Our terminology distinguishes between extreme value theory and the limit theory
for coordinatewise maxima. Not all extreme values are coordinatewise extremes! In
the univariate theory there is a simple relation between the asymptotics of extremes
and of exceedances. One of the aims of this book is to elucidate the relation between
maxima and exceedances in the multivariate setting. Both exceedances over linear
and elliptic thresholds will be treated. A complete classification of the limit laws is
given, and in certain instances a full description of the domains of attraction. Our
approach will be geometrical. Symmetry will play an important role.

The charm of the limit theory for coordinatewise maxima is its close relationship
with multivariate distribution functions. The univariate marginals allow a quick check
to see whether a multivariate limit is feasible and what its marginals will look like.
Linear and even non-linear monotone transformations of the coordinates are easily
accommodated in the theory. Multivariate distribution functions provide a simple
characterization of the max-stable limit distributions and of their domains of attrac-
tion. Weak convergence to the max-stable distribution function has almost magical
consequences. In the case of greatest practical interest, positive vectors with heavy
tailed marginal distribution functions, it entails convergence of the normalized sample
clouds and their convex hulls.

Distribution functions are absent in our approach. They are so closely linked to
coordinatewise maxima that they do not accommodate any other interpretation of
extremes. Moreover, distribution functions obscure an issue which is of paramount
importance in the analysis of samples, the convergence of the normalized sample
cloud to a limiting Poisson point process. Probability measures and their densities
on Rd provide an alternative approach which is fruitful both in developing the theory
and in handling applications. The theory presented here may be regarded as a useful
complement to the multivariate theory of coordinatewise maxima.
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Introduction

Browsing quickly through the almost 400 pages that follow, it will become immedi-
ately clear that this book seems to have been written by mathematicians for mathe-
maticians. And yet, the title has the catchy “High Risk Scenarios” in it. Is this once
again a cheap way of introducing finance related words in a book title so as to sell
more copies? The obvious answer from our, the authors’ point of view, must be no.
This rather long introduction will present our case of defense: though the book is
indeed written by mathematicians for a mathematically inclined readership, at the
same time it grew out of a deeper concern that quantitative risk management (QRM)
is facing problems where new mathematical theory is increasingly called for. It will
be difficult to force the final product you are holding in your hands into some specific
corner or school. From a mathematical point of view, techniques and results from
such diverse fields as stochastics (probability and statistics), analysis, geometry and
algebra appear side by side with concepts from modern mathematical finance and
insurance, especially through the language of portfolio theory. At the same time,
risk is such a broad concept that it is very much hoped that our work will eventu-
ally have applications well beyond the financial industry to areas such as reliability
engineering, biostatistics, environmental modelling, to name just a few.

The key ingredients in most of the theory we present relate to the concepts of
risk, extremes, loss modelling and scenarios. These concepts are to be situated within
a complex random environment where we typically interpret complexity as high-
dimensional. The theory we present is essentially a one-period theory, as so often en-
countered in QRM. Dynamic models, where time as a parameter is explicitly present,
are not really to be found in the pages that follow. This does not mean that such a
link cannot be made; we put ourselves however in the situation where a risk manager
is judging the riskiness of a complex system over a given, fixed time horizon. Un-
der various assumptions of the random factors that influence the performance of the
system the risk manager has to judge today how the system will perform by the end
of the given period. At this point, this no doubt sounds somewhat vague, but later in
this introduction we give some more precise examples where we feel that the theory
as presented may eventually find natural applications.

A first question we would like to address is

“Why we two?”

There are several reasons, some of which we briefly like to mention, especially as
they reflect not only our collaboration but also the way QRM as a field of research
and applications is developing. Both being born in towns slightly below or above sea
level, Amsterdam and Antwerp, risk was always a natural aspect of our lives. For the



2 Introduction

second author this became very explicit as his date of birth, February 3, 1953, was
only two days after the disastrous flooding in Holland. In the night of January 31
to February 1, 1953, several 100 km of dykes along the Dutch coast were breached
in a severe storm. The resulting flooding killed 1836 people, 72 000 people needed
to be evacuated, nearly 50 000 houses and farms and over 200 000 ha of land were
flooded. A local newspaper, DeYssel- enLekstreek, on February 6, 1953 ran a headline
“Springtij en orkaan veroorzaken nationale ramp. Nederland in grote watersnood”1.
The words of the Dutch writer Marsman from 1938 came back to mind: “En in
alle gewesten, wordt de stem van het water, met zijn eeuwige rampen, gevreesd en
gehoord.”2 As a consequence, the Delta Project came into being with a clear aim to
build up a long-lasting coastal protection through an elaborate system of dykes and
sluices. Though these defense systems could never guarantee 100% safety for the
population at risk, a safety margin of 1 in 10 000 years for the so-called Randstad (the
larger area of land around Amsterdam and Rotterdam) was agreed upon. Given these
safety requirements, dyke heights were calculated, e.g. 5.14 m above NAP (Normaal
Amsterdams Peil). A combination of environmental, socioeconomic, engineering
and statistical considerations led to the final decision taken for the dyke and sluice
constructions. For the Dutch population, the words of Andries Vierlingh from the
book Tractaet van Dyckagie (1578) “De meeste salicheyt hangt aen de hooghte van
eenen dyck”3 summarized the feeling of the day. From a stochastic modelling point
of view, the methodology entering the solution of problems encountered in the Delta
Project is very much related to the analysis of extremes. Several research projects
related to the modelling of extremal events emerged, examples of which include our
PhD theses Balkema [1973] and Embrechts [1979]. Indirectly, events and discussions
involving risk and extremes have brought us together over many years.

By now, the stochastic modelling of extremes, commonly referred to as Ex-
treme Value Theory (EVT), has become a most important field of research, with
numerous key contributors all over the world. Excellent textbooks on the subject
of EVT exist or are currently being written. Moreover, a specialized journal solely
devoted to the stochastic theory of extremes is available (Extremes). Whereas the first
author (Balkema) continued working on fundamental results in the realm of heavy
tailed phenomena, the second author (Embrechts) became involved more in areas
related to finance, banking, insurance and risk management. Banking and finance
have their own tales of extremes. So much so that Alan Greenspan in a presentation
to the Joint Central Bank Research Conference in Washington D.C. in 1995 stated
(see Greenspan [1996]):

“From the point of view of the risk manager, inappropriate use of the
normal distribution can lead to an understatement of risk, which must be

1“Spring tide and hurricane cause a national disaster. The Netherlands in severe water peril.”
2“And in every direction, one hears and fears the voice of the water with its eternal perils.”
3“Most of the happiness depends on the height of a dyke.”



Introduction 3

balanced against the significant advantage of simplification. From the
central bank’s corner, the consequences are even more serious because
we often need to concentrate on the left tail of the distribution in formu-
lating lender-of-last resort policies. Improving the characterization of
the distribution of extreme values is of paramount concern.”

Also telling is the following statement taken from Business Week in September 1998,
in the wake of the LTCM hedge fund crisis:

“Extreme, synchronized rises and falls in financial markets occur infre-
quently but they do occur. The problem with the models is that they did
not assign a high enough chance of occurrence to the scenario in which
many things go wrong at the same time – the ‘perfect storm’ scenario.”

Around the late nineties, we started discussions on issues in QRM for which fur-
ther methodological work was needed. One aim was to develop tools which could
be used to model markets under extreme stress scenarios. The more mathematical
consequence of these discussions you are holding in your hands.

It soon became clear to us that the combination of extremes and high dimensions,
in the context of scenario testing, would become increasingly important. So let us
turn to the question

“Why in the first part of the title High Risk Scenarios and Extremes?”

The above mentioned Delta Project and QRM have some obvious methodological
similarities. Indeed protecting the coastal region of a country from sea surges through
a system of dykes and sluices can be compared with protecting the financial system
(or bank customers, insurance policy holders) from adverse market movements
through the setting of a sufficiently high level of regulatory risk capital or reserve.
In the case of banking, this is done through the guidelines of the Basel Committee
on Banking Supervision. For the insurance industry, a combination of international
guidelines currently under discussion around Solvency 2 and numerous so-called lo-
cal statutory guidelines have been set up. The concept of dyke height in the Delta
Project translates into the notion of risk measure, in particular into the widely used
notion of Value-at-Risk (VaR). For instance, for a given portfolio, a 99% 10-day VaR
of one million euro means that the probability of incurring a portfolio loss of one
million euro or more by the end of a two-week (10 trading days) period is 1%. The
10 000 year return period in the dyke case is to be compared with the 99% confidence
level in the VaR case. Both sea surges and market movements are complicated func-
tions of numerous interdependent random variables and stochastic processes. Equally
important are the differences. The prime one is the fact that the construction of a dyke
concerns the modelling of natural (physical, environmental) processes, whereas fi-
nance (banking) is very much about the modelling of social phenomena. Natural
events may enter as triggering events for extreme market movements but are seldom
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a key modelling ingredient. An example where a natural event caused more than
just a stir for the bank involved was the Kobe earthquake and its implications for
the downfall of Barings Bank; see Boyle & Boyle [2001]. For the life insurance
industry, stress events with major consequences are pandemics for instance. Also
relevant are considerations concerning longevity and of course market movements,
especially related to interest rates. Moving to the non-life insurance and reinsurance
industry, we encounter increasingly the relevance of the modelling of extreme natural
phenomena like storms, floods and earthquakes. In between we have for instance acts
of terrorism like the September 11 attack. The “perfect storm scenario” where many
things go wrong at the same time is exemplified through the stock market decline
after the New Economy hype, followed by a longer period of low interest rates which
caused considerable problems for the European life insurance industry. This period of
economic stress was further confounded by increasing energy prices and accounting
scandals.

In order to highlight more precisely the reasons behind writing these lectures, we
will restrict our attention below to the case of banking. Through the Basel guide-
lines, very specific QRM needs face that branch of the financial industry. For a broad
discussion of concepts, techniques and tools from QRM, see McNeil, Frey & Em-
brechts [2005] and the references therein. Besides the regulatory side of banking
supervision, we will also refer to the example of portfolio theory. Here relevant refer-
ences are for instance Korn [1997] and Fernholz [2002]. Under the Basel guidelines
(www.bis.org/bcbs) for market risk banks calculate VaR; this involves a holding pe-
riod of 10 days at the 99% confidence level for regulatory (risk) capital purposes and
1 day 95% VaR for setting the bank’s internal trading limits. Banks and regulators
are well aware of the limitations of the models and data used so that, besides the
inclusion of a so-called multiplier in the capital charge formula, banks complement
their VaR reporting with so-called stress scenarios. These may include larger jumps
in key market factors like interest rates, volatility, exchange rates, etc. The resulting
question is of the “what if”-type. What happens to the bank’s market position if
such an extreme move occurs. Other stress scenarios may include running the bank’s
trading book through some important historical events like the 1987 crash, the 1998
LTCM case or September 11. Reduced to their simplest, but still relevant form, the
above stress scenarios can be formalized as follows. Suppose that the market (to be
interpreted within the CAPM-framework, say; see Cochrane [2001]) moves strongly
against the holder of a particular portfolio. Given that information, what can be said
about risk measurement features of that portfolio. Another relevant question in the
same vein is as follows. Suppose that a given (smaller) portfolio moves against the
holder’s interest and breaches a given risk management (VaR) limit. How can one
correct some (say as few as possible) positions in that portfolio so that the limit is not
breached anymore. For us, motivating publications dealing with this type of problem
are for instance Lüthi & Studer [1997], Studer [1997] and Studer & Lüthi [1997].



Introduction 5

The high-dimensionality within our theory is related to the number of assets in the
portfolio under consideration. Of course, in many applications in finance, dimension
reduction techniques can be used in order to reduce the number of assets to an effective
dimensionality which often is much lower and indeed more tractable. The decision to
be made by the risk manager is to what extent important information may have been
lost in that process. But even after a successful dimension reduction, an effective
dimensionality between five and ten, say, still poses considerable problems for the
application of standard EVT techniques. By the nature of the problem extreme
observations are rare. The curse of dimensionality very quickly further complicates
the issue.

In recent years, several researchers have come up with high-dimensional (mar-
ket) models which aim at a stochastic description of macro-economic phenomena.
When we restrict ourselves to the continuous case, the multivariate normal distribu-
tion sticks out as the benchmark model par excellence. Besides the computational
advantages for the calculation of various relevant QRM quantities such as risk mea-
sures and capital allocation weights, it also serves as an input to the construction of
more elaborate models. For instance the widely used Student t model can be obtained
as a random mixture of multivariate normals. Various other examples of this type can
be worked out leading to the class of elliptical distributions as variance mixture nor-
mals, or beyond in the case of mean-variance mixture models. Chapter 3 in McNeil,
Frey & Embrechts [2005] contains a detailed discussion of elliptical distributions; a
nice summary with emphasis on applications to finance is Bingham & Kiesel [2002].
A useful set of results going back to the early development of QRM leads to the
conclusion that within the class of elliptical models, standard questions asked con-
cerning risk measurement and capital allocation are well understood and behave much
as in the exact multivariate normal case. For a concrete statement of these results,
see Embrechts, McNeil & Straumann [2002]. A meta-theorem, however, says that
as soon as one deviates from this class of elliptical models, QRM becomes much
more complicated. It also quickly becomes context- and application-dependent. For
instance, in the elliptical world, VaR as a risk measure is subadditive meaning that
the VaR of a sum of risks is bounded above by the sum of the individual VaRs. This
property is often compared to the notion of diversification, and has a lot to do with
some of the issues we discuss in our book. As an example we briefly touch upon the
current important debate on the modelling of operational risk under the Advanced
Measurement Approach (AMA) which is based on the Loss Distribution Approach
(LDA); once more, for detailed references and further particulars on the background,
we refer to McNeil, Frey & Embrechts [2005]. For our purposes it suffices to realize
that, beyond the well-known risk categories for market and credit risk, under the new
Basel Committee guidelines (so-called Basel II), banks also have to reserve (i.e. allo-
cate regulatory risk capital) for operational risk. According to Basel II, Operational
Risk is defined as the risk of loss resulting from inadequate or failed internal pro-
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cesses, people or systems or from external events. This definition includes legal risk,
but excludes strategic and reputational risk; for details on the regulatory framework,
see www.bis.org/bcbs/. Under the LDA, banks are typically structured into eight
business lines and seven risk categories based on the type of operational loss. An
example is corporate finance (business line) and internal fraud (risk type). Depend-
ing on the approach followed, one has either a 7-, 8-, or 56-dimensional problem to
model. Moreover, an operational risk capital charge is calculated on a yearly basis
using VaR at the 99.9% level. Hence one has to model a 1 in 1000 year event. This
by every account is extreme. The high dimensionality of 56, or for some banks even
higher, is obvious. The subadditivity question stated above is highly relevant; indeed
a bank can add up VaRs business line-wise, risk type-wise or across any relevant
subdivision of the 8 � 7 loss matrix. A final crucial point concerns the reduction
of these sums of VaRs taking “diversification effects” into account. This may (and
typically does) result in a rather intricate analysis where concepts like risk measure
coherence (see Artzner et al. [1999]), EVT and copulas (non-linear dependence) enter
in a fundamental way. Does the multivariate extreme value theory as it is presented
on the pages that follow yield solutions to the AMA-LDA discussion above? The
reader will not find ready-made models for this discussion. However, the operational
risk issue briefly outlined above makes it clear that higher dimensional models are
called for, within which questions on extremal events are of paramount importance.
We definitely provide a novel approach for handling such questions in the future.
Admittedly, as the theory is written down so far, it still needs a considerable amount
of work before concrete practical consequences emerge. This situation is of course
familiar from many (if not all) methodological developments. Besides the references
above, the reader who is in particular interested in the operational risk example,
may consult Chavez-Demoulin, Embrechts & Nešlehová [2006] and Nešlehová, Em-
brechts & Chavez-Demoulin [2006]. From information on operational risk losses
available so far, one faces models that are skew and (very) heavy-tailed. Indeed, it is
the non-repetitive (low-frequency) but high-severity losses that are of main concern.
This immediately rules out the class of elliptical distributions. Some of the models
discussed in our book will come closer to relevant alternatives. We are not claim-
ing that the theory presented will, in a not too distant future, come up with a useful
56-dimensional model for operational risk. What we are saying, however, is that the
theory will yield a better understanding of quantitative questions asked concerning
extremal events for high-dimensional loss portfolios.

Mathematicians are well advised to show humbleness when it comes to model
formulation involving uncertainty, especially in the field of economics. In a speech
entitled “Monetary Policy Under Uncertainty” delivered in August 2003 in Jackson
Hole, Wyoming, Alan Greenspan started with the following important sentence: “Un-
certainty is not just an important feature of the monetary policy landscape; it is the
defining characteristic of that landscape.” He then continued with some sentences
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which are occasionally referred to, for instance by John Mauldin, as The Greenspan
Uncertainty Principle:

“Despite the extensive efforts to capture and quantify these key macro-
economic relationships, our knowledge about many of the important
linkages is far from complete and in all likelihood will always remain
so. Every model, no matter how detailed and how well designed con-
ceptually and empirically, is a vastly simplified representation of the
world that we experience with all its intricacies on a day-to-day basis.
Consequently, even with large advances in computational capabilities
and greater comprehension of economic linkages, our knowledge base
is barely able to keep pace with the ever-increasing complexity of our
global economy.”

And further,

“Our problem is not the complexity of our models but the far greater
complexity of a world economy whose underlying linkages appear to be
in a continual state of flux… In summary then, monetary policy based on
risk management appears to be the most useful regime by which to con-
duct policy. The increasingly intricate economic and financial linkages
in our global economy, in my judgment, compel such a conclusion.”

For many questions in practice, and in particular for questions related to the economy
at large, there is no such thing as the model. Complementary to the quotes above,
one can say that so often the road towards finding a model is far more important than
the resulting model itself. We hope that the reader studying the theory presented in
this book will enjoy the trip more than the goals reached so far. We have already
discussed some of the places we will visit on the way.

One of the advantages of modern technology is the ease with which all sorts of in-
formation on a particular word or concept can be found. We could not resist googling
“High Risk-Scenarios”. Needless to say that we did not check all 11 300 000 entries
which we obtained in 0.34 seconds. It is somewhat disturbing, or one should perhaps
say sobering, that our book will add just one extra entry to the above list. The more
correct search, keeping the three words linked as in the title of our book, yielded
a massive reduction to an almost manageable 717. Besides the obvious connec-
tions with the economic and QRM literature, other fields entering included terrorism,
complex real-time systems, environmental and meteorological disasters, biosecurity,
medicine, public health, chemistry, ecology, fire and aviation, Petri nets or software
development. Looking at some of these applications it becomes clear that there is
no common understanding of the terminology. From a linguistic point of view, one
could perhaps query the difference between “High-Risk Scenario” and “High Risk-
Scenario”. Rather than doing so, we have opted for the non-hyphenated version. In
its full length “High Risk Scenarios and Extremes” presents a novel mathematical
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theory for the analysis of extremes in multi-dimensional space. Especially the econo-
metric literature is full of attempts to describe such models. Relevant for our purposes
are papers like Pesaran, Schuermann & Weiner [2004], Pesaran & Zaffaroni [2004],
Dees et al. [2007], and in particular the synthesis paper Pesaran & Smith [2006] on
the so-called global modelling approach. From a more mathematical finance point
of view, Platen [2001] and Platen [2006], and Fergusson & Platen [2006] describe
models to which we hope our theory will eventually be applicable. Further relevant
publications in this context are Banner, Fernholz & Karatzas [2006] and Fernholz
[2002].

In the preceding paragraphs, we explained some of our motivations behind the first
part of the title: “High Risk Scenarios and Extremes”. The next, more mathematical
question is

“Why the second part of the title, A Geometric Approach?”

A full answer to this question will become clear as the reader progresses through the
pages that follow. There are various approaches possible towards a multivariate theory
of extremes, most of these being coordinatewise theories. This means that, starting
from a univariate EVT, a multivariate version is developed which looks at coordinate
maxima and their weak limit laws under appropriate scaling. Then the key question
to address concerns the dependence between the components of the nondegenerate
limit. In the pages that follow, we will explain that, from a mathematical point of
view, a more geometrical, coordinate-free approach towards the stochastic modelling
is not only mathematically attractive, but also very natural from an applied point of
view. For this, first recall the portfolio link stated above. A portfolio is merely a linear
combination of underlying risk factors X1; : : : ; Xd with weights w1; : : : ; wd . Here
Xi stands for the future, one-period value of some underlying financial instrument.
The hopefully rare event that the value of the portfolio

V.w/ D
dX
iD1

wiXi

is low can be expressed as fV.w/ � qg where q is some value determined by risk
management considerations. A value below q should only happen with a very small
probability. Now, of course, the event

˚Pd
iD1wiXi � q

�
has an immediate geo-

metric interpretation as the vector .X1; : : : ; Xd / hitting a halfspace determined by
the portfolio weights .w1; : : : ; wd / at the critical level q. Furthermore, depending
on the type of position one holds, the signs of the individual wi ’s will be different:
in portfolio language, one moves from a long to a short position. Further, the world
of financial derivatives allows for the construction of portfolios, the possible values
of which lie in specific subspaces of Rd . The first implication is that one would like
to have a broad theory that yields the description of rare events over a wide range
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of portfolio positions. The geometry enters naturally through the description of this
rare event set as a halfspace. A natural question then to ask is what do we know
about the stochastic behaviour of .X1; : : : ; Xd / given that such a rare event has oc-
curred? Thus a theory is needed which yields results on the conditional distribution
of a random vector (the risk factors) given that a linear combination of these factors
(a portfolio position or market index) surpasses a high (rare) value.

The interpretation of high or rare value depends on the kind of position taken,
hence in the first instance, the theory should allow for resulting halfspaces to drift to
infinity in a general (non-preferred) direction. This kind of isotropic limit nevertheless
yields a rich theory covering many of the standard examples in finance and insurance.

At the same time, however, one also needs to consider theories for multivari-
ate extremes where the rare event or high risk scenario corresponds to a “drifting
off” to infinity in one specific direction. This of course is the case when one is
interested in one particular portfolio with fixed weights over the holding period (in-
vestment horizon) of the portfolio. Another example concerns the operational risk
problem discussed above. Here the one-year losses correspond to random variables
L1; : : : ; Ld where, depending on the approach used, d can stand for eight business
lines, seven loss types or fifty-six combinations of these. Under Basel II, banks have
to come up with a risk measure for the total loss L1 C � � � C Ld and hence a natural
question to ask is the limiting behaviour of the conditional distribution of the vector
.L1; : : : ; Ld / given that L1C � � � CLd is large. This is an example where one is in-
terested in the conditional behaviour of the risk factors .L1; : : : ; Ld / in the direction
given by the vector .1; : : : ; 1/. The mathematics entering the theory of multivariate
extremes in a particular direction in Rd is different from the “isotropic” theory men-
tioned above and translates into different invariance properties of classes of limit laws
under appropriate transformations. Examples of research papers where the interplay
between geometrical thinking and the discussion of multivariate rare events are to be
found include for instance Hult & Lindskog [2002] and Lindskog [2004]. The latter
PhD thesis also contains a nice summary of the various approaches available to the
multivariate theory of regular variation and its applications to multivariate extreme
value theory. Besides the various references on this topic presented later in the text,
we also like to mention Fougères [2004] and Coles & Tawn [1991]. The necessary
statistical theory is nicely summarized in Coles [2001].

Perhaps an extra remark on the use of geometric arguments, mainly linked to
invariance properties and symmetry arguments is in order. It is no doubt that one
of the great achievements of 19th century and early 20th century mathematics is the
introduction of abstract tools which contribute in an essential way to the solution of
applied problems. Key examples include the development of Galois Theory for the
solution of polynomial equations or Lie groups for the study of differential equations.
By now both theories have become fundamental for our understanding of natural
phenomena like symmetry in crystals, structures of complex molecules or quantum
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behaviour in physics. For a very readable, non-technical account, see for instance,
Ronan [2006]. We strongly believe that geometric concepts will have an important
role to play in future applications to Quantitative Risk Management.

By now, we made it clearer why we have written this text; the motivation comes
definitely from the corner of QRM in the realm of mainly banking and to some
extent insurance. An alternative title could have been “Stress testing methodology
for multivariate portfolios”, though such a title would have needed a more concrete
set of tools for immediate use in the hands of the (financial) portfolio manager. We
are not yet at that level. On the other hand, the book presents a theory which can
contribute to the discussion of stress testing methodology as requested, for instance,gp
in statements of the type

“Banks that use the internal models approach for meeting market risk
capital requirements must have in place a rigorous and comprehensive
stress testing program. Stress testing to identify events or influences that
could greatly impact banks is a key component of a bank’s assessment
of its capital position.”

taken from Basel Committee on Banking Supervision [2005]. Over the years, numer-
ous applications of EVT methodology to this question of stress testing within QRM
have been worked out. Several examples are presented in McNeil, Frey & Embrechts
[2005] and the references therein; further references beyond these include Bensalah
[2002], Kupiec [1998] and Longin [2000]. There is an enormous literature on this
topic, and we very much hope that academics and practitioners contributing to and
interested in this ever-growing field will value our contribution and indeed help in
bringing the theory presented in this book to full fruition through real applications.
One of the first tasks needed would be to come up with a set of QRM questions which
can be cast in our geometric approach to high risk stress scenarios. Our experience
so far has shown that such real applications can only be achieved through a close col-
laboration between academics and practitioners. The former have to be willing (and
more importantly, capable) to reformulate new mathematical theory into a language
which makes such a discussion possible. The latter have to be convinced that several
of the current quantitative questions asked in QRM do require new methodological
tools. In that spirit, the question

“For whom have we written this book?”

should in the first instance be answered by: “For researchers interested in understand-
ing the mathematics of multivariate extremes.” The ultimate answer should be “For
researchers and practitioners in QRM who have a keen interest in understanding the
extreme behaviour of multivariate stochastic systems under stress”. A key example
of such a system would be a financial market. At the same time, the theory pre-
sented here is not only coordinate-free, but also application-free. As a consequence,
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we expect that the book may appeal to a wider audience of “extreme value adepts”.
One of the consequences of modern society with its increasing technological skills
and information technology possibilities is that throughout all parts of science, large
amounts of data are increasingly becoming available. This implies that also more
information on rare events is being gathered. At the same time, society cares (or at
least worries) about the potential impact of such events and the necessary steps to
be taken in order to prevent the negative consequences. Also at this wider level, our
book offers a contribution to the furthering of our understanding of the underlying
methodological problems and issues.

It definitely was our initial intention to write a text where (new) theory and (ex-
isting) practice would go more hand in hand. A quick browse through the pages that
follow clearly shows that theory has won and applications are yet to come. This of
course is not new to scientific development and its percolation through the porous
sponge of real applications. The more mathematically oriented reader will hopefully
find the results interesting; it is also hoped that she will take up some of the scientific
challenges and carry them to the next stage of solution. The more applied reader,
we very much hope, will be able to sail the rough seas of mathematical results like a
surfer who wants to stay near the crest of the wave and not be pulled down into the
depths of the turbulent water below. That reader will ideally guide the former into
areas relevant for real applications. We are looking forward to discuss with both.
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The Preview presents a tour along the main results of these lecture notes. It introduces
concepts and notation that will be used throughout the book. It should help the reader
to follow the thrust of the ideas developed in the individual lectures, and to determine
which lectures are of sufficient interest to merit a closer look.

A recipe

The question addressed in these lectures is simple: Given a multivariate sample cloud,
what can one say about the underlying distribution in a region containing only one or
two points of the sample?

Typically the region is a halfspace, and one is concerned about the eventuality
of future data points lying far out in the region. We shall use the terminology of
financial mathematics and speak of loss and risk. The data cloud could just as well
contain data of insurance claims, or data from quality control, biomedical research,
or meteorology. In all cases one is interested in the extremal behaviour at the edge
of the sample cloud, and one may use the concepts of risk and loss. In a multivariate
setting risk and loss may be formalized as functions which increase as one moves
further out into the halfspace.

In first instance the answer to the question above is: “Nothing”. There are too few
points to perform a statistical analysis. However some reflection suggests that one
could use the whole sample to fit a distribution, say a Gaussian density, and use the
tails of this density to determine the conditional distribution on the given halfspace.
In financial mathematics nowadays one is very much aware of the dangers of this
approach. The Gaussian distribution gives a good fit for the daily log returns, but not
in the tails. So the proper recipe should be: Fit a distribution to the data, and check
that the tails fit too. If one can find a distribution, Gaussian say, or elliptic Student,
that satisfies these criteria, then this solves the problem, and we are done. In that case
there is no need to read further.

What happens if the data cloud looks as if it may derive from a normal distribution,
but has heavy tails? There is a convex central black region surrounded by a halo of
isolated points. The cloud does not exhibit any striking directional irregularities.
Such data sets have been termed bland by John Tukey. Only statistical analysis is
able to elicit information from bland clouds.

Rather than fitting a distribution to the whole cloud, we shall concentrate on the
tails. We assume some regularity at infinity. In finite points regularity is expressed
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by the existence and continuity of a positive density at those points. Locally the
distribution will then look like the uniform distribution; under proper scaling the
sample cloud will converge vaguely to the standard Poisson point process on Rd as
the number of points in the sample increases. We want to perform a similar analysis at
infinity. Of course, in a multivariate setting there are many ways in which halfspaces
may diverge. This problem is inherent to multivariate extremes. In order to obtain
useful results, we have to introduce some regularity in the model setup.

Ansatz. Conditional distributions on halfspaces with relatively large overlap asymp-
totically have the same shape.

Let us make the content of the Ansatz more precise.

Definition. Two probability distributions (or random vectors Z and W ) have the
same shape or are of the same type if they are non-degenerate, and if there exists an
affine transformation ˛ such that Z is distributed like ˛.W /. A random vector Z
has a degenerate distribution if it lives on a hyperplane, equivalently, if there exists a
linear functional � ¤ 0 and a real constant c such that �Z D c a.s.

For instance, all Gaussian densities have the same shape. Shape (or type) is a
geometric concept. Given a non-degenerate Gaussian distribution on Rd one can find
coordinates such that in these coordinates the distribution is standard Gaussian with
density

e�.w2
1
C���Cw2

d
/=2=.2�/d=2; w D .w1; : : : ; wd / 2 Rd :

A basic theorem in this setting is the Convergence of Types Theorem (CTT). It
allows us to speak of a sequence of vectors as being asymptotically Gaussian. We
write Zn ) Z if the distribution functions (dfs) of Zn converge weakly to the
distribution function (df) of Z.

Theorem 1 (Convergence of Types). If Zn ) Z and Wn ) W , where Wn and Zn
are of the same type for each n, then the limit vectors, if non-degenerate, are of the
same type.

Proof. See Fisz [1954] or Billingsley [1966]. �

At first sight the CTT may look rather innocuous. In many applied probability
questions involving limit theorems it works like a magic hat from which new models
may be pulled: In the univariate setting the Central Limit Problem for partial sums
yields the stable distributions; the Extreme Value Problem for partial maxima yields
the extreme value distributions. See Embrechts, Klüppelberg & Mikosch [1997],
Chapters 2 and 3. In the multivariate setting, in Chapter II below, the CTT yields the
well-known multivariate max-stable laws; in Chapter III the CTT yields a continuous
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one-parameter family of limit laws; and in Chapter IV the CTT yields two semi-
parametric families of high risk limit laws, one for exceedances over (horizontal)
linear thresholds, one for exceedances over elliptic thresholds.

Let us try to give the intuition behind the CTT in the case of a Gaussian limit.
A sequence of random vectors Zn is asymptotically normal if there exist affine

normalizations ˛n such that

Wn WD ˛�1n .Zn/) W;

where W is standard normal. The validity of the term asymptotic normality would
seem to derive from geometric insight. In geometric terms one may try to associate
with eachZn an ellipsoidEn that is transformed into the unit ballB by the normaliza-
tion. These ellipsoids En D ˛n.B/may be related to the expectation and covariance
of Zn (if these exist and converge), or to certain convex level sets of the density of
Zn (if the density exists and is unimodal). Perhaps the correct intuition is that large
sample clouds from distributions that are asymptotically Gaussian are asymptotically
elliptic, and that affine transformations that map the elliptic sample clouds into spher-
ical sample clouds may be used to normalize the distributions. The normalizations are
thus determined geometrically. The same geometric intuition forms the background
to these lectures. Instead of convergence of the whole sample cloud we now assume
convergence at the edge. Since we want to keep sight of individual sample points,
we assume convergence to a point process.

Affine transformations are needed to pull back the distributions as the halfspaces
diverge. Let us say a few words about the space A D A.d/ of affine transformations
on Rd . Recall that an affine transformation has the form

w 7! z D ˛.w/ D Aw C a; (1)

where a is a vector in Rd , and A an invertible matrix of size d . The inverse is

z 7! w D ˛�1.z/ D A�1.z � a/:
The set A is a group since˛�1 2 A, and the composition of two affine transformations
is an affine transformation:

w 7! .˛ˇ/.w/ D ˛.ˇ.w// D A.Bw C b/C a:
Convergence ˛n ! ˛ means an ! a andAn ! A componentwise, or, equivalently,
˛n.w/ ! ˛.w/ for all w 2 Rd , or for w D 0; e1; : : : ; ed , where e1; : : : ; ed are
linearly independent vectors. From linear algebra it is known that A 7! A�1 is
continuous on the group GL.d/ of invertible matrices of size d . Hence ˛ 7! ˛�1 is
continuous. Obviously .˛; ˇ/ 7! ˛ˇ is continuous. So A is a topological group. It
is even a Lie group. It is possible to see A.d/ as a subgroup of GL.1Cd/ by writing

˛.w/ D Aw C a D z ”
�
1 0
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w

�
D
�

1

aC Aw
�
D
�
1

z

�
: (2)
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This representation makes it possible to apply standard results from linear algebra
when working with affine transformations. We usually writeZ for the random vector
with components Zi and

W D ˛�1.Z/ D A�1.Z � a/ (3)

for the normalized vector. Now assume ˛�1n .Zn/) W whereW is non-degenerate.
The normalizations ˛n are not unique. They may be replaced by normalizations ˇn
which are asymptotic to ˛n:

ˇn � ˛n ” ˛�1n ˇn ! id; (4)

where id stands for the identity transformation. Asymptotic equality is an equivalence
relation for sequences in A.

Warning. If ˛n ! id then ˛�1n ! id. However ˛n � ˇn does not imply ˛�1n � ˇ�1n ,
not even in dimension d D 1. Here is a simple counterexample:

Example 2. Let Xn be uniformly distributed on the interval .1; n C 1/. Properly
normalized, the Xn converge in distribution to a rv U which is uniformly distributed
on the interval .0; 1/. Indeed .Xn � 1/=n) U ; but also Xn=n) U . Set ˛n.u/ D
nu C 1 and ˇn.u/ D nu. Then ˇ�1n ˛n.u/ ! u but ˛nˇ�1n .x/ D x C 1. So
˛n � ˇn does not imply ˛�1n � ˇ�1n . Indeed, asymptotic equality means that the
normalized variables ˛�1n .Xn/ and ˇ�1n .Xn/ are close, not the approximations ˛n.U /
and ˇn.U /. ˙

After this digression on shape, geometry and affine transformations, let us return
now to the basic question of determining the distribution on a halfspace containing
only a few (or no) points of the sample, and to our Ansatz that high risk scenarios
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on halfspaces with relatively large overlap have distributions with approximately the
same shape. Here a high risk scenario of a random vectorZ for a given halfspaceH
is just the vector Z conditioned to lie in H . For halfspaces far out this corresponds
to our interpretation of a rare or extreme event. The reader may wonder whether the
Ansatz implies that all high risk scenarios asymptotically have the same shape. Note
that the condition of a relatively large overlap is different for light tails and for heavy
tails. For a Gaussian distribution the directions of two halfspaces far out have to be
close to have a relatively large overlap; for a spherical Cauchy distribution there is
considerable overlap even if the directions of the halfspaces are orthogonal. See the
figure above.

In the univariate case the condition that high risk scenarios, properly normalized,
converge leads to a one-parameter family of limit shapes, the generalized Pareto
distributions. These GPDs may be standardized to form a continuous one-parameter
family, indexed by � 2 R:

G� .v/ D 1 � .1C �v/�1=�C ; v � 0: (5)

By continuityG0 is the standard exponential df. The associated univariate limit theory
has been applied in many fields. It is our aim to develop a corresponding theory in
the multivariate setting.

We shall denote the high risk scenario for Z associated with the halfspace H by
ZH . By definition, ZH lives on H , and for any Borel set E

PfZH 2 Eg D PfZ 2 E \H g=PfZ 2 H g:
Halfspaces are assumed to be closed, and PfZ 2 H g is assumed positive.

One may impose the condition that the high risk scenarios ZHn , properly nor-
malized, converge for any sequence of halfspaces Hn under the sole restriction that
PfZ 2 Hng is positive and vanishes for n ! 1. This assumption is quite strong.
It presupposes a high degree of directional homogeneity in the halo of the sample
cloud. In order to understand multivariate tail behaviour, a thorough analysis of the
consequences of this strong assumption seems like a good starting point. This analy-
sis is given in Chapter III, the heart of the book. As an illustration we exhibit below
the three plane projections of a data cloud in R3, consisting of the log-returns of three
stocks on the Dutch stock exchange AEX over the period from 2-2-04 until 31-12-05.
The data were kindly made available by Newtrade Research.

One may also start with the weaker assumption that the high risk scenarios con-
verge for halfspaces which diverge in a certain direction. This is done in Chapter IV
for horizontal halfspaces. TheAnsatz now holds only for horizontal halfspaces. Write
z D .x; y/where y is the vertical component of z and x the h-dimensional horizontal
part, with h D d � 1. Similarly write Z D .X; Y / 2 RhC1. High risk scenarios for
horizontal halfspacesHy D Rh� Œy;1/ correspond to exceedances over horizontal
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thresholds. Let ˛.y/ be affine transformations mapping HC D fy � 0g, the upper
halfspace, onto Hy . The vectors Wy D ˛.y/�1.ZHy

/ live on HC. Now suppose
that the ˛.y/ yield a limit vector:

Wy WD ˛.y/�1.ZHy

/) W; PfY � yg ! 0: (6)

Assume the limit is non-degenerate. What can one say about its distribution? It is not
difficult to see that ˛.y/ maps horizontal halfspaces into horizontal halfspaces, and
that this implies that the high risk scenarios Y Œy;1/ of the vertical coordinate, with
the corresponding normalization, converge to the vertical coordinate V of the limit
vector, W D .U; V /. By the univariate theory the vertical coordinate of the limit
vector has a GPD, see (5).

One may prove more. Suppose (6) holds. Let Z1; Z2; : : : be independent obser-
vations from the distribution � of Z. Choose yn so that PfY � yng � 1=n. Set
˛n D ˛.yn/ where ˛.y/�1.ZHy

/ ) W as above. Then the normalized sample
clouds converge in distribution to a Poisson point process:

Nn WD f˛�1n .Z1/; : : : ; ˛
�1
n .Zn/g ) N0: (7)

The mean measures of the sample clouds Nn converge weakly to the mean measure
� of the limiting Poisson point process N0 on all horizontal halfspaces J on which �
is finite:

�n D n˛�1n .�/! � weakly on J; �.J / <1: (8)

The restriction of � to HC is a probability measure, the distribution of W .
The equivalence of the two limit relations (6) and (7) is the Extension Theorem

in Section 14.6. It is a central result. The first limit relation is analytical. It raises
questions such as:

1) What limit laws are possible?

2) For a given limit law, what conditions on the distribution of Z will yield
convergence?
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The second relation is more geometric. Here one may ask:

1) Does convergence in (8) also hold for halfspaces J which are close to horizon-
tal?

2) Will the convex hull of the normalized sample cloud converge to the convex
hull of N0?

For the novice to the application of point process methodology to extreme value
problems this all may seem to go a bit too fast. Modern extreme value theory with
its applications to more involved problems in risk management, however, needs this
level of abstraction. See McNeil, Frey & Embrechts [2005] for a good discussion
of these issues. In the one-dimensional case one already needs such a theory for
understanding the Peaks Over Thresholds method based on (5), or the limit behaviour
of several order statistics, as will be seen in Section 6.4. So bear with us and try to
follow the general scheme.

The vectorW in (6) is the limit of high risk scenarios for horizontal halfspaces. It
follows that the high risk scenariosW Hy

all have the same shape. This result follows
from the trivial fact that a high risk scenario of a high risk scenario is again a high risk
scenario, at least for horizontal halfspaces. In the univariate setting, the exponential
distribution, the uniform distribution and the Pareto distributions all have the tail
property: Any tail of the distribution is of the same type as the whole distribution. In
fact this tail property characterizes the class of GPDs. It may also explain why these
distributions play such an important role in applications in insurance and risk theory.
In the multivariate setting the tail property is best formulated in terms of the infinite
measure � in (8): There exists a one-parameter group4 of affine transformations � t ,
t 2 R, such that

� t .�/ D et�; t 2 R: (9)

These equations form the basis of the theory developed in the lectures below. The
equations are simple. They succinctly express the stability inherent in the limit law
in terms of symmetries of the associated infinite measure. The stability allows us to
tackle our basic problem of describing the distribution tail on a halfspace that contains
few sample points.

Definition. A measure on an open set in Rd is a Radon measure if it is finite for
compact subsets. An excess measure is a Radon measure � on an open set in Rd that
satisfies (9) and gives mass �.J0/ D 1 to some halfspace J0.

Excess measures play a central role in this book. They are infinite, but have
a simple probabilistic interpretation in terms of point processes. The significance
of point processes for extreme value theory has been clear since the appearance of

4One-parameter groups of matrices should not frighten a reader who has had some experience with finite
state Markov chains in continuous time or with linear differential equations in Rd of the form Px D Ax.
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the book Resnick [1987]. In our more geometric theory the excess measure is the
mean measure of the Poisson point process which describes the behaviour of the
sample cloud, properly normalized, at its edge, as the number of data points tends to
infinity. An example should make clear how excess measures may be used to tackle
our problem of too few sample points.

Example 3. Suppose � t , t 2 R, is the group of vertical translations, � t W .u; v/ 7!
.u; vCt / on RhC1. A measure � of the form d�.u; v/ D d��.u/e�vdvwill satisfy (9)
for any probability measure �� on Rh. The halfspace J0 D HC has mass one and
� is an excess measure. Conversely one may show that any excess measure with
the symmetries � t above has the form d�.u; v/ D d��.u/e�vdv if one imposes the
condition that �.HC/ D 1. ˙

The probability measure �� in the example above is called the spectral measure.
The product form of the excess measure in the example makes it possible to estimate
the spectral measure even if the upper halfspace contains few points. One simply
chooses a larger horizontal halfspace, containing more points. Something similar
may be done for any excess measure for exceedances over horizontal thresholds.
We shall not go into details here. Suffice it to say that such an excess measure is
determined by its symmetry group � t , t 2 R, and a probability measure �� on the
horizontal coordinate plane Rh. The spectral measure �� may be interpreted as the
conditional distribution of U given V D 0 for the limit vector W D .U; V / on HC
in (6). The exponential distribution on the vertical axis enters the picture via the
Representation Theorem for the limit vector:

W D �T .U �; 0/; (10)

where the vector U � in Rh has distribution ��, and T is standard exponential, in-
dependent of U �. This decomposition of W reflects the symmetry of the excess
measure expressed in (9). It enables one to build probability distributions on half-
spaces H far out, and then to estimate probabilities PfZH 2 Eg for EßH , and
expectations E'.ZH / for loss functions ' W H ! Œ0;1/. Here is the recipe. As-
sume ˛�1H .ZH /) W , where W lives on a halfspace J0, and has a non-degenerate
distribution that extends to an excess measure �, and where H D ˛H .J0/ are half-
spaces such that PfZ 2 H g ! 0.

Recipe. ReplaceZH by˛H .W / and compute Pf˛H .W / 2 Eg D �.˛�1H .E//=�.J0/

and the integral E'.˛H .W // D
R
J0
' B˛Hd�=�.J0/ in terms of the excess measure.

Given the symmetry group and the normalization ˛H one only needs to know the
spectral measure �� to compute these quantities. The spectral measure may be
estimated from data points lower down in the sample cloud. ˙

The spectral measure is dispensable. It is the symmetries in (9) that do the job.



Preview 21

These allow us to replace a halfspace containing few observations by a halfspace
containing many observations, and on which the distribution has the same shape5.

Given the recipe, it is clear what one should do to develop the underlying theory:
determine the one-parameter groups � t in A.d/, and for each determine the excess
measures (if any) and their domains of attraction. This is done in Section 18.8 for
d D 2. For linear transformations the program has been executed by Meerschaert
and Scheffler in their book Meerschaert & Scheffler [2001] on limit laws for sums of
independent random vectors. Let us give a summary of the theory in MS.

We may restrict attention to one-parameter matrix groups by (2). Such one-
parameter groups are simple to handle. The group � t , t 2 R, is determined by its
generator C . One may write � t D etC , where the right hand side is defined by its
power series. There is a one-to-one correspondence between matricesC of size d and
one-parameter groups of linear transformations on Rd . If one chooses coordinates
such that C has Jordan form, one may write down the matrices for � t by hand for
any dimension d . See Section 18.12 for details. Now we have to choose �. Let �
be a Radon measure on an open set OßRd that satisfies � t .�/ D et�, t 2 R. For an
excess measure there still has to be a halfspace J0 of mass one.

Example 4. Lebesgue measure on Rd satisfies (9) with � t D diag.at1; : : : ; a
t
d
/ for

any diagonal matrix with ai > 0, and a1 : : : ad D 1=e. However there are no half-
spaces of measure one. There are, if one restricts the measure to an orthant, or a
paraboloid. ˙

If � t for t > 0 maps the horizontal halfspace J0 onto a proper subset of itself,
then any probability measure �� on Rh may act as spectral measure for a measure �
that satisfies (9) and gives mass one to J0. Similarly, if the � t for t > 0 are linear
expansions, and the image of the open unit ball B D fkwk < 1g contains the closed
unit ball, a probability measure �� on the sphere @B D fkwk D 1g will generate a
measure � on Rd n f0g that satisfies (9), and gives mass one to the complement of the
ball B . In the second case there are many halfspaces of finite mass: �.J / is finite
for any halfspace J that does not contain the origin. Constructing excess measures
is not difficult!

Given the excess measure �, the halfspace J0 of mass one, and the one-parameter
group � t in (9), we still have to determine the domain of attraction. Recall that Z
lies in the domain of attraction of W if (6) holds. We write Z 2 Dh.W /, and call
Dh.W / or Dh.�/ the domain ofW or � for exceedances over horizontal thresholds.
Let Z 2 Dh.�/ have distribution � . The basic limit relation (8) for horizontal

5Coles and Tawn, in their response to the discussion of their paper Coles & Tawn [1994] write: “Anderson
points out that our point process model is simply a mechanism for relating the probabilistic structure within
the range of the observed data to regions of greater extremity. This, of course, is true, and is a principle
which, in one guise or another, forms the foundation of all extreme value theory.”
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halfspaces J may be reformulated as

etˇ.t/�1.�/! � weakly on J; �.J / <1: (11)

The ˇ.t/ belong to the group Ah of affine transformations mapping horizontal half-
spaces into horizontal halfspaces. One may choose ˇ W Œ0;1/! Ah to be continu-
ous, and to vary like � t :

ˇ.tn/
�1ˇ.tn C sn/! � s; tn !1; sn ! s; s 2 R: (12)

In a slightly different terminology this states that ˇ varies regularly with index C ,
where C is the generator of the symmetry group � t . Section 18.1 contains a brief
introduction to multivariate regular variation. Regular variation of linear transforma-
tions is treated in more detail in Chapter 4 of Meerschaert & Scheffler [2001]. The
central result, the Meerschaert Spectral Decomposition Theorem, states that one may
restrict attention to one-parameter groups � t for which all complex eigenvalues of �
have the same absolute value. See Section 18.4 for details.

Does one really need the theory of multivariate regular variation to handle high
risk scenarios?

There are good reasons for using regular variation to study multivariate extremes.
We list four:

1) The theory is basic. Nothing essential is lost if one assumes tn D n and sn D 1
in (12). In the final resort, regular variation is about sequences of the form:

ˇ.n/ D ˇ.0/�1 : : : �n; �n ! �: (13)

One gets back the original curve ˇ, or a curve asymptotic to the original curve, by
interpolation. Details are given in Section 18.2.

2) The theory contains a number of deep results that clarify important issues in
applications. We give two examples of questions that may be resolved by the Meer-
schaert Spectral Decomposition Theorem, the fundamental result in the multivariate
theory of regular variation.

i) Suppose � t , t 2 R, is a group of linear transformations. Is it possible to choose
the origin in z-space and normalizations Ň.t/ � ˇ.t/, mapping w into z, that are
linear in the new coordinates?

ii) Suppose the symmetries � t , t 2 R, in appropriate coordinates in w-space,
are diagonal. Is it possible to choose coordinates in z-space and normalizations
Ň.t/ 2 GL, asymptotic to ˇ.t/ for t !1, that are diagonal in the new coordinates?

The answer to i) is “Yes” if � is an expansion, or a contraction ; see Lemmas 15.15
and 16.13 below. This result explains why univariate extreme value theory is so
much simpler for heavy tails than for distributions in the domain of the Gumbel law.
Univariate linear normalizations are non-zero scalars! The answer to ii) is “Yes” if
the diagonal entries in � are distinct.
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3) Regular variation enables us to construct simple continuous densities in the
domain of attraction of excess measures with continuous densities. By the transfor-
mation theorem the density g of the excess measure in (9) satisfies

g.� t .w// D g.w/=qt ; q D ej detAj; � t .w/ D b.t/C Atw: (14)

For � t 2 Ah one also has the decomposition

g.u; v/ D gv.u/ Qg.v/; (15)

where Qg is the density of a univariate GPD, see (5), and the conditional densities gv
all have the shape of the density g� of the spectral measure ��.

Example 5. The Gauss-exponential density e�uT u=2e�v=.2�/h=2 determines an ex-
cess measure � on RhC1. Vertical translations � t W .u; v/ 7! .u; vCt / are symmetries.
The spectral density is standard Gaussian. For any curve ˇ W Œ0;1/! Ah that varies
like � t there exists a vector Z D .X; Y / with distribution � , and continuous density

f .x; y/ D fy.x/ Qf .y/ (16)

such that etˇ.t/�1.�/ ! � weakly on all horizontal halfspaces. The density f
satisfies

f .ˇ.tn/.wn//

f .ˇ.tn/.0//
! e�uT u=2e�v; tn !1; wn ! .u; v/ 2 RhC1: (17)

The density Qf of Y satisfies the von Mises condition for the univariate Gumbel
domain, see Section 6.6; the conditional densities fy of X given Y D y in (16) are
Gaussian. ˙

A continuous density f as above will be called a typical density for g� and ˇ.

4) Multivariate regular variation has a strong geometric component. This is par-
ticularly clear if the excess measure is symmetric in a geometric sense. Let � D �� be
a Euclidean Pareto measure on Rd n f0g. These measures are spherically symmetric
with densities c=kwkdC�, where � D 1=� > 0 describes the decay rate of the tails,
and c D c� > 0may be chosen so that �.J0/ D 1 for the halfspace J0 D Rh� Œ1;1/.
Definition. Bounded convex sets Fn and En of positive volume are asymptotic if

Fn � En ” jFn \Enj � jFn [Enj: (18)

Here jAj denotes the volume of the set A.

Exercise 6. The reader is invited to investigate what a sequence of centered ellipsesEn
in the plane looks like if EnC1 � En, and if the area jEnj is constant. ˙
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Example 7. Start with a sequence of open centered ellipsoids E0; E1; : : : such that
EnC1 � 2En. Also assumeEn contains the closure ofEn�1 for n � 1. For c > 1 one
may use interpolation to construct a unimodal function f with elliptic level sets such
that ff > 1=cng D En for n � 1, and such that ff D 1g is the closure of E0. For
c > 2d the function f is integrable, say

R
fd� D C < 1. Suppose the ellipsoids

E.t/ D ff > 1=ctg vary regularly:

E.tn C sn/ � 2sE.tn/; tn !1; sn ! s; s 2 R: (19)

The probability distribution � with density f=C lies in the domain of the Euclidean
Pareto excess measure�� , where c D 2dC1=� . One may choose linear transformations
ˇ.t/, depending continuously on t � 0, such that ˇ.t/.B/ D E.t/, and such that ˇ
varies like � t W w 7! 2tw. Then

c�tˇ.t/.�/! �� weakly on Rd n "B; t !1; " > 0:
Details are given in Section 16. ˙

The reader will notice that densities occupy a central position in our discussions.
In the multivariate situation densities are simple to handle. Densities are geomet-
ric: sample clouds tend to evoke densities rather than distribution functions. If the
underlying distribution has a singular part, this will be reflected in irregularities in
the sample cloud. Such irregularities, if they persist towards the boundary, call for
a different statistical analysis. In the theory of coordinatewise maxima dfs play an
all-important role. Densities have been considered too, see de Haan & Omey [1984]
or de Haan & Resnick [1987], but on the whole they have been treated as stepchildren.
In our more geometric approach densities are a basic ingredient for understanding
asymptotic behaviour. From our point of view the general element in the domain of
attraction of an excess measure with a continuous density is a perturbation of a prob-
ability distribution with a typical density. From a naive point of view we just zoom
in on the part of the sample cloud where the vertical coordinate is maximal, adapting
our focus as the number of sample points increases. Under this changing focus the
density with which we drape the sample cloud should converge to the density of the
limiting excess measure.

Proper normalization is essential for handling asymptotic behaviour and limit
laws in probability theory. The geometric approach allows us to ignore numerical
details, and concentrate on the main issues. Let us recapitulate: In order to estimate
the distribution on a halfspace containing few sample points one needs some form
of stability. The stability is formulated in our Ansatz: High risk scenarios far out in
a given direction have the same shape. If one assumes a limit law, then there is an
excess measure. The symmetries of the excess measure make it possible to estimate
the distribution on halfspaces far out by our recipe above. The symmetries also impose
conditions on the normalizations. These conditions have a simple formulation in terms
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of regular variation. One may choose the normalizing curve ˇ in (11) to vary like � t .
Roughly speaking, the group of symmetries � t of the excess measure enforces regular
variation on the normalizations.

The four arguments above should convince the reader that regular variation is not
only a powerful, but also a natural tool for investigating the asymptotic behaviour of
distributions in the domain of attraction of excess measures.

In these notes we take an informal approach to regular variation, dictated by its
applications to extremes. Attention is focussed on three situations:

1) for coordinatewise extremes the symmetries � t and the normalizations ˛n are
coordinatewise affine transformations (CATs);

2) for exceedances over horizontal thresholds the symmetries � t and normaliza-
tions ˛n belong to the group Ah: they map horizontal halfspaces into horizontal
halfspaces;

3) for exceedances over elliptic thresholds the symmetries � t , t > 0, are linear
expansions, and so are the renormalizations ˛�1n ˛nC1.

The theory of coordinatewise extremes is well known, and there exist many good
expositions. Our treatment in Chapter II is limited to essentials. Exceedances are
treated in Chapter IV. Exceedances over horizontal thresholds describe high risk
scenarios associated with a given direction; exceedances over elliptic thresholds may
be handled by linear expansions. The theory developed in MS is particularly well
suited to exceedances over elliptic thresholds. Arguments for using elliptic thresholds
for heavy tailed distributions are given in Section 16.1. The basic limit relation (8)
now reads

n˛�1n .�/! � weakly on "Bc ; " > 0; (20)

where B is the open unit ball, and ˛n are linear expansions. If (20) holds we say
that � lies in the domain of � for exceedances over elliptic thresholds, and write
� 2 D1.�/. Example 7 is exemplary. It treats an excess measure on Rd n f0g
with a spectral measure �� which is uniformly distributed over the unit sphere, and a
symmetry group of scalar expansions

� t .w/ D e� tw; t 2 R: (21)

If we allow �� to have any distribution on the unit sphere @B , but assume the
normalizations ˇ.t/ to be scalar, then the ellipsoids ˇ.t/.B/ are balls. The limit
relation for the high risk scenarios simplifies:

Zr=r ) W; r !1; (22)

whereZr is the vectorZ conditioned to lie outside the open ball rB . In this situation it
is natural to use polar coordinates and writeZ D R� withR D kZk. The distribution
of .�; R=r/, conditional on R � r , converges to a product measure d�� � dG on
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@B � Œ1;1/, where �� is the spectral measure, andG a Pareto distribution on Œ1;1/
with density �=r�C1, � D 1=� . The spectral measure gives an idea of the directions
in which the data extremes cluster; the parameter � in (21) describes the decay rate
of the tails.

Here we have another example of the close relation between symmetry and inde-
pendence! In this model it is again obvious how to estimate the distribution of the
high risk scenariosZr for values of r so large that only one or two sample points fall
in the complement of the ball rB .

Asymptotic independence is not the subject of these lectures. Our theory is based
on concepts like scale invariance, self-similarity and symmetry. It is geometric and
local. Independence is a global analytic assumption. It allows one to draw far-
reaching conclusions about extremes, but the techniques are different from those
developed here.

So far we have assumed convergence of a one-parameter family of high risk
scenarios indexed by horizontal halfspaces Hy , y " y1, or by an increasing family
of ellipsoidsEt D ˛t .B/. These situations yield a limit measure with a one-parameter
family of symmetries, the excess measure described in (9). Let us now return to high
risk scenarios ZH where the halfspaces H are allowed to diverge in any direction.
For simplicity assume Z has a density. Assume convergence of the normalized high
risk scenarios to a non-degenerate vectorW onHC: For each halfspaceH of positive
mass there exists an affine transformation ˛H mapping HC onto H such that

˛�1H .ZH /) W; PfZ 2 H g ! 0: (23)

The limit describes the tail asymptotics in every direction. In Section 13 we shall
exhibit a continuous one-dimensional family of excess measures �� , � � �2=h,
h D d � 1, corresponding to the multivariate GPDs. The densities, standardized to
have a simple form, and without norming constant, are

g0.u; v/ D e�.vCuT u=2/;
w D .u; v/ 2 RhC1;
� D 0; J0 D fv � 0gI

g� .w/ D 1=kwkdC�; w ¤ 0;
� D 1=� > 0; J0 D fv � 1gI

g� .u; v/ D .�v � uT u=2/��1C ;
v < �uT u=2;
� D �1=.h=2C �/ < 0; J0 D fv � �1g:

The reader may recognize the Gauss-exponential and the Euclidean Pareto excess
measure from the examples above. In all cases the vertical coordinate of the high risk
limit distribution determined by the restriction of �� to J0 has a univariate GPD, with
Pareto parameter � , see (5). For � < 0; � D 1, the excess measure �� is Lebesgue
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measure on the paraboloid fv < �uT u=2g. For � D �2=h the excess measure
is singular. The symmetry of the excess measures �� , � � �2=h, is impressive.
Instead of the one-parameter group � t , t 2 R, in (9) there now is a symmetry group
of dimension 2; 4; 7; : : : for d D 2; 3; 4; : : : . Many halfspaces have finite mass. The
probability distributions d�J D 1Jd�=�.J / associated with such halfspaces all have
the same shape. The measure � has the tail property to an excessive degree. The
domains of attraction, D.�/, of the measures �� are investigated in Chapter III.

Before giving a detailed description of the contents of the various chapters we still
want to consider two topics: the relation to the multivariate theory of coordinatewise
maxima, and the range where the theory will apply.

How do coordinatewise maxima fit in?
The subject of this book may be described as geometric extreme value theory since

we are looking at the behaviour of the extreme points of sample clouds as the number
of data points increases without bound. We are concerned with the convex hull, but
also with the points of the cloud below the surface. Since we are zooming in at the
scale of individual sample points, the limit, if we assume convergence, has to be a
Poisson point process whose mean measure is finite and positive on some halfspace.
Such limits were first considered by Eddy [1980].

The geometric approach and the analytic, coordinatewise approach are comple-
mentary. The geometric theory is interested in linear combinations of coordinates,
the analytic theory in maxima of coordinates. There is a difference in interpretation.
In the geometric theory for exceedances over horizontal or elliptic thresholds there
is one variate (the vertical, or the radial) that measures risk, and an h-dimensional
ancillary vector; in the analytic theory all d coordinates play an equal role. The
geometric approach looks at exceedances, the analytic approach at maxima. In the
univariate situation the two theories are equivalent. In higher dimensions the relation
between extremes and exceedances is most clearly seen in the behaviour of sample
clouds, and the limiting Poisson point process. In the geometric approach the mean
measure of the limit process is called an excess measure, in the analytic approach, it
is called an exponent measure; but actually these two terms denote the same6 object.

One might say that the theory of coordinatewise maxima is concerned with high
risk scenarios on sets that are not halfspaces, but complements of shifted negative
orthants. Instead of divergent sequences of halfspaces Hn one considers sets of the
form

Œ�1;1/d n Œ�1; an/; an 2 Rd ; (24)

where the points an increase towards the upper endpoint of the df. Since the com-
plement of a shifted negative orthant contains many halfspaces, convergence of the
coordinatewise maxima implies convergence of high risk scenarios on many half-

6 Exponent measures may give mass to hyperplanes at �1; excess measures live on open subsets of
Rd . The differences will be discussed more fully at various points in these lectures.
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spaces. Below we formulate a result that expresses these ideas. One has to distinguish
between heavy and light tails. The upper tail of a df F on R is light if

tm.1 � F.t//! 0; t !1; m D 1; 2; : : : : (25)

It is heavy if there exists an integerm � 1 such that tm.1�F.t//!1 for t !1.
If all components have heavy upper tails the relation between coordinate maxima

and exceedances is simple. One assumes that Z has non-negative components. The
exponent measure lives on Œ0;1/dnf0g. It is an excess measure, whose symmetries� t

are linear diagonal expansions for t > 0. The max-stable limit G D limF n B ˛n
has the form G D e�R, where R is the distribution function of the excess measure.
So the df G determines the mean measure, and hence the distribution, of the Poisson
point process describing the asymptotic behaviour of the sample clouds. The normal-
izations ˛n are diagonal matrices. Weak convergence F n B ˛n ! G implies weak
convergence n˛�1n .dF /! dR on the complement of any "-ball "B centered in the
origin.

Vectors whose components have light upper tails have exponent measures that
may charge planes and lines at �1. The normalizations are CATs, coordinate affine
transformations, zi D aiwi C bi , i D 1; : : : ; d . Let us show how coordinatewise
extremes for light tails fit in.

Proposition 8. Let Z have df F with marginals Fi having light upper tails. Sup-
pose Z lies in the domain of attraction D_.�/ for coordinatewise maxima: There
exist CATs ˛n such that

F n.˛n.w//! G.w/ D e�R.w/ weakly,

R.w/ D �.Œ�1;1/d n Œ�1; w//; w 2 Rd :
(26)

Choose q 2 Rd such that Hi .qi / < 1 for i D 1; : : : ; d , and set an D ˛n.q/ and
Q D Œ�1;1/d n Œ�1; q/. Then ˛�1n .Z.�1;an/

c
/) W , whereW has distribution

1Qd�=�.Q/. Let J D f� � cgßRd with � 2 .0;1/d . If PfW 2 Rd g is positive,
then

˛�1n .ZHn/) W J ; Hn D ˛n.J /; (27)

where W J has distribution 1Jd�=�.J /.

Proof. Relation (26) is standard; see Theorem 7.3. In the limit relation (27) the
crucial point is that the condition PfW 2 Rd g > 0 ensures that �.J / is positive. This
implies

PfZ 2 Hng=PfZ 62 .�1; an/g ! �.J /=�.Q/:

For J ßQ the result follows by a simple conditioning argument. The general case
follows by the symmetry of �. �
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What happens if PfW 2 Rd g D 0 in the proposition above?

The figure below suggests that a more geometric approach which zooms in on a
boundary point of the sample rather than on the max-vertex may be useful in certain
situations.
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The rectangle R around the point P contains more information about the edge of this 10 000
point sample from the normal distribution than the squareS around the max-vertexW D .U; V /.

The standard normal distribution on the plane lies in the domain D_.�/ of the max-
stable df exp�.e�u C e�v/ (independent Gumbel marginals). In order to describe
the coordinatewise maximum, the sample cloud is enclosed in a coordinate rectangle.
The coordinatewise maximum is the upper right hand corner of the rectangle, the
max-vertex. Now the scaling is crucial. For a heavy tailed distribution, a spherical
Student distribution for instance, the scaling preserves the origin, which remains in
the picture. For the light tailed Gaussian distributions, however, the normalization
zooms in on a small (empty) square around the max-vertex. It fails even to see the
shape of the sample cloud. As a result all bivariate Gaussian densities with standard
normal marginals yield the same bivariate extreme asymptotics.
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Let us now say a few words on the applicability of the theory presented in this
book.

Our approach to risk is that of an observer, rather than a risk manager. Given a
multivariate data set describing the past behaviour, and a loss function, our aim is to
describe the tail behaviour of the distribution underlying the data set. Such a descrip-
tion enables one to construct large synthetic samples, and to study the behaviour of
the associated random losses. This procedure is known as stress testing and scenario
analysis. We are not concerned with the problem of changing the parameters of the
underlying distribution, redirecting the dynamics which produced the data set, or
altering the loss function by a suitable form of risk transfer. These issues are treated
in McNeil, Frey & Embrechts [2005] for financial risk; and for risk in the realm of
reliability engineering in Bedford & Cooke [2001].

Einstein showed that the erratic movement of pollen grains suspended in a drop of
water, as observed by Brown at the beginning of the 19th century, could be described
by smooth probability distributions exhibiting a large degree of symmetry. Complex
dynamical systems may give rise to symmetric probability distributions. Symmetries
in a data set may reflect regularities inherent in the dynamical system which produces
the data. If so, the symmetries are likely to persist. The validity of our model
depends on this persistence of the symmetry. For Brownian motion as a model for
the movement of pollen grains, Einstein [1906] imposed a bound of 10�7 seconds
for applicability. So too, in financial or meteorological or biological applications the
symmetry will break down at a certain level7.

To fix ideas let us posit an ultimate probability p0 in the range 10�99 to 10�20.
Halfspaces with probabilities below this value have no reality for risk management.
Replacing the conditional distribution on such a halfspace by any other distribution
does not influence the policy of the risk manager. This means that the endless variety
of the ever slower pirouettes performed by the sequence of ellipses En in Exercise 6
above, forms part of the mathematical theory, but has no bearing on risk management,
since the probabilities PfZ 2 Ecng lie below the threshold valuep0 after a few hundred
terms. By the same argument the existence of moments falls outside the range of
realistic risk theory. (Convergence of integrals is determined by the behaviour of the
distribution on invisible halfspaces.) This collateral result is not as disturbing as it may
seem on first sight. For heavy tails the value of the exponent where the moment first
fails to exist, is a convenient measure of risk, but for a realist the difference between
a Gaussian distribution and a Cauchy distribution is established by the behaviour of
samples of size a hundred. She is not interested in the tail behaviour at risk levels
10�99. The assumption of an ultimate probability p0 also has advantages. It provides

7A finite universe does not preclude a model with infinite upper tail for spatial variables. String theory
tells us that four-dimensional space-time may break down at magnitudes of 10�30 meters to reveal six
hidden dimensions curled up into compact sets. This does not mean that models with continuous densities
for spatial or temporal quantities are invalid.
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us with the liberty to choose the behaviour of the distribution on invisible halfspaces
to suit our fancy. We find it convenient to assume convergence of high risk scenarios.

Having said this much on applicability, we may now proceed with our proper task,
the mathematical investigation of the consequences of the assumption that high risk
scenarios converge.

Contents

The book consists of twenty lectures, grouped into five chapters. There is a basics
chapter on point processes, a final chapter listing open problems, and in between
there are three chapters covering three different topics: coordinatewise extremes,
multivariate GPDs, and exceedances over thresholds (horizontal and elliptic).

Chapter II treats the basic univariate extreme value theory, and provides an
overview of the theory of coordinatewise maxima. Our focus is on exponent mea-
sures rather than max-stable dfs. The Chapters III and IV form the body of the book.
They present two different views on high risk scenarios. In Chapter III the high
risk scenarios ZH converge to a common limit law, in whatever direction the half-
spaces H diverge. This restricts the class of limit laws. We present a one-parameter
family of limit laws, the multivariate GPDs. It is not known whether other limit laws
exist. Chapter III is a relatively self-contained account of what is known about the
domains of attraction of the multivariate GPDs. The elegant theory of multivariate
GPDs, and their domains of attraction, should be useful in situations where the sam-
ple cloud is bland or where the dimension is high, and where one is interested in
the overall extremal behaviour rather than the asymptotic behaviour in a particular
direction. Such an approach may be of interest to the supervisor or regulator; it al-
lows a diversified view of the extremal behaviour of widely varying positions in the
underlying market. The theory presented in Chapter IV is different. In this chapter
we look at exceedances. For linear thresholds this means that we look at halfspaces
moving off in a given direction. Such a model is of interest to the trader or risk
manager taking directional positions in the underlying market. For simplicity we
assume the thresholds horizontal. For heavy tails, elliptic thresholds are more natural
since there is no difference between the local and the global theory. This is explained
in Section 16.1. Heavy tailed vectors are normalized by linear contractions. The
theory of exceedances presented in Chapter IV has the same structure as the theory
of coordinatewise maxima. The limit laws are known. The excess measure, like the
exponent measure, satisfies a one-parameter group of symmetries. The normaliza-
tions are more complex than the CATs used for coordinatewise extremes, and call
for a geometric approach. The asymptotics may be handled by regular variation.
A complete characterization of the domains of attraction is available for a number of
limit laws. It is presented in Sections 15.2 and 16.7.
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These notes offer probability theory rather than statistics. If one accepts the idea
that excess measures may occur as the mean measure of a limiting Poisson point
process describing the asymptotic behaviour of sample clouds at their edge, then
good estimates of the excess measure and the normalizations allow one to simulate
large samples that may then be used in risk analysis. The task of the probabilist is to
analyse the model. What do excess measures look like? For any given excess measure,
what does the domain of attraction look like? What normalizations are allowed? What
moments will converge? What does the convex hull of the sample cloud look like?
Does it converge? These are some of the questions that will be addressed in the present
text.

Chapter I treats point processes. The first four sections are standard theory:
An intuitive introduction; the Poisson point process as a limit of superpositions of
sparse point processes; the distribution of point processes; and their convergence. In
Section 5 extremes enter the scene. We consider the n-point sample cloud Nn from
the probability distribution �n D ˛�1n .�/ on Rd , and assume vague convergence
Nn ) N0 to a Poisson point process N0. In applications the mean measure � of
the limit process is an infinite Radon measure on an open set O , for instance Rd

or Rd n f0g. We are interested in convergence of the convex hulls of the sample
clouds. That means that we have to determine the halfspaces HßO on which � is
finite, and on which the mean measures n�n converge weakly to �. The class of such
halfspaces determines two open cones in the dual space, the intrusion cone	 and the
convergence cone
 . Modulo some minor regularity conditions convex hulls converge
if	 is non-empty, and 
 D 	. We also discuss loss functions, and approximate their
integrals by sample sums.

Chapter II treats the theory of maxima. It consists of two sections. Section 6 treats
the univariate situation. The domains of attraction for exceedances and maxima coin-
cide. The domain of attraction DC.0/ of the exponential law is described in terms of
densities which satisfy a von Mises condition. The section also contains an elemen-
tary proof of Bloom’s basic theorem on self-neglecting functions. The second part,
Section 7, assumes some acquaintance with the theory of coordinatewise extremes.
We concentrate on the domain of max-stable distributions with standard exponential
marginals on .�1; 0/. This allows us to treat exponent measures that charge coor-
dinate planes in �1. The sample copula yields a simple tool for investigating the
dependency structure. Non-linear normalization of the coordinates provides a direct
link to copula theory.

Chapter III starts with an extensive introductory section treating applications,
examples, and the general asymptotics of high risk scenarios. For coordinatewise
maxima, powers of distribution functions play an important role; in the theory of
high risk scenarios one encounters powers of densities. Unimodal densities (with
convex level sets) seem to reflect quite well the shape of the sample clouds to which
the theory applies. Pointwise convergence of densities often is a first step towards
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the derivation of limit theorems for distributions. We establish simple asymptotic
expressions for excess probabilities, PfZ 2 H g, in terms of densities.

There is a continuous one-parameter family of multivariate GPDs, indexed by a
shape parameter � . As in the univariate case the family falls apart in three power
families, corresponding to the sign of the parameter � . Excess measures of the heavy
tailed distributions, corresponding to � > 0, have a spherically symmetric density.
Tails of distributions in D.�/ for � > 0 may be approximated by tails of elliptic
Student distributions. Distributions in D.�/ for � < 0 have bounded support; the
convex hull of the support is egg-shaped. The latter distributions receive only cursory
treatment; their role in risk theory is limited.

Special attention is given to D.0/, the domain of the Gauss-exponential law. As
in the univariate setting, the parameter value � D 0 is the most interesting mathe-
matically. Section 9 introduces the class RE of rotund-exponential densities. These
have the form

f .z/ / e� BnD.z/

where the function e� satisfies the von Mises condition for the univariate domain of
attraction DC.0/. The function nD is the gauge function of a rotund setD. Such a set
is egg-shaped: convex, open, and bounded, it contains the origin, and the boundary
is C 2 with continuously varying positive definite curvature. One may think of the
gauge function as a norm, generated by the set D, when �D D D. The rotund-
exponential densities extend the class of spherical Weibull densities ce�kzkr , r > 0.
They allow us to treat sample clouds whose central part is egg-shaped rather than
elliptic. Their simple structure should make them tractable for statistical analysis.
The normalizations ˛H may be written down explicitly in terms of  and D. In
Section 9 we prove pointwise convergence as H diverges:

f .˛H .w//=f .˛H .0//! e�.vCuT u=2/; w D .u; v/ 2 RhC1I (28)

in Section 10 we prove L1-convergence of these quotients for unimodal densities.
Section 11 introduces flat functions. Flat functions play the same role in the multi-
variate theory as slowly varying functions do in the univariate theory. Finally it will
be shown that the normalizations induce a Riemannian metric on the convex open set
O D ff > 0g. Conversely, the metric determines the normalizations, and hence the
global structure of distributions in the domain D.0/.

We mention two results from Section 13 that should give an impression of the
scope and of the limitations of the theory of multivariate GPDs.
� Let A be a linear map from Rd onto Rm. If the vector Z 2 Rd lies in D.�/,

then so does A.Z/.
�A vector Z 2 D.�/ with independent components is Gaussian (and � D 0).
Chapter IV treats exceedances over horizontal and elliptic thresholds. The first

two sections treat horizontal thresholds. The first is theoretical. We prove the Exten-
sion Theorem: If the high risk scenarios ZH for horizontal halfspaces H , properly
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normalized, converge in distribution to a non-degenerate limit vector W , then there
is an excess measure �, and the normalized sample clouds converge in distribution to
a Poisson point processN0 with mean measure � weakly on all horizontal halfspaces
on which � is finite. This is the step from (6) to (11) and (12). Next we determine the
limit laws and excess measures for exceedances over horizontal thresholds. Up to a
non-essential multiplicative constant, the excess measure � is determined by its sym-
metry group � t , t 2 R, and a probability measure ��0 on Rh, the spectral probability
measure, which is the conditional distribution ofU given V D 0, whereW D .U; V /
is the high risk limit vector on HC. Section 14.9 describes the situation in R3.

A question that is important for applications is: To what extent may one relax
the condition that the halfspaces be horizontal? The excess measure is finite for a
horizontal halfspace J0 by definition. Is it also finite for non-horizontal halfspaces
close to J0? Does weak convergencen˛�1n .�/! � in (8) hold on such halfspaces? A
related question is whether the convex hull of the normalized sample cloud converges
to the convex hull of the limiting Poisson point process. The book gives partial
answers to these questions.

A considerable part of Chapter IV is taken up by the analysis of specific examples,
and a discussion of the relation to the limit theory for coordinatewise extremes.
Section 15 investigates the excess measures and domains of attraction for three simple
symmetry groups � t : vertical translations, scalar contractions, and scalar expansions.
For vertical translations a complete description of the domains of attraction is given.

The next two sections of Chapter IV treat heavy tailed distributions normalized by
linear contractions. Here we shall work with elliptic thresholds. Section 16 presents
the basic theory. The introduction to this section gives more information. The main
result is a complete characterization of the domain of attraction D1.�/ for excess
measures with a continuous positive density. Section 17 contains examples, and a
more detailed analysis of the domain of attraction in the case of scalar symmetries.
We also give a careful analysis of the relation between limit laws for exceedances
over elliptic thresholds and multivariate regular variation. For very heavy tails sample
sums are determined asymptotically by the extremes, and domains of attraction for
operator stable distributions and for excess measures coincide: DOS .�/ D D1.�/.
In this situation excess measures may be interpreted as Lévy measures for multivariate
stable processes without a Gaussian component. The theory for exceedances over
elliptic thresholds coincides with the limit theory for sums of independent vectors
developed in MS. The theory for exceedances may thus provide a simple introduction
to the limit theory for operator stable distributions.

The theoretical results on regular variation in groups and regularly varying mul-
tivariate probability distributions developed by Meerschaert and Scheffler in their
monograph MS are essential for a deeper understanding of the domain D1.�/. The
Spectral Decomposition Theorem (SDT) clears up the mysterious disparity between
the domains of attraction of excess measures with scalar symmetries and those with
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diagonal non-scalar symmetries. Section 18 contains a brief introduction to the the-
ory of multivariate regular variation, and to the SDT. The second half of this section
treats the general theory of excess measures on Rd . Finally Section 18.14 presents an
example that shows that the three approaches to the asymptotics of multivariate sam-
ple extremes developed in these notes – coordinatewise maxima, exceedances over
linear thresholds, and exceedances over elliptic thresholds – may yield conflicting
results.

Chapter V lists some fifty open problems. Together with the hundred examples
scattered throughout the text these serve to enliven the presentation, and to mark the
boundary of our present knowledge. The second part of the chapter describes some
of the difficulties that a statistician may encounter if she decides to apply the theory
to concrete data sets.

We have provided this lengthy introduction because the book does not have a clear
linear structure. It is a collection of essays. Moreover, there is a certain ambiguity
in the subject matter. Basically the book is about high risk scenarios. Chapter III
may be read from this point of view without bothering about point processes. The
reader will then observe that each of the limit laws extends naturally to an infinite
measure, and he will observe that this excess measure has an extraordinary degree of
symmetry. The excess measure is infinite, but has a simple probabilistic interpretation:
The normalizations that are used to obtain a non-degenerate limit law for the high
risk scenarios may be applied to the sample clouds to yield a limiting Poisson point
process. The excess measure is the mean measure of this Poisson point process.
This convergence of sample clouds is the second point of view. From this point of
view it is natural to start with an overview of point processes, Sections 1–5. The
point process approach unifies the univariate theory of extremes and exceedances in
Section 6. Section 7 treats the limit theory for coordinatewise maxima under linear
and non-linear coordinatewise normalizations from the same point of view. A natural
counterpart to the limit theory for high risk scenarios developed in Chapter III is
the limit theory for exceedances over thresholds developed in Chapter IV. The two
sections on horizontal thresholds are only loosely connected, as are the next two
sections on exceedances over elliptic thresholds. In fact it might be more instructive
to start with one of the examples in Section 15 or in Section 17 in order to gain an
impression of this part of the theory, rather than working through the technicalities
leading up to the Extension Theorem in Section 14. Similarly the open problems in
Chapter V should give a good impression of the scope of geometric extreme value
theory, as treated in this monograph. Sections 5 and 18 have a special standing.
They contain background material. Section 5 looks into the question: How does one
describe convergence of sample clouds to a limiting Poisson point process in terms
of halfspaces? Section 18 treats multivariate regular variation and the general theory
of excess measures and their symmetries. It contains subsections on the Meerschaert
Spectral Decomposition Theorem, on Lie groups, and on the Jordan form of a matrix.
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The book treats only a part of extreme value theory. For extremes of stationary
processes, of Gaussian fields, or of time series, the reader may consult Berman [1992],
Davis & Resnick [1986], Dieker [2006], Finkenstädt & Rootzén [2004] or Leadbetter,
Lindgren & Rootzén [1983], and the references cited therein. For extremes in Markov
sequences see Perfekt [1997]; for exceedances see Smith, Tawn & Coles [1997].
Extremes in function spaces and for stochastic processes are treated in Giné, Hahn &
Vatan [1990], de Haan & Lin [2003] and Hult & Lindskog [2005]. Limit behaviour
of convex hulls has been investigated in Eddy & Gale [1981], Groeneboom [1988],
Brozius & de Haan [1987], Baryshnikov [2000], Bräker, Hsing & Bingham [1998],
and Finch & Hueter [2004]. Statistics for coordinatewise extremes are treated in
de Haan & Ferreira [2006]; for heavy tails see Resnick [2006].

Interest in exceedances over linear thresholds is not new. We mention early papers
by de Haan [1985], de Haan & de Ronde [1998], and Coles & Tawn [1994]. The
last two contain nice applications to meteorological data. Exceedances over linear
thresholds seem to fit snugly within the framework of coordinatewise extremes, as
is shown by Proposition 8. It is only by taking a geometric point of view that one
becomes aware of the limitations imposed by the coordinatewise approach, due to
the restriction to CATs in the normalization. The strong emphasis on coordinates in
multivariate extreme value theory so far may also explain why the relevance of the
theory of multivariate regular variation developed in MS has not been realized before.

Notation

Halfspaces are closed, and denoted by H D f� � cg or J . Horizontal halfspaces
have the form fy � cg, or f� � yg, where � is the vertical coordinate. We often
use the decomposition z D .x; y/ 2 RhC1 into a vertical component y 2 R and a
horizontal part x 2 Rh. So h D d � 1 is the dimension of the horizontal coordinate
plane fy D 0g.

The set of affine transformations ˛ W w 7! Aw C b on Rd is denoted by A D
A.d/. If the linear part is a diagonal matrix with positive entries we call ˛ a CAT
(coordinatewise affine transformation). CATs are simple to handle, and they are
the transformations used in coordinatewise extreme value theory. The CATs form a
closed subgroup of A. So do the translations w 7! w C b and the set Ah of affine
transformations that map horizontal halfspaces into horizontal halfspaces. For the
closed subgroups of linear transformations, and the compact subgroups of orthogonal
and special orthogonal transformations (with determinant one) we use the standard
notation GL.d/, O.d/, and SO.d/. We write GL, O and SO if the dimension is not
specified.

In general � denotes the distribution of a vectorZ D .X; Y / in RhC1. We assume
thatZ lies in the domain of attraction of a limit vectorW D .U; V /. This means that
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Wn D ˛�1n .ZHn/) W for certain sequences of halfspaces Hn where ZH denotes
the vector Z conditioned to lie in the halfspace H . We regard ˛n as transformations
from .u; v/-space to .x; y/-space, and hence use the inverse ˛�1n to normalize. This
corresponds to the usual practice in the univariate case where one subtracts a location
parameter and divides by a scale parameter.

The table below lists the domains of attraction introduced in the text:

DC.�/; � 2 R (6) domain of the univariate GPD G�

D.�/; � � �1=2h (8) : : : of the multivariate GPD �� for high risk scenarios

D_.�/ D^.W / (7) : : : for coordinatewise maxima and minima,
normed by CATs

D".�/ D".C / (6,7) : : : : : : normed by monotone transformations

Dh.�/ (14) : : : for exceedances over horizontal thresholds

D1.�/ (16) : : : for exceedances over elliptic thresholds

DOS .�/ (17) domain of operator stable vectors with Lévy measure �

Domains of attraction (in brackets the section in which they are introduced).

The argument of D in the table above is the Pareto parameter � , or the excess
measure, exponent measure, or Lévy measure �, or the limit vector W , or the max-
stable copula C . One could add a number of extra parameters, the dimension d , the
generator of the symmetry group, restrictions on the normalizations in the form of
a subgroup (CATs, linear maps, diagonal maps, scalar maps, translations, etc.); one
could specify that convex hulls converge, that densities converge, or that densities be
unimodal. Since the theory is still in flux we restrict the notation to essentials.

We mention three possible sources of confusion:

1) The high risk limit vector W lives on a halfspace J0. In the limit relation
˛�1H .ZH / ) W it is assumed that PfZ 2 H g is positive – in order to have well-
defined high risk scenarios –, that PfZ 2 H g ! 0 – in order to have an interesting
limit relation –, and that ˛H .J0/ D H – in order to ensure that the normalized high
risk scenarios WH D ˛�1H .ZH / live on J0. Often J0 D HC, the upper halfspace,
but it may sometimes be convenient to choose some other halfspace, for instance
J0 D fv � j0gwith j0 D 1 or j0 D �1, or to leave the precise form ofJ0 unspecified.
This confusion already exists in the univariate case where Pareto distributions may
be standardized to live on Œ0;1/ or on Œ1;1/.
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2) The spectral measure is a finite measure, which together with the one-parameter
group of symmetries � t , t 2 R, determines the excess measure. One may take it to
be a probability measure by dividing � by a harmless positive constant. The spectral
measure lives on Rh or on the unit sphere. It has the advantage over the excess
measure that it is arbitrary. The spectral measure bears no relation with the spectral
decomposition. The latter concerns the symmetries and the normalizations.

3) Exceedances over elliptic thresholds is an alternative to exceedances over linear
thresholds which is particularly well suited to distributions with heavy tails. Actually,
as explained in Section 16.1, we shall hardly consider high risk scenarios of the form
ZE

c
. The limit relation ˛�1E .ZE

c
/ ) W only occurs in Section 17.7. The really

interesting relation is

etˇ.t/�1.�/! � weakly on "Bc ; t !1; " > 0:

In the terminology of MS this just says that the probability measure� varies regularly
with exponent C , where the one-parameter linear expansion group � t D etC , t 2 R,
satisfies � t .�/ D et�.

A function f � 0 on Rd is called unimodal if the level sets ff > cg are convex
for c > 0.

Limits are often one-sided. If y1 is the upper endpoint of a distribution on R then
y ! y1 always means convergence from below. In limits for sequences indexed
by n we implicitly assume n!1.

B is the open centered Euclidean unit ball, En are open ellipsoids.
Nn and N are point processes, usually on Rd , or on an open set OßRd .
d D hC1 is the dimension of the vectorsZ D .X; Y / andW D .U; V / in RhC1.
� is the Pareto (shape) parameter, � the excess measure, � a probability distribu-

tion. The vertical component of the measure � on RhC1 is Q�, and Q̨ for ˛ 2 Ah is the
univariate affine transformation of the vertical coordinate induced by ˛.

The abbreviations rv, df and iid are standard in probability theory and statistics.

The relation
dD denotes equality in distribution;) denotes convergence in distri-

bution, p WD PfXn � cg defines p as the probability of a certain event. We use the
notation an 	 bn or an D o.bn/ to signify that an=bn ! 0; an � bn means that
an=bn ! 1 and an 
 bn means that the quotients an=bn and bn=an are bounded
eventually. We use int.E/ and cl.E/ to denote the interior and the closure of a setE,
and c.E/ to denote the convex hull.

The basic terminology and notation have been introduced in the Preview. Special
notation could not be avoided completely. One may always consult the Index at the
end of the book. In the text itself the index entry is in bold face or emphasized by
printing it in italics to contrast with the surrounding text. In the case of multiple
entries, the bold face page number in the Index will guide the reader to the formal
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definition. In the Bibliography the numbers in square brackets refer to the pages on
which the item is cited.

The table of contents is detailed. Starred sections may be skipped. They are
technical or treat subjects which are not used in the remainder of the text. There are
a number of sections treating specialized subjects: Sections 2.6 and 17.6 treat Lévy
processes and convergence to operator stable processes: Section 6.7 discusses self-
neglecting functions; Section 5.3 treats halfspaces and convex sets; Section 18.1 gives
a brief introduction to multivariate regular variation; Sections 16.9 and 18.4 discuss
the Spectral Decomposition Theorem; Section 18.8 describes the excess measures on
the plane; Section 18.9 treats orbits of one-parameter groups of affine transformations
on Rd ; Section 18.13 treats Lie groups, and Section 18.12 treats the Jordan form, and
the spectral decomposition of one-parameter groups.

EKM and MS denote two books which will be cited frequently. Embrechts, Klüp-
pelberg & Mikosch [1997] contains the fundamental material on which this mono-
graph is built, and is an excellent guide to applications in finance and risk theory.
Meerschaert & Scheffler [2001] contains an in-depth exposition of the analytic theory
of multivariate regular variation for linear transformations, functions, and measures.





I Point Processes

In the geometric theory of multivariate extremes, sample clouds and limiting Poisson
point processes play a prominent role. This chapter provides a basic introduction
to the theory of point processes. We start with a constructive description of a point
process. Then we turn to Poisson point processes as limits for superpositions of a
large number of independent sparse point processes. Essential concepts such as the
distribution of a point process, and convergence in distribution in the vague and weak
topology are treated in Sections 3 and 4. In the last section the theory is applied to a
sequence of sample clouds in Rd converging to a Poisson point process. We discuss
convergence of convex hulls, and of stochastic integrals of loss functions.

This set-up allows us to focus on the more analytic question of weak convergence
of high risk scenarios, suitably normalized, and vague convergence of the associated
Radon measures, in the remaining chapters. Interpretations in terms of point pro-
cesses, convex hulls, stochastic loss integrals, and of the error terms associated with
such integrals, are essential when handling real-life data. Such interpretations will be
pointed out repeatedly in various settings throughout the book. Their validity follows
from the theory developed in this chapter.

Starred sections may be skipped. They are not essential for the theory developed
in Chapters II–IV.

1 An intuitive approach

This section introduces a number of important concepts in a rather intuitive fashion.
Precise definitions will follow later. Impatient readers may follow the bold face page
entries in the index. These lead to the formal definition.

1.1 A brief shower

Example 1.1. Suppose there has been a very brief rain shower. You are on an open
space covered by tiles of one square meter, unit squares. There are only a few drops
on each tile, say an average of c D 5 drops per tile. For any given tile the number of
rain drops on the tile is random. Can one say anything about the distribution of this
random integer, K? Can one describe the configuration of these K drops? Let C be
the circle of radius 1=2 inscribed in the tile. What is the probability that there are no
drops inside the circle, and exactly one drop in each of the four regions outside the
circle?
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We divide the tile into n D 4m congruent squares. Write

K D K1 C � � � CKn
where Ki denotes the number of drops in the i th subsquare. It may happen that
one of these subsquares contains two drops or more, but the probability of this event
decreases to zero asm grows, so we shall neglect it and assumeKi is zero or one. The
expected number of drops in each of these n subsquares is the same, and hence equals
c=n. Let pn denote the probability of a drop in a subsquare. Under the simplifying
assumption of at most one drop per subsquare we find

pn D c=n:
The number of drops in any subsquare is not influenced by the drops which fall outside
this subsquare. We therefore assume the 0-1 variables Ki to be independent. Their
sum K then has a binomial distribution

PfK D kg D
 
n

k

!
pkn.1 � pn/n�k

D n : : : .nC 1 � k/
kŠ

ck

nk
.1 � pn/�k.1 � c=n/n ! ck

kŠ
e�c :

For n!1 the limit is a Poisson distribution with expectation c. This answers our
first question. The number of rain drops on the tile is Poisson with expectation c D 5.

Given that there falls precisely one rain drop on the tile, by assumption it is
uniformly distributed over the tile. If there are precisely k drops, then each of these
is uniformly distributed over the tile, at least if we order them sequentially in time.
Again it is reasonable to assume independence. So conditionally on K D k the rain
drops on the tile form a sample cloud of k points from the uniform distribution.

. .

..
Now consider the probability of no drops in-

side the circle C and one drop in each of the
four regions outside the circle. In total there are
four drops which have to be divided over four
regions of equal probability p WD .1� �=4/=4.
There are 4Šways to arrange this. The probabil-
ity that four independent uniformly distributed
points on the unit square each lie in one of the
corner regions thus is 4Šp4. Since PfK D 4g D
e�cc4=4Š, the desired probability is

e�c.pc/4 � 0:000035; c D 5:
Alternatively one may argue that under the assumption of non-interference the number
of drops in the five regions are independent Poisson distributed variables with means
pc (four times) and c�4pc (once), yielding the probability .pce�pc/4e�.c�4pc/. ˙
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What we want to do is to construct a mathematical model for the shower, or rather
the trace of the shower on a tile. Let us first try to decide what further examples our
theory should be able to handle.

1.2 Sample cloud mixtures. Suppose we do not look at the trace on one tile, but at
the trace of a brief shower of intensity c on the first quadrant, which we assume to
be divided into tiles. By assumption there is no interference between drops, so the
number of drops on disjoint tiles are independent, as are their positions. The point
process of rain drops on the first quadrant could be constructed from a sequence of
Poisson random integers with expectation c, and a sequence of uniform random vari-
ables, all independent. Similarly one could construct a point process with intensity c
on the whole plane.

Instead of points on a square one may consider points in a cube – think of raisins
in an Easter bread – and use such cubes to construct a point process of intensity c in
space. One might also consider point processes with a variable intensity – think of
stars in space, or diamonds in the earth. Indeed let � be any Radon measure on the
plane. By definition a Radon measure is finite on compact sets. Dissect the plane into
a sequence of tiles Ti , and let d�i D 1Ti

d� be the restriction of � to the i th tile. Let
Ki be a Poisson random integer with expectation ci D �i .R2/, and let �i D �i=ci
denote the associated probability measure on the tile. We need only consider tiles of
positive mass. Construct a point process with mean measure�i on the i th tile by first
letting Ki choose an integer k, and then distributing k independent random points
from the distribution �i over the tile. Do this independently for each tile. We thus
obtain a point process with state space R2 and mean measure �.

The state space of a point process may be Rd , an open subset of Rd , or a d -dimen-
sional manifold, with a Radon measure � on the Borel sigma-field. Henceforth we
shall assume that the state space is a separable metric space X, and � a 
 -finite
measure on the Borel sigma-field B of X.

(One may throw out the topology altogether and consider 
 -finite measures on
a measurable space, say .„;E/. If the underlying measure is infinite, and without
atoms, and if the 
 -field is generated by a countable collection of sets and separates
points, then .„;E; �/ is isomorphic (as measure space) to the space .Œ0;1/;B; �/
where � is Lebesgue measure on the Borel field B on Œ0;1/. One may embed „ in
the halfline Œ0;1/ to produce an isometry between the Hilbert spaces L2.„;E; �/
and L2.Œ0;1/;B; �/ ; see Parthasarathy [1967]. So the most general example of a
Poisson point process ends up as the standard Poisson process on the halfline Œ0;1/.)

Point processes on Œ0;1/ occur in many stochastic models. Think of renewal
processes, survival processes, queueing theory, insurance claims, credit losses, or
operational risk losses. Such point processes have the property that the points may
be ordered in a canonical way. This allows one to introduce concepts such as interar-
rival times, compensators and martingales, which do not generalize easily to higher
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dimensions. We do not exclude such point processes from our theory, but typically
our point processes live on open subsets of Rd , with d D 2 or larger. On the other
hand it should be noted that there is no strict division between point processes on the
line and on Rd since one may add marks to the points on the line. In the opening
example of a brief shower on a tile, one may take a dynamic approach and add a time
coordinate, creating a three-dimensional state space. One could then describe this
point process with points .Xk; Yk; Tk/, 1 � k � K, as a marked point process on a
time interval Œ0; t0/, the duration of the shower, where Tk is the time when the drop
hits the tile, and the mark for each time point Tk is the vector .Xk; Yk/ denoting the
location of the corresponding drop on the tile. For the corresponding shower on the
first quadrant such a description is not available.

The point process describing a shower with finite mean measure � ¤ 0 is a
mixture of sample clouds from the probability distribution � D �=k�k. An n-point
sample cloud from a distribution � on X is a sample of n independent observations
X1; : : : ; Xn from this distribution. Such a sample cloud is a point process (with a
fixed number of points). A mixture of sample clouds from a given distribution � is a
sample cloud mixture. It has the formX1; : : : ; XK whereX1; X2; : : : are independent
observations from the distribution � and K � 0 is a random integer, independent
from the sequence .Xn/. The mixing distribution pk D PfK D kg for the shower
above is Poisson, with mean k�k. As a special case of a sample cloud mixture we
mention the zero-one point process determined by a finite measure � of total mass
p D k�k � 1. With probability 1 � p this point process contains no points. If p
is positive then the probability distribution � D �=p is well defined and determines
the location of the unique point of the 0-1 point process conditional on there being
a point. Such 0-1 point processes crop up naturally if one has a random vector and
restricts attention to a subset of the underlying vector space.

1.3 Random sets and random measures. One may regard a point process in Rd

as a random set, locally finite and closed. In this set-up special care has to be taken
of multiple points. A point process is simple if there are almost surely no multiple
points. This will be the case for sample cloud mixtures if the underlying probability
distribution � is diffuse (i.e. has no atoms). Stochastic geometry treats random closed
sets in locally compact spaces. The convex hull of a sample cloud in Rd is a closed
random set. Random subsets of the lattice Z2 are used in Ising models, infinite particle
systems, percolation theory and image analysis. The theory of point processes may
be regarded as a subtheory of stochastic geometry. It models the distribution of
diamonds (rather than oil fields), the distribution of stars (rather than interstellar gas
clouds), and the distribution of red blood cells (rather than liver tissue).

One may also regard a point process in Rd as a random .counting/ measure, fi-
nite on compact sets. Sample clouds are essentially the same as empirical processes.
Random (probability) measures are well known from the theory of conditional prob-
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abilities. Point processes are simpler to handle than random measures, but basically
one needs the same set-up. One has to impose the condition that for bounded Borel
sets in the state space X the number of points in this Borel set is a random variable.
One may then define the stochastic integral with respect to a point process N for
non-negative Borel functions f on the state space X asZ

fdN D
X
x2N

f .x/ D
X

f .Xk/; N.B/ D
Z
1BdN;

where X1; X2; : : : is an enumeration of the points of N , using repetition to take
multiplicity into account. The second sum is obviously measurable. It is less obvious
that there exists an enumeration of the points ofN (as a sequence of random elements
in X).

We shall adopt the second point of view in these notes, and treat point processes
as random integer-valued measures.

1.4 The mean measure. The mean measure of a point process plays the same role
as the expectation of a random variable. It always exists, but may be infinite. The
reader should check that it indeed is a measure, non-negative and sigma-additive.

Definition. Let N be a point process on the separable metric space X. Then

� W B 7! EN.B/; BßX a Borel set,

is the mean measure of N .

Proposition 1.2. Let N be a point process on the separable metric space X with
mean measure �, and let f W X ! Œ0;1� be measurable. Then

E

Z
fdN D

Z
fd�:

Proof. This is obvious if f D c1E for c 2 .0;1/. Now write f D P
cn1En

with En measurable and cn 2 .0;1/. This decomposition is always possible. The
monotone convergence theorem gives the desired result. �

Example 1.3. The mean measure may be infinite for many sets. Let� be the standard
normal distribution on R2 and letN be the corresponding sample cloud mixture, with
the mixing sequence pk D 1=.k C 1/.k C 2/ D PfN.R2/ D kg, k D 0; 1; : : : .
Then N is finite almost surely, but �E is infinite or zero for each Borel set E in the
plane. ˙
Exercise 1.4. If the mean measure � is infinite, but N is finite on bounded sets, one
may still construct a finite measure �� with the same null sets as �, since � is a sum of
finite measures. (Partition X into bounded Borel sets, then condition on the number
of points in the set.) ˙
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Exercise 1.5. Suppose N is a point process on the separable metric space X. Let
NB denote the restriction of N to the Borel set B:

NB.E/ D N.B \E/; E 2 B:

Show that NB is a sample cloud mixture if N is. ˙

1.5* Enumerating the points. Let X1; X2; : : : be random points in the metric
space X. If d.x;Xn/ ! 1 holds a.s. for some x 2 X, then this holds for ev-
ery x, and the sequence .Xn/ is the enumeration of a point process N on X which
is finite on bounded Borel sets. Conversely any such point process N on X may
be enumerated (in many ways). We describe one such enumeration. The reader is
invited to construct his own.

Definition. A partition C of a separable metric space X is a countable (finite or
infinite) collection of disjoint non-empty Borel sets C1; C2; : : : , the atoms, which
cover X. A sequence of partitions Cn is increasing if each atom of Cn is contained
in an atom of Cn�1, her mother. The 
 -algebra generated by Cn then contains the

 -algebra generated by Cn�1. The increasing sequence .Cn/ separates points if for
each pair of points x ¤ y in X there exists an index n such that x and y lie in different
atoms of Cn.

A standard example is the sequence of cubic partitions of Rd . Here Cn consists
of the cubes

K D Œ.k1 � 1/=2n; k1=2n/ � � � � � Œ.kd � 1/=2n; kd=2n/; ki 2 Z; i D 1; : : : ; d:
(1.1)

There are many others. A separable metric space has a countable base, U1; U2; : : : ,
of bounded open sets. Let Cn be the partition generated by the sets U1; : : : ; Un. This
sequence of partitions is increasing, and has the small set property:

(SS) for each z 2 X and each ı > 0 there exist n � 1 and j � 1 such that

z 2 Cnj ßBı.z/ WD fx 2 X j d.x; z/ < ıg: (1.2)

The small set condition (SS) ensures that
S

Cn generates the Borel 
 -field on X,
since any open set is the union of the atoms Cnj which it contains.

An increasing sequence of partitions Cn which separates points of X yields an
enumeration of the points of a point process N on X: With each x 2 X associate
a unique positive integer sequence j1; j2; : : : such that x 2 Cnjn

for n D 1; 2; : : : .
The address .jn/ allows us to order the points of N lexicographically.
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1.6 Definitions. It should now be clear what a point process is. A random measure
N on a separable metric space X with values in the set f0; 1; : : : ;1g. We impose
the condition that small sets almost surely contain only finitely many points of N .
Here small may mean that the closure is compact. It may also mean that the set
is bounded. Or that the mean measure of the set is finite. These concepts do not
coincide. At this moment we shall assume that the state space is a separable metric
space, without being too specific about small sets. This allows us to include point
processes on separable infinite-dimensional Banach spaces, and on arbitrary Borel
sets in Rd . It allows us to construct Poisson point processes whose mean measure is
any given 
 -finite measure on X. It is only when we consider convergence of point
processes in Section 4, and when we apply the theory to point processes on open
subsets of Rd , that we restrict attention to point processes on locally compact spaces,
whose realizations are Radon measures, with values in f0; 1; : : : ;1g.
Definition. A point process N on a separable metric space X, the state space, is a
random measure! 7! N.!/ defined on a probability space .�;F ;P/. The following
conditions hold:

1) N.!/ is a measure on the Borel 
 -field B of X for each ! 2 �;

2) N.!/.E/ 2 f0; 1; : : : ;1g for all Borel sets EßX and all ! 2 �;

3) fN.E/ D kg is an event for each Borel set EßX and for each integer k D
0; 1; : : : ;

4) the space X is covered by a sequence of bounded Borel sets on which N is
finite a.s.

The choice of the sequence of bounded Borel sets depends on the situation. For
Poisson point processes it is natural to choose sets of finite mean measure; for point
processes on separable metric spaces one may choose open balls; if the space is locally
compact, one may choose compact sets.

Basic references are Daley & Vere-Jones [2003] for point processes on separable
metric spaces, finite on bounded sets; Kallenberg [2002], Chapter 14 and Appendix,
for point processes on locally compact separable metric spaces, finite on compact
sets; and Kingman [1993] who concentrates on Poisson point processes, and imposes
minimal conditions. Kallenberg occasionally treats simple point processes as discrete
closed sets. For statistics for point processes, see Reiss [1993], Karr [1991], or
Jacobsen [2006].

Exercise 1.6. Prove that fN.X/ D1g is an event. ˙
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2 Poisson point processes

Poisson point processes will be used to describe the extremal behaviour of sample
clouds. We begin with a constructive description in terms of sample cloud mixtures.

2.1 Poisson mixtures of sample clouds. Let N be a Poisson mixture of sample
clouds on X with finite mean measure � ¤ 0. So the mixing sequence is e�ccn=nŠ
with c D �.X/. The underlying distribution for the sample clouds is � D �=c. Let
E0; : : : ; Em be a partition of X (with Ei measurable) and set

Ki D N.Ei /; K D N.X/ D K0 C � � � CKm; ci D �Ei D cpi ; pi D �Ei :
Let k0; : : : ; km be non-negative integers with sum k � 0. Then conditional on
N.X/ D k the k points of N form a sample cloud from the distribution � (by
definition), and hence the number of points in the mC 1 subsets Ei of the partition
have a multinomial distribution:

P.K0 D k0; : : : ; Km D km j N.X/ D k/ D pk0

0 : : : pkm
m � kŠ=.k0Š : : : kmŠ/:

Since PfK D kg D e�cck=kŠ we find

PfK0 D k0; : : : ; Km D kmg D P.K0 D k0; : : : ; Km D km j K D k/PfK D kg
D .kŠ=k0Š : : : kmŠ/pk0

0 : : : pkm
m � e�cck=kŠ

D
mY
jD0

e�cj ckj

j =kj Š :

This proves

Proposition 2.1. Let N be a Poisson mixture of sample clouds with finite mean
measure �, and let E1; : : : ; Em be disjoint Borel sets. Then the variables

Kj WD N.Ej /; j D 1; : : : ; m
are independent, and Poisson distributed with expectation cj D �Ej .

Does the converse hold? Suppose N is a point process on X with finite mean
measure �, and

PfN.E1/ D k1; : : : ; N.Em/ D kmg

D
mY
jD1

e��Ej .�Ej /
kj =kj Š; ki � 0; i D 1; : : : ; m;
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for all finite sequences of disjoint Borel setsE1; : : : ; Em in X. Does it follow thatN
is a Poisson sample cloud mixture?

The real question here is: When do two point processes have the same distribution?
In the next lecture, Section 3, we shall introduce the space of counting measures to
define the distribution of a point process. Here we take a more intuitive approach.

2.2 The distribution of a point process. Raindrops on a tile are not ordered (unless
we see them fall). We have to distinguish between a finite point process and a
finite sequence of points. Configurations of rain drops on the tile are described by
constructing finite partitions of the tile, and counting how many drops each of the
atoms of the partition contains. On a tile it is not hard to devise an enumeration of the
drops – introduce coordinates, and use a lexicographical ordering, like reading a page
of a book. However such an ordering is artificial, and destroys the geometry of the
configuration. When working with point processes, one has to get used to counting
points in sets.

Suppose we have two finite point processes M and N on the separable met-
ric space X. For simplicity assume both have exactly k points. Suppose for any
finite collection of disjoint Borel sets E1; : : : ; Em in X and non-negative integers
k1; : : : ; km

PfN.E1/ D k1; : : : ; N.Em/ D kmg D PfM.E1/ D k1; : : : ;M.Em/ D kmg:
(2.1)

Does it follow that M and N have the same distribution?
Let X D .X1; : : : ; Xk/ be an enumeration of N , and Y D .Y1; : : : ; Yk/ an

enumeration ofM . IfM D N the finite sequences X and Y need not have the same
distribution. (Think of a finite sample in R, and the corresponding order statistics.)
Introduce a random permutation S , uniformly distributed over the group Sk of all kŠ
permutations of f1; : : : ; kg, and independent of X and of Y , and define X�i D XS.i/
for i D 1; : : : ; k, and Y � similarly. The starred k-tuples are exchangeable. If they
have the same distribution then (2.1) holds. We shall show the converse: (2.1) implies
that X� and Y � have the same distribution.

Set
E0 D X n .E1 [ � � � [Em/; k0 D k � .k1 C � � � C km/:

Consider k-tuples .F1; : : : ; Fk/ of sets Fi which contain kj copies of Ej for j D
0; : : : ; m. There are n D kŠ=.k0Š : : : kmŠ/ distinct sequences .F1; : : : ; Fk/ of this
kind. By exchangeability the products F1 � � � � � Fk all have the same probability
with respect to X� and the union U of these n disjoint product sets has the same
probability for X and for X� since the union is invariant under permutations of the
coordinates:

PfX 2 U g D PfX� 2 U g D PfN.E1/ D k1; : : : ; N.Em/ D kmg:
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Now observe that there is a one-one correspondence between the distribution of a
k-point point process N on X and the distribution of an exchangeable k-tuple X�
since one may write

PfX�1 2 F1; : : : ; X�k 2 Fkg D
k0Š : : : kmŠ

kŠ
PfN.E1/ D k1; : : : ; N.Em/ D kmg:

(2.2)
The left side determines the distribution of X�. (Indeed the distribution of a k-tuple
X is determined by the probabilities PfX1 2 B1; : : : ; Xk 2 Bkg, where B1; : : : ; Bk
are Borel sets in X. If E0; : : : ; Em is a partition of X and each Borel set Bi is a
union of atoms Ei , then the event fX1 2 B1; : : : ; Xk 2 Bkg is a disjoint union of
events fX1 2 F1; : : : ; Xk 2 Fkg, with Fi 2 fE0; : : : ; Emg.)
Conclusion. There is a one-one correspondence between the distribution of k-point
point processes N on X, and the distribution of exchangeable k-tuples X� 2 Xk .
The correspondence is given by (2.2).

2.3 Definition of the Poisson point process. We now have an alternative, analytic
description of Poisson point processes.

Definition. Let � be a 
 -finite measure. A point processN with mean measure � is
called a Poisson point process ifN.E/ is a Poisson random variable with expectation
�E for every measurable set E of finite mass �.E/, and if the random variables

N.E1/; : : : ; N.Em/

are independent whenever the sets E1; : : : ; Em have finite mass and are disjoint.

Proposition 2.2. The sum of independent Poisson point processes is a Poisson point
process.

Proof. Let N have mean measure � and let M have mean measure �. By indepen-
dence .N CM/.E/ is a Poisson random integer with mean measure .�C�/.E/, and
independence of N.E1/; : : : ;M.Em/ implies independence of .N CM/.E1/; : : : ;

.N CM/.Em/. �

Proposition 2.3. The restriction of a Poisson point process to a measurable set is a
Poisson point process. Restrictions to disjoint sets are independent.

Proof. The first statement follows immediately from the definition. For the second
statement partition each of the sets, and observe that the numbers of points in the
atoms are independent variables. �

Proposition 2.4. If X is covered by an increasing sequence of Borel sets Bn, and
the point process N on X has the property that each restriction dNBn D 1Bn

dN is
a finite Poisson point process, then N is a Poisson point process.



2 Poisson point processes 51

Proof. First observe thatNBn has finite measure�n which lives onBn, and that�nC1
extends�n. This defines a
 -finite measure� on X. For any Borel setE of finite mass
the random variableN.E/ is Poisson with expectation�.E/ as limit of the increasing
Poisson variablesN.E \Bn/ with expectation �.E \Bn/. Independence ofN.Ei /
for disjoint Borel sets E1; : : : ; Ek of finite mass follows from the independence of
N1n; : : : ; Nkn for fixed n, with Nin D N.Ei \ Bn/, and the convergence PfNin D
mg ! cmi e

�ci=mŠ with ci D �.Ei / for n!1. �

Exercise 2.5. Check that the point process of rain drops on the plane with Radon
measure � defined in terms of a sequence of tiles as described in Section 1 is indeed
the Poisson point process with mean measure �. ˙

2.4 Variance and covariance. Independence is the most prominent characteristic
of Poisson point processes. In whatever way we cut up the underlying space, the re-
strictions are independent. This independence allows us to establish a simple formula
for the variance of stochastic integrals with respect to Poisson point processes.

Let N be a Poisson point process on the separable metric space X with 
 -finite
mean measure�. If f is a step function, f D c11B1

C� � �Ccm1Bm
, withBi disjoint

Borel sets of finite measure, then
R
fdN is a linear combination of the independent

Poisson variables N.Bi /, with variance �.Bi /, and hence one may write

var

�Z
fdN

�
D c21�.B1/C � � � C c2m�.Bm/ D

Z
f 2d�:

If 0 � fn " f then Zn WD
R
fndN " Z WD

R
fdN , and both E.Zn/! E.Z/ and

E.Z2n/ ! E.Z2/ by monotone convergence. So var.Zn/ ! E.Z2/ � .E.Z//2 ifR
fd� is finite. We find

Proposition 2.6. Let N be a Poisson point process with mean measure �, and f a
Borel function. If

R jf jd� is finite then

E

Z
fdN D

Z
fd�; var

Z
fdN D

Z
f 2d� � 1:

Proof. For real valued f write f D f 1E C f 1Ec with E D ff > 0g, and use
independence of

R
f 1EdN and

R
f 1EcdN . �

The polarization formula, 2ab D .aC b/2 � a2 � b2, yields the covariance

cov

�Z
fdN;

Z
gdN

�
D
Z
fgd�; f; g 2 .L1 \ L2/.�/: (2.3)
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Exercise 2.7. Let Nn be the n-point sample cloud from the distribution � on X.
Then

E

Z
fdNn D n

Z
fd�; var

�Z
fdNn

�
D n

�Z
f 2d� �

�Z
fd�

�2�
: (2.4)

Write
R
fdN D f .X1/C � � � C f .Xn/, and use independence! ˙

If �.X/ is infinite it is possible that
R
f 2d� is finite while

R
fd� D 1. The

variance of
R
fdN exists, but the expectation is infinite! This situation may be

handled by introducing the compensated Poisson point process N � �. Partition X

into Borel sets Bn, of finite measure, and set

Zn D
Z
f 1Bn

dN �
Z
f 1Bn

d� D
Z
f 1Bn

d.N � �/:

The random variablesZn are independent and centered, and
P

E.Z2n/ D
R
f 2d� is

finite. Hence the martingaleXn D Z1C� � �CZn converges in L2 and almost surely.
We write the limit X as

X D
Z
fd.N � �/; E.X/ D 0; EX2 D

Z
f 2d�:

These integrals play a role in the theory of Lévy processes.

2.5* The bivariate mean measure. Let us say a few words about the second order
theory in general. For a point process N on X with points X1; X2; : : : define the
bivariate integral for non-negative Borel functions h on X2 byZ

hdN .2/ D
X
i¤j

h.Xi ; Xj /:

This determines a measure �.2/ on X �X, the bivariate mean measure, byZ
hd�.2/ D E

Z
hdN .2/ D

X
i¤j

Eh.Xi ; Xj /: (2.5)

For non-negative real Borel functions f and g on X set .f ˝g/.x; y/ D f .x/g.y/.
Then Z

fdN

Z
gdN D

Z
f ˝ gdN .2/ C

Z
fgdN:

Assume the mean measure � is 
 -finite on X, and f and g are integrable. Taking
expectation we find

cov

�Z
fdN;

Z
gdN

�
C
Z
fd�

Z
gd� D

Z
f ˝ gd�.2/ C

Z
fgd�:
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Now restrict to indicator functions of disjoint Borel sets F and G of finite mean
measure. The formula for the covariance simplifies

cov.N.F /;N.G// D �.2/.F �G/ � �.F /�.G/;
var.N.F // D �.2/.F � F /C �.F /.1 � �.F //:

Bivariate mean measures may be defined locally by restricting the point process to
small sets.

Let N be a point process on the open set OßRd with finitely many points,
X1; : : : ; XK . Assume that .X1; : : : ; XK/ conditional onK D k has densityfk onOk .
Let fkij denote the bivariate density of .Xi ; Xj / on O2 conditional on K D k. The
bivariate Janossi density is defined by

j2.x; y/ D
X
k

pk
X

1�i¤j�k
fkij .x; y/; pk D PfK D kg: (2.6)

Proposition 2.8. With the notation and assumptions above,

PfN.dx/ D 1;N.dy/ D 1g D j2.x; y/dxdy D �.2/.dxdy/
for x ¤ y, x; y 2 OßRd .

Proof. We may assume K D k > 1. Let f be the density of X D .X1; : : : ; Xk/

on Ok , and fij the density of .Xi ; Xj /. Set

V D v.X/; v.x/ D min
i¤j
kxj � xik; x 2 Ok :

Then v is positive a.e. and hence fn D f 1fv>1=ng " f a.e. This also holds for the

bivariate marginals fnij , and their sum f
.2/
n over 1 � i ¤ j � k. Let F and G be

Borel sets in O of diameter less than ı D 1=2n, and at distance more than ı from
each other. Then

fXi 2 F;Xj 2 G; V > 2ıgßfXi 2 F;Xj 2 GIXk 2 .F [G/c ; k ¤ i; j g
ßfXi 2 F;Xj 2 Gg:

On adding the probabilities for 1 � i ¤ j � kwe find that PfN.F / D 1;N.G/ D 1g
is enclosed between the integral of f .2/n and f .2/ D j2 over the set F � G in O2.
This yields the first equality. The second follows from (2.5) and the definition of j2.

�

The Janossi densities jm for m > 2 may be defined similarly. See Daley &
Vere-Jones [2003] for details.
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2.6 Lévy processes. Given a Poisson point process on X with mean measure � one
can add a time coordinate, and consider the Poisson point process N on X � Œ0;1/
with mean measure d�.x/dt and points .Xk; Tk/. If X is a subset of Rd , the spatial
components Xk of the points in N may be added. Sums for disjoint time slices are
independent by the basic property of Poisson point processes. So if the sums

S.t/ D
X
fXk j Tk � tg; t � 0;

converge, the process S W Œ0;1/ ! Rd has independent increments, and the incre-
ments are stationary since the distribution of N on the time slice .0; s� and .t; t C s�
is the same as far as the space coordinate is concerned. By summing (or integrating)
a Poisson point process we obtain a Lévy process. In the theory of Lévy processes
it is often easier to use the “derivative” of the process, the underlying Poisson point
process, then the process itself. A Lévy process may also have a Brownian component
and a drift, but if the jump part generated by the Poisson point process is absent one
will usually call the process a Brownian motion. Since Poisson point processes are
simple, so are Lévy processes, unless one asks hard questions, or has to deal with the
Brownian part.

Definition. A random process X W Œ0;1/! Rd is a Lévy process if

1) it has independent increments;

2) the increments are stationary;

3) X.0/ D 0 almost surely;

4) the sample functions are right-continuous with left-hand limits.

Theorem 2.9. Let � be a Radon measure on O D Rd n f0g such thatZ
xT x ^ 1d�.x/ <1:

Let � W Rd ! Œ0; 1� be a Borel function which is one on a neighbourhood of the origin
and vanishes outside a bounded set. LetN be the Poisson point process onO�Œ0;1/
with mean measure d�.x/dt . There exists a Lévy processX W Œ0;1/! Rd such that
for t > 0

X.t/ D
Z
O�Œ0;t�

x.dN � �.x/d�.x//dt a: s:

If we replace � by a different function N� with the same properties, then for all !
outside a null set

xX.t; !/ D X.t; !/C bt; t � 0; b D
Z
N� � �d�:
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Proof. Choose r > 0 so that � and N� are one on rB , where B is the open unit ball.
We split the integral for X into two parts:

X1.t/ D
Z
rBc�Œ0;t�

xdN � tq; q D
Z
rBc

x�.x/d�.x/;

X0.t/ D
Z
.rBnf0g/�Œ0;t�

xd zN; d zN D dN � d�ds:

The process X1 is the sum of a linear drift �tq and a step process

Z11ŒS1;1/ CZ21ŒS2;1/ C � � � ;
where .Zn; Sn/ are the points ofN outside rB ordered so thatS1 < S2 < � � � . TheSn
form a Poisson point process on Œ0;1/with intensity �.rBc/, and henceSn !1 a.s.
The processX0 is an L2-martingale, and EkX0.t/k2 D t

R
rBnf0g x

T xd�.x/ <1. It
is well-known that there is a version with sample functions which are right-continuous
with left limits. See for instance Kallenberg [2002], Theorem 6.27. Now observe
that both X0 and X1 satisfy the four conditions of a Lévy process. So does their sum
since they are independent. Since xX0 D X0 we have xX.t/ � Nqt D X.t/ � qt . �

Without proof we mention

Theorem 2.10. A Lévy process is the sum of a process X as above, a linear drift,
and a centered Brownian motion independent of X .

Proof. See Kallenberg [2002], Theorem 13.4. �

It should be emphasized that the drift term depends on the compensator function�.
It is customary to take � D 1B , but sometimes it is convenient to have a continuous
compensator. If

R kxk ^ 1d�.x/ is finite, no compensator is needed. The Poisson
point process may go over into white noise, the “derivative” of Brownian motion.
If for instance �n is concentrated on B n f0g, �n ! 0 vaguely on B n f0g andR
�i�jd�n ! cij for 1 � i; j � d , then the associated Lévy processes converge to a

Brownian motion W with covariance EWi .t/Wj .t/ D cij t .
Exercise 2.11. Let d�.x/ D 1.0;1/.x/dx=x on R n f0g. The Lévy process is an
asymmetric stable process of index one. The sample functions have infinitely many
jumps on any interval .s; t/ with 0 � s < t . The jumps S.t/ � S.t � 0/ are positive
and the sum of the jumps over .s; t/ is infinite almost surely. On the other hand,
right-continuous functions with left-hand limits are bounded on any interval Œ0; t �.
Describe the sample functions. ˙
Exercise 2.12. If the Lévy measure � is infinite, as in the exercise above, the sequence
of time points T1; T2; : : : is dense on the time axis Œ0;1/. Prove that there are no
multiple points: Ti ¤ Tj holds almost surely for i ¤ j . Show that any Borel set
EßŒ0;1/ a.s. contains infinitely many points, or none. ˙
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2.7 Superpositions of zero-one point processes. Let N be the sum (or superposi-
tion) of 0-1 point processes Nn with mean measures �n. Then N has mean measure
� DP�n. If the measures �n are small and the processes Nn independent, then N
is close to a Poisson point process. The proof is based on an elementary inequality.

Lemma 2.13. Let N be a 0-1 point process with mean measure �. If the underlying
probability space is sufficiently rich, there exists a Poisson point process M with
mean measure �, such that

PfM ¤ N g � p2; p D k�k:
Proof. We may assume that p is positive. Let X1; X2; : : : be an iid sequence from
the distribution � D �=p. Then N D PN0

jD1 ıXj
where ıX denotes the point mass

inX , andN0 is a 0-1 variable, independent of .Xn/with PfN0 D 1g D p. LetM0 be
a Poisson variable independent of .Xn/ with expectation p and set M DPM0

jD1 ıXj
.

Then PfM D N g D PfM0 D N0g. Since

PfM0 D 0g D e�p > 1 � p D PfN0 D 0g;
we may choose M0 such that fM0 D 0g � fN0 D 0g. Then PfM0 � 1g D
.1C p/e�p gives

PfM0 ¤ N0g D e�p � .1 � p/C .1 � .1C p/e�p/ D p.1 � e�p/ < p2:
We need some freedom to construct the Poisson variable. On a non-trivial two-

point probability space one can define a non-zero 0-1 point process, but not a non-zero
Poisson point process, on X D fx0g. �

Proposition 2.14. Let Nn be independent 0-1 point processes with mean measures
�n on X. Assume � D P

�n is 
 -finite. If the underlying probability space is
sufficiently rich, there exists a Poisson point process M with mean measure � such
that

PfM ¤ N1 CN2 C � � � g �
X
k�ik2: (2.7)

Proof. Construct independent Poisson point processesM1;M2; : : : with mean mea-
sures �1; �2; : : : so that PfMn ¤ Nng � k�nk2, and let M be the sum of the point
processes Mn. �

Here is an application. Large sample clouds locally look like Poisson point pro-
cesses, since the binomial distribution for small values of p looks like a Poisson
distribution. Let N be the n-point sample cloud from the distribution � on Rd .
Let O be open with n�.O/ D c > 0. If the underlying probability space is rich
enough, Proposition 2.14 yields a Poisson point processM onO with mean measure
d� D n1Od� such that

PfM ¤ N g � c

n
:
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In fact one can do better, using Barbour’s Poisson approximation to the binomial
distribution: For independent events An there is a Poisson variable M such that

PfN ¤M g �
X

p2n.1 � e��/=�; EN D EM;

N D
X

1An
; pn D P.An/; � D

X
pn:

See Barbour, Holst & Janson [1992]. For Poisson point process approximations to
dependent sums of Bernoulli variables see Barbour & Chryssaphinou [2001]; for
bounds on the Hellinger distance see Falk, Hüsler & Reiss [2004].

Exercise 2.15. N is a 0-1 point process on a sufficiently rich probability space.
There is a Poisson point process M � N such that PfM ¤ N g � p2 for p D
PfkN k D 1g � 1=2. ˙

The role of the Gaussian distribution for sums of random variables is taken over
by the Poisson point process for sums of independent point processes. The next two
sections are needed to understand the theorem below, a kind of central limit theorem
for point processes.

Theorem 2.16 (Grigelionis, Superposition of Point Processes). For n D 1; 2; : : :

let Nn1; Nn2; : : : be independent point processes on the separable metric space X.
Let � be a measure on X which is finite on bounded Borel sets. Suppose for each
bounded Borel set E with �.@E/ D 0 we have

PfNni .E/ > 0g ! 0; nC i !1;P
i PfNni .E/ > 0g ! �.E/; n!1;P
i PfNni .E/ > 1g ! 0; n!1:

There exists a Poisson point process M with mean measure � such that Mn WDP
i Nni )M , in the sense thatZ

'dNn)
Z
'dM

for all bounded �-a.e. continuous Borel functions ' W X ! R for which f' ¤ 0g is
bounded.

Proof. To follow. See the end of Section 4. �

Here we only want to observe that the boundary of a Borel set E may contain E
(if E has no interior points). However, for open or closed sets, the condition that
�.@E/ equals 0 is the rule rather than the exception. Recall that the complement of
a countable set is dense in R.
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Lemma 2.17. Let � be a 
 -finite measure on the separable metric space X, and
f W X ! R continuous. Define the open and closed sets

Ot D ff < tg; Ft D ff � tg; t 2 R:

The boundaries @Ot , t 2 R, of the open sets are disjoint, as are the boundaries of the
closed sets. There is a countable set AßR such that

�.@Ot / D �.@Ft / D 0; t 2 R n A:
Proof. Both @Ot and @Ft are contained in the closed set ff D tg, and these sets are
obviously disjoint. Write� as the sum of a sequence of finite measures�n and define
A as the union of the finite sets Anm D ft 2 R j �nff D tg > 1=mg. �

2.8 Mappings. Poisson point processes are preserved under measurable mappings,
at least if the image of the mean measure is 
 -finite again.

Theorem 2.18 (Mapping Theorem). Let X and Y be separable metric spaces, and
y W X ! Y a measurable map. Let N be a Poisson point process on X with points
X1; X2; : : : , and 
 -finite mean measure �. Suppose the image � D y.�/ on Y is also

 -finite. ThenM D y.N /, the image process, with points Yi D y.Xi /, is a Poisson
point process with mean measure � D y.�/.
Proof. We first check that M.B/ is Poisson with expectation �.B/ for Borel sets B
in Y of finite mass. Let E D y�1.B/. Then �.B/ D �.E/ and M.B/ D N.E/.
Hence �.E/ is finite and M.B/ D N.E/ is Poisson with expectation �.B/. Next
observe that independence of the variablesM.Bi / D N.Ei / for B1; : : : ; Bm disjoint
Borel sets in Y holds since the setsEi D y�1.Bi / are disjoint andN is Poisson. �

Example 2.19. The map y.t/ D .e2�it ; eit / maps the halfline Œ0;1/ onto a dense
subset of the torus, S � S , where S is the unit circle in the complex plane. For any
non-empty open set U in the torus, the inverse image is open. It contains infinitely
many intervals of length greater than " for some " > 0. It follows that the image
of the standard Poisson point process N on Œ0;1/, with points T1 < T2 < � � � , is
dense in the torus. By the Mapping Theorem y.N / is a Poisson point process on the
torus. ˙

2.9* Inverse maps. Poisson point processes exhibit an unlimited amount of in-
dependence. If one partitions X into sets Cn the restrictions dNCn D 1Cn

dN

are independent. Conversely suppose one has an increasing sequence of partitions
Cn D Cn1; Cn2; : : : , and the point process N on X has the property that for each
partition Cn the restrictionsNCn1 ; NCn2 ; : : : are independent. Does it follow thatN
is a Poisson point process?
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Example 2.20. Let N D 2N0 where N0 ¤ 0 is a Poisson point process. Each point
is doubled! Restrictions to disjoint sets are independent, but N is not Poisson. ˙

We now formulate a partial converse to the mapping theorem.

Theorem 2.21. Let X and Y be separable metric spaces, and let y W X ! Y be Borel
measurable. Let N be a point process on X whose image M D y.N / is a Poisson
point process on Y, with mean measure which is diffuse and 
 -finite. For each finite
collection of disjoint bounded Borel sets B1; : : : ; Bm in Y let the restriction point
processes NE1 ; : : : ; NEm with Ei D y�1.Bi / be independent. Then N is a Poisson
point process.

Proof. The point process N is a superposition of independent restrictions. One may
use the Superposition Theorem to prove that N is a Poisson point process. We shall
derive it from a more technical result, Proposition 2.25 below, for which we give an
elementary proof. �

Example 2.22. The result above is remarkable. Start with a point process N on Rd

with pointsZ1; Z2; : : : . Suppose the vertical coordinates Yn D y.Zn/ form a simple
Poisson point process on the vertical axis. If restrictions of N to disjoint horizontal
slices are independent then the restrictions to disjoint Borel sets in Rd are independent
(since N is Poisson by the theorem above).

In the case of the rain shower the assumption of independence for disjoint time
intervals forces the shower to be a Poisson point process. Independence for disjoint
horizontal slices implies independence for disjoint vertical cylinders! This also holds
for a rain shower on the whole plane. Each horizontal slice then contains infinitely
many points. The only condition is that no two drops hit the earth simultaneously,
and at no moment is there a positive probability of a drop hitting the earth. ˙

The results below are a validation of the heuristic arguments used for the rain
shower in Section 1.1. Recall that we used partitions of the unit square, and argued
that one might assume that eventually all subsquares would contain at most one point.
We also needed the probability of a rain drop in a subsquare to vanish. For the uniform
rain shower on a tile we could writepn D c=n, but we also considered point processes
with varying intensity. Partitions are defined in Section 1.5.

Lemma 2.23. Let M , with points Y1; : : : ; YK , be a finite simple point process on Y

without fixed points:

PfYi D Yj g D 0; i ¤ j I PfYk D yg D 0; k � 1; y 2 Y: (2.8)

Let Cn D .Cnj / be increasing partitions, and suppose
S

Cn separates points. Set
Knj DM.Cnj / and Kn D maxj Knj . Then

PfKn > 1g ! 0; n!1;
PfKnj > 0g ! 0; nC j !1:
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Proof. LetM.!/ have pointsy1; : : : ; yk . There exists an indexJ.!/ such that thesek
points lie in distinct sets in the partition Cn for n � J.!/. We take J.!/ minimal.
Then fKn > 1g D fJ > ng. Since J is finite the first limit relation holds.

Let " > 0. We have to show that PfKnj > 0g > 2" occurs only finitely often.
Choose k so large that PfM.Y/ > kg < ", and let M � D M on fM.Y/ � kg and
M � D 0 elsewhere. So M � has at most k points, say Y1; : : : ; YK with K � k. Set
K�nj DM �.Cnj /. It suffices to show that PfK�nj > 0g > " holds only finitely often,
or even that

PfYi 2 Cnj g > "=k (2.9)

holds finitely often for i D 1; : : : ; K. We shall do this for Y1.
For given n there are at most k=" sets Cnj for which the inequality (2.9) holds

with i D 1. Also note if PfY1 2 C g > "=k, then this inequality also holds for the
mother set C 0 � C . Suppose pnj D PfY1 2 Cnj g > "=k is infinite for infinitely
many Cnj . Then there is such a set C1 D C1j1

with infinite offspring. One of
the daughters C2 D C2j2

also has infinite offspring. Proceeding thus we find a
sequence of sets Cn D Cnjn

with pnjn
> "=k so that Cn is the mother of CnC1.

The events En D fY1 2 Cng decrease to E, and P.E/ � "=k. Let !0 2 E, and
y0 D Y1.!0/. Then Y1.!/ D y0 for all ! 2 E, since

S
Cn separates points. Hence

PfY1 D y0g � P.E/ � "=k. This contradicts (2.8). �

We will need a simple inequality for sums of independent 0-1 variables.

Lemma 2.24. Let L1; L2; : : : be independent zero-one variables with sum S � 1.
Suppose C � 4. Then PfS > C g < 1=2 implies ES < 2C .

Proof. Assume ES D 2C , decreasing Ln if need be. The Bienaymé–Chebyshev
inequality gives

PfS � C g � var.S/=C 2 � 2=C � 1=2;
since var.Li / � ELi implies var.S/ � ES . �

Proposition 2.25. Let X and Y be separable metric spaces and y W X ! Y a
measurable map. Let N be a point process on X with points X1; X2; : : : , which is
finite on Bn, for an increasing sequence of bounded Borel sets Bn which cover X.
Suppose the points Yk D y.Xk/ satisfy (2.8). Let Cn D .Cnj ; j � 0/ be increasing
partitions of Y such that

S
Cn separates points. If for fixed n the restrictions

NDnj ; j � 0I Dnj D y�1.Cnj /
are independent, then N is a Poisson point process.

Proof. We may assume N is finite by restricting to Bn. Then use Proposition 2.4.
Set

Knj DM.Cnj / D N.Dnj /; Kn D max
j
Knj :
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By Lemma 2.23

qn D PfKn > 1g ! 0; n!1;
pnj D PfKnj > 0g ! 0; nC j !1:

Define 0-1 point processes: N �nj D NDnj for Knj D 1 and N �nj D 0 else. For each
index n Lemma 2.13 allows us to choose independent Poisson point processes N 0

nj

so that PfN 0
nj ¤ N �nj g < p2nj . Set

N �n D
X
j

N �nj ; N 0
n D

X
j

N 0
nj :

There is a constant C � 4 such that PfN.X/ > C g < 1=2. Lemma 2.24 applied
to Lj D Knj ^ 1 with sum S � N.X/ gives

P
j pnj D ES < 2C . SoX

j

p2nj � 2Cpn; pn D max
j
pnj ! 0;

and PfN 0
n ¤ N g � 2Cpn C qn ! 0. We may choose a subsequence kn ! 1 so

that
PfNn ¤ N g < 1=2n; n D 1; 2; : : : ; Nn D N 0

kn
:

Then Nn ! N almost surely. The Nn are Poisson point processes on X. Hence
Nn.E/ is Poisson for any Borel setE in X, andNn.E1/; : : : ; Nn.Em/ are independent
for disjoint Borel setsE1; : : : ; Em. This then also holds forN . HenceN is a Poisson
point process on X. �

The next result formalizes the construction of Section 1.1 for simple point pro-
cesses without fixed points. We do not need the rather artificial assumption of an
intensity.

Proposition 2.26. Let N be a point process on Y with points Y1; Y2; : : : . Let Cn D
.Cn1; Cn2; : : : /, n � 0, be an increasing sequence of partitions on Y which separate
points. If (2.8) holds, if N.C0j / is a.s. finite for all j , and if the j random variables
N.Cn1/; : : : ; N.Cnj / are independent for each n and j , then N is a Poisson point
process.

Proof. We may assume N finite by restricting to an atom A 2 SCn. With Cnk
associate three random integers, Nnk D N.Cnk/, Lnk D 1fNnkD1g, and Mnk , a
Poisson rv with expectation pnk D PfNnk D 1g, such that PfMnk ¤ Lnkg �
p2
nk

, see Lemma 2.13. For fixed n one may choose the Poisson variables Mnk

independent, since the Nnk are independent by assumption, and hence the Lnk too.
Since Sn D P

k Lnk � N.X/ and PfN.X/ > C g < 1=2 for some C � 4,
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Lemma 2.24 gives ESn < 2C . Moreover pnk ! 0 for nCk !1 by Lemma 2.23.
Hence

P
k p

2
nk
! 0, and N.X/ D N.A/ is Poisson. This holds for each atom A.

Together with the assumed independence this makesN into a Poisson point process;
see relation 4) in Theorem 3.2. �

2.10* Marked point processes. Given a point process N on the separable metric
space X with pointsX1; X2; : : : , one may add a random markUn to each pointXn. In
first instance we assume that .Un/ is an iid sequence of uniformly distributed random
variables in U D Œ0; 1�, independent of F , where F is a 
 -field on the underlying
probability space on which the point process N and the points Xn are measurable.
One obtains a new point processM with points .Xn; Un/. This construction does not
depend on the enumeration. IfX 0n also is an enumeration of the points, sayX 0n D XIn

,
then the corresponding marksU 0n D UIn

again form an iid sequence of uniform-.0; 1/
distributed random variables, at least if the renumeration is F -measurable. Indeed,
conditional on I1 D i1; : : : ; In D in the random variables U 01; : : : ; U 0n are distributed
like Ui1 ; : : : ; Uin . If K D N.X/ is finite with positive probability, condition on
K D k and restrict to n � k.

Example 2.27. Consider a point process on Œ0;1/2 concentrated around the diago-
nal, where the points first are enumerated according to their vertical coordinate, and
later according to their horizontal coordinate. The renumeration sequence .In/ is
measurable on the 
 -field generated by N . We assume some regularity conditions
here: the projections on the two axes should yield simple point processes with finitely
many points on bounded intervals. ˙

LetM be a point process on Y with pointsY1; Y2; : : : . For each of these points toss
a coin to decide whether the point is retained or deleted. The tosses are independent.
The resulting point processM 0 is called the thinned point process. One may think of
a forest in which certain trees are felled. In general the probability for retaining the
tree may depend on the site. So we have a function p W Y ! Œ0; 1� which determines
the probability of heads for the coin which is tossed to decide whether a tree at site y
is to remain. Such a thinned point processM 0 is simple to construct. First construct
the marked point process N on X D Y � Œ0; 1� with points .Yk; Uk/. Restrict to the
set below the graph of p, and project onto Y.

Instead of marks in Œ0; 1� one may have marks in a separable metric space M.
Let g W Y � Œ0; 1� ! M be measurable. The map f W .y; u/ 7! .y; g.y; u// maps
the point process N on Y � Œ0; 1� above, into a point process on Y �M, with points
.Yn; g.Yn; Un//. If N on Y � Œ0; 1� is Poisson with mean measure �, the new point
process is Poisson with mean measure f .�/. In the thinning above M D f0; 1g; a
tree is felled if its mark is 0, and g.y; u/ D 1 for u < p.y/.

Proposition 2.28. Let M be a Poisson point process on Y with mean measure �
and points Y1; Y2; : : : . Let F be a sigma-field on the underlying probability space
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on which the point process M and the variables Y1; Y2; : : : are measurable. Let
U1; U2; : : : be independent uniformly distributed random variables. Assume the
sequence .Un/ is independent of F . The point process N on Y � Œ0; 1� with points
.Y1; U1/; .Y2; U2/; : : : is a Poisson point process with mean measure d�.y/du.

Proof. This may seem a good opportunity to apply Proposition 2.25. However it is
simpler to observe that in the case of a finite mean measure � one may construct
a Poisson point process N � on Y � Œ0; 1� with mean measure � � � as a Poisson
mixture of sample clouds from the probability distribution���where� D �=�.Y/.
This is clearly a marked point process. Since the distribution does not depend on
the enumeration, the processes N and N � have the same distribution. For infinite

 -finite mean measures, use Proposition 2.4. �

Marked point processes may be used to compare Poisson point processes on Y

whose mean measures �i are close. Let d�i .dy/ D pi .y/d�.y/ for i D 1; 2, where
d� D d�1 _ d�2 (and hence p1 _ p2 D 1). Define a Poisson point process N
on Y � Œ0; 1� with mean measure d�.y/du. Let Mi be the projection on Y of the
restriction of N to the area below the graph of pi . Then

PfM1 ¤M2g �
Z
jp2 � p1jd� D k�2 � �1k1: (2.10)

3 The distribution

3.1 Introduction. To specify the distribution of a random vector X 2 Rd it does
not suffice to give the distributions of the d components. One has to introduce a
probability measure � on the Borel sigma-field of Rd . Often the distribution may
be described in terms of a density function. One may always use the d -dimensional
distribution functionF to describe the distribution ofX , but in the multivariate setting
the df is not very informative about the shape of sample clouds.

There are alternative ways to specify the distribution. One may give the charac-
teristic function '.�/ D Eei�X , defined for � D .�1; : : : ; �d / 2 Rd . Equivalently one
may specify the probability�.H/ for all closed halfspacesH D f� � cg. For vectors
X with thin tails, the moment generating function (mgf)M.�/ D Ee�X may exist on
a neighbourhood of the origin. The mgf is an analytic function. Its restriction to any
non-empty open set in Rd determines the distribution. If the vector has non-negative
components, the Laplace transform exists:

L.�/ D Ee��X ; � � 0I
and if the components are non-negative integers, then one may describe the distri-
bution in terms of the probability generating function. These transforms are related.
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That the probability distribution is uniquely determined by each of these transforms,
is not trivial.

3.2* The Laplace transform. For a point process N on a separable metric space
X the Laplace transform is defined by

L.f / D E.e�
R
fdN /; f � 0;

for non-negative Borel functions f on X. The integral
R
fdN may be infinite for

certain values of !. We set e�1 D 0. The larger the integral
R
fdN , the smaller the

Laplace transform L.f /.
Let us compute the Laplace transform of the Poisson point process N with mean

measure �. Start with a step function,

f D c11B1
C � � � C cm1Bm

; Bi 2 B disjoint; �.Bi / <1; ci > 0:
Then

R
fdN D c1N.B1/ C � � � C cmN.Bm/. This stochastic integral is a sum of

m independent terms Xi D ciN.Bi /, where N.Bi / has a Poisson distribution with
expectation bi D �Bi . So let us first compute the Laplace transform of

R
gdN with

g D c1E , and �.E/ D b <1:

L.g/ D E.e�
R
gdN / D Ee�cN.E/ D

X
n

e�cnpn D e�b
X
n

.be�c/n=nŠ

D e�.1�e�c/�.E/ D e�
R
1�e�gd�; pn D e�bbn=nŠ:

By independence L.f / is the product of L.fi /, with fi D ci1Bi
. The terms in the

exponent add, and

.1 � e�c1/�B1 C � � � C .1 � e�cm/�Bm D
Z
.1 � e�f /d�

gives

L.f / D e�
R
.1�e�f /d�: (3.1)

Theorem 3.1. The Laplace transform of the Poisson point process with 
 -finite mean
measure � is given by (3.1) for Borel functions f W X ! Œ0;1/.
Proof. Any Borel function f � 0 is pointwise limit of an increasing sequence of
integrable step functionsfn � 0. The monotone convergence theorem applied!-wise
gives Z

fndN !
Z
fdN;

and Lebesgue’s theorem with majorant 1 gives

L.fn/ D Ee�
R
fndN ! Ee�

R
fdN D L.f /:

On the right
R
.1 � e�fn/d�! R

.1 � e�f /d� by monotone convergence. �
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3.3 The distribution. We shall now give a number of equivalent characterizations
of the distribution of a point processN on a separable metric space X. Since we want
to develop the theory for separable metric spaces here, we assume in this subsection:

N.E/ is finite for bounded Borel sets E: (3.2)

Let Cn D fCn0; Cn1; : : : g be increasing partitions on X for which the small set
condition (SS) holds, see (1.2). Let .Un/ be bounded open sets which form a basis for
the open sets of X, for instance the set of all open balls Br.a/, with center a in some
countable dense setAßX, and radius r 2 f1; 1=2; 1=3; : : : g. Each open setOßX is a
union of such setsUn. LetN andM be finite point processes on the separable metric
space X, and let B1; : : : ; Bm be Borel sets, and f a Borel function on X. Consider
the equalities in distribution

.N.B1/; : : : ; N.Bm//
dD .M.B1/; : : : ;M.Bm// (3.3)Z

fdN
dD
Z
fdM: (3.4)

Theorem 3.2. Let N and M be point processes on the separable metric space X

which satisfy (3.2). With the notation above the following are equivalent:

1) The first relation holds for bounded Borel sets.

2) The first relation holds for disjoint bounded closed sets.

3) The first relation holds for disjoint sets which are finite unions of sets Un in a
countable base of bounded open sets U1; U2; : : : .

4) The first relation holds for bounded atoms Bi 2 Cm, m � 1.
5) The second relation holds for bounded Borel functions which vanish outside a

bounded set.
6) The second relation holds for non-negative Borel step functions with bounded

steps.

7) The second relation holds for non-negative uniformly continuous functions with
bounded support.

8) The second relation holds for non-negative step functions f D c11C1
C � � � C

cm1Cm
with Ci bounded atoms in Cn for n � 1.

Proof. First assumeN andM are finite point processes, and X is bounded. Note that
the first four criteria refer to finite-dimensional distributions of the processN.B/,B 2
B, the second four to stochastic integrals. There is a simple relation: The multivariate
distribution of .N.B1/; : : : ; N.Bm// is determined by the univariate distributions of
the random variables Y D c1N.B1/C � � � C cmN.Bm/, where we may restrict the
ci to be non-negative. (Indeed it suffices to know the distribution of one such linear
combination Y provided the coefficients ci are rationally independent.) In particular,
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if (3.3) holds for all non-negative step functions f for a certain class of steps, and
the integrals are finite, it holds for all real valued step functions on this class of steps.
Hence

1/ ” 6/ and 4/ ” 7/:

The first and fifth conditions are strong, the remaining ones are weak:

1/) 2/; 3/; 4/; and 5/) 6/; 7/; 8/:

Some implications are easy:
6/ ) 5/. First note that 1) is equivalent to 10) where in 10) we assume the first

relation to hold for disjoint bounded Borel sets Bi . Moreover 6) is equivalent to 60),
where in 60) we assume (3.3) to hold for all real-valued step functions on bounded
Borel sets. Now observe that any Borel function is pointwise limit of a sequence of
step functions on disjoint bounded Borel sets.

3/) 2/ IfF1; : : : ; Fm are disjoint closed sets one may find decreasing sequences
of open sets Oni # Fi with O11; : : : ; O1m disjoint. Hence N.Oni / # N.Fi / for
n!1, i D 1; : : : ; m, and 3/) 2/.

2/ ) 1/ If relation 1) holds for m D 1, then already M and N have the same
mean measure, and determine the same null sets. With N one may associate a finite
measure �� which has the same null sets as the mean measure, and similarly for M ,
see Exercise 1.4. For any Borel setE there exists an increasing sequence of bounded
closed sets FnßE such that .�� C ��/.E n Fn/! 0. Then N.Fn/ " N.E/ almost
surely, and similarly M.Fn/ "M.E/.

7/) 3/ If the Bi are disjoint bounded open sets and ci > 0 there is a sequence
of uniformly continuous functions fn " f D c11B1

C � � � C cm1Bm
.

So 8), 3), 2), 1), 5) and 6) are equivalent, as are 4) and 7). It remains to observe that
step-functions on bounded atoms in C are dense in L1.X;B; �/where � D ��C��,
see above.

What if X is not bounded, and N and M not finite? Cover X by an increasing
sequence of open balls. The eight conditions are formulated so that they may be
checked for the restrictions of the point processes to a sufficiently large ball. On such
a ball the point processes are finite. �

Definition. Two point processes N and M on the separable metric space X which

satisfy (3.2) have the same distribution, and we write N
dDM , if

.N.B1/; : : : ; N.Bm//
dD .M.B1/; : : : ;M.Bm//

holds for any finite sequence of disjoint bounded Borel sets B1; : : : ; Bm.

By the theorem above we have at least seven other equivalent definitions for
equality in distribution of two point processes.
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Exercise 3.3. Let N be a point process on the separable metric space X with mean
measure � which is finite on bounded sets. Suppose L.f / D e�

R
1�e�f d� for

non-negative bounded continuous functions f on X for which ff > 0g is bounded.
Show that N is a Poisson point process. ˙

Let N D N .X/ be the set of all counting measures � on X which are finite for
open balls. On the set N , define the sigma-field E generated by the sets

Ek WD f� 2 N j �.E/ D kg; k � 0; E 2 Bb;

where Bb denotes the class of bounded Borel sets in X. If two probability measures
agree on the class of finite intersections of such sets Ek in N , then they agree on the
sigma-field E . A point processN on X (with underlying probability space .�;A;P/)
is a measurable map from .�;A/ to .N ;E/. Recall that we assume point processes
to be finite on bounded sets. The distribution of the point process N is the image
(under N ) of the probability measure P . Just as the distribution of a vector X is the
image X.P/.

Exercise 3.4. Let N be a point process on X and E a Borel set. Prove that the
restriction NE is a point process on X. ˙

Exercise 3.5. Suppose X is the union of an increasing sequence of Borel sets Bn.
Let N and M be point processes on X. If the restrictions NBn and MBn have the
same distribution for each n, then N and M have the same distribution. ˙

In Section 2 we defined the distribution of a finite point process in terms of
exchangeable k-tuples by conditioning on the event fN.X/ D kg. This is a use-
ful characterization for constructing point processes. The analytic characterizations
above are effective for checking that two point processes have the same distribution.

3.4* The distribution of simple point processes. In this subsection point processes
are assumed finite on bounded sets. A point process N on a finite space X D
f1; : : : ; dg is just a random vector X with non-negative integer components. Its
distribution is given by PfN f1g D k1; : : : ; N fdg D kd g. For simple point processes
less information suffices.

Proposition 3.6. Let N be a simple point process on the separable metric space X.
Let � be a diffuse measure on X which is finite on open balls. Suppose

P fN.E/ D 0g D e��.E/; E 2 B bounded:

Then N is a Poisson point process with mean measure �.
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Recall that a point process with points X1; X2; : : : is simple if PfXi D Xj g D 0
for i ¤ j . We shall show that for simple point processes the probabilities

pE D P fN.E/ D 0g; E 2 B bounded; (3.5)

determine the distribution of N .

Lemma 3.7. Let Bn " B . Then pBn
# pB .

Proof. fN.Bn/ D 0g # fN.B/ D 0g. �

First consider a point process N on a countable set. We do not assume N is
simple.

For any finite set F ßE, write pFE for the probability that each x 2 F has positive
mass, and the remaining points of E have no mass. If F D fxg we write pxE , and if
F is empty then pFE DW pE . Observe that

pE D pxE[fxg C pE[fxg; x 62 E;
since the event of no points in E is divided into two disjoint events according to
whether x has positive mass or no mass. Similarly, for F ßE and x 62 E,

pFE D pF[fxgE[fxg C pFE[fxg:

So if we know pFE for all n-point sets F and all E � F , we also know pFE for all
nC 1-point sets F and E � F .

Let R be the ring of sets generated by a countable partition of X, and S the
sigma-ring. The setsC of the partition will be called atoms. As above forF in R and
F ßE 2 S define pFE as the probability that E nF contains no points and each of the
atomsC making upF contains at least one point. If we know pE for allE 2 R, then
we know pE for all E 2 S , and by the argument above we know pFE for all E 2 S

and all F 2 R, F ßE. We define pnE as the probability that E contains precisely n
atoms of positive mass. This is the sum of the probabilities pFE with F ßE containing
precisely n atoms.

Now suppose we have an increasing sequence of partitions Cn D .Cnj / which
separates points. Let pmE .n/ be the probabilities associated with the nth partition.
Let E 2 Sn0

. Then E is a countable union of atoms in Cn0
and hence E 2 Sn for

all n � n0. For n � n0 let AmE .n/ be the event that E contains m atoms C 2 Cn
of positive mass. Then AmE .n/ ! fN.E/ D mg for n ! 1 since .Cn/ separates
points. Hence

pmE .n/! pmE D PfN.E/ D mg:
Therefore one may derive the probabilities PfN.E/ D mg from the probabilities
PfN.E/ D 0g.
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Similarly one may determine the probability PfN.E1/ D m1; : : : ; N.Ek/ D mkg
from the probabilities of the events

fN.E1/ D 0; : : : ; N.Ek/ D 0g D fN.E/ D 0g; E D E1 [ � � � [Ek
for given k � 2 for all collections of disjointE1; : : : ; Ek in

S
Cn. (For this one has to

check that pF1;:::;Fk[fxg
E1;:::;Ek

may be computed as above for disjoint subsets E1; : : : ; Ek
of a countable set and for points x 62 E D E1 [ � � � [Ek .) We have shown:

Theorem 3.8. SupposeN andM are simple point processes on X which satisfy (3.2).
Let Cn be an increasing sequence of partitions which separates points. Let R be the
ring generated by

S
Cn. If

P fN.R/ D 0g D P fM.R/ D 0g; R 2 R;

then N andM have the same distribution. �

4 Convergence

4.1 Introduction. Recall the usual criteria for convergence in distribution for ran-
dom vectors in Rd , which is written as Xn ) X0. In abstract arguments one uses
the definition

E'.Xn/! E'.X0/

for all bounded continuous functions ' on Rd (or all continuous functions ' with
compact support, or all complex functions '� W x 7! ei�x , or all indicator func-
tions ' D 1Q where Q D .�1; c� is the intersection of closed lower halfspaces
fxi � cig, i D 1; : : : ; d , whose boundary planes fxi D cig are not charged by the
limit distribution). Often it is convenient to use coordinates: Xn ) X0 if and only
if all linear combinations of the coordinates converge:

c1X
.1/
n C � � � C cdX .d/n ) c1X

.1/
0 C � � � C cdX .d/0 :

A family of random vectorsX.t/ (or their probability distributions) on Rd is tight
if for any " > 0 there exists a cube KßRd such that P fX.t/ 2 Kg > 1 � " for
all t . For this it suffices that the d components X .i/.t/, t 2 T , are tight. In a tight
familyX.t/, t 2 T , each sequence .tn/ contains a subsequence .tkn

/ such thatX.tkn
/

converges in distribution.
In this section similar concepts will be developed for point processes.
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4.2 The state space. Henceforth the state space of our point process, a separable
metric space X, is assumed to be locally compact, and the sample functions are
assumed to be integer-valued Radon measures. The theory will be applied to point
processes on Rd , or on open subsets of Rd . Occasionally on open subsets of Œ0;1/d .

Weak convergence of probability measures is a matter of topology rather than
metric. If the separable metric space X is a subset of a compact metric space Y

(which is automatically separable), then it is simple to determine whether a sequence
of probability measures �n on X converges. Check whether the sequence of realsR
'd�n converges in R for each continuous function ' on Y. If so, there is a prob-

ability measure � on Y such that �n ! � weakly on Y. Now check whether �
lives on X. If so, then �n ! � weakly on X; if not, the sequence �n does not
converge on X. For compact metric spaces Y the theory of weak convergence is
particularly elegant since the space P .Y/ of probability measures on Y is itself a
compact metrizable space.

Similarly there is an elegant theory for vague convergence of Radon measures on
locally compact separable metric spaces Z. Here too, it is the topology rather than the
metric which is important. So one should rather speak of lcscH spaces: spaces which
are locally compact, second countable Hausdorff. These are topological spaces with
a countable base of open sets Un, such that each pair of distinct points x; y 2 Z has
disjoint neighbourhoods Ui and Uj . The sets Un may be chosen to have compact
closures. These conditions make it possible to introduce a metric on the space. One
may choose the metric d so that the compact sets are precisely the bounded closed
sets. In this metric, for any a 2 Z, the open balls Bn.a/ D fx 2 Z j d.x; a/ < ng
cover Z, and are relatively compact. Radon measures on Z are precisely the measures
which are finite on these balls.

Actually it is quite simple to construct a metric on a locally compact separable
metric space such that bounded closed sets are compact. All one needs is a continuous
positive function � on the space, with the property that the sets f� � cg are compact
for c > 0. On an open proper subset O of Rd , for each point x 2 O there exists a
maximal r D r.x/ > 0 such that Br.x/, the open ball of radius r around x, still lies
inO . The function r measures the distance to the boundary. It is easy to see that this
function is positive on O , and continuous. The function �.x/ D kxk C 1=r.x/ > 0
has the desired property: it is continuous, and the sets f� � cg are compact. Now
defined.x; y/ D kx�ykCj�.x/��.y/j. This is a metric onO: it is the natural metric
on the graph of �. It agrees with the topology: xn ! x0 implies d.xn; x0/! 0, and
conversely. Any closed ball fx j d.x; a/ � ng is compact, since it is contained in the
set f�.x/ � �.a/C ng.

In most of our applications Z D O is an open set in Rd . So Z is a locally compact
separable metric space in the Euclidean norm. Unfortunately in the Euclidean norm
bounded subsets of O need not be relatively compact, unless Z D Rd . Typically the
points of the realizationN.!/ of a point processN onO will cluster at the boundary.
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IfO is the open unit ball B , then a point processN with the property that the closure
of N.!/ contains the unit sphere @B a.s. is not exceptional!

For point processes on open subsets of Rd , the Euclidean metric is confusing! For
a compact space it makes no difference what metric one uses; for a locally compact
space is does. One may replace the Euclidean metric by a metric d in which bounded
closed sets are compact, as we saw above, but it is simpler to forget about the metric
altogether and use only topological concepts like convergent, closed, open, compact
and continuous.

It is well-known that any separable metric space X may be embedded in a compact
metric space Y. One may choose Y to be the Hilbert cube Œ0; 1�1, with the embedding
x 7! .y1; y2; : : : / where yn D d.x; an/ ^ 1 for a dense sequence an in X. Add the
coordinate y0 D d.x; a0/ where a0 is any point in X to embed X in the lcscH space
Z D Œ0;1/�Y. A setEßX is bounded in X if and only if it is relatively compact in
Z. If .X; d / is complete, the image in Z is the intersection of a decreasing sequence
of open subsets of Z. This follows from a characterization of Polish spaces.

Theorem 4.1. For subsets E of a compact metric space Y the following are equiva-
lent:

1) E is Polish;

2) there exists a metric d on E such that .E; d/ is complete;

3) E is the intersection of a decreasing sequence of open sets in Y.

Proof. See Kuratowski [1948] I, p. 337. �

In an abstract sense the theory for point processes on separable metric spaces
which are finite on bounded sets is the same as the theory for point processes on lcscH
spaces which are finite on compact sets. As far as convergence is concerned there is
a crucial difference. On an lcscH space it suffices to check that

R
'dNn converges

in distribution for each continuous function ' with compact support. This ensures
that there is a limit process. For separable metric spaces one has to prove existence
separately, for instance by showing that the distributions of the point processes are
tight.

Example 4.2. The space X D R � .0;1/ with the Euclidean metric is a subset of
the lcscH space Z D R � Œ0;1/. Bounded sets in X are relatively compact in Z.
Let N1 be the Poisson point process on X with mean measure e�ydxdy and points
.Xk; Yk/. The point process Nn with points .Xk; Yk=n/ is a Poisson point process
with mean measure ne�nydxdy on X. On Z there is an a.s. limit process N , with
points .Xk; 0/. This is the standard Poisson point process on the horizontal axis.
On X the sequence Nn does not converge a.s. Does it converge in distribution? Is
there a point processM on X such that

R
'dNn)

R
'dM for uniformly continuous

functions ' on X with bounded support?
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Such a function ' extends to a continuous function N' on Z with compact support,
and Z

'dNn)
Z
N'dN D

X
k

N'.Xk; 0/:

If there is a limit point process M on X, then
R
'dM D R N'dN . Hence M and N

have the same distribution on Z. In particular M is a Poisson point process whose
mean measure � satisfies �Œa; b� � .0; 1=n� D b � a for b > a, n � 1. Such a
measure does not exist on X. ˙

Exercise 4.3. In the example above X itself is lcscH. Show that there is a point process
M on X such that

R
'dNn)

R
'dM for all continuous functions ' W X ! R with

compact support. ˙

In order to avoid such paradoxes – Nn converges if we regard the open upper
halfplane as an lcscH space, but fails to converge if we regard it as a separable metric
space in the Euclidean metric – we henceforth regard point processes as random
integer valued Radon measures on lcscH spaces, with convergence defined in terms
of continuous functions with compact support.

4.3 Weak convergence of probability measures on metric spaces. In this sub-
section we recall some results about convergence in distribution of random elements
in a separable metric space. A number of basic results are given without proof. In
addition we state and prove a few more technical results which will be needed later.

Let P D P .X/ denote the set of probability distributions on the separable metric
space X with the weakest topology which makes the maps

� 7!
Z
'd�

continuous for each bounded continuous function ' W X ! R.

Theorem 4.4. Let X be a separable metric space. Then P is metrizable. If X is
compact then so is P . If X is locally compact or Polish then P is Polish.

It is useful to have a number of equivalent criteria for weak convergence. The
first three conditions below are equivalent by definition. The implications 5))3) and
5))6) are obvious. (The function 1O is�0-a.s. continuous precisely if�0.@O/ D 0.)
Proposition 4.11 gives 4))3).
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Theorem and Definition 4.5. Let X be a separable metric space. LetXn be random
elements in X with distribution �n for n � 0. The following are equivalent:

1) �n ! �0 weakly;

2) Xn) X0;

3) E'.Xn/! E'.X0/ for every bounded continuous function ' on X;

4) E'.Xn/! E'.X0/ for bounded uniformly continuous functions ';

5) E'.Xn/ ! E'.X0/ for every bounded Borel function ' which is �0-a. s.
continuous;

6) �n.O/! �0.O/ for open sets O with �0.@O/ D 0;
7) If �0.O/ > c for an open set O and c > 0, then �n.O/ > c eventually.

Definition. A family of random elementsXt , t 2 T (or their distributions �t , t 2 T )
is tight if for each " > 0 there exists a compact set KßX such that �t .X nK/ < "

for all t 2 T .

Theorem4.6 (Prohorov). A tight family of probabilitymeasures is relatively compact.
If the underlying space is complete, then relatively compact sets in P are tight.

Theorem4.7 (Continuous Mapping Theorem). LetXn, n � 0, be random elements of
the separable metric space X, and f W X ! Y a continuous map into the separable
metric space Y. If Xn ) X0, then f .Xn/) f .X0/. The same result holds if f is
continuous X0-a.e. on X.

Proof. Let ' W Y ! R be bounded and continuous. Then so is  D ' B f W X ! R
if f is continuous. If Xn ) X0, then E'.f .Xn// D E .Xn/ ! E .X0/ D
E'.f .X0//. If f is X0-a.e. continuous we use criterium 4) in Theorem 4.5. �

Both almost-sure convergence and convergence in probability imply convergence
in distribution. For complete separable metric spaces there is a converse:

Theorem 4.8 (Skorohod’s Representation Theorem). Let X be a complete separable
metric space .or a Borel set of such a space/ and let Xn) X0. There exist random
elements X 0n, n � 0, in X, defined on a common probability space .�;F ;P/, such
that X 0n is distributed like Xn for n � 0, and such that X 0n ! X 00 almost surely.

Proof .Outline/. For X D R the result is simple. Let Xn have df Fn with inverse
function 'n D F n W .0; 1/ ! R. Choose � to be the unit interval .0; 1/ with
Lebesgue measure � on the Borel sets. Then weak convergence, Fn ! F0, is
equivalent to weak convergence of the inverse functions, 'n ! '0, and equivalent
to almost-sure convergence, X 0n ! X 00, where X 0n D 'n on the probability space �.
This result also holds if the Xn take values in a Borel subset E of R.

If theXn assume values in the countable product RI there exists a countable dense
set SßR such that PfX .i/n 2 Sg D 0 for each i 2 I and n � 0. So we may regard the
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Xn as elements of T I where T D R nS is homeomorphic to the set of irrationals, as
is T I . Now apply the above with E D R nQ.

Finally note that a complete separable metric space is homeomorphic to a Borel
set in R1. �

We also need some more technical results.

Theorem 4.9 (Skorohod’s Representation Theorem, Extension). LetZn D .Xn; Yn/,
n � 0, be random elements in the product X � Y of two complete separable metric
spaces. Suppose Xn ) X0. There exist Z0n D .X 0n; Y 0n/ distributed like Zn, and
defined on a common probability space .�0;F 0;P 0/, such that X 0n.!/! X 00.!/ for
each ! 2 �0.
Proof. The products X0 D XN0 and Y0 D YN0 with N0 D f0; 1; 2; : : : g are Polish.
Hence there exists a regular conditional probability �x.dy/ for Y D .Y0; Y1; : : : /

given X D .x0; x1; : : : /. In the previous theorem one may choose � D X0, and
one may then restrict � to the set of ! for which Xn.!/ ! X0.!/. Set �0 D � �
Y0ßX0�Y0, with the probability measuredP 0.!; y/ D �!.dy/dP.!/. The canonical
variableZ0 D .Z00; Z01; : : : / is distributed like .Z0; Z1; : : : /, andX 0n.!0/! X 00.!0/
for !0 D .!; y/, ! 2 �. �

Lemma 4.10. Let X0; X1; : : : be random elements in X. Suppose for each " there
exist Y0; Y1; : : : such that Pfd.Xn; Yn/ � "g < " for n � n" and n D 0, and
Yn) Y0. Then Xn) X0.

Proof. Let ' W X ! Œ0; 1� be uniformly continuous. Let " > 0. Choose ı 2 .0; "� so
that d.x; y/ < ı) j'.x/ � '.y/j < ". Then

Ej'.Xn/� '.Yn/j � Pfd.Xn; Yn/ � ıg C Ej'.Xn/� '.Yn/j1fd.Xn;Yn/<ıg � "C ı
for n � nı and n D 0. The triangle inequality gives an upper bound 2"C 2ı C "n
with "n ! 0 for Ej'.Xn/ � '.X0/j. �

Definition. Let �0; �1; : : : be finite measures on the separable metric space X.
Then �n ! �0 weakly if

R
'd�n !

R
'd�0 for all bounded continuous functions

' W X ! R.

Results about weak convergence of finite measures �n ! �0 follow from the
corresponding results for the probability measures �n D �n=�n.X/, using conver-
gence �n.X/ ! �0.X/. If �0 D 0 it suffices that �n.X/ ! 0. We give three
results on weak convergence of finite measures.

Bounded continuous functions on Rd need not have a limit for kxk ! 1. For
weak convergence it suffices to consider functions which have a finite limit.
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Proposition 4.11. Let X be a subspace of the compact metrizable space Z, and let
�0; �1; : : : be finite measures on X. If

R
'd�n !

R
'd�0 for each continuous

function ' W Z! R, then
R
'd�n !

R
'd�0 for all bounded continuous functions

' on X.

Proof. Any measure � on the subspace X is automatically a measure N� on Z by
N�.E/ D �.E \X/. By assumption N�n ! N�0 weakly on Z. Let cn D �n.X/ D
N�n.Z/ for n � 0. Weak convergence N�n ! N�n implies cn ! c0. Hence �n ! �0
weakly if c0 D 0. Assume c0 > 0. We may assume that all cn are positive. Hence
the probability measures �n D �n=cn and N�n D N�n=cn are well defined. Weak
convergence N�n ! N�0 on Z is given. We shall prove weak convergence �n ! �0 on
X, using condition 4) in Theorem 4.5. Let OßX be open, and �.O/ > c. We have
to show that �n.O/ > c eventually. By definition of subspace O D X \ U for an
open set U in Z. Since N�n.U / D �n.O/ it suffices to show that N�0.U / > c implies
N�n.U / > c eventually. This follows by weak convergence N�n ! N�0. �

For convergence of real-valued random variables there does not exist a special
theory for positive random variables, or for random variables with values in the
interval Œ�1; 1�. Weak convergence does not depend on the space on which the
random variables live!

Theorem 4.12 (Subspace Theorem). If X is a topological subspace of the separable
metric space Y, then P .X/ is a topological subspace of P .Y/.

Proof. Let Z � Y be a compact metric space. Random elements Xn, n � 0,
in X are automatically random elements of Y and Z. By the proposition above
E'.Xn/ ! E'.X0/ holds for continuous ' W Z! R if and only if this holds for
continuous bounded ' W X ! R, or ' W Y ! R. �

What can one say about convergence of the integrals
R
'nd�n when the integrands

and the measures both vary with n?

Theorem 4.13 (Continuity Theorem). Let �n ! �0 weakly on X. Let 'n W X ! R,
n � 0, be uniformly bounded Borel functions. Then

R
'nd�n !

R
'0d�0 if there

exists a�0-null setE such that 'n.xn/! '0.x0/ for all x0 2 Ec and each sequence
xn ! x0.

Proof. Set T D ft0; t1; : : : g with tn D 1=n for n � 1 and t0 D 0. Define ' on
X0 D X � T by '.x; tn/ D 'n.x/. Let N�n on X � ftng correspond to �n on X.
Then N�n ! N�0 weakly on X0, andZ

'nd�n D
Z
'd N�n !

Z
'd N�0 D

Z
'0d�0;

since ' is N�0-a.e. continuous. �
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4.4 Radon measures and vague convergence. In this subsection X is an lcscH
space. Define R D R.X/ as the set of all Radon measures � on X. Such measures
are finite on compact sets. A counting measure on X is a Radon measure � such that
�.C / is an integer for all compact setsCßX. Convergence of measures is determined
by convergence of certain integralsZ

'd�n !
Z
'd�0: (4.1)

A function ' W X ! R has compact support if the set ff ¤ 0g is relatively compact,
i.e. if the closure of this set is compact.

Definition. Let �0; �1; : : : be Radon measures on the lcscH space X. Then �n ! �0
vaguely if (4.1) holds for all continuous functions ' with compact support.

Example 4.14. For vague convergence it is sufficient that densities converge. Let
f0; f1; : : : be continuous non-negative functions on the open set OßRd . Suppose
fn.xn/! f0.x0/ whenever xn ! x0. Then fn.x/dx ! f0.x/dx vaguely on O .˙

Theorem 4.15. The space R of Radon measures on the lcscH space X with the
weakest topology which makes the maps � 7! R

'd� continuous for each continuous
function ' on X with compact support, is Polish. If X is compact then R is lcscH,
and the sets f� 2 R j �.X/ � cg are compact.

Proof. See Parthasarathy [1967] or Kallenberg [2002]. �

On compact metric spaces vague and weak convergence coincide. On locally
compact spaces vague convergence is weaker than weak convergence.

Proposition 4.16. Suppose �0; �1; : : : are finite measures on the lcscH space X,
and �n ! �0 vaguely. Then �n ! �0 weakly if �n.X/! �0.X/.

Proof. By Proposition 4.11 it suffices to prove
R
'd�n !

R
'd�0 for functions '

which are continuous on the one-point compactification X [ f1g. Let '.1/ D c.
Then ' D c C '0 where '0 vanishes in 1. In particular 'n D .'0 � 1=n/C is
continuous on X and has compact support. Hence (4.1) holds for cC'm for eachm.
Since c C 'm ! ' uniformly on X it also holds for '. �

Let � be a continuous positive function on X, as in Section 4.2, such that the sets
f� � cg are compact. One may create continuous functions with compact support,
0 � �n " 1, by setting

�n D 0 _ .n � �/ ^ 1: (4.2)

Vague convergence �n ! �0 is equivalent to weak convergence of �md�n ! �md�0
for each of these functions �m. This yields a number of equivalent formulations of
vague convergence.
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Proposition 4.17. Let �0; �1; : : : be Radon measures on the lcscH space X. Equiv-
alent are:

1) �n ! �0 vaguely;

2) (4.1) holds for continuous ' � 0 with compact support;

3) (4.1) holds for bounded Borel functions which vanish outside a compact set,
and which are �0-a.e. continuous;

4) �n.O/! �0.O/ for relatively compact open sets with �0.@O/ D 0.
Proof. The equivalence of these four criteria follows from Theorem 4.5 by the remark
above. �

Proposition 4.18. Let �n ! �0 on the lcscH space X, and let OßX be open, and
�0.O/ > c. Then �n.O/ > c eventually.

Proof. Since O itself is lcscH there exist continuous functions �n with compact
support, as in (4.2), such that 0 � �n " 1O . Choose m so large that

R
�md�0 > c,

and use
R
�md�n !

R
�md�0. �

Relatively compact sets in R have a simple characterization.

Proposition 4.19. A setEßR is relatively compact if supf�.C / j � 2 Eg is finite for
CßX compact.

Proof. The measures �md�, � 2 E, with �m as in (4.2), are bounded, and live on the
compact set Xm D f� � mg. By a diagonalisation argument there is a sequence �n
in E such that for each m the sequence �md�n converges weakly to a finite measure

m on Xm. The measures 
n, n > m, agree on Xm. Hence they define a Radon
measure 
 on X, and

R
'd�n !

R
'd
 holds for any continuous ' with compact

support, since such a function vanishes off Xm for m � m0. �

Exercise 4.20. Suppose �n ! � vaguely on X. Let OßX be open, and  W O !
Œ0;1/ continuous. Then 1O d�n ! 1O d� vaguely on O . ˙

Both open and closed sets in X are lcscH spaces in their own right. For open sets
convergence is simple by the exercise above. For closed sets we have:

Theorem 4.21 (Weak Convergence). Let �n ! �0 vaguely on the locally compact
separable metric space X. Let F be a closed set in X, and let  W F ! Œ1;1/ be
continuous. Assume

�0.@F / D 0;
Z
F

 d�n !
Z
F

 d�0 <1: (4.3)

Then 1F d�n ! 1F d�0 weakly. In particularZ
F

'd�n !
Z
F

'd�0 (4.4)

for �0-a.e. continuous ' W F ! R for which '= is bounded.
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Proof. Let d�n D 1F d�n. Then �n ! �0 vaguely on X by 4) in Theorem 4.17
since f 1F is �0-a.e. continuous, and bounded with compact support if f is contin-
uous with compact support. In fact �n ! �0 weakly by (4.3) and Proposition 4.16.
The relation (4.4) follows from 4) in Theorem 4.5. �

Exercise 4.22. Suppose �n ! �0 on X. If �n is a counting measure for n � 1, then
so is �0. ˙

Let us say a few words about the metric on R.X/. The reader may wonder why we
do not define metrics on the Polish spaces P .X/ and R.X/. The answer is simple:
It is easier to work with pseudometrics. A pseudometric has all the properties of a
metric, except that d.x; y/ D 0 does not imply y D x.

The metric d on R.X/ is not very intuitive. One starts out with a sequence of
pseudometrics dn which define the topology, and sets

d.�; �/ D max
n
.2�n ^ dn.�; �//:

If X is compact one uses the pseudometrics dn.�; �/ D j
R
'nd� �

R
'nd�j. Here

.'n/ is a dense sequence in the unit ball of the separable Banach space C.X/ of all
continuous functions ' W X ! R with the sup-norm. If X is locally compact but not
compact we use the metrics d 0m on R.Xm/, where Xm D f� � mg is compact, and
define dn.�; �/ D d 0n.�nd�; �nd�/ with �n defined in (4.2).

Metrizability of R.X/ allows us to apply results about weak convergence of
random elements on separable metric spaces to point processes.

4.5 Convergence of point processes. The space N .X/ of all counting measures
on the locally compact separable metric space X is a closed subset of the complete
separable metric space R.X/, and hence it is itself a complete separable metric space.
In particular one may apply the results of Subsection 4.3 to the convergence of point
processes Nn ) N0 if one restricts attention to point processes on locally compact
separable metric spaces whose realizations are integer-valued Radon measures. We
shall do so henceforth.

Theorem 4.23 (Tightness). A family of point processes Nt , t 2 T , on a locally
compact separable metric space is tight if for each compact set C the family of
random integers Nt .C /, t 2 T , is tight.

Proof. Let � > 0 be continuous such that f� � cg is compact for all c > 0. Choose
mn " 1 such that PfNtf� � ng > mng < 1=2n for all t . The union Ek of these
events for n > k has probability < 1=2k . For any k � 1 the set of Radon measures
� D Nt .!/, t 2 T , ! 2 � n Ek , is relatively compact by Proposition 4.19 since
�f� � ng � mn for n > k. �
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We now turn to convergence in distribution for point processes. We employ a
technique which is widely used to establish convergence in distribution for a sequence
of stochastic processes to a limitX0. First show that the sequence is tight, then check
that any limit point of the sequence has to satisfy certain conditions, and finally
observe that X0 is the only process which satisfies these conditions.

Theorem 4.24 (Convergence in Distribution). Let Nn, n � 0, be point processes on
the lcscH space X which are finite on compact sets. The following are equivalent:

1) Nn) N0;

2)
R
'dNn )

R
'dN0 for all continuous ' � 0 on X which vanish outside a

compact set;

3) .Nn.O1/; : : : ; Nn.Om// ) .N0.O1/; : : : ; N0.Om// for relatively compact
open sets O1; : : : ; Om with PfN0.@Oi / > 0g D 0 for i D 1; : : : ; m.

Proof. The implication from 1) to 2) holds by the continuity theorem since � 7!R
'd� is continuous on N ßR by definition for any continuous function ' with com-

pact support. Similarly 1) implies 3). Conversely each of the two conditions 2) and
3) ensures that the family of distributions �n, n � 1, of Nn is tight. By Prohorov’s
theorem, 4.6, any subsequence contains a subsubsequence which converges weakly
to some distribution � on N . By the argument above each limit point � satisfies the
conditions 2) and 3). It remains to observe that �0 is the only distribution which sat-
isfies these conditions: the distributions of

R
'dN determine the distribution of N ,

as do the distributions of the vectors .N.O1/; : : : ; N.Om//, where we restrict the
open sets Oi to be finite unions of sets in some countable relatively compact open
base U1; U2; : : : , which we choose so thatN.@Ui / vanishes a.s. for i D 1; 2; : : : , see
Lemma 2.17. �

Corollary 4.25. Let the Poisson point processesNn on X have mean measure �n for
n � 0. If �n ! �0 vaguely, then Nn) N0 vaguely.

Remark 4.26. For a simple limit point process it suffices for condition 3) to hold for
m D 1; see Theorem 3.8.

One may regard a point process as

1) a random element of the separable metric space N , or as

2) a random process N.f /, f 2 Cc (continuous with compact support), or as

3) a random process N.U /, U open and relatively compact.

Each of these interpretations suggests an interpretation of the limit relation
Nn) N0. In the first interpretation we speak of convergence of random elements in
the metric space N ; in the second we speak of finite-dimensional convergence of the
marginals Nn.f /) N0.f /, and it turns out that univariate convergence suffices; in
the third interpretation we consider finite-dimensional convergence in the continuity
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points, i.e. in those relatively compact open setsU for whichN0.@U / vanishes almost
surely. By Theorem 4.24 the three interpretations of Nn) N0 are equivalent.

Point processes were introduced as geometric objects – the trace of a shower on a
subset of the plane. How should one envisage convergenceNn) N0 in this context?
If the state space X is an open set in Rd then the set N of counting measures is a
closed subset of the Polish space R and we may replace convergence in distribution
by almost sure convergence by the Skorohod representation. So assume Nn ! N0
a.s.

First suppose N0 is a finite point process and Nn.!/ ! N0.!/ weakly. Then
Kn.!/ D Nn.!/.X/ ! k D N0.!/.X/. So Kn.!/ D k for n � n0. Let
x1; : : : ; xk be the points of N0.!/, where multiplicity is taken care of by repetition.
The k points of Nn.!/ for n � n0 may be enumerated so that xni ! xi for i D
1; : : : ; k. Indeed, there are j � k distinct points a1; : : : ; aj in the set fx1; : : : ; xkg,
with multiplicities m1; : : : ; mj . Choose ı > 0 small so that the j balls Bı.ai /
of radius ı around ai are disjoint. Then Nn.!/.Bı.ai // > mi � 1=2 eventually by
Proposition 4.18. Since there are only k points, and the balls are disjoint, we conclude
that

Nn.!/.B
ı.ai // D mi ; i D 1; : : : ; j; n � n1.!/:

To handle vague convergence we need a lemma.

Lemma 4.27. For any point process N0 there exists an increasing sequence of open
relatively compact sets On which cover the lcscH space X such that N0.@On/ D 0

a.s. for each n.

Proof. By Exercise 1.4 there exists a finite measure �� on X such that

��.E/ D 0) N0.E/ D 0 a. s., E a Borel set in X: (4.5)

Choose � W X ! .0;1/ continuous so that f� � cg is compact for all c. By
Lemma 2.17 in each interval .n; n C 1/ we may choose cn so that the boundary of
On D f� < cng has mass ��.@On/ D 0. �

So now supposeNn.!/! N0.!/ vaguely, andN0.!/.@Om/ D 0 form � 1. Let
x1; x2; : : : denote the points of Nn.!/ (with repetition to take care of multiplicity),
arranged so that x1; : : : ; xkm

are the points inside Om. One may enumerate the
points xn1; xn2; : : : of Nn.!/ similarly. As above xnk ! xk for k D 1; 2; : : : . It
may happen that N0.!/ has no points, or only finitely many points, even if Nn.!/
is infinite for each n. If N0.!/.X/ D k, then all k points lie inside some set Om.
Eventually Nn.!/ has k points inside Om. These k points converge to the k points
x1; : : : ; xk . The remaining points diverge uniformly: For any compact set CßX

containing Om there exists an index n0 such that xni 2 C c for i > k; n � n0.
Enumerating points is rather artificial. So we give an alternative description. We

assume for simplicity that the point processesNn live on a compact set F D f� � cg
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in X, and that N0.@F / D 0 a.s. For any ı > 0 there is a finite partition C of F
into cells C of diameter less than ı with the additional property N0.@C / D 0 a.s.
Let U1; : : : ; Uj denote the interiors of these j cells. The vector K0 of occupancy
numbersK0i D N0.Ui /, i D 1; : : : ; j describes how the points ofN0 are distributed
over the cells. Define Kn D .Kn1; : : : ; Knj / similarly. If Nn.!/ ! N0.!/ then
Kn.!/ ! K0.!/ and since the components of these vectors are integers, we even
have Kn.!/ D K0.!/ for n � n0. One may choose n0 so large that Nn.!/.F / D
N0.!/.F / for n � n0. The partition C fails to distinguish the realizations Nn.!/
and N0.!/ for n � n0.

Proof of Theorem 2.16 .Grigelionis/. First assume X is lcscH. The limit is a Poisson
point process N0 with mean measure �0. We may restrict the point processes to an
open relatively compact set O with �0.@O/ D 0. Then �0 is finite. It suffices to
construct Poisson point processes Mn with mean measure �n such that �n ! �0
weakly, and such that PfMn ¤ Nng ! 0 by Lemma 4.10. Weak convergence
�n ! �0 implies weak convergence Mn ) N0 by Corollary 4.25. So choose
independent 0-1 point processes Lni which agree with Nni for Nni .X/ � 1, and
which are zero for Nni .X/ > 1, and let Mni be the corresponding independent
Poisson point processes. We compare the sums Mn of Mni and Nn of Nni . The
conditions of the theorem then give

PfMn 6
 Nng �
X
i

PfNni .X/ > 1g C
X
i

PfNni .X/ D 1g2 ! 0:

If X is not locally compact, we embed X in an lcscH space Y. By assumption there
is a measure � on X. This allows us to construct a limit Poisson point process M
on X with mean measure �. �

5 Converging sample clouds

5.1 Introduction. The theory of vague convergence of Radon measures does not
quite fit our needs. Our set-up is very limited. We start with the n-point sample cloud
Nn from a probability distribution �n on Rd , and assume vague convergence on an
open set OßRd of the mean measures:

d�n WD 1Ond�n ! d� vaguely on O; (5.1)

where � is a Radon measure on O . Both Rd and O are locally compact separable
metric spaces. It follows from the general theory that 1OdNn ) dN vaguely,
where N is the Poisson point process on O with mean measure �. We may assume
that O is maximal, see Proposition 5.16. Compact sets a.s. contain finitely many
points of N ; bounded sets may contain infinitely many.
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Our interest is in halfspaces rather than compact subsets. Closed halfspaces are
our basic tool for investigating the edge of the n-point sample clouds and of the
limiting Poisson point process. In geometric terms the extreme of a sample cloud is
its convex hull. To see (feel) the convex hull of a typical realizationE D N.!/ of the
limit process, we use halfspaces which do not contain any points ofE. For exploring
the edge of the sample cloud, we use halfspaces which contain finitely many points.
A Radon measure is described in terms of compact sets. We want to describe the
mean measure � of the limit Poisson point process in terms of its behaviour on closed
halfspaces on which it is finite.

This means that we have to consider the class of halfspacesH on which � is finite:

H� D fHßO j �.H/ <1g:
Vague convergence means that �n.K/! �.K/ for compact sets K whose boundary
carries no mass, �.@K/ D 0. We are interested in the same relation, but for halfspaces.

In the asymptotic theory for coordinatewise maxima the transition from closed
halfspaces to compact sets is achieved by a special partial compactification:

RdßX D Œ�1;1�d n f.�1; : : : ;�1/g:
Topologically the space X is just the compact unit cube Œ0; 1�d with the lower vertex 0
removed. In the enlarged space the upper coordinate halfspaces f�i � cg extend to
compact sets; halfspaces f� � cg with � 2 Œ0;1/d , � ¤ 0, are relatively compact.
The exponent measure � of a max-stable df G is a Radon measure on X. It may
charge the faces and edges in �1. The mass of � is infinite on neighbourhoods of
the (absent) lower vertex. Vague convergence n�n ! �, with �n D ˛�1n .�/ for
suitable affine transformations ˛n, holds for � in the domain of G. Section 7 gives
details.

We take a different route. Our approach is elementary. Skorohod’s Representation
Theorem will play an important role. The approach via almost-sure convergence has
the advantage that it allows us to handle convergence of convex hulls of sample clouds
without having to introduce weak convergence for probability distributions of random
convex sets. Geometric operations like peeling off the extreme points are simple to
handle in this setting.

Since our halfspaces are not compactified it is possible to consider the behaviour
of stochastic integrals

R
H
'dNn for unbounded loss functions such as 1C kwk2. It

is clear that such integrals are of interest in risk analysis. Two questions will occupy
us in this section:

1) When do convex hulls converge?

2) When do stochastic loss integrals converge?

Exercise 5.1. The vector Z 2 Rd has density f which is continuous and positive
in the origin. Determine the density of Z=c. Choose cn ! 0C so that nfn has a
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non-zero limit where fn is the density of Z=cn. Prove that d�n.w/ D nfn.w/dw

converges vaguely to a multiple of Lebesgue measure on Rd . What does this say
about the sample clouds? ˙

5.2 Convergence of convex hulls, an example. The Poisson point processN on R3

whose mean measure � has a Gauss-exponential density,

g0.w/ D e�uT u=2�v=2�; w D .u; v/ 2 R2C1; (5.2)

plays a central role in the theory of high risk scenarios. Let us take a typical realization
E D N.!/, and a sequence of finite sets Fn which converge vaguely to E. Under
what conditions will the convex hulls c.Fn/ converge to c.E/?

Since the measure � has no atoms the point process N is simple, and we may
treat E as a subset of R3 with points wn D .un; vn/ 2 R2C1. The projection
of � on the vertical axis has density e�v . So we may arrange the points wn in
decreasing order of their last coordinate: v1 > v2 > � � � . The points u1; u2; : : :
are dense in R2. Conditional on Vn D v, the horizontal component of the nth point
Wn of N has a standard normal distribution. The upper halfspace HC D fv � 0g
has measure �.HC/ D 1. So has every halfspace H supported by the paraboloid
V D fv < �uT u=2g. The mass of a halfspace decreases exponentially when it
moves upwards. Eventually the translate ofH will contain no points of E. Thus the
convex hull of E is a rough piecewise linear approximation to the paraboloid V .

Vague convergence Fn ! E implies that each w 2 E is limit of a sequence
wn 2 Fn. Hence interior points of c.E/ lie in c.Fn/ eventually:

int.c.E//ß lim inf c.Fn/: (5.3)

If any halfspace disjoint from E eventually contains no points of Fn then the convex
hulls converge.

Since Fn is finite, one may arrange its points wn1; : : : ; wnmn
in decreasing order

of the vertical component. Suppose c.Fn/ ! c.E/. Adding the point .0; n/ to Fn
does not affect vague convergence. It does affect the convex hulls: c.Fn/! Rd now.
Moreoverwn1 does not converge tow1. So assumeFn ! E weakly on all horizontal
halfspaces fv � cg, c 2 R. Then wnk ! wk for every k. For horizontal halfspaces
H whose boundary contains no points of E the convex hull of Fn \ H converges
to the convex hull of E \ H . That does not yield convergence of the convex hulls
c.Fn/\H ! c.E/\H on such a halfspace. (Add the four points .˙n2;˙n2;�n/
to Fn. Then c.Fn/ will converge to the halfspace fv � v1g.) The shape of c.E/\H
depends on the behaviour of E in the complement of the halfspace H !

An obstruction to convergence of the convex hulls is a sequencewn D .un; vn/ 2
Fkn

which diverges away from the parabola: this happens if vn is bounded below
and kwnk ! 1, or if vn ! �1, and jvnj D O.kunk/. Let us call a convex set C
a needle if the diameter of C \ fv D �ng is o.n/ for n!1.
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Exercise 5.2. The convex hulls converge if
S
Fn lies in a needle. ˙

If c.Fn/! c.E/, vague convergence implies

#.Fn \H/! #.E \H/ (5.4)

for any halfspace H D fv � cT uC c0g whose boundary contains no points of E.
It follows that for each halfspace fv � cT ug there exists a constant c0 � 0 such that
fv � cT uCc0g contains no points of

S
Fn. Conversely, existence of such translates

ensures convergence of the convex hulls. This may be seen as follows: Consider the
four halfspaces

fv � mu1g; fv � �mu1g; fv � mu2g; fv � �mu2g:
The intersection of the four complements is an open cone Vm. The condition yields
constants cm � 0 such that Vm C .0; cm/ contains E [SFn. The intersection of
these translated cones is a needle. Now use the exercise above.

The complement of the paraboloid V D fv < �uT u=2g has infinite mass. This
also holds for vertical translates of V . Hence no such translate covers E. However
the mass of the complement of W D rV C .0; c/ for r > 1 may be made arbitrarily
small by choosing c large. Indeed, �.W c/ D e�c�.rV c/, and the second factor is
finite:

�.rV c/ D
Z
v=r>uT u=2r2

g0.u; v/dvdu

D 1

2�

Z
R2

e�uT u=2eu
T u=2rdu D 1=.1 � 1=r/:

For large c the paraboloidW coversE. IfW also contains the sets Fn then c.Fn/!
c.E/.

Exercise 5.3. Give conditions for c.Fn/! c.E/ where E is a typical realization of
the standard Poisson point process on the quadrant .�1; 0/2. ˙

5.3 Halfspaces, convex sets and cones. Halfspaces, convex sets and cones play an
important role in geometric extreme value theory. To emphasize the geometric setting
we write L for the vector space Rd , and L� for the dual space of linear functionals.

Definition. H is the collection of all halfspaces. HalfspacesH are closed by defini-
tion: H D f� � cgwith � 2 L� nf0g and c 2 R. Define F as the dC1-dimensional
linear space of affine functions ' D � � c. Then H D f' � 0g with ' 2 F , ' non-
constant. The collection of convex sets with non-empty interior is denoted by C . Re-
call thatC is convex if it contains the line segment Œp; q� D fpC�.q�p/ j 0 � � � 1g
for p; q 2 C . A set K is a cone if p; q 2 K and s; t > 0 implies sp C tq 2 K. A
closed cone is proper if it contains no lines through the origin.
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Halfspaces constitute a basic ingredient of our theory. One may parametrise the
set H of halfspaces by the points of the cylinder, @B � R in L� � R. Here B is the
open unit ball. The correspondence

H 3 H D f� � cg $ .�; c/ 2 @B � R (5.5)

is a homeomorphism. The set H thus is a locally compact separable metric space.
If L is an inner product space we may interpret the direction � as the unit normal on
@H pointing into H . Halfspaces with the same direction determine a vertical line in
the cylinder.

Actually we are not so much concerned with H , but rather with

HO D fH 2 H j HßOg (5.6)

whereOßL is the open set on which the measure � lives, or on which the measures �n
converge vaguely to �0. The set HO need not be open in H .

Example 5.4. Let OßR2 be the complement of .�1; 0�2. Then HO corresponds to
S1 � .0;1/ in the cylinder S � R where S is the unit circle, and S1 a closed quarter
circle. This set is not open. ˙

From the point of view of halfspaces, lines are large sets. If the complement ofO
contains a line M then all HßO contain a line parallel to M . Hence the interior of
HO is empty.

There is an alternative description of halfspaces, in terms of affine functions.
Rays, fr' j r > 0g, in F n R1 correspond to halfspaces, H D f' � 0g.

To clarify the terminology, write

H D f' � 0g; ' D � � c; � D r� 2 L�; � ¤ 0; r > 0; � 2 @BßL�:

This gives the commuting diagram of quotient maps below:

F n R1

��

�� H

��

' ��

��

H

��
L� n f0g �� @B � �� � .

(5.7)

We now turn to convex sets. Recall that sets in C have non-empty interior.

Definition. A sequence Cn in C converges to C0 2 C if 1Cn
! 1C0

almost every-
where.

Exercise 5.5. Cn ! C0 in C if and only if 1Cn
.xn/ ! 1C0

.x0/ for xn ! x0,
x0 62 @C0. ˙



86 I Point Processes

A fundamental result on convex sets is the Separation Theorem.

Proposition 5.6. IfU ßL is a convex open set which does not contain the origin, then
there exists a linear functional � 2 L� such that f� � 0g and U are disjoint.

Proof. See Boyd & Vandenberghe [2004], Section 2.5.1. �

Theorem 5.7 (Separation Theorem). If C and V are disjoint non-empty convex sets,
V open, then there exists a halfspaceH � C which is disjoint from V .

Proof. The set U D C � V is convex and open; it does not contain the origin;
and �.U /ß.�1; 0/ implies �z < �v for z 2 C , v 2 V . Set c D sup �C . Then
H D f� � cg contains C , and H is disjoint from V since �.V / is open. �

Definition. The closed convex hull c.E/ of a setEßL is the closure of the convex hull
ofE. By the Separation Theorem c.E/ is the intersection of all halfspaces containing
E.

The SeparationTheorem gives an alternative description of the convex set c.N.!//,
the closed convex hull of the point set N.!/ for a point process N on Rd . The com-
plement U of c.N.!// is the union of all halfspaces which do not contain a point of
N.!/ as interior point. By the Separation Theorem we may write

U D
[

HU ; HU D fH 2 H j HßU g: (5.8)

We want a stronger result: If the convex set c.N.!// has non-empty interior, and
contains no lines then U is the union of the halfspaces in the interior of HU .

We are not only interested in halfspaces which are disjoint from N.!/, but also
in those which intrude into the sample cloud, halfspaces which contain finitely many
points of N.!/. Such halfspaces contain a halfspace disjoint from N.!/. With a
convex set V we therefore associate the cone

V C D f� 2 L� j sup �.V / <1g: (5.9)

Remark 5.8. If V is bounded then V C D L�. The convex sets V , V Ca, a 2 L, rV ,
r > 0, and the closure cl.V / all determine the same cone V C. If V is a closed cone
then V CC D V . If V contains a line then V C is contained in a hyperplane in L�.

For the proof of the stronger Separation Theorem announced above we need a
geometric result on cones.

Lemma 5.9. Let K be the closed cone generated by a set C 2 C whose closure
does not contain the origin. If K contains a line M D Ra for some a ¤ 0, then C
contains a line parallel toM .
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Proof. We may assume thatC is open. First observe thatK is a cylinder: K contains
the line pCM for each p 2 K. This follows from plane geometry by intersectingK
with the two-dimensional linear subspace through M and p. Similarly one sees that
int.K/ is a cylinder. The original problem may now also be reduced to a problem in
plane geometry: If the closure of the non-empty open set C in R2 does not contain
the origin, and if the open cone

S
rC , r > 0, contains a horizontal line, then so

does C . We leave this to the reader as an exercise. �

Theorem 5.10. If C 2 C is closed and does not contain the origin, and contains no
lines, then there is a linear functional � 2 int.CC/. Moreover f� � 0g and C are
disjoint.

Proof. LetK be the closed cone generated byC . IfKC is contained in a proper linear
subspace ofL�, thenK D KCC contains a line through the origin. The lemma above
implies that the interior ƒ of CC is non-empty. Let � 2 ƒ, and choose �1; : : : ; �d
in ƒ independent, such that � D �1 C � � � C �d . We regard the �i as coordinates.
ThenKß.�1; 0�d . (If the linear functional �i is bounded above on the coneK, then
Kßf�i � 0g.) Hence K \ f� � 0g D 0. �

5.4 The intrusion cone. Recall that a halfspaceH0 D f�0 � c0g is interior point of
a set H0ßH if H0 contains all halfspaces f� � cgwith � close to �0 and c close to c0.
One may think of �0 as a non-zero linear functional on L D Rd , or, for Euclidean
spaces L, as the unit normal on @H0 pointing into the halfspace H0.

Lemma 5.11. If H0 D f�0 � c0g is an interior point of H0 one may choose affine
coordinates �1; : : : ; �d such thatH0 D f�1C� � �C�d � 1g and such that H0 contains
all halfspaces

fq1�1 C � � � C qd �d � 0g; qi � 0; q1 C � � � C qd > 0:
If H0 is decreasing, i.e.

H1ßH2 2 H0) H1 2 H0;

then H0 contains all halfspaces

fq1�1 C � � � C qd �d � cg; qi � 0; q1 C � � � C qd > 0; c � 0:
Proof. Suppose H0 D f�0 � c0g. Assume H0 open. Choose c1 < c0 such that
H1 D f�0 � c1g 2 H0. Choose a new origin in the hyperplane f�0 D c1g and
Euclidean coordinates such that H1 D f�0 � 0g for some unit vector �0. There
exists ı > 0 such that f� � 0g 2 H0 holds for all unit vectors � with k� � �0k < ı.
Choose unit vectors �1; : : : ; �d , linearly independent, with k�i � �0k < ı, such that
�0 D c.�1C � � �C �d / for some c > 0. ThenH0 D f�0 � "g for some " > 0. So we
set �i D c�i=". �
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Definition. Let � be a Radon measure on an open setOßRd . A halfspace J0 is sturdy
if J0ßO and �.J0/ is finite, and if J ßO and �.J / is finite for all halfspaces J is a
neighbourhood of J0.

The set H .�/ of sturdy halfspaces is open in H . It has a simple structure.

Theorem 5.12. Let � be a Radon measure on the open set OßL D Rd . There is an
open cone 	ßL� such that a halfspace in O is sturdy if and only if its direction lies
in	. IfO contains a sturdy halfspace, then	 is non-empty, and the direction of any
halfspaceHßO of finite mass lies in the closure of 	.

Proof. If two halfspaces in O have finite mass, this also holds for all halfspaces in
their union. As a result the set 	1 of all � ¤ 0 for which there exists a halfspace
H D f� � cgßO , with �.H/ < 1, together with the zero functional, forms a cone
in L�. If �1; : : : ; �d in 	1 are independent, then, by treating these functionals as
coordinates, we see that S D Rd nO is contained in a translate .�1; c/ of the open
negative orthant, and that the complement of .�1; c/ has finite mass. Hence for �
in the interior of the cone generated by �1; : : : ; �d all halfspaces H D f� � cg in O
are sturdy. So	 is the interior of	1. If there is a sturdy halfspace J0ßO the lemma
above with H0 D H .�/ shows that 	 is non-empty: it contains the interior of the
cone generated by the coordinates �1; : : : ; �d . �

Definition. The open cone 	ßL� in Theorem 5.12 is the intrusion cone.

Let N be the standard Poisson point process on .�1; 0/3. The mean measure �
is Lebesgue measure on the negative octant. Let O D R3, and let �1; �2; �3 denote
the standard coordinates. The halfspace f�3 � cg contains no points for c � 0,
and infinitely many points for c < 0. Similarly for the halfspace f�1 C �2 � cg.
Only halfspaces H D f� � cg with direction � 2 	 D .0;1/3 are able to intrude
arbitrarily deeply into the point set N . For any c < 0 such a halfspace contains
finitely many points a.s.

Proposition 5.13. The map H 7! �.H/ on H .�/ is continuous in H0 if and only if
�.@H0/ D 0.
Proof. Introduce the coordinates �1; : : : ; �d of Lemma 5.11. Then the complement
of V D .�1; 0/d has finite mass. Hence Hn ! H0 implies �.Hn/ ! �.H0/ by
Lebesgue’s theorem on dominated convergence applied to the functions 1Hn

with the
dominating function 1V c . �

For an open cone ƒ in L� define the set HƒßH by

Hƒ D fH 2 H j H D f� � cgßO; � 2 ƒ; � ¤ 0g: (5.10)

The arguments above show that H .�/ D H	.
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Proposition 5.14. For an open cone ƒß	, the set Hƒ is open in H .

Proof. The map H D f� � cg ! � 2 @B is continuous. �

5.5 The convergence cone. In this section we assume that �n, n � 0, are Radon
measures on the open set OßL D Rd , and that �n ! �0 vaguely on O . We do not
assume that d�n D 1Ond�n, since we also want to apply the results to measures
d�n D n 1Od�n where is a continuous positive loss function onO . Here we want
to determine the halfspaces on which weak convergence holds. As in the previous
section there is an open cone which plays a crucial role. Here it is the convergence
cone 
 .

Recall that vague convergence �n ! �0 on an open set O implies weak conver-
gence 1F d�n ! 1F d�0 for closed sets F ßO of finite mass �0.F /, whose boundary
carries no mass, provided �n.F /! �0.F /, see Theorem 4.21.

Example 5.15. The condition �0.@F / D 0 above is necessary. Let �n on R be
the sum of an exponential distribution with mean n on .0;1/ and an exponential
distribution with mean �1=n on .�1; 0/. Then �n ! �0 vaguely on R, where �0
is the probability measure concentrated in the origin. The halfspace J0 D Œ0;1/
has finite mass, and �n.J0/ ! �0.J0/, but 1J0

d�n does not converge (weakly or
vaguely) to 1J0

d�0. ˙

Let us first show that one may take the open set O on which vague convergence
holds, maximal. Vague convergence is a local affair.

Proposition 5.16. If O is covered by a family U of open sets and �n ! �0 vaguely
on each U 2 U then �n ! �0 vaguely on O .

Proof. Let ' W O ! R be continuous with compact support K. Cover K by open
balls centered in z 2 K with radius r.z/, so that the ball of radius 2r.z/ is contained
in a set U 2 U, and is relatively compact, and let V1; : : : ; Vm be a finite subcover.
There exists a continuous function � W Œ0; 2�! Œ0; 1� which vanishes in 2 and is one
on Œ0; 1�. Hence there exist continuous i which are one on Vi and vanish outside the
corresponding ball with the doubled radius. The sum  is at least one on K, and the
functions 'i D  i'= are continuous on O with sum '. Since each 'i is supported
by a compact subset of some Ui 2 U we have

R
'id�n !

R
'id�0, i D 1; : : : ; m.

Now take the sum. �

Definition. Let UßH be open. Then �n ! �0 weakly on U if �0.H/ is finite for all
H 2 U, and if �n.H/! �0.H/ for H 2 U whenever �0.@H/ D 0.

We shall show that there exists a maximal open cone 
 inL�, such that �0 is finite
on H
 , see (5.10), and such that �n ! �0 weakly on H
 .
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Theorem 5.17. Let �n ! �0 vaguely on the open set OßL D Rd . Assume O is
maximal. Suppose there exists a non-empty open set UßH on which �n ! �0 weakly.
There exists a non-empty open cone 
ßL� such that �n ! �0 weakly on H
 , and
such that the two conditions, �n.H/ ! �0.H/ and �0.@H/ D 0, for a halfspace
H D f� � cgßO , imply that � lies in the closure of 
 .

Proof. The proof is similar to that of Theorem 5.12. We here define 
1 as the
set of � for which there exists a halfspace H D f� � cgßO with �.@H/ D 0 and
�n.H/! �.H/ <1, and check that
1 is a cone, if we add the zero functional. �

Definition. The open cone 
ßL� in Theorem 5.17 is called the convergence cone
associated with the sequence of measures �n, n � 0, on O .

The three propositions below give conditions which ensure that the cone 
 is
non-empty.

Proposition 5.18. Let Hi D f�i � cig for i D 1; : : : ; d , with �1; : : : ; �d indepen-
dent. Suppose

�n.Hi /! �0.Hi / <1; �0.@Hi / D 0; i D 1; : : : ; d:
Then �n ! �0 weakly on Hƒ, where ƒ is the interior of the cone generated by
�1; : : : ; �d .

Proof. The result follows from the next proposition applied to the open convex set
V D f�1 < c1; : : : ; �d < cd g. �

Recall that for an open convex set V , the cone V C inL�, defined in (5.9), consists
of all linear functionals which are bounded above on V . If V contains no lines then
V C has non-empty interior by Theorem 5.10.

Proposition 5.19. Let V be an open convex set which does not contain a line. Let
V cßO , �0.@V / D 0, and �n.V c/ ! �0.V

c/ < 1. Then �n ! �0 weakly on Hƒ,
and 1V cd�n ! 1V cd�0 weakly on Rd .

Proof. The result follows from the next proposition. �

Choose coordinates so that the origin lies in V . Then the sets nV cover Rd . Weak
convergence 1V cd�n ! 1V cd�0 implies tightness: For any " > 0 there exists r > 1
such that �n.rV c/ < " for n � n0. The convergence condition in the proposition
above may be replaced by a tightness condition.

Proposition 5.20. Let V be an open convex set which contains no lines. Let the
following tightness condition hold: For each " > 0 there exist r � 1 and p 2 Rd

such that
W D rV C p � S WD Rd nO;

and �n.W / < " for n � n0. Then �n ! �0 weakly on Hƒ in (5.10).
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Proof. Observe that W C D V C. Assume the tightness condition holds. Let " > 0.
By blowing up W slightly from an interior point we may ensure that �0.@W / D 0.
By vague convergence �0.int.W c// � ". Let H D f� � cgßO with � 2 ƒ, � ¤ 0

and �0.@H/ D 0. Eventually

�n.H/ D
Z
�d�n C �nH nW �

Z
�d�0 C "C �n.W c/ � �0.H/C 2"

since the function � D 1H\W is �0-a.e. continuous with compact support. Vague
convergence implies

R
�d�n !

R
�d�0. �

For increasing functions weak convergence 'n ! '0 on an open interval .a; b/
implies

'n.xn/! '0.x0/; xn ! x0; x0 2 .a; b/; '0.x0 � 0/ D '0.x0 C 0/:
A similar result holds for weak convergence �n ! �0 on open sets of halfspaces in
HO D fH 2 H j HßOg.
Proposition 5.21. Suppose �n ! �0 weakly on the open set UßHO . IfHn ! H0 2
U and �0.@H0/ D 0, then �n.Hn/ ! �0.H0/, and 1Hn

d�n ! 1H0
d�0 weakly on

Rd .

Proof. By Lemma 5.11 one may choose coordinates �1; : : : ; �d such that H0 D
f�1 C � � � C �d � 1g and such that f�i � 0g 2 U. One may choose " 2 .0; 1=d/ so
small that

Ji D f�i � "g 2 U; �0.@Ji / D 0:
Hence �n ! �0 weakly on HV where V D f�1 < "; : : : ; �d < "g, and 1V cd�n !
1V cd�0 weakly on Rd . Now apply the Weak Convergence Theorem, Theorem 4.21,
to the functions 'n D  1Hn

where  is a bounded continuous function on Rd . If
xn ! x0 62 @H0, then convergence Hn ! H0 implies 'n.xn/ ! '0.x0/. See
Exercise 5.5. �

Let us show how these results apply to loss functions.

Example 5.22. LetZ1; Z2; : : : be independent observations from the distribution �
on Rd . Let �0 be a Radon measure on the open set OßRd , and suppose

d�n D 1Ond�n ! d�0 vaguely on O; �n D ˛�1n .�/; ˛n 2 A:

Let d�n D  d�n for n � 0 where  is a continuous positive function on O . If
the tightness condition of Proposition 5.20 holds for �n, and if V cßO , then for any
sequence of halfspaces JnßV c , n � 0, with Jn ! J0, and �0.J0/ D 0

E
nX
kD1

'.˛�1n .Zk//1fZk2Hng !
Z
J0

'd�0;
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where Hn D ˛n.Jn/, and ' is a �0-a.e. continuous Borel function on O such that
'= is bounded. ˙

5.6* The support function. Support processes give an elegant analytic description
of the convex hulls of point processes. We prefer a more geometric approach via
halfspaces. Hence we restrict ourselves here to two simple results.

For a non-empty convex open set U ßL D Rd in C we introduce a cone FU of
affine functions.

FU D f' j '.U /ß.�1; 0�gßF :

This cone is related to various dual convex sets for U in L�. Recall that F is the
linear space of affine functions onL. The cone UC in (5.9) is the image of FU under
the projection ' D � � c 7! �. If � � c 2 FU then � � t 2 FU for t > c. It follows
that there is a unique convex positive-homogeneous function � W UC ! R such that
FU is the epigraph of � :

' D � � c 2 FU ” c � �.�/:
Definition. The function � is the support function of the convex set U , and UC is its
domain. The halfspace H D f� � cg supports the convex open set U if c D �.�/ is
the minimal value of t for which f� � tg is disjoint fromU . For a counting measure �
on Rd , we define �� as the support function of the interior of the convex hull c.�/ of
the support of �. Its domain is c.�/C.

Proposition 5.23. Let �0; �1; : : : be counting measures on L such that �n ! �0
vaguely, and c.�0/ 2 C . Let �n be the support function of �n for n � m0. Let the
elements �1; : : : ; �d 2 L� be linearly independent, and let ƒ be the open cone of all
positive linear combinations r1�1 C � � � C rd �d with ri > 0. If �n.�i / is bounded for
n � ni for i D 1; : : : ; d , then �n.�n/! �0.�0/ for �n ! �0 2 ƒ.

Proof. Regard the �1; : : : ; �d as coordinates. Thenƒ D .0;1/d . Let �n.�i / � c for
n � n0. Suppose the halfspace H has direction � 2 .0;1/d , and �0.H/ D 0. By
vague convergence �n.H/ D �n.H \ .�1; c�d / D 0 eventually, since the closure
K of H \ .�1; c�d is compact and �0.@K/ D 0. So �n ! �0 on .0;1/d . Support
functions are convex. So convergence is uniform on compact subsets of .0;1/d . �

Given �0 ¤ 0 in L�, we say that the support functions �n converge in the direc-
tion �0 if �n.�0/! �0.�0/. Now assume more:

�n ! �0) �n.�n/! �0.�0/: (5.11)

This limit relation says that the direction �0 is robust: ifH0 is a horizontal supporting
halfspace to �0, thenHn ! H0 for any sequence of supporting halfspaces to �n which
are asymptotically horizontal. The assumption (5.11) has an unexpected implication.



5 Converging sample clouds 93

Proposition 5.24. Suppose (5.11) holds. Then there exists a neighbourhood U of �0
such that �0 is finite on U , and �n ! �0 uniformly on U .

Proof. The conditions imply that �n, n � n0, is uniformly bounded on a neigh-
bourhood V of �0 for some n0. (Otherwise there is a sequence of points �n with
k�n � �0k < 1=n, and indices k1 < k2 < � � � such that �kn

.�n/ > n.) Choose
�1; : : : ; �d in V , linearly independent, such that �0 lies in the interior V0 of the cone
generated by these d vectors. Choose a neighbourhood U of �0 whose closure lies
in V0, and apply the previous proposition. �

5.7 Almost-sure convergence of the convex hulls. We are now ready to prove the
two main results, convergence of the convex hulls, and of the stochastic loss integrals.
We start with a preliminary result to show how Skorohod’s Representation Theorem
is applied.

The limit process N0 lives on O D Rd n S . If S is non-empty one needs a weak
boundary condition to ensure that the convex hulls Nn.!/ contain the hole S in the
limit:

(S) There is a closed set S0ßS such that Sßc.S0/, and

n�n.U /!1; U open; U \ S0 ¤ ;: (5.12)

Proposition 5.25. Let �0 be a Radon measure on the open set OßRd . Let �n be
probability measures on Rd such that (5.1) holds. Let Vi , i 2 Ißf1; 2; : : : g be a
decreasing family of convex open sets containing S D Rd nO such that

�0.@Vi / D 0; �n.V
c
i /! �0.V

c
i / <1; i 2 I:

Let H0 be the collection of halfspaces in O which intersect one of the sets Vi in a
bounded set. There exist n-point sample clouds Nn from the distribution �n, and
a Poisson point process N0 on O with mean measure �0, defined on a common
probability space .�;F ;P/, such that for every ! 2 �

N0.!/ is a Radon measure on O ,

1OdNn.!/! dN0.!/ vaguely on O ,

Nn.!/.Vi /! N0.!/.Vi /; i 2 I;
Nn.!/.H/! N0.!/.H/; H 2 H0; N0.!/.@H/ D 0:

IfO D Rd or if the condition (S) in (5.12) holds, one may choose the point processes
to satisfy:

Nn.!/.U /!1; U \ S0 ¤ ;; U open;

cl.lim inf c.Nn.!/// � c.N0.!/ [ S/;
Tn.!/.�n/! T0.!/.�0/; �0 2 ƒ; �n ! �0 ¤ 0;
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where cl.A/ is the closure of A, c.A/ the closed convex hull, Tn the support process
of Nn, and ƒ the interior of the cone

S
V Ci .

Proof. Let Ui , i 2 I , be a countable open basis for Rd , and Uj , j 2 J , those sets
which intersectS0. It suffices to show thatNn.!/.Uj /!1 for j 2 J . LetMn be an
n-point sample cloud from the distribution�n, andM0 the Poisson point process on �.
Then 1OdMn ) dM0 vaguely on O . The conditions on the convex sets Vi imply
that Mn.V

c
i / ) M0.V

c
i / 2 f0; 1; 2; : : : g. We apply Skorohod’s Representation

Theorem, Theorem 4.9, to the sequence .Xn; Yn/ in X � Y with

X D N .O/ � f0; 1; : : : gN � f0; 1; : : : ;1gJ ; Y D N .Rd /;

with N D f1; 2; : : : g, and Yn DMn for n � 1, Y0 D 0, and

Xn D .1OdMn; .Mn.V
c
i /; i 2 I /; .Mn.Uj /; j 2 J //;

X0 D .M0; .M0.V
c
i /; i 2 I /; .1;1; : : : //:

LetNn, n � 0, be representatives which yield convergence for all!. We may assume
that N0.!/.@Vi / D 0 for i D 1; 2; : : : and all !, and N0.!/.V ci / < 1. Vague
convergenceNn.!/! N0.!/ onO together withNn.!/.V ci /! N0.!/.V

c
i / <1

and N0.!/.@Vi / D 0 gives weak convergence 1V c
i
dNn.!/! 1V c

i
dN0.!/. This in

turn gives weak convergence on every halfspaceH which is disjoint from one of the
convex sets Vi , and whose boundary does not contain a point ofN0.!/, and on every
halfspace H D f� � cgßO with � 2 ƒ.

The remaining relations are proved similarly. The closure of lim inf c.Nn.!//
contains N0.!/ by vague convergence, and contains S since Nn.!/.Uj / > 0 even-
tually for each j 2 J . �

Now assume the intrusion cone 	 and convergence cone 
 are non-empty and
coincide.

Theorem 5.26 (Convergence of Convex Hulls). Let �n be probability distributions
on Rd , and �0 a Radon measure on the open set O D Rd n S . Assume O D Rd or
condition (S) holds, see (5.12), 1Ond�n ! d�0 vaguely on O , and 
 D 	 ¤ ;.
Then there exist n-point sample clouds Nn from the distribution �n, and a Poisson
point processN0 onO with mean measure �0, defined on a common probability space
.�;F ;P/, such that for ! 2 � the convex hulls converge:

c.Nn.!//! c.N0.!/ [ S/:
Moreover the support processes converge: for �n ! �0 2 	, �0 ¤ 0,

Tn.!/.�n/! T0.!/.�0/:
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If HnßO for n � 0, Hn ! H0 D f�0 � c0g, with �0 2 	, and if N0.!/.@H0/ D 0,
then

1Hn
dNn.!/! 1H0

dN0.!/ weakly:

Proof. Let �1; �2; : : : be dense in @B n cl.	/. Then �0f�i � mg D 1 for m >

s.�i / D sup �i .S/, and we may choose � so that

N0.!/f�i � mg D 1; i � 1; m > s.�i /; ! 2 �: (5.13)

Choose �i 2 @B \ 	, i D 1; 2; : : : dense and ci > 0 so that Hi D f�i � cigßO ,
�0.@Hi / D 0. Set Vi D .H1 [ � � � [Hi /c . Then �0.Hi / < 1, and �i 2 
 implies
�n.V

c
i /! �0.V

c
i /. We may choose Nn so that Mn D 1OdNn satisfies

Mn.!/.V
c
i /!M0.!/.V

c
i /; i � 1; ! 2 �: (5.14)

Let 
.!/ and 	.!/ be defined in terms of the Radon measures Mn.!/ on O . By
assumption Mn.!/ ! M0.!/ D N0.!/ vaguely on O for each ! 2 �, and
Nn.!/.H/!1 for H D f�i � cgßRd , i D 1; 2; : : : and c > 0. Now observe


ß
.!/ß	.!/ß	; ! 2 �
by (5.14), by definition, and by (5.13) (if 	 is dense then 	 D L�). Therefore

 D 	 implies 
.!/ D 	.!/ D 	 for all !. The Separation Theorem 5.10 gives
c.Nn.!//! c.N0.!/[S/, since anyw 62 c.N0.!/[S/ is contained in a halfspace
H D f� � cgßO with � 2 	, and we may choose c so that N0.!/.H/ D 0. Then
Nn.!/.H/ D 0 eventually. �

Let HnßO , n � 0, be closed halfspaces, Hn ! H0, and let ' W O ! R be a
Borel function. We shall formulate conditions which ensure that H0 is steady andZ

Hn

'dNn !
Z
H0

'dN0 a:s: and in L1 (5.15)

for appropriately chosen n-point sample clouds Nn from �n and a Poisson point
process N0 with mean measure �0.

Theorem 5.27. Let (5.1) hold, and let  � 1 be continuous on O . Let ƒ be the
interior of the cone generated by d independent linear functionals �1; : : : ; �d which
satisfy the tightness condition:

For each " > 0 there exists c 2 R and an index n0 such thatZ
f�i�cg

 d�n < "; i D 1; : : : ; d; n � n0:

Then (5.15) holds for H0 D f�0 � c0gßO provided �0.@H0/ D 0, '= is bounded
on O , ' is �0-a.e. continuous on O , and �0 2 ƒ.
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Proof. Since ƒ is open there exist independent linear functionals �1; : : : ; �d in ƒ
such that �0 D �1 C � � � C �d . Proposition 5.20 applied to d�n D  d�n rather
than d�n implies that �n ! �0 weakly on Hƒ0 whereƒ0 is the interior of the cone
generated by �1; : : : ; �d . Regard the �1; : : : ; �d as coordinates. Choose a point a such
that .�1; a/ DTf�i < aig contains the complement ofO , and�0.@.�1; a// D 0.
In Proposition 5.25 take Vi D V D .�1; a/ \ f� < cg with c < c0 chosen so that
�0f�0 D cg D 0 and f�0 � cgßO . Then Nn ! N0 holds a.s. on V c , and by the
�0-a.e. continuity (5.15) holds a.s. As in Proposition 5.25 one may use Skorohod’s
theorem to obtain

Xn.!/ WD
Z
V c

 dNn.!/!
Z
V c

 dN0.!/:

Since the expectations converge, Lebesgue’s theorem on dominated convergence,
with dominating sequence Xn, yields L1-convergence in (5.15). �

5.8 Convergence to the mean measure. Estimating the mean measure on a half-
space H , or the integral of a loss function

R
H
'd�0, is straightforward provided

the sample is large. In order to produce arbitrarily large samples, we introduce
a time coordinate and consider the point processes with points .Wni ; i=n/, where
Wn1; Wn2; : : : is a sequence of independent observations from the distribution �n.
By Theorem 2.21 these converge onO� Œ0;1/ to a Poisson point process with mean
measure d�0.w/dt if (5.1) holds. We shall look at sample clouds on Rd withmn � n

points, corresponding to time horizons tn D 1="n ! 1. Let zNn be the mn-point
sample cloud from the distribution �n. The random approximation Rn to the Radon
measure d�n D 1Ond�n is defined as

dRn.!/ D "n1Od zNn.!/; n D 1; 2; : : : : (5.16)

The random measure Rn has the same mean measure �n as Nn on O . It has more
points, but these carry less weight. As a result the variance of stochastic integrals is
smaller. By (2.4)

E

�Z
H

'dRn

�
D
Z
H

'd�n

var

�Z
H

'dRn

�
D "n

�Z
H

'2d�n � 1
n

�Z
H

'd�n

�2�
:

(5.17)

Theorem 5.28 (Consistency). If "n ! 0, thenRn ! �0 vaguely onO in probability.
LetHßO be a halfspace such that �n.H/! �0.H/ <1 and �0.@H/ D 0. ThenZ

H

'dRn !
Z
H

'd�0 weakly in probability

for any bounded �0-a.e. continuous function ' onH .
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Proof. Let '0 W O ! R be continuous with compact support. We have to show thatR
'dRn !

R
'd�0 in probability. In fact convergence holds in L2.P/ by (5.17). The

proof of the second part is similar. �

We now turn to the loss integral. The loss integral has the formZ
J

'dRn D "n
X
f'.Wni / j Wni 2 J; 1 � i � mng:

In general loss functions need not be bounded. We assume that' is�0-a.e. continuous,
and that '2 is �0-integrable over the halfspace J with integral

R
J
'2d�0 D 
2 <1.

Define the error of the stochastic loss integral by

En D
Z
J

'dRn �
Z
J

'd�0: (5.18)

Under suitable conditions the error is asymptotically Gaussian N.0; "n
2/.
In order to understand the asymptotic behaviour of the error En we need to study

dR" D "dM " for "! 0, whereM " is the Poisson point process with mean measure
�=" on H . It will be convenient to use a different normalization.

Definition. A Gaussian space G on the probability space .�;F ;P/ is a separable
closed linear subspace of L2.�;F ;P/ consisting of Gaussian variables (modulo null
variables). Typically G is the set of all elements

P
cnUnwithU1; U2; : : : independent

standard normal variables and
P
c2n <1. Let � be a Radon measure on the open set

OßRd . A Gaussian field onO with variance � is a linear isometryW W L2.d�/! G ,
where G is a Gaussian space.

For ' 2 L2.d�/ define the compensated integral S".'/ D p"
R
'.dN "�d�="/.

The random variable S".'/ is centered with variance
R
'2d�, see Section 2.5. So the

linear map S" W L2.d�/! L2.dP/ also is an isometry.

Theorem 5.29. With the notation above S".'/) W.'/ for ' 2 L2.d�/, "! 0C.

Proof. If ' is the indicator function of a Borel set E, then one may write S".'/ Dp
".N ".E/ � �.E/="/ with N ".E/ a Poisson variable with expectation �.E/=". In

this case the theorem follows by the asymptotic normality of Poisson variables. By
independence .S".E1/; : : : ; S".Em// ) .W.E1/; : : : ; W.Em// for disjoint Borel
sets Ei with finite measure. Hence the theorem holds for simple functions '. These
are dense in L2.d�/. Now apply Lemma 4.10. �

In a similar way one proves convergence of the finite-dimensional distributions.
Here we only want to show that under appropriate conditions one may conclude thatR
H
'dRn is close to

R
H
'd�0.
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Proposition 5.30. Let r0 be a continuous positive function on the open set OßRd ,
and let �n be probability measures on Rd with densities fn such that

nfn.wn/! r0.w0/; wn ! w0; w0 2 O:
Let J ßO be a halfspace such thatZ

J

jnfn.w/ � r0.w/jdw D o.ın/;

where ın ! 0 so slowly that nın !1. Letmn=n D 1="n with "n 
 ın, and define
the random measures Rn by (5.16). Let ' be a Borel function on O such that the
integrals Z

J

'.w/r0.w/dw D �;
Z
J

'2.w/r0.w/dw D 
2 <1

converge. Let U be standard normal. Then

1p
"n
En) 
U; En D

Z
J

'dRn � �:

Proof. The convergence nfn ! r0 above is a simple sufficient condition for vague
convergence, (5.1). Let zNn be the mn-point sample cloud from the distribution �n.
There exist Poisson point processes on J , zMn with mean measure �n="n, and zM "n

with mean measure �0="n, such that

Pf1Jd zNn ¤ d zMng � mn�n.J /2 D .mn=n2/�n.J / D o.1/;
Pf zMn ¤ zM "ng �

Z
J

jnfn.w/ � r0.w/jdw="n D o.1/:

By Theorem 5.29 S".'/) W.'/ holds with d� D r0dw; equivalently

1p
"n

� Z
J

'dR"n
n �

Z
J

'd�0
�) 
U;

where R"n
n D "n QM "n . The inequalities above now yield the desired result. �

Corollary 5.31. If 
2n D
R
J
'2d�n is bounded, then var.En/ D "n.
2n C o.1// and

E.En/! �.

Proof. The result follows from the lemma below. �

Lemma 5.32. Let �n, n � 0, be finite measures on a halfspaceH such that �n ! �0
weakly. Let  � 1 be continuous on H . If

R
 2d�n is bounded for n � 1 thenR

 2d�0 is finite and Z
'd�n !

Z
'd�0

for every �0-a.e. continuous function ' for which '= is bounded.
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Proof. First assume '0 is continuous and 0 � '0 �  . Let m � 1. By weak
convergence

R
'0 ^md�n !

R
'0 ^md�0, and

.'0 �m/Cd�n � 1

2m

Z
f �mg

 2 �m2d�n �
Z
 2d�n=2m < "

if m is large. Hence d�n D  d�n
d! �0 D  d�0 weakly, and the result follows

since 'd�n D .'= /d�n and '= is bounded and �0-a.e. continuous. �

So far our setting has been quite general. We start with a sequence of probability
measures�n and assume that the measures n�n converge vaguely to a Radon measure
on an open set OßRd . In actual fact the probability measures �n are related. We
start with an iid sequence of observations Z1; Z2; : : : from an unknown probability
measure � on Rd . The probability measure �n is the distribution of the normalized
vector ˛�1n .Z1/ where ˛n.w/ D Anw C bn is an invertible affine transformation.
The limit measure will satisfy certain symmetry relations. These make possible a
reduction of the variance.

A simple example (for light tails) is the limit measure

d�.w/ D d��.u/e�vdv; w D .u; v/ 2 RhC1:

Here �� is a finite measure on Rh, the spectral measure. The symmetries are vertical
translations � t .u; v/ D .u; v C t /, and � t .�/ D et� for t 2 R. The symmetry
relations, together with the spectral measure, determine the measure �. So it suffices
to estimate ��.

A typical loss function is'.u; v/ D kukvm on the upper halfspaceHC D fv � 0g,
with m > 1. (The loss indexed by the vertical coordinate v is compounded by large
deviations of the horizontal coordinate.) The integral of this loss function with respect
to the limiting Poisson point process N over the upper halfspace has variance

var

�Z
HC

'dN

�
D
Z
HC

'2d� D .2m/Š
Z
uT ud��.u/:

In general the spectral measure �� is not known, but one assumes that the symmetry
relations hold. In that case the loss may be estimated by

R kukdN � R1
0
vme�vdv,

where N �ßRh is the projection of 1HC
dN on the horizontal coordinate space. The

variance of this estimate is smaller: .mŠ/2
R
uT ud��.u/.

In the remaining chapters we consider probability distributions � on Rd which
may be normalized so that n˛�1n .�/! � vaguely on an open set OßRd , where � is
an excess measure.



II Maxima

This chapter shows how the limit theories for maxima and exceedances relate in the
univariate case and contains an overview of multivariate max-stability. We assume
some familiarity with extreme value theory. There are several good expositions. Our
aim here is to highlight a number of issues which play a role in the multivariate
geometric theory which we develop in Chapter III and IV. See Embrechts, Klüppel-
berg & Mikosch [1997] (EKM) or Resnick [1987] for details, or de Haan & Ferreira
[2006]. We concentrate on the probability theory. For the statistical side see Beirlant et
al. [2004], Coles [2001], Falk, Hüsler & Reiss [2004] and Joe [1997]. For examples
of extreme value distributions, see Kotz & Nadarajah [2000]. For applications to
finance and risk management see McNeil, Frey & Embrechts [2005], Embrechts
[2004], Malevergne & Sornette [2006] and Moix [2001]. For applications to extreme
natural events see Salvadori et al. [2007] and Finkenstädt & Rootzén [2004].

6 The univariate theory: maxima and exceedances

In the univariate setting the limit theories for maxima and for exceedances are two
sides of the same coin.

6.1 Maxima. Sums of iid random variables lead to the Central Limit Theorem,
infinitely divisible (id) and stable distributions, Brownian motion and Lévy processes.
For the sequence of partial maxima

Y _n WD Y1 _ � � � _ Yn D maxfY1; : : : ; Yng (6.1)

of an iid sequence of random variables similar concepts have been developed. Here
distribution functions (dfs) play a central role, since for independent variablesX and
Y with dfs F and G the maximum X _ Y has df FG:

PfX _ Y � tg D PfX � t; Y � tg D PfX � tgPfY � tg D F.t/G.t/ (6.2)

by independence. Every random variable is max-id since F 1=n is a df for any df F ,
and .F 1=n/n D F . In the limit theory for partial maxima there is no analog of the
Gaussian distribution which, like a black hole, attracts all but the extremely heavy
tailed distributions.

Fisher & Tippett [1928] determined the possible limit laws for the sequence of
maxima in (6.1). There are three classes of limit laws. These limit laws are called
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the max-stable or extreme value distributions. They may be standardized to form a
continuous one-parameter family of distributions on R. For the heavy tailed and the
bounded limit laws Gnedenko [1943] gave a simple characterization of the domains
of attraction in terms of regular variation of the distribution tail; for the double-
exponential or Gumbel law the domain of attraction was determined twenty years
later in de Haan [1970]. See also Marcus & Pinsky [1969].

6.2 Exceedances. The corresponding univariate limit theory for exceedances was
developed independently in Pickands [1975] and Balkema & de Haan [1974] in terms
of residual life times. A dfF lies in the domain of the dfG on Œ0;1/ for exceedances,
and we write F 2 DC.G/, if there exist at > 0 such that for v � 0

1 � F.t C atv/
1 � F.t/ ! 1 �G.v/; t ! y1 D supfF < 1g: (6.3)

Properly scaled, the limit laws are precisely the standard generalized Pareto distri-
butions GPDs G� on Œ0;1/ defined in (5) in the Preview. Note that G� has finite
endpoint for � < 0. Discrete limit laws are possible if one allows shifts bt ¤ t

in (6.3); see Balkema & de Haan [1974].
The domain of attraction DC.�/ D DC.G� / of the limit law G� is precisely the

domain of attraction of the corresponding max-stable distribution. For the Pareto and
the power laws the domain is determined by regular variation of the tail. The domain
DC.0/ of the exponential law has more variety.

6.3 The domain of the exponential law

Theorem 6.1. The df F lies in DC.0/, the domain of ƒ for maxima, if and only if

1 � F.y/ � e� .y/; y ! y1 D supfF < 1g;
where  is a C 2 function on a left neighbourhood of y1 with the properties:

 0.y/ > 0;  .y/!1; .1= 0/0.y/! 0; y ! y1: (6.4)

Proof. Set a.t/ D 1= 0.t/. By the Mean Value Theorem for sn ! s, tn ! y1

a.tn C a.tn/sn/
a.tn/

! 1;
 .tn C a.tn/sn/ �  .tn/

a.tn/
! s: (6.5)

It follows that the tail function T D 1 � F � e� satisfies

T .t C atv/
T .t/

� e .t/� .tCatv/ ! e�v; t ! y1; v 2 R: (6.6)
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To prove necessity, observe that ' D � logT by (6.3) satisfies

'.t C atv/ � '.t/! v; t ! y1 (6.7)

for v � 0. Choose tn so that '.tn/ D n C o.1/. This is possible by asymptotic
continuity of T . Relation (6.7) implies that '.t/ � '0.t/ ! 0 for t ! y1, where
'0 is the piecewise linear function with '0.tn/ D n. Hence '00 D 1=cn on .tn�1; tn/,
where cn D tn � tn�1 and cnC1 � cn by (6.7). It remains to replace the piecewise
constant function '00 by a C 1 function  0 D '00 C � such that the integral of � over
any interval Œtn�1; tn� vanishes, �.t/ D o.'00.t// and � 0.t/='00.t/2 ! 0.

This may be done as follows: Choose a C1 function ˇ W Œ0; 1� ! Œ�1; 1� so
that ˇ 
 0 on a right neighbourhood of 0 and ˇ 
 1 on a left neighbourhood
of 1, and so that the integral of ˇ over Œ0; 1� vanishes. Use affine copies of ˇ to
interpolate between successive points .tn; 1=cn/. In this way we replace '00 by a C1
function which we call  0. The function  agrees with the piecewise linear function
'0 in the points tn, n � m0, if it agrees in tm0

. The other conditions hold since
j� j is bounded by kˇk1j1=cnC1 � 1=cnj on Œtn; tnC1� and cnC1=cn ! 1 implies
j1=cnC1 � 1=cnj D o.1=cn/, and

j 00.t/j D j� 0.t/j � kˇ0k1j1=cnC1 � 1=cnj=cn; t 2 Œtn; tnC1�:
Hence  .t/ � '.t/ and .1= 0/0.t/ D � 00.t/= 0.t/2 vanish in y1. �

6.4 The Poisson point process associated with the limit law. For exceedances, as
for maxima, one may distinguish three classes of limit laws. In a suitable normaliza-
tion they have densities

s=vsC1; v 2 Œ1;1/; s D �1=� > 0I
e�v; v 2 Œ0;1/I

sjvjs�1; v 2 Œ�1; 0/; s D 1=� > 0:
(6.8)

The extensions s=vsC1 on .0;1/, e�v on R, and sjvjs�1 on .�1; 0/ are densities of
infinite measures, Radon measures � on unbounded open intervals. These measures
are univariate excess measures. For any halflineH D Œy;1/ for which �.H/ is finite
the probability measure d�H D 1Hd�=�.H/ is a GPD, which may be normalized to
have a df G� as in (5) in the Preview.

There are not many one-parameter groups in A.1/. One-parameter groups of
affine transformations are either translations, � t .v/ D v C qt , or expansions (or
contractions) from a fixed center c, � t .v/ D e�t .v�c/Cc, with� > 0 for expansions
(and � < 0 for contractions). This proves

Theorem 6.2. Apart from a change in coordinates, and a positive weight factor, the
list above contains all univariate excess measures on an interval in R.
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We shall focus on the excess measure d�.v/ D e�vdv. The translation v 7! vC t
maps � onto et�. The Poisson point processM on R with mean measure � has points

V1 > V2 > � � � :
The rv V1 has a max-stable distribution, the Gumbel distribution,

PfV1 � vg D PfM.v;1/ D 0g D e��.v;1/ D exp.�e�v/:
Now consider the behaviour of sample clouds. Let Y1; Y2; : : : be a sequence of
independent observations from the df F 2 DC.G0/. Choose tn " y1 such that
nT .tn/ ! 1, where T D 1 � F , and let an D 1= 0.tn/ with e� � T as in
Theorem 6.1. Then

nT .tn C anv/! e�v; v 2 R (6.9)

by (6.6). Let ˛n.v/ D tn C anv. Then v 7! nT .tn C anv/ is the tail function of
the finite measure d�n D ˛�1n .ndF /. So �n is the mean measure of the normalized
sample cloud Mn consisting of the n points .Yi � tn/=an, i D 1; : : : ; n. The limit
relation (6.9) implies that d�n.v/! d�.v/ D e�vdv weakly on any halfline Œc;1/.
By the theory of Chapter I

Mn)M weakly on Œc;1/; c 2 R: (6.10)

Let Yn1 � Yn2 � � � � � Ynn denote the first n observations from the dfF arranged
in decreasing order. The points Vni D .Yni � tn/=an form the normalized sample
cloud Mn. The limit relation (6.10) implies:

Proposition 6.3. .Vn1; : : : ; Vnn/) .V1; V2; : : : / holds in the sense of weak conver-
gence of the finite-dimensional distributions: For each k � 1

.Vn1; : : : ; Vnk/) .V1; : : : ; Vk/; n!1:
Proof. For any reals a1; : : : ; ak ,

fVn1 > a1; : : : ; Vnk > akg D fMn.a1;1/ � 1; : : : ;Mn.ak;1/ � kg:
A similar relation holds for the variables V1; : : : ; Vk and the Poisson point processM .
The probabilities on the right converge for n ! 1, since � does not charge the
boundaries @Bi D faig of the Borel sets Bi D .ai ;1/ in R. Weak convergence on
halflines Œc;1/ prevents points from disappearing at1. �

Similar results hold for distributions in the domain of the GPD G� for � ¤ 0.
In each case the measure � and the df H of the maximal point are connected by
H.v/ D e�R.v/ where R.v/ D �.v;1/. We call � the exponent measure of the
max-stable df H .

In the univariate setting the limit theory for exceedances (and some point process
theory) allows us to handle the asymptotics of partial maxima, and not only the
maxima, but the whole sequence of upper order statistics. See EKM pp. 244–247 for
details.
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6.5* Monotone transformations. So far we have used affine transformations to
normalize the maxima. Affine transformations are appropriate for normalizing the
partial sums Y Cn D Y1 C � � � C Yn since

Y Cn � nbn
an

D Y1 � bn
an

C � � � C Yn � bn
an

:

For maxima any monotone transformation ' has the same property

'�1.Y _n/ D '�1.Y1/ _ � � � _ '�1.Yn/;

and hence one may consider limits for maxima normalized by monotone transforma-
tions.

Definition. A monotone transformation is a strictly increasing continuous function
from an interval containing an interior point onto another such interval. The set of
all monotone transformations will be denoted by M".

Continuous dfsG which are strictly increasing on the open interval f0 < G < 1g
all are of the same type under monotone transformations. Any limit theory for maxima
needs asymptotically continuous tail functions T D 1 � F . These are characterized
by the basic tail condition: there is an increasing sequence tn such that

T .tn/ > 0; T .tn/! 0; T .tnC1/=T .tn/! 1: (6.11)

See Section 3.1 in EKM for a good discussion of asymptotic tail continuity.
The limit theory for maxima (and exceedances) under monotone transformations

is simple.

Theorem 6.4. A df F lies in the domain D".E/ of the standard exponential distri-
bution E on .�1; 0/ for maxima with respect to monotone transformations if and
only if the tail function T D 1 � F satisfies the basic tail condition (6.11).

Proof. We may assume that T .tn/ is strictly decreasing. Replace T by the piecewise
linear function T0 which agrees with T in the points tn for n � 1 and equals one
in t0. There is a monotone transformation ' which maps Œ�1; 0/ onto Œt0; y1/, such
that T0 B '.v/ D �v for v 2 Œ�1; 0/. (Take '�1 D �T0.) Then T .'.v// � �v for
v " 0. Set 'n.v/ D '.v=n/. Then

� logF n.'n.v// � nT .'.v=n//! �v; v < 0

shows that F n B 'n ! E on .�1; 0/. �
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6.6* The von Mises condition. This subsection and the next treat the domain
DC.0/. In this subsection we look at densities. We shall establish a representa-
tion

d� D fd�
for distributions � 2 DC.0/, where f is a density which satisfies the von Mises
conditions, and � is a roughening of Lebesgue measure, a measure which behaves
asymptotically like Lebesgue measure. In this representation the functionf describes
the global behaviour of the upper tail, and the measure� describes the local variations.
We shall also elucidate in how far the scaling function a.t/ in (6.3) determines the
tail behaviour of a df F in DC.0/.

The scale function a.t/ in the basic limit relation (6.3) is the key to describing the
domains of attraction. In the multivariate setting it determines a metric, as we shall see
later. Suppose Y 2 DC.�/. For � < 0 the upper endpoint y1 is finite and one may
choose a.y/ D y1 � y; for � > 0 (heavy tails) one may take a.y/ D y. For � D 0
the situation is more delicate. The scale function is self-neglecting. Self-neglecting
functions form the subject of the next subsection.

Definition. A df F satisfies the von Mises condition if 1 � F.y/ D e� where  
satisfies (6.4) on a left neighbourhood of the upper endpoint y1 D supfF < 1g.
This may be expressed as

.1 � F.y//F 00.y/=.F 0.y//2 ! �1; y ! y1:

In general we say that f D e� or  is a von Mises function and satisfies (6.4).

Any df in DC.0/ is tail asymptotic to a dfF with tail 1�F D e� which satisfies
the von Mises condition by Theorem 6.1. We claim that one may choose F to have
a density which satisfies the von Mises condition.

The role which distribution functions play in the theory of maxima and of ex-
ceedances is exemplified in the relations (6.2) and (6.3). This should not blind us to
the fact that in practice it is densities, not dfs, which are the basic concern. Sample
clouds suggest densities rather than dfs.

Let us first show that Y 2 DC.0/ if its density satisfies the von Mises condition.
The natural scale function for exceedances is a.y/ D 1= 0.y/. By (6.4) it satis-

fies

a.y/ D o.y/ if y1 D1; a.y/ D o.y1 � y/ if y1 <1: (6.12)

Hence a.yC va.y// is well defined eventually for any v 2 R, and ynC vna.yn/!
y1 if yn ! y1 and vn ! v 2 R. The conditions on  imply

a.yn C vna.yn//=a.yn/! 1; yn ! y1; vn ! v; v 2 R; (6.13)
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since .a.yn C vna.yn// � a.yn//=a.yn/ D a0.yn C !na.yn//vn ! 0 by the Mean
Value Theorem. This implies

 .yn C vna.yn// �  .yn/ D  0.yn C !na.yn//vna.yn/! v

yn ! y1, vn ! v 2 R. The reader may check that the two conditions on  ensure
that e� is integrable over Œ0; y1/. The last relation gives

f .yn C vna.yn//=f .yn/! e�v:

This implies Y 2 DC.0/ and

.1 � F.y C va.y///=.1 � F.y//! e�v; y ! y1; v 2 R: (6.14)

We leave the details to the reader. In Chapter III we give a multivariate version of
this result.

Proposition 6.5. Let Y have density f . If f satisfies the von Mises condition in its
upper endpoint then Y 2 DC.0/.

We now first turn to a question about the normalization. By the Convergence of
Types Theorem the scale function a.y/ is unique up to asymptotic equality. Now
suppose the dfs F1 and F2 have the same upper endpoint and the same scale function.
Does this imply that the tails are asymptotic?

The relation (6.14) holds for both F1 and F2. It follows that the quotient L.y/ D
.1 � F2.y//=.1 � F1.y// satisfies the relation

L.yn C una.yn//=L.yn/! 1; yn ! y1; un ! u; u 2 R: (6.15)

Definition. Functions L defined and positive on a left neighbourhood of y1 are
called flat function for a if they satisfy (6.15).

If F lies in DC.0/ with upper endpoint y1 and scaling a.y/, then so does G if
1 � G D .1 � F /L where L is flat for a. Flat functions describe the variation that
is possible in DC.0/ if the upper endpoint y1 and scale function a are given. The
product of flat functions is flat. Functions asymptotic to flat functions are flat. The
scale function a itself is flat by (6.13), and so is its inverse,  0 D 1=a.

In order to construct, for a given df F 2 DC.0/, a df tail asymptotic to F , with
a density which satisfies the von Mises condition, we need flat functions which are
smooth.

Lemma 6.6. Suppose L D e� is flat for a. There exists a function L0 D e�0 � L
which is C1 and which satisfies

an.y/�
.n/
0 .y/! 0; y ! y1: (6.16)
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Proof. Choose yn " y1 such that ynC1 D ynCa.yn/. Then �.ynC1/��.yn/! 0,
and one may construct a C1 function �0 which agrees with � in the points yn such
that �00 D o.1=a.y// in y1, and such that (6.16) holds. Construct �0 by interpolating
with affine copies of an increasingC1 function�mapping Œ0; 1� onto itself, where we
choose� so that the derivatives of all orders vanish in the two endpoints. Compare the
construction in the proof of Theorem 6.1. Set an D a.yn/ and cn D �.ynC1/��.yn/.
Then cn ! 0 and

�0.y/ D �0.yn C uan/ D �.yn/C cn�.u/; amn �
.m/
0 .y/ D cn�.m/.u/: (6.17)

The functionL0 D e�0 is flat, and asymptotic toL iny1. It isC1 and satisfies (6.16).
�

Proposition 6.7. Any df F in DC.0/ is tail asymptotic to a df with density e� 
where  satisfies (6.4). Moreover a D 1= 0 may be used as scale function in the
limit relation (6.14).

Proof. Suppose F 2 DC.0/. Then F is tail asymptotic to a df F0 D 1� e� which
satisfies the von Mises condition. The df F0 has a continuously differentiable density
f0.y/ D  0.y/e� .y/. The function  0 is flat and may be replaced by a flat function
L D e� �  0 where � is C 2, and �0a and �00a2 vanish in y1 by (6.17). Hence F0
is tail asymptotic to a df F1 with density e� 1 where  01 D 1=a � �0 � 1=a, and
 001=.j 01/2 � . 00 � �00/=a2 ! 0. �

We shall now show that any df in DC.0/ has a representation dF D fd� in terms
of such a density e� . The advantage of this representation over Proposition 6.7 will
become apparent in Chapters III and IV when we work in a multivariate setting.

Definition. A Radon measure � on .�1; y1/ is a roughening of Lebesgue measure
for a scale function a if

snC1 � sn D o.an/ and �Œsn; snC1/=.snC1 � sn/! 1

for some strictly increasing sequence sn ! y1.

Theorem 6.8. A df F with upper endpoint y1 lies in DC.0/ with scale function a if
and only if dF D e� d� on a left neighbourhood of y1. Here � is a roughening of
Lebesgue measure with respect to the scale function a, and  is a C 2 function which
satisfies (6.4). Moreover  0.y/a.y/! 1 for y ! y1.

Proof. Define d� D e dF on a left neighbourhood of the upper endpoint y1 of F .
Then

�Œt; t C va.t//=a.t/! v; t ! t1; v > 0:
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Indeed, set Vt D .Y t � t /=a.t/. Then

�Œt; t C va.t// D Ee .Y /Œt � Y < t C va.t/�
D Ee .Y

t /ŒYt � t < va.t/�=PfY � tg
D Ee .tCa.t/Vt /ŒVt � v�=.1 � F.t//:

Observe that 1�F.t/ � a.t/e� .t/ by definition of , and that .tCva.t//� .t/ D
't .v/! v uniformly on bounded intervals. Hence

Ee't .Vt /ŒVt � v� D
Z v

0

e't .s/dGt .s/!
Z v

0

es.e�sds/ D v;

since the df Gt converges weakly to the standard exponential distribution dG.s/ D
e�sds. �

6.7* Self-neglecting functions. The scale function satisfies a.t C sa.t// � a.t/

for t ! y1. This relation plays an important role in asymptotics.

Definition. A function f is self-neglecting in t1 � 1 or Beurling slowly varying
if it is defined and positive on a left neighbourhood Œt0; t1/ of t1, and satisfies the
limit relation

f .t C xf .t//=f .t/! 1; t ! t1; x 2 R: (6.18)

Implicit in the definition is the assumption that f .t/ D o.t/ if t1 D 1 and f .t/ D
o.t1� t / if t1 is finite. This ensures that f .t C xf .t// is defined eventually for any
x 2 R. Limits are from below: tn ! t1 implies tn < t1 since f is only defined on
a left neighbourhood of t1.

A positive C 1 function whose derivative vanishes in t1 D 1 is self-neglecting.
So too for t1 finite if the function itself also vanishes in t1. Bloom’s theorem, see
Bloom [1976] or Geluk & de Haan [1987], states that a continuous self-neglecting
function is asymptotic to a positive C 1 function whose derivative vanishes in t1.
It is not known whether one may replace continuity by measurability. If one re-
places (6.18) by the condition (6.13),

f .tn C xnf .tn//=f .tn/! 1; tn ! t1; xn ! x; x 2 R; (6.19)

then f is asymptotic to a C 1 function whose derivative vanishes in t1. See below.
Basic to our analysis of the self-neglecting function f on Œt0; t1/ is the concept of

a master sequence .tn/ and the associated model function '. A master sequence is a
sequence t1; t2; : : : in Œt0; t1/, determined by t1 and the recursion tnC1 D tnCf .tn/,
such that tn ! t1. (The latter condition is satisfied automatically if f is bounded
below on Œt0; t1/ by a positive continuous function.) The model function ' is the
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continuous function on Œt1; t1/ which agrees with f in the points tn and is linear
between successive points. Since f .t C f .t// � f .t/ for t ! t1, the slope of a
model function tends to zero. For any " > 0 there exists t" 2 Œt0; t1/ such that

j'.s2/ � '.s1/j < ".s2 � s1/; t" � s1 < s2 < t1 (6.20)

for all model functions ' which are defined on Œs1; s2�. In order to prove that f is
asymptotic to a C 1 function whose derivative vanishes in t1, it suffices to show that
f is asymptotic to a model function.

Proposition 6.9. A functionf which satisfies (6.19) is asymptotic to amodel function.

Proof. There is no sequence sn ! t1 such that .sn; 0/ lies in the closure of the
graph of f for all n. Otherwise one could choose xn ! 0 such that f .sn/ >
2f .snC xnf .sn//, contradicting (6.19). So model functions exist. Let ' be a model
function on Œt1; t1/. If f .t/='.t/ does not tend to 1 for t ! t1, there is a sequence
sn D tkn

C xnf .tkn
/ with xn 2 Œ0; 1� such that f .sn/='.sn/ ! A 2 Œ0;1� n f1g.

Take a subsequence xmn
! x 2 Œ0; 1� to obtain a contradiction with (6.19). �

We now formulate and prove the main result.

Theorem 6.10. Let t0 < t1 � 1. Let f be a positive measurable function on
Œt0; t1/. Assume that 1=f is bounded on each interval Œt0; t1�ßŒt0; t1/, and that there
exists a real q > 0 such that

1) t C qf .t/ < t1 eventually;

2) f .t C xf .t//=f .t/! 1 for t ! t1, x 2 .0; q�.
Then f is asymptotic in t1 to a C 1 function f0 whose derivative vanishes in t1.

Proof. We may assume that q D 1 (replace f by qf ) and that t C f .t/ < t1 for all
t 2 Œt0; t1/ (increase t0). We shall show that f is asymptotic to the model function
'0 with master sequence starting in t0.

First observe that f .sn C xf .sn//=f .sn/! 1 for each x 2 Œ0; 1� if sn ! t1. It
follows that

f .t CXf .t//=f .t/! 1 in probability for t ! t1;
whereX is uniformly distributed on Œ0; 1�. For " > 0 there exists t" such that by (6.20)

Pfe�" < .f='/.tn CXf .tn// < e"g > 0:9; tn � t"
for any model function ' and associated master sequence .tn/. If the interval Œs1; s2�
of length s2 � s1 D r > 0 in Œt"; t1/ contains two successive points of the sequence
.tn/, then by averaging,

Pfe�" < .f='/.s1 C rX/ < e"g > 9=14;
where we assume t" so large that 1=2 < f .t C f .t//=f .t/ < 2 for t > t".
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With each model function ' we associate the band between e�"' and e"'. The
last inequality shows that the bands for any two model functions ' and Q' intersect
somewhere above any interval Œs1; s2� which contains two successive points of both
master sequences .tn/ and .Qtn/. Let '0 be the model function with starting point
.t0; f .t0//. Let ' be the model function with starting point .t; f .t//, and assume
f .t/ D A'0.t/. Let t 0 D t C 3.f .t/ _ '0.t//. For t close to t1, the interval Œt; t 0�
will contain two successive points of the master sequences of the model functions
'0 and '. Since these functions are asymptotically horizontal, by (6.20) the bands
will be disjoint over the interval Œt; t 0� unless A � 1 D O."/. This proves that f is
asymptotic to '0. �

Example 6.11. The condition that 1=f is locally bounded cannot be dropped. Define
f > 0 on Œ0;1/ by f .

p
n � u/ D u2 for 0 < u � pn �pn � 1, n D 1; 2; : : : . ˙

7 Componentwise maxima

The multivariate limit theory for max-stable distributions is strong, versatile, elegant
and rich. One reason for its strength is its ability to incorporate the univariate asymp-
totics for the d marginals into the multivariate theory. This is done by introducing
a dependency. Copulas form the natural tool to describe the dependency structure.
Max-stable copulas are copulas which satisfy a simple functional equation. These
copulas together with d univariate extreme value distributions uniquely determine
the multivariate max-stable distributions. Moreover there is a characterization of
the domain of attraction of the max-stable distributions in terms of the univariate
marginals and a simple condition on the asymptotic behaviour of the copula in its
upper endpoint. The sample copula gives a discrete approximation to the exponent
measure of max-stable limit distributions with exponential marginals on .�1; 0�.

Economic and financial situations are governed by complex stochastic dynamical
processes. In order to analyse the risk of the situation one introduces a number of
variates. These may quantify exchange rates, labour unrest, fire hazards, commodity
prices, etc. Suppose we have d such variables, Z1; : : : ; Zd . For each, large values
are associated with high risk. The variates may express losses in euro, the logarithm
of such losses, or any other monotone transformations of the losses. For simplicity
assume we have a sample of n independent observations of the vector Z in Rd .
In first instance we are concerned with the asymptotic behaviour of the univariate
maxima, Z_ni , for n ! 1. We assume that for each i D 1; : : : ; d , the univariate
distribution Fi of the i th component Zi lies in the domain DC.�i / of an extreme
value distribution. In order to get a better grip on the risk described by the vector
Z D .Z1; : : : ; Zd / one has to study the dependency between the various components.
That is the subject of this section. The concept of max-stable dfs and the associated
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limit theory of coordinatewise extremes were developed independently in de Haan &
Resnick [1977] and Galambos [1978]. See Joe [1997] or McNeil, Frey & Embrechts
[2005] for a good overview of the theory of copulas and its relevance to multivariate
extremes. Two recent theses in this area are Alink [2007] and Demarta [2007]. The
relation of componentwise maxima to point processes is treated in Resnick [2004].
There exists a rich literature on the statistical analysis of componentwise extremes;
see Huang [1992], de Haan & Ferreira [2006], Drees [2003] or Hall & Tajvidi [2000].

7.1 Max-id vectors. All operations are componentwise. Vectors in Rd are regarded
as real valued functions on the finite set f1; : : : ; dg. The lower endpoint a, and upper
endpoint b, of a df F on Rd are defined in terms of the marginals

ai D inffFi > 0g � �1; bi D supfFi < 1g � 1; i D 1; : : : ; d:
As in the univariate case, the df of the maximum of two independent vectors X and
Y in Rd is the product of the dfs ofX and Y . Relation (6.2) also holds when we read
X , Y and t as vectors.

A df F is max-id if F t is a df for all t > 0.

Example 7.1. In the multivariate case not every df is max-id. Suppose

F.0; 0/ D 0; F.1; 0/ > 0; F.0; 1/ > 0:

ThenF is not max-id. Indeed, let� have dfF " for " > 0 so small thatF ".1; 0/ > 1=2
and F ".0; 1/ > 1=2. Then

�..0; 1� � .�1; 0�/C �..�1; 0� � .0; 1�/ > 1:
In Rd with the disjoint sets Ei D f0 < zi � 1g \Tj¤ifzj � 0g the same argument
applies. ˙

Now assume F is max-id with lower endpoint a D 0. Then F is positive on
.0;1/d by the argument above. Define R D � logF on .0;1/d . Observe that F "

is a df, and so is F " � 1, but now normalized to vanish in .1; : : : ;1/. The function
.F " � 1/=" is the df of a measure on Œ0;1/d of total mass 1=". The weak limit for
" # 0 is logF D �R. Thus R is the df of a measure � on Œ0;1/d n f0g defined by

�.Œ0;1/d n Œ0; z�/ D R.z/; z 2 .0;1/d ; R D � logF: (7.1)

Definition. The measure � in (7.1) is the exponent measure of the max-id df F .

Note that � is a Radon measure on Œ0;1�d n f0gwhich lives on Œ0;1/d n f0g and
is finite on Œ0;1/d n Œ0; z� for any z 2 .0;1/d . Introduce the Poisson point process
M with mean measure �, and with points Z1; Z2; : : : . (If F.0/ > 0 then � is finite,
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and M will have only finitely many points.) Let Z be the maximum of the points
of M :

Z WD supM D 0 _Z1 _Z2 _ � � � :
For z 2 .0;1/d , by (7.1)

PfZ � zg D PfM.Œ0;1/d n Œ0; z�/ D 0g D e�R.z/:
So Z has df e�R. We thus have a simple correspondence between measures � on
Œ0;1/d n f0g which are finite on halfspaces fzi > cg, c > 0, i D 1; : : : ; d , and
max-id dfs with lower endpoint in the origin.

One may define the max-Lévy process W W Œ0;1/! Œ0;1/d by

W.t/ D 0 _ supfWk j Tk � tg;
where .Wk; Tk/ 2 Œ0;1/d �Œ0;1/ are points of the Poisson point process with mean
measure d��dt . By constructionW.tC s/ is distributed like the maximum ofW.t/
and a copy of W.s/ independent of W.t/. (The Poisson point process on the time
slice .t; t C s� is independent of W.t/, and distributed like the Poisson point process
on the time slice .0; s�.) Since W.1/ has df F it follows that W.t/ has df F t for all
t > 0.

The same results hold for any max-id dfF . If the lower endpoint is .�1;: : : ;�1/,
the exponent measure � is a Radon measure on Œ�1;1�d n f.�1; : : : ;�1/g. It
may charge some of the coordinate hyperplanes in �1. Monotone transformations
of the coordinates do not affect max-infinite divisibility since such transformations
commute with maxima. So in principle there is no difference between the space
Œ0;1�d and Œ�1;1�d .

Example 7.2. Suppose Z D .X; Y / has density f .x; y/ D exCy on .�1; 0/2.
Then F.x; y/ D exCy andR.x; y/ D xCy. The functionR is C 2, so we obtain the
density r.x; y/ of the exponent measure by differentiation: r 
 0 on .�1; 0/2. Since
F is continuous, the exponent measure � is infinite. A little thought will show that �
is standard one-dimensional Lebesgue measure on the two halflines f�1g�.�1; 0/
and .�1; 0/ � f�1g. ˙

7.2 Max-stable vectors, the stability relations. We normalize multivariate maxima
by coordinatewise affine transformations CATs. These affine transformations˛ of Rd

have the form

˛.z/ D .a1z1 C b1; : : : ; adzd C bd /; ai > 0; i D 1; : : : ; d:
For max-stable vectors we need to define powers of CATs. The product (composition)
of CATs is a CAT, and so is the inverse. Positive affine transformation ˛ W y 7! ayCb
on R define a group of transformations ˛t , as in Section 6.4, such that

˛tCs D ˛t B ˛s; ˛1 D ˛:
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Since CATs act coordinatewise, one has

˛t .z/ D .˛t1.z1/; : : : ; ˛td .zd //; t 2 R; z D .z1; : : : ; zd / 2 Rd :

Definition. A random vector Z with df F lies in the domain of attraction of the
max-stable vector W with df G if the components of W are non-degenerate, and if
there exist CATs ˛n such that one of the equivalent relations holds:

F n B ˛n ! G; ˛�1n .Z_n/) W:

In this case we write F 2 D_.G/ or Z 2 D_.W /.

Max-stable dfs are max-id. The max-stable dfs are precisely those max-id dfs
which satisfy a stability relation: All powers F n are of the same type with regard to
CATs. In terms of the max-Lévy processW.t/, t > 0, one may describe the stability
relation explicitly:

W.t/
dD � log t .W.1//;

where � is a CAT. See EKM or Resnick [2004] for details. Comparing the exponent
measures of the max-id vectors on either side of the equation we find: the exponent
measure � is max-stable if and only if there exists a CAT � such that

� t .�/ D et�; t 2 R: (7.2)

So � is an excess measure if it lives on Rd .
Since all operations are coordinatewise, it follows that if a vectorZ lies in the do-

main of the max-stable vector with normalizations ˛�1n , then the components satisfy:
˛�1ni .Z_ni / ) Wi for i D 1; : : : ; d . Thus the marginals determine the normaliza-
tions. Similarly the stability relations for the univariate extreme value distributions
determine the CAT � in (7.2).

The next result is crucial. It links convergence of coordinatewise maxima to
convergence of normalized sample clouds.

Theorem 7.3 (de Haan–Resnick). Let Z be a random vector in Œ0;1/d with dis-
tribution � and df F , and let ˛n be CATs. Let H be a max-id df on Œ0;1/d with
exponent measure � on Œ0;1/d n f0g. The following are equivalent:

F n B ˛n ! H weakly;

n˛�1n .�/! � vaguely on Œ0;1�d n f.0; : : : ; 0/g:
Proof. The logarithm has derivative 1=x on .0;1/. In particular .log x/=.1�x/! 1

for x " 1. So the first limit relation is equivalent to

1 � F B ˛n ! R D logH weakly on .0;1/d ; (7.3)

which is equivalent to the second relation. �
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If one assumes convergence of the normalized coordinate maxima, the sample
cloud may be used to estimate the exponent measure. In fact from our point of view
one may forget about convergence of the maxima. The first limit relation is convenient
if one likes to work with multivariate dfs, but what is of real interest is convergence
of the sample cloud, and that is expressed in terms of the measures n˛�1n .�/ in the
second limit relation. The symmetry of the exponent measure allows us to make
estimates on the far tails of the df F using the recipe in the Preview.

The condition Z � 0 in the theorem above may be relaxed, replacing Z by ZC
with componentsZi_0. The analog of Theorem 7.3 holds for max-stable distributions
with lower endpoint a 2 Œ�1;1/d .

The sequence of partial maxima Z_n D Z1 _ � � � _ Zn of independent obser-
vations from a df F on Rd is monotone. This does not imply convergence of the
normalized maxima. If the Zn themselves are daily or yearly maxima from a sta-
tionary continuous-time process where the time interval is long enough to ensure
independence of successive terms, then it is not unreasonable to assume that the vec-
tors Zn are max-id. (One may use the Superposition Theorem for point processes.)
So let the vectors Zn have exponent measure O�. The only condition on O� is that it
is finite on halfspaces fzi � cig, i D 1; : : : ; d , for which Fi .ci / > 0, where Fi is
the i th marginal of the df F . (Indeed O�fzi > cig D � logFi .ci /.) Convergence of
the properly normalized partial maxima, F n B˛n ! H , is equivalent to convergence
n˛�1n . O�/ ! �, where � is the exponent measure of H . The measure � will satisfy
a one-parameter group of symmetries � t .�/ D et�, t 2 R. These symmetries of �
have to be present in O� asymptotically. Only then will there be a limit for the partial
maxima. The marginal conditions Fi 2 DC.�i / are necessary for convergence but
not sufficient. For convergence of coordinatewise maxima one needs our Ansatz that
distributions above certain thresholds asymptotically have the same shape.

The df OR of the exponent measure O� is asymptotic to 1�F in the upper endpoint
of the distribution. It makes no sense to argue whether OR or 1�F gives more accurate
information on the exponent measure � of the max-stable limit distribution (assuming
that it exists).

Example 7.4. The uniform distribution on the square .0; 1/2, the uniform distribution
on the union of the squares .0; 1=2/�.1=2; 1/ and .1=2; 1/�.0; 1=2/, and the uniform
distribution on the line segment with endpoints .0; 1/ and .1; 0/ lie in the domain of
the max-stable distribution H with independent standard exponential marginals on
.�1; 0/. In terms of maxima the uniform distribution on the square .0; 1/2 is the
natural distribution in D_.H/; in terms of exceedances it is more natural to pick a
distribution which has no mass on a neighbourhood of .1; 1/. ˙

7.3 Max-stable vectors, dependence. If the random variable T has a Gumbel dis-
tributionƒ, then for c > 0 the random variable ecT has a heavy tailed extreme value
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distribution on .0;1/, and �e�cT has an extreme value distribution on .�1; 0/. If
we also apply a positive affine transformation to change the location and scale, we
obtain the whole class of univariate extreme value limit variables indexed by .a; b/
and c:

V D ˛T .c/; ˛.c/ D ac C b > c; a > 0:
The group ˛t , t 2 R, is defined in Section 6.4. A similar representation exists in the
multivariate setting:

Theorem 7.5 (Representation Theorem). Any max-stable vectorW has the represen-
tation

W D .�T1

1 .c1/; : : : ; �
Td

d
.cd //; �i .ci / D aici C bi > ci ; ai > 0;

where T D .T1; : : : ; Td / is a max-stable vector with univariate Gumbel marginals
PfTi � tg D exp.�e�t /.
Proof. Monotone transformations of the form '.z/ D .'1.z1/; : : : ; 'd .zd // with
'i 2M" map max-id vectors into max-id vectors. So T is max-id if and only if W
is max-id (since the functions t 7! � ti .yi / are in M"). The stability relation, T .t/ is
distributed like T C .log t; : : : ; log t /, gives the stability relation, W.t/ is distributed
like � log t .W /, and vice versa. �

Remark 7.6. We see that the distribution of any max-stable vector W is determined
by

1) the d marginal distributions;

2) the dependency structure.

These may be chosen independently. The marginals are determined by .ci ; �i /, or
by three real parameters, which may be associated with the shape, scale and location.
The dependency structure of the multivariate distribution is determined by a copula.
(In fact some authors prefer to use the term dependency rather than copula.) Since
the components of T andW are linked by monotone transformations, the vectorsW
and T in the representation above have the same copula.

Definition. A copula is a multivariate df C with uniform marginals on .0; 1/.

Copulas are an efficient way for describing the dependency structure of random
vectors by reducing to the case where the marginals are uniformly distributed. In
first instance one should think of the case where the marginal distributions Fi are
continuous on R and strictly increasing on the interval f0 < Fi < 1g. ThenFi 2M",
and so is the inverse function F �1i . In general, for arbitrary dfs on R, one may define
the generalized inverse F W .0; 1/ ! R by reflecting the graph of F , augmented
with vertical line segments in the jumps to form a connected curve, in the diagonal
by interchanging the axes. For an effective demonstration, use an overhead projector,
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and flip over the sheet. We shall adhere to common practice and choose F to be
left-continuous.

In the univariate case any right-continuous increasing function F with limits zero
and one in �1 and C1 is a df, since it is the df of the random variable F .U /
where U is uniformly distributed on .0; 1/. The multivariate analog describes a
random vector as the image of a random vector with uniform marginals under the
map

u 7! .F 1 .u1/; : : : ; F d .ud //; u D .u1; : : : ; ud / 2 .0; 1/d :
Definition. Let F be a multivariate df and C a copula. Then C is a copula for F
if F is the df of the vector .F 1 .U1/; : : : ; F d .Ud //, where U D .U1; : : : ; Ud / has
df C .

Theorem 7.7. Every df F on Rd has a copula. The copula is determined by F in
all points of the set K D K1 � � � � �Kd , where Ki is the closure of the set Fi .R/ in
Œ0; 1�.

Proof. See Joe [1997] or McNeil, Frey & Embrechts [2005]. �

In a statistical analysis one may use the univariate samples to estimate the tail
behaviour of the d components. To determine the dependency, one then uses the
relative ranks of the sample points. Assume d D 2. Given a sample of n points
.xi ; yi /, draw n horizontal lines at levels yi and n vertical lines through the xi . If the
marginals of the df are continuous, there are no ties and the n sample points yield n
points in the lattice f1; : : : ; ng2, which retain the order of the original sample. Each
row and each column contains exactly one point. This n-point subset of f1; : : : ; ng2
will be called a sample copula. Sample copulas also exist in dimension d > 2. If the
df is not continuous, toss a coin to eliminate ties. See Deheuvels [1981], where the
term dependogram is used for a similar concept, and Einmahl, de Haan & Li [2006].

Example 7.8. Let Z1; : : : ; Zn be a sample of n points from the max-stable df
G.x; y/ D exCy on .�1; 0/2. In the sample copula the points will be roughly
uniformly distributed over f1; : : : ; ng2. Consider a square in the upper right hand
corner with sides of length kn � c

p
n. The number of points in the square is of

the order of c2, the number of points on the margins is kn � c
p
n. For n ! 1

the density of points in the subsquare vanishes, and we conclude that the exponent
measure vanishes on .�1; 0/2, which implies independent components. ˙

For max-stable dfsG the marginalsGi are monotone transformations,Gi 2M",
the copulaC is unique, andG D C.G1; : : : ; Gd /. SinceGt D G B� log t has the same
copula as G, it follows that Gt D C.Gt1; : : : ; G

t
d
/. One may show, see Galambos

[1978], that the copulas which describe the dependency in max-stable distributions
are precisely the copulas C which satisfy

C t .u/ D C.ut1; : : : ; utd /; t 2 R:
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If one normalizes by power-scaling, x 7! ajxjc sign.x/, see Mohan & Ravi [1992],
the uniform distribution on .0; 1/ is a limit law for maxima, and the relation above
has a probabilistic interpretation.

7.4 Max-stable distributions with exponential marginals on .�1; 0/. Let MSE

denote the set of all max-stable dfsGwith standard exponentialmarginalson .�1; 0/.
This set of limit laws does not score high on applications. There are two properties
which make it interesting for the theory though. The exponent measure may have
mass on the coordinate planes and axes in�1; so it enables us to understand this im-
portant phenomenon. There is a close link to copulas. The sample copula introduced
above is closely related to the Poisson copula, a Poisson point process with standard
Poisson marginals. The exponent measures of dfs in MSE generate Poisson copulas.

To study the dependency relation for max-stable distributions, we are free to
choose the marginals as we like. The marginals determine the form of the stability
relation (7.2). For G 2 MSE the relation has a simple form. Since the standard
exponential df F on .�1; 0/ has the property F t .y/ D F.ty/ for y < 0, t > 0, the
df G satisfies

Gt .w/ D G.tw/; w 2 .�1; 0�2; t > 0: (7.4)

So the df R of the exponent measure � is positive-homogeneous of degree one:

R.tw/ D tR.w/; w 2 .�1; 0/d ; t > 0;
�.tB/ D t�.B/; t > 0; B a Borel set in X D Œ�1; 0/d n f.�1; : : : ;�1/g:
We want to give an idea of what these measures � look like.
Take a finite set of points a 2 X and for each such a let �.a/ be a multiple of

one-dimensional Lebesgue measure on the ray

L.a/ D fta j t 2 .0;1/g:
The measures �.a/ satisfy the stability relation, and so does any positive combina-
tion � of these measures. We may always choose the points a in the compact set

S D fw 2 X j maxi wi D �1g;
since any ray L.a/ will intersect S in precisely one point. Normalize �.a/ so that
fta j 0 < t � 1g has mass one. Then any finite measure � on S determines a
measure � D R

S
�.a/d�.a/ (mixture) which satisfies the stability relation and which

is finite on Œ�1; 0/d n Œ�1; z� for any z 2 .�1; 0/d . The univariate marginals of �
are positive multiples of standard one-dimensional Lebesgue measures on .�1; 0/.
Proper scaling makes them standard.

The points a above may have certain coordinates equal to �1. In that case
the halfline L.a/ lies in the corresponding coordinate planes in �1. One may
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avoid working with mass in infinity by taking into account the marginal distributions.
This approach is particularly well suited for handling min-stable distributions with
exponential marginals on the positive halfline, see Section 15.3.

Theorem 7.9 (Decomposition). For each non-empty set Kßf1; : : : ; dg, let �K be
a measure on .�1; 0/K which satisfies the stability relation �K.tE/ D t�K.E/

for t > 0, E a Borel set in .0;1/K . Suppose the Möbius relations hold: for any
non-empty Ißf1; : : : ; dg X

fKjK�I g
.�1/jKnI jpI .�K/ � �I ;

wherepI is the natural projection onto .�1; 0/I for IßK. Suppose moreover �fkg is
Lebesgue measure on .�1; 0/ for k D 1; : : : ; d . There is a one-one correspondence
between such families of measures �K and dfs in MSE .

Proof. The representation is similar to the decomposition of a probability distribution
on Œ0;1/d into a part on .0;1/d and 2d�1 parts on the faces, edges and vertices,
or the relation between the df of Z and of �Z for vectors. For dimension d D 2 or
d D 3 it is obvious how to write the measure � on X in terms of the measures �K on
.�1; 0/K . In the general case a Moebiust@Möbius transform is involved. �

In dimension d D 2 the df G 2MSE is determined by �12.

Example 7.10. A df G 2 MSE has independent components if and only if �K

vanishes for all Kßf1; : : : ; dg with more than one element. See Example 7.2. ˙

Example 7.11. In dimension d D 2 a triangle with vertices q D .1; 1/; .a; 0/; .0; b/
with a; b 2 .0; 1/ determines a unique copula C whose mass is concentrated on the
sides of this triangle, uniformly on each side. The copula C lies in D_.G/, where
G 2MSE has exponent measure � concentrated on two lines. The df R D � logG
satisfies R.w/ D C.q C w/ for w1 C w2 > �1.

The sample cloudNn fromC translated to the square .�1; 0/2, and then blown up
by a factor n, will be close to the Poisson point processM with mean measure � if we
restrict points tow1Cw2 > �"n, 0 < " � 1. Both are sample point process mixtures
from the same distribution. For the one the mixing distribution is binomial-.n; "/, for
the other Poisson-"n. ˙

What can one say about the extreme points of the Poisson point processN whose
mean measure � is the exponent measure of a df G 2MSE?

Example 7.12. For simplicity take d D 2, and assume � has a continuous strictly
positive density on .�1; 0/2. We also allow mass on the lines in�1. The boundary
of the convex hull ofN is a decreasing piecewise linear curve 
 in the third quadrant.
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The curve is linear between successive vertices wi and wiC1 with wi D .ui ; vi / and
ui < uiC1. We claim that there are only finitely many vertices. Hence 
 is the union
of a finite number of edges Œwi ; wiC1�, i D 1; : : : ; m � 1, together with a horizontal
halfline .�1; u1� � fv1g and a vertical halfline fumg � .�1; vm�.

To see this, first assume � lives on .�1; 0/2. The coordinate projection �1.N /
is a standard Poisson process on .�1; 0/, and so is �2.N /. Let V1 be the maximal
point of �2.N /. There is a point .U1; V1/ 2 N . This is the first point in the finite
sequence of vertices. The condition on the density of � ensures that �.H/ is infinite
for all halfplanes fv � "uC cg with " > 0. Hence the convex hull of N is indeed
bounded by this curve 
 .

If � also charges the vertical halfline L D f�1g � .�1; 0/, then on L the
Poisson point process has intensity � D �.f�1g � .�1; 0//, and the maximal point
on L is .�1; Y1/, where �Y1 is exponential with parameter �. By independence of
1LdN and the restrictionN0 ofN to .�1; 0/2, there is a positive probability that Y1
exceeds V1, the maximum of �2.N0/. This has no effect on the convex hull. The point
in infinity does not contribute. In the extreme case where �.R2/ D 0 the convex hull
is empty. ˙

Exercise 7.13. Let Z1; Z2; : : : be independent observations from the distribution
� on the square .�1; 0/2. Assume � is a mixture of the uniform distribution on the
diagonal and on the counterdiagonal of the square. Discuss the collapse of the convex
hull of the normalized sample cloud Nn D fnZ1; : : : ; nZng as n!1. ˙

7.5* Max-stabledistributionsundermonotone transformations. In the literature
it is often assumed that all marginals of the df belong to the domain of attraction of
the same univariate extreme value distribution, and that they have the same univariate
normalizations. See Mikosch [2006]. Grounds for these assumptions are:

1) Simplicity of exposition. In the example above the measures �.a/ live on
the halflines L.a/. With marginal distributions of different types one has to replace
halflines by rather complicated curves.

2) Applicability. If the maxima in the different coordinates have different rates of
growth then, as the sample size increases, the lighter tailed coordinate maxima will
become negligible.

3) Invariance of maxima under monotone transformations. If the df is continuous,
then one may use a monotone transformation on each of the coordinates to obtain a
new df whose marginals are well-behaved at the upper endpoint.

We shall now briefly describe the effects of such multivariate monotone transfor-
mations

'.z1; : : : ; zd / D .'1.z1/; : : : ; 'd .zd //; 'i 2M"; i D 1; : : : ; d: (7.5)
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Definition. A vector Z or its df F lies in the max-stable domain for monotone
transformations if there exist multivariate monotone transformations 'n, and a vector
W with non-constant components such that '�1n .Z/) W . We write Z 2 D".W /.

Since CATs are multivariate monotone transformations, Z 2 D".W / if Z 2
D_.W /.

IfZ 2 D".W /, then this also holds for thed components ofZ. So byTheorem 6.4
we may assume that the components ofW have a standard exponential distribution on
.�1; 0/. Moreover the marginals of the df ofZ satisfy the basic tail conditions (6.11).

ForF 2D".W / there is a monotone transformation .z/D . 1.z1/;: : : ; d .zd //
such that H D F B  has upper endpoint 0 and

1 �Hi .�s/ � s; s ! 0C :
See the proof of Theorem 6.4. It follows that

n.1 �Hi .v=n// � � logHn
i .v=n/! �v; v 2 .�1; 0/:

This determines the monotone normalizing transformations for H

n.1 �H.u=n// � � logHn.u=n/! R.u/; u 2 .�1; 0/d : (7.6)

The limit dfG D e�R has exponential marginals on .�1; 0/. The normalizations are
CATs. HenceG 2MSE . MoreoverH shifted over q D .1; : : : ; 1/ is tail asymptotic
to C for any copula C of F by the lemma below.

Lemma 7.14. Let C be a copula of H , where the marginals Hi satisfy the ba-
sic tail conditions (6.11). Suppose that H and C have the same upper endpoint
q D .1; : : : ; 1/, and that the marginals satisfy 1 � Hi .1 � s/ � s for s ! 0C.
ThenH and C are tail asymptotic:

.1 �H.wn//=.1 � C.wn//! 1; wn 2 Œ0; 1�d n fqg; wn ! q: (7.7)

Proof. Let wn 2 Œ0; 1�d n fqg and wn ! q. Define uni D Hi .wni /. By assumption
.1�uni /=.1�wni /! 1. SinceH.wn/ D C.un/by definition of copula, we need that
.1�C.un//=.1�C.wn//! 1. This holds since jC.w/�C.u/j �Pi jwi �ui jj (as
is seen by covering the difference Œ0; w�n Œ0; u� by coordinate slices), and 1�C.w/ �
maxi .1 � wi / (by the same argument). �

There is a simple characterization of D" in terms of copulas. The d marginal
upper tails of F 2 D" are asymptotically continuous, and the left hand derivative
of the copula at its upper endpoint q D .1; : : : ; 1/ exists along each line with slope
w 2 .0;1/d .
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Theorem 7.15. Suppose the marginals Fi of F satisfy the minimal tail conditions in
(6.11). Let C be a copula for F . For each w 2 .�1; 0/d let there exist a constant
R.w/ 2 Œ0;1/ such that

1 � C.q C sw/
s

! R.w/; s ! 0C; (7.8)

where q D .1; : : : ; 1/ is the upper endpoint of C . Then F 2 D".G/ for G D e�R.
Conversely, if F 2 D".G/ for a df G with non-degenerate marginals, then (7.8)

holds for any copula C of F , and G D e�RB' for a multivariate monotone transfor-
mation '.

Proof. Given F , choose a multivariate monotone transformation ' such that H D
F B'�1 satisfies (7.7). If (7.8) holds, we may replaceC byH . HenceH 2 D".e�R/
and F 2 D".G/ with G D e�RB' . Conversely, F 2 D".G/ implies that the
marginals satisfy the minimal tail conditions by Theorem 6.4. So H D F B '�1
satisfies (7.7) for any copula C for F . The transformed df H lies in D".G B '�1/.
By the argument above (7.6) holds, and hence (7.8). �

For minima there is a similar result. The differentiability condition should now
hold at the lower endpoint: C.sw/=s ! R.w/ for w 2 .0;1/d . It should also hold
for all 2d � d � 2marginal copulas of dimension k D 2; : : : ; h. The differentiability
conditions at the upper and lower endpoints of the copula are not as innocent as they
look.

Multivariate non-linear normalizations were introduced in Pancheva [1988]. The
approach there is in terms of the group of max-automorphisms '1˝ � � � ˝ 'd , where
each 'i is an increasing homeomorphism of the real line onto itself, and Gumbel
marginals. The approach via exponential marginals has the advantage that it uses the
well-developed theory of copulas.

7.6 Componentwise maxima and copulas. For random vectors whose marginal
dfs lie in DC.0/, one may use both linear and non-linear normalizations.

Theorem 7.16. Suppose Z has df F with marginals which satisfy 1 � Fi � e� i ,
where  i satisfies (6.4) for i D 1; : : : ; d . SetX D .X1; : : : ; Xd / withXi D  i .Zi /.
Define bn D .bn1; : : : ; bnd / and An D diag.an1; : : : ; and / by

 i .bni / D logn; ani D 1= 0.bni /; i D 1; : : : ; d:
Set q D .1; : : : ; 1/ 2 Rd . The following are equivalent:

X_n � .logn/q) W;

A�1n .Z_n � bn/) W:
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Proof. The df H of X satisfies 1 �H B  � 1 � F with  D  1 ˝ � � � ˝  d , and

 .bn C Anun/ � .logn/q ! u; un ! u 2 Rd ;

since  i .bni C anivn/ �  i .bni /! v for vn ! v. Hence the limit relations

n.1 � F.bn C Anun//! R.u/;

n.1 �H..logn/q C un/! R.u/

are equivalent. Here R is the df of the exponent measure of W . �

A similar result holds if the marginals belong to different domains. Distribu-
tion functions F in D" lie in D_ if the univariate marginals Fi exhibit the correct
asymptotic behaviour.

Theorem 7.17 (Galambos). Let C be a copula for the random vector Z in Rd .
Suppose Zi 2 DC.�i / for i D 1; : : : ; d . Then Z 2 D_.W / for a max-stable
vector W if and only if C satisfies (7.8) for all w 2 .0;1/d .

The result in Galambos [1978], Theorem 5.2.3, is formulated in terms of depen-
dency functions, which are slightly more general then copulas. The proof follows
from:

Theorem7.18 (Copula Convergence). Let the dfF0 onRd have continuousmarginals
F0i and copula C0. Let Cn be a copula for Fn with marginals Fni which converge
weakly to F0i , i D 1; : : : ; d . Then the dfs Fn converge weakly to F0 if and only if
the copulas Cn converge weakly to C0.

Proof. The relation Fn D Cn.Fn1; : : : ; Fnd / together with uniform convergence
Cn ! C0 by continuity ofC0 and pointwise convergence of the marginals by continu-
ity of the F0i yields weak convergence Fn ! F0. Conversely if the dfs Fn converge,
tightness of .Cn/ and uniqueness of C0 yield weak convergence Cn ! C0. �

The weak left differentiability condition (7.8) in the upper right endpoint of the
copula may seem innocuous for dfs with a continuous density and marginals in the
domains of univariate attraction. The example below paints a different picture.

Example 7.19. LetX 2 Œ0;1/d have continuous density f with marginals fi .t/ �
1=t2 for t !1, i D 1; : : : ; d . In polar coordinates

f .et�/ D f0.�; t/=edtCt t 2 R; � 2 ‚ D Œ0;1/d \ @B:
Assume f0 is bounded and uniformly continuous on ‚ � Œ0;1/. If X 2 D_.�/
then � has density h.et�/ D h0.�/=e

dtCt and f0.�; t/ ! h0.�/ uniformly on ‚
for t ! 1. Indeed by the Arzelà–Ascoli Theorem any sequence tn ! 1 has
a subsequence sn D tkn

such that f0.�; sn C s/ converges uniformly on compact
subsets of ‚ � R. By weak convergence the limit has the form above. ˙
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8 High risk scenarios

8.1 Introduction. In the remaining lectures we shall develop a mathematical theory
for handling the asymptotic behaviour of the tails of multivariate distributions. Our
treatment will be geometric. The motivation for our interest in this subject comes
from risk theory in finance. The material of this chapter is adapted from Balkema &
Embrechts [2004].

A major concern in finance is that the market moves off in an undesirable di-
rection. In first instance one may think of the market as a vector of asset prices.
The components are the prices of the individual assets, or the logarithms of these
prices. In such a situation the dimension d is the number of assets, and may be in the
hundreds for a large investor. One could also consider a vector whose components
describe different sectors of the market, energy, food, banking, heavy industry, etc.,
or a vector whose components describe various parameters of interest to finance –
price, volatility, exchange rate, and interest rate for instance. The present position
is known, z0 2 Rd . We are interested in the position at some fixed future date, say
ten trading days ahead, as is customary in market risk management in banking. The
future position is a random vectorZ in Rd whose distribution is concentrated around
the value z0. In risk analysis one is interested in the probability that the vectorZ will
lie in some risky region far out. The direction and the precise form of the region will
depend on the build up of one’s portfolio.

Due to options and other derivatives, the profit loss distribution need not be a linear
functional of the market positionZ. Assume that the functional relation between the
loss and the position Z is known. Then one may write the loss as f
 .Z/, where the
parameter 
 denotes the build up of the portfolio. We assume that for every parameter
value 
 the function f
 W Rd ! R is continuous and unbounded, and vanishes in z0.
Given a good estimate of the distribution ofZ, one may simulate a large sample from
this distribution, and use this, or a subset, fz1; : : : ; zng, to determine a corresponding
empirical distribution for the loss. Given a risk level, ˛ D 0:05 or ˛ D 0:01, the Œn˛�
largest values f
 .zk/ will describe the distribution of the loss exceeding the VaR for
the given risk level ˛. For ˛ small the VaR is large, we speak of high risk, and the
corresponding large loss values f
 .zk/ will correspond to points zk far out (with
respect to the base value z0). In a more advanced model, the relation between the
position z of the vectorZ at the time horizon and the corresponding loss is not given
by a function, but for each z and 
 by a probability distribution concentrated around
the value f
 .z/. The random variable describing the loss at the (ten day say) time
horizon then has the form f
 .Z;U /, where without loss of generality one may takeU
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to be a random variable which is independent of Z, and with a simple distribution.
The simulation of a sample from the loss distribution is as described above, except
that one now also needs a sample fu1; : : : ; ung from the distribution of U .

The situation is particularly simple if loss is a linear function of the position. This
is the situation for a portfolio consisting of d assets with prices Z1; : : : ; Zd at the
time horizon. We then introduce new coordinates and write Z D .X; Y / where Y ,
the vertical coordinate, is minus the value of the portfolio at the time horizon, and
X D .X1; : : : ; Xh/, with h D d � 1, is the horizontal part of the vector Z. In
this situation Y is a linear functional of Z which determines hyperplanes on which
the value of the portfolio is constant. If the VaR at risk level ˛ D 0:05 equals q
then q is the upper 1 � ˛-quantile of the distribution of Y . In the univariate case
there is a well developed theory for the asymptotic distribution of Y conditional on
Y � s for P fY � sg ! 0C in terms of generalized Pareto distributions on Œ0;1/.
We are interested in the distribution of the vector Z D .X; Y / on the halfspace
H D fy � sg. The horizontal part X of the vector may be regarded as noise. It does
not affect the value of the portfolio. On the other hand, one may argue thatX contains
extra information. A (small) change in the constitution of the portfolio corresponds
to a (small) change in the direction of the halfspace H . The effect of such a change
on the profit-loss distribution depends on the distribution of the vector Z, not only
on the distribution of the vertical coordinate.

Definition. Given a random vector Z in Rd , for any closed halfspace H in Rd with
PfZ 2 H g > 0 the high risk scenarioZH is defined as the vectorZ conditioned to lie
in the halfspaceH . IfZ has distribution� thenZH has the high risk distribution�H ,
where

d�H .z/ D 1H .z/d�.z/=�.H/:
In general we use the term scenario to describe a change in the underlying proba-

bility distribution. By conditioning on the region of interest, which for simplicity we
assume to be a closed halfspace, we are able to develop a truly multivariate theory
of exceedances. In this theory we study the asymptotic behaviour of high risk sce-
narios ZH for PfZ 2 H g ! 0. In the basic theory, developed in this chapter, no
assumptions are made about the direction in which the halfspaces H diverge.

The theory applies in situations where there is a strong degree of directional
homogeneity. It is helpful to envisage in the first instance a vector Z with a non-
degenerate multivariate Gaussian distribution, but with heavier tails, or more generally
a vector with a unimodal density having convex level sets. For such a distribution,
for risk level ˛ 2 .0; 1/, and for any direction there is a unique halfspaceH with this
direction such that PfZ 2 H g D ˛. John Tukey has used the term bland to describe
such distributions. There are no marked characteristics in any particular direction.
Sample clouds will consist of a black convex central region surrounded by a halo of
isolated points thinning out as one moves away from the center. We are interested in
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an asymptotic description of the local behaviour at the edge of the sample cloud, by
restricting the cloud to halfspaces tangent to the convex central region.

The asymptotic theory of high risk scenarios applies to any data set which fits
the above description. In life sciences the data might describe a population in terms
of d characteristics. The central part denotes the normal population; the viability
decreases as one moves away from the center in any direction. In quality control the
halo will consist of products which are unacceptable (with respect to a given set of
d characteristics). As in finance, the loss function associated with such points need
not be linear, but it will increase as one moves outwards.

The mathematical theory for high risk scenarios is based on the following:

Ansatz. For halfspaces H and J with positive (small) probabilities of being hit
byZ, and relatively large overlap, the distribution of the high risk scenariosZH and
ZJ have approximately the same shape.

8.2 The limit relation. In order to compare high risk scenarios on different half-
spaces one needs a fixed reference halfspace J0. Usually J0 will be the upper half-
space

HC D fw D .u; v/ 2 RhC1 j v � 0g D Rh � Œ0;1/; h D d � 1: (8.1)

Any halfspace H is the image of J0 under an affine transformation

˛ W w 7! z D ˛.w/ D aC Aw; a 2 Rd ; det.A/ ¤ 0:
The inverse ˛�1 maps H onto J0 and maps the high risk scenario ZH into a vec-
tor on J0. We shall assume that there is a limit vector W with a non-degenerate
distribution �0 on the halfspace J0: For every halfspace H with positive mass
�.H/ D PfZ 2 H g, one may choose an affine transformation ˛H mapping J0
onto H such that

˛�1H .ZH /) W; �.H/! 0C : (8.2)

In order to make sense of this definition, we assume that �.H/ tends to zero when
H diverges in any direction. Hence we impose the following regularity condition on
the boundary of the distribution � :

�.H/ > 0) �.@H/ < �.H/; (8.3)

where @H denotes the topological boundary of the set H , the bounding hyperplane.
An equivalent formulation of this condition is: For any non-zero linear functional � ,
the distribution of the random variable �Z is continuous in its upper endpoint.

Definition. Let Z be a random vector with distribution � on Rd , and W a random
vector with distribution �0 on the halfspace J0ßRd . ThenW is called a high risk limit
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vector, and �0 a high risk limit distribution for the vectorZ (or for the distribution �),
if the distribution �0 is non-degenerate (it does not live on a hyperplane in Rd ), if
� satisfies the regularity condition (8.3), and if there exist affine transformations ˛H
mapping J0 onto H such that (8.2) holds. In this case we write

Z 2 D.W /; � 2 D.�0/;

and say that Z (or �) lies in the domain of attraction of W (or �0).

Two natural questions are:

1) What are the possible limit laws?

2) What do the domains of attraction look like?

These questions have not yet been answered in full generality. We shall present a
continuous one-parameter family of high risk limit laws, the multivariate generalized
Pareto distributions, which generalize the standard univariate GPDs on Œ0;1/, and
for each of these laws we shall exhibit a rich class of probability densities contained
in their domain of attraction. These densities contain the Gaussian, the spherical
Student and the hyperbolic densities.

Before proceeding with the theory, we present three examples.

8.3 The multivariate Gaussian distribution. AssumeZ has a multivariate Gauss-
ian distribution. Since our theory is geometric and does not depend on coordinates,
we may assume that Z has density e�zT z=2=.2�/d=2. Let H be a halfspace. By
spherical symmetry of the distribution, we may assume thatH is the horizontal half-
space H t D fy � tg, where we write z D .x; y/ 2 RhC1. Set Z D .X; Y /, and
let Y t denote the random variable Y conditioned to exceed the level t . Then Y t has
density

ft .y/ D e�y2=21Œt;1/.y/=ct ;

where ct is the integral of e�y2=2 over Œt;1/. (This ensures that ft is a probability
density.) It is convenient to write

Y t D t C Vt=t;
where Vt is a non-negative random variable. The factor 1=t is an extra scaling. The
variable Vt has density

gt .v/ D ft .t C v=t/=t D ht .v/1Œ0;1/.v/=c0t ; ht .v/ D e�ve�v2=2t2 ! e�v;
(8.4)

for t !1 since .tCv=t/2=2 D CtCvCv2=2t2. Convergence holds in L1.Œ0;1//
by the monotone convergence theorem. So Vt ) V for t !1, where V is standard
exponential; see EKM for more details.
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Introduce the affine transformations

˛t .u; v/ D .u; t C v=t/:
Then ˛�1t .X; Y t / D .X; Vt /, and we see that ˛�1t .ZH

t
/ ) W D .U; V /, where

U is standard normal on Rh and V is standard exponential and independent of the
vectorU . By spherical symmetry this limit relation holds in every direction: We may
choose affine transformations ˛H mapping HC onto H such that

˛�1H .ZH /) W; PfZ 2 H g ! 0;

where W has the standard Gauss-exponential distribution �0 on HC with density

g0.w/ D e�v1Œ0;1/.v/e�uT u=2=.2�/h=2; w D .u; v/ 2 RhC1:

Here we have a non-trivial multivariate high risk limit distribution!
Observe that the Gauss-exponential density has a natural extension to Rd . The

Radon measure � on Rd with density e�.vCuT u=2/=.2�/h=2 has a large group of
symmetries. We include the vertical translations:

� t .�/ D et�; � t .u; v/ D .u; v C t /:
The dimension of the symmetry group of � is larger than that of the standard Gaussian
distribution on Rd , as one easily checks for dimensions two and three. A parabola is
more symmetric than a circle! For a finite measure a symmetry is mass-preserving;
for infinite measures the symmetries satisfy 
.�/ D c� for a positive constant c.

Lemma 8.1. For any halfspace

H D fv � c0 C c1u1 C � � � C chuhg; c0; : : : ; ch 2 R; (8.5)

there is a symmetry 
 of � mappingHC ontoH .

Proof. On the parabola any point becomes the top in an appropriate system of coor-
dinates. Here are the details: Let � 2 A have the form

�.u; v/ D .uC b; v � bT u � bT b=2/: (8.6)

Write w D .u; v/. Then ��1.�/ has density

g.�.w//j det � j D g.uC b; v � bT u � bT b=2/
D e�.uCb/T .uCb/=2e�vCbT uCbT b=2=.2�/h=2 D g.w/:

So ��1.�/ D �, and ��1 and � are symmetries. Now observe that

w 2 ��1.H t / ” �.w/ 2 H t ” v � bT b=2 � bT u � t:
The halfspace in (8.5) has the formH D ��1.� t .HC// if we choose b D .c1; : : : ; ch/
and t D c0 � bT b=2. �
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The probability distribution obtained by conditioning � toH D 
.HC/ is Gauss-
exponential:

1Hd�=�.H/ D 
.�0/:
Observe that the convergence in (8.4),

e�v�v2=2t2 ! e�v; t !1;
holds for all v 2 R, uniformly on compact sets, and in L1.Œc;1// for any c 2 R.
Choose tn such that PfY � tng D 1=n. Then

�n D n�n ! �; �n D ˛�1tn .�/

vaguely on Rd , and weakly on each horizontal halfspace Rh� Œc;1/, c 2 R, and also
on any halfspace H of the form (8.5), by spherical symmetry of the distribution � .
Now observe that �n is the mean measure of the n-point sample cloud Nn consisting
of n independent normalized observations Wk D ˛�1tn .Zk/ D .Xk; tn.Yk � tn//.
Vague convergence �n ! � implies

Nn) N vaguely on Rd ;

where N is a Poisson point process with mean measure �. Weak convergence holds
on all halfspaces H of the form (8.5), since �n.H/! �.H/ and �.@H/ D 0.

For the Gaussian vectorZ the normalizations ˛�1H which yield a limit distribution
for the high risk scenarios ZH also yield a limit for the sample clouds.

8.4 Theuniformdistribution onaball. The second example concerns a probability
distribution with bounded support. It is of interest because of its simplicity.

Start with a vectorZ which is uniformly distributed on an open ballD in Rd . Let
H be a closed halfspace which intersects the ball. ThenZH is uniformly distributed
on the cap D \ H . By symmetry we may take the halfspace to be horizontal. We
assume that D is the unit ball centered in .0;�1/ in RhC1. This ball supports the
upper halfspace in the origin.

The caps D \ Ht with Ht D fy � �tg for t ! 0C may be normalized to
converge to a parabolic cap. Take the basic halfspace to be J0 D fv � �1g, and set

˛t .u; v/ D .
p
tu; tv/; t > 0:

Then Ht D ˛t .J0/ and the linear diagonal map ˛�1t transforms the ball D into the
open ellipsoid Et centered on .0;�1=t/ and supporting HC in the origin:

Et D ftuT uC .tv C 1/2 < 1g D fuT uC 2v < �tv2g:
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As t ! 0C, the ellipsoidsEt converge to the open paraboloidQ D fv < �uT u=2g,
and the normalized high risk scenarios Wt D ˛�1t .ZHt / which are uniformly dis-
tributed on the elliptic cap Et \ J0 converge in distribution to the random vector W
which is uniformly distributed on the parabolic cap

Q \ J0 D f�1 � v < �uT u=2g:
By symmetry of D, the uniform distribution on Q \ J0 is a high risk limit law,
which contains the uniform distribution on balls (and open ellipsoids) in its domain
of attraction. Since the vertical coordinate V of the limit vector has a power law,

PfV � �tg /
Z t

0

sh=2ds / t .dC1/=2; 0 � t � 1;

we shall write Z 2 D.�/ with � D �2=.d C 1/.
The paraboloidQ has a large group of symmetries. Rotations around the vertical

axis map Q onto itself. So do the linear transformations �.u; v/ D .cu; c2v/, and
the parabolic translations � in (8.6). We conclude that all parabolic caps have the
same shape, and so too the uniform distribution on these caps.

Choose halfspaces Hn so that nPfZ 2 Hng ! c > 0. The sample cloud of n
independent observations from the uniform distribution on the ballD, normalized by
˛�1Hn

, is an n-point sample cloud Nn from the uniform distribution on the (vertical)
cigar shaped ellipsoid Etn , and Nn ) N vaguely, where N is the Poisson point
process on the paraboloid Q with constant intensity j D c=jQ \ J0j. By the same
arguments as in the previous example, Nn ) N weakly on halfspaces H which
intersect the open paraboloidQ in a bounded set. The point process N describes the
asymptotic behaviour of a large sample cloud from a uniform distribution on a ball
at its edge; in particular, the convex hull of the parabolic sample cloud describes the
asymptotics of the local behaviour of the convex hull of a uniform sample from the
ball.

The map ˆ W .u; v/ 7! .u; vC uT u=2/ maps Q onto the open halfspace fv < 0g
and preserves Lebesgue measure. Hence it maps the Poisson point process N into
the Poisson point process M on fv < 0g with intensity j . Since ˆ maps halfspaces
H D fv � cT u C c0g into paraboloids fv � ku � u0k2=2 C a0g, the vertices
of the convex hull c.N / correspond to points of M supporting such paraboloids.
It follows that the projection of the hull c.N / onto the horizontal coordinate plane
yields a stationary random triangulation. The same argument applies to the Gauss-
exponential point process of the previous example. See Cabo & Groeneboom [1994]
for a detailed analysis in dimensiond D 2, Robinson [1989] for a program to simulate
the convex hull of N in R3, and Baryshnikov [2000] for details on probe processes.
For more references on the convex hull, see Finch & Hueter [2004].

The limit paraboloidQ derives from a second-order Taylor expansion of the upper
boundary of the ball D in the origin. It will hold for any bounded open convex set
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whose boundary has continuous positive definite curvature. Such rotund sets will be
studied in more detail in Section 9.2.

8.5 Heavy tails, returns and volatility in the DAX. We shall now discuss a bi-
variate sample which is of some interest in finance. The sample consists of the daily
log-returns and the daily changes in the logarithm of the volatility for the German
stock exchange (DAX) over the ten year period 1992–2001. It was kindly made
available by the Institut für Mathematische Stochastik of Freiburg University. We
refer to Zmarrou [2004] for details.

For day traders whose position may consist of both stocks (long or short) and
options of various kinds, the relative changes in the price and in the volatility of the
underlying stocks are the two variates which determine the profit (or loss). A good
estimate of the tail behaviour of these bivariate distributions for the assets in which
they are trading would seem to be of interest for determining the build-up of their
position, and for evaluating the risk involved.
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Log-returns versus changes in the log volatility: data, and the standardized cloud.

The two figures above are from Zmarrou [2004]. The first figure shows the
bivariate data: log returns on the horizontal axis and relative changes in the volatility
on the vertical axis. The sample cloud is elliptical, showing negative correlation
between returns and changes in the volatility. The second figure shows the sample
cloud after a simple linear change of coordinates x D u, y D av C bu, to make the
sample covariance matrix a multiple of the identity matrix. Since we are interested
in the tails, we delete the sample points within a circle of radius r0 D 2:5. The
radial coordinate is fitted to a Pareto distribution; for the angular coordinate a density
is estimated using a Gaussian kernel on periodically extended data. The data points



8 High risk scenarios 131

were divided into six sectors to test independence of the radial and angular coordinate.
The first figure below shows the kernel estimate in Zmarrou [2004] of the angle

density on the interval .��; ��. By a slight change of the origin, in the direction
where there is a surplus of points on the circle, one gets rid of the sinusoidal shape
of the angle density, as is shown in the second figure below. Since the original data
set of 2500 points was reduced to 160 by eliminating the points within the circle of
radius r0, and the model assumption of independence and stationarity are certainly
not fulfilled for the data, the tail estimate g.w/ D c=kwk2C1=� , with � � 0:27, for
the density after the linear transformation and translation, should be looked upon with
a certain reserve.
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Kernel estimate of the angle density, before and after an additional affine transformation.

For � > 0 the measure � onO D Rd n f0g with density 1=kwkdC1=� is an excess
measure. It is symmetric for rotations and scalar expansions. The probability mea-
sures d�H D 1Hd�=�.H/ have the same shape for all closed halfspacesHßO . Each
probability measure is a high risk limit scenario, the Euclidean Pareto distribution
. The reader may check that the domain of attraction D.�/ contains the spherical
Student distribution.

8.6 Some basic theory. Before proceeding to a concrete description of limit laws
and their domains of attraction, we present some basic general results.

The limit theory for high risk scenarios is geometric. It does not depend on coor-
dinates.

Theorem 8.2 (Geometric Invariance). SupposeZ 2 D.W / has normalizations ˛�1H
mappingH onto J0. Let ˇ and � be affine transformations. Then the random vector
Z0 D ˇ.Z/ lies in the domain of W 0 D �.W / with normalizations ��1J that map
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H D ˇ�1.J / onto J D �.J0/, where

�J D ˇ˛ˇ�1J �
�1:

Proof. First note thatW 0 is non-degenerate and thatZ0 satisfies condition (8.3). The
events fZ 2 H g and fZ0 2 J D ˇ.H/g are equal. If their common probability is
positive, then .Z0/J D ˇ.ZH / in distribution. Hence ˛�1

ˇ�1.J /
B ˇ�1..Z0/J /) W

for PfZ0 2 J g ! 0C, and ��1J ..Z0/J /) W 0 D �.W / by continuity of � . �

The theory is asymptotic. The limit relation depends only on the asymptotic
behaviour of the distribution at the edge of its domain.

Let O be the interior of the convex support of the distribution � of Z. The
convex support is the intersection of all closed halfspaces H with �.H/ D 1. It
is possible that �.O/ D 0, even when � satisfies the regularity condition (8.3).
(Take Z uniformly distributed on the boundary of a ball.) Altering the distribution
on a compact subsetK ofO does not affect the limit relation. The setO allows us to
formulate the condition �.H/! 0Cwithout mentioning the probability measure � .

Exercise 8.3. Under the boundary condition (8.3) convergence �.Hn/ ! 0C is
equivalent to: Hn eventually intersects O and is disjoint from K, for each compact
KßO . ˙

If there is a density, it may be replaced by any function which is asymptotic to it.
Let us first define asymptotic equality in a multivariate setting.

Definition. LetO be an open set in Rd . A sequence zn in Rd diverges inO , and we
write

zn ! @O ; (8.7)

if all but finitely many terms of the sequence lie in O , and if any compact subset
of O contains only finitely many terms of the sequence. The functions f and g are
asymptotic on O , and we write g � f in @O (or @), if for any " > 0 there exists a
compact set KßO such that f and g are defined and positive on O nK and

e�" < g.z/=f .z/ < e"; z 2 O nK: (8.8)

Thus asymptotic equality holds if and only if g.zn/=f .zn/ ! 1 for any divergent
sequence .zn/. We shall use the same notation for halfspaces H , and write

H ! @ (8.9)

if H intersects the interior O of the convex support of � but is disjoint from K

eventually for any compact set KßO; compare Exercise 8.3.
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Theorem 8.4 (Asymptotic Invariance). Let d�i D fid�, i D 0; 1, be probability
measures on Rd . Let O be the interior of the convex support of �, and suppose
�.RdnO/ D 0. Supposef1 � cf0 in@O for somepositive constant c. If�0 2 D.�0/,
then �1 2 D.�0/ with the same normalizations.

Proof. Given " > 0, there is a compact set KßO such that e�"f0 < f1=c < e"f0
on O n K; see (8.8). If �i .Hn/ ! 0C, then eventually Hn is disjoint from K;
see Exercise 8.3. So it suffices to consider high risk scenarios for halfspaces H
disjoint fromK. Let f Hi denote the densities with respect to �. We find e�"�1H <

c�0H < e"�1H , and e�2"f H1 < f H0 < e2"f H1 on H , since the constant c drops
out on conditioning. Hence the normalized variables WiH D ˛�1H .ZHi / satisfy

e�2"E'.W1H / � E'.W0H / � e2"E'.W1H /
for any bounded continuous ' W Rd ! Œ0;1/. �

Multivariate distributions often are given by their densities. IfZ has distribution�
and densityf , thenZH has densityf H .z/ D f .z/1H .z/=�.H/, and the normalized
high risk vector WH D ˛�1H .ZH / has density

gH .w/ D f .˛H .w//j det ˛H j=�.H/; w 2 J0:
Determining the factor �.H/ entails a d -fold integration! In order to prove conver-
gence ˛�1H .ZH /) W it is often simpler to check that

hH .w/ D f .˛H .w//

f .˛H .w0//
! h.w/; H ! @ (8.10)

holds almost everywhere on J0 for some Borel function h on J0 which is assumed
continuous in w0 2 J0, with h.w0/ D 1 (obviously). We also assume that h is
integrable.

Let W have density g / h. Convergence in (8.10) does not ensure WH D
˛�1H .ZH /) W . We need an extra condition.

Proposition 8.5. In the situation above the following are equivalent:

1) Z 2 D.W /;

2) .WH ; �.H/ > 0/ is tight;

3) .hH ; �.H/ > 0/ is uniformly integrable;

4) hH ! h in L1.J0/ for �.H/! 0C;

5) gH ! g almost everywhere on J0 for �.H/! 0C.

Proof. Standard. �
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Write 5) in terms of hH and h:

gH .w/ D j det ˛H jf .˛H .w0//
�.H/

hH .w/! g.w/:

Takew D w0 and use hH .w0/ D 1 to obtain a simple asymptotic expression for high
risk probabilities �.H/ in terms of densities, without integration!

Theorem 8.6 (High Risk Probabilities). Suppose that W has density g on J0 and
Z 2 D.W / has density f . Let g be continuous and positive in w0 2 J0 and
suppose (8.10) holds with h D g=g.w0/. Then

�.H/ � j det ˛H jf .˛H .w0//=g.w0/; H ! @: (8.11)

Definition. A probability distribution on Rd is unimodal if it has a unimodal density.
The function f W R! Œ0;1� is unimodal or quasiconvex if the sets ff > cg for
c > 0 are convex. The sets ff > cg will be called level sets of the function f .

One may impose the regularity condition that ff > cg be open by replacing the
density f by its lower semicontinuous version. This regularity condition ensures
that the density is uniquely determined by the distribution. Unimodal functions have
many pleasant properties.

Lemma 8.7. Let fn and f be defined on a convex set in Rd . If the fn are unimodal,
f is continuous, and fn ! f pointwise, then f is unimodal.

Proof. Suppose f .zi / > c for i D 1; 2. Then f .zi / > c0 for some c0 > c,
and fn.zi / > c0 eventually. By unimodality fn > c0 on Œz1; z2� eventually, and
f � c0 > c on Œz1; z2�. So ff > cg is convex. �

SupposeZ has a bounded unimodal density f andW has a continuous density g
onJ0, andZ 2 D.W /. Assume (8.10) holds uniformly on bounded subsets ofJ0with
h D g=g.w0/. Then g is unimodal by the lemma, since the hH are unimodal on J0.
Hence fg > "g is bounded for all " > 0. This proves that hH ! h uniformly on J0
(and also in L1.J0/ by Proposition 8.5). In particular, the functions hH are uniformly
bounded for �.H/ < "0 for some "0 > 0. Hence ht and htH are integrable for t � 1,
and htH ! ht uniformly on J0 and in L1.J0/. This implies that gt D ht=C0.t/ is the
density of a high risk limit vector and that the density f t=C1.t/ lies in its domain.
We have the following result.

Theorem 8.8 (Power Families). Suppose Z with distribution � has a bounded uni-
modal density f . Let there exist a continuous integrable function h on J0, affine
transformations ˛H mapping J0 ontoH , and a point w0 2 J0 such that (8.10) holds
uniformly on bounded subsets of J0. If Z 2 D.W /, then W has density g / h, and
for each t � 1 the density gt / ht is a high risk limit density, whose domain contains
the density ft / f t . The normalizations do not depend on t .
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For the standard Gaussian density f and the standard Gauss-exponential limit
density g, the theorem gives no new high risk limit distributions, since the densities
obtained by normalizing f t and gt are again Gaussian and Gauss-exponential. We
mention two power families:

1) The multivariate Euclidean Pareto densities gs , obtained by restricting the
spherical functions 1=kwkdCs , s > 0, to the halfspace J0 D fv � 1g. The domain
of gs contains the spherical Student density fs.z/ / 1=.1C zT z/.dCs/=2.

2) The multivariate parabolic power densities gs , obtained by restricting the func-
tions .v�uT u/s�1C , s > 0, on the parabola fv > uT ug to the halfspace J0 D fv � 1g.
The domain of gs contains the spherical beta densities fs.z/ / .1 � kzk/s�1C and

hs.z/ / .1 � zT z/.s�1/=2C .
Both these power families are asymptotically Gauss-exponential for s ! 1.

For the multivariate power densities the parameter value s D 1 yields the uniform
distribution on the parabolic cap fuT u < v � 1g; the corresponding densities f1
and h1 define the uniform distribution on the unit ball. There is a singular high risk
limit law for s ! 0C. In Section 13 we shall show that these limit laws, suitably
normalized, together with the Gauss-exponential distribution, form a continuous one-
parameter family of probability distributions on the halfspace HC, the standardized
multivariate GPDs.

9 The Gauss-exponential domain, rotund sets

This section and the next two are devoted to the domain of attraction D.0/ of the
Gauss-exponential high risk limit law. The present section introduces a class of
structured densities in D.0/. This class extends the one-parameter family of spherical
Weibull densities

e�kxkc=Cc ; c > 0: (9.1)

We shall formulate two limit theorems and prove pointwise convergence of the
quotients associated with high risk densities. The rather technical issue of L1-
convergence has been relegated to the next section. The third section introduces
flat functions and roughening of Lebesgue measure.

The subject of the present section is the class RE of rotund-exponential densities.
This is a semiparametric class of probability densities in the domain D.0/. The class
RE is broad enough to model sample clouds which have a convex central region
surrounded by a rapidly decaying bland halo of isolated points, but which need not
fit an elliptic model. A density in RE is determined by two objects, a convex set
which describes the shape of the central black region of the sample cloud, and a
decreasing function which describes the tail behaviour of the underlying distribution,
the decay rate of the halo of the sample cloud. Precise definitions are given below.
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The simple structure of densities in RE makes it possible to apply standard statistical
techniques, for instance by introducing appropriate finite-dimensional subfamilies.
Certain results in this section, such as those on the continuity of the normalizations,
are typical for spherical distributions. Others are trivial for spherical distributions, by
symmetry, for instance uniformity of convergence in different directions. It requires
extra effort to handle these in the general setting of RE . The basic issue which we
have to face here, and which is peculiar to the asymptotic theory for the domains of the
multivariate GPDs, is that of having to handle convergence of multivariate densities,
indexed by a multivariate parameter, the halfspaceH . This multivariate parameter is
specific to the theory in Chapter III. The multivariate parameter H also is the source
of the inordinate amount of symmetry of the limiting excess measures: The limit
Radon measure has to accommodate d -dimensional families of neighbouring limit
distributions, all of the same shape.

9.1 Introduction. In Section 8.3 we saw that D.0/ contains the Gaussian densities:
IfZ is a non-degenerate Gaussian vector there exist affine normalizations˛H mapping
the upper halfspace HC D Rh � Œ0;1/ onto H such that ˛�1H .ZH / ) W for
PfZ 2 H g ! 0C. The Gaussian density f satisfies

hH .w/ D f .˛H .w//

f .˛H .0//
! h.w/ D e�.uT u=2Cv/; w D .u; v/ 2 RhC1 (9.2)

uniformly on bounded sets in Rd , and in L1.HC/.
Now consider spherical Weibull densities, f .z/ / e�kzkc . For c � 1 the density

is light tailed, the mgf exists on a neighbourhood of the origin; for 0 < c < 1 the
density has intermediate tails, the mgf is infinite outside the origin but all moments
are finite. We shall extend this class of densities in two directions. The Weibull
function e�rc

is replaced by a function e� which satisfies the von Mises conditions,
see (6.4). The Euclidean norm k � k, based on the unit ball B , is replaced by a gauge
function n D nD based on an egg-shaped set D. This yields a rotund-exponential
density, which by definition has the form

f D e�'=C; '.z/ D  .n.z//: (9.3)

One may think of n.z/ as the norm of z. The set D D fn < 1g is a bounded open
convex set containing the origin. We do not assume that it is symmetric, but we
do assume that the boundary is C 2 and that the curvature in each boundary point is
strictly positive. Such egg-shaped sets will be called rotund. Precise definitions and
examples are given below.

The function  describes the decay rate of the tail; the function n, or rather the
setD D fn < 1g, describes the shape of the level sets. All level sets ff > cg, c > 0,
are scaled copies of the basic setD. The conditions on  ensure that the level curves
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f' D ig, i D 1; 2; : : : , are asymptotically equidistant; the conditions on the set D
ensure that asymptotically these curves locally look like parabolas.

In this chapter we prove two results on rotund-exponential densities.

Theorem 9.1. Let Z have density f D e� Bn=C , where  is an increasing un-
bounded C 2 function on Œ0; t1/ with t1 2 .0;1�, such that  0 is positive and
.1= 0/0 vanishes in t1, and where n is the gauge function of a rotund set D. If
t1 is finite, f is assumed to vanish outside the set t1D. Then Z lies in the do-
main of the Gauss-exponential law: there exist affine transformations ˛H , mapping
HC D Rh � Œ0;1/ ontoH , such that

WH D ˛�1H .ZH /) W; PfZ 2 H g ! 0C :

Moreover all moments converge. Write WH D .UH ; VH / 2 RhC1. Then

EWH ! .0; 1/; cov.WH /! I;

EV rH ! 
.r C 1/; EkUHkr ! 2.hCr/=2
..hC r/=2/=
.h=2/:

Theorem 9.2. Let the assumptions of the previous theorem hold. Let Hn be half-
spaces such that

nPfZ 2 Hng ! c0 > 0:

Let � be the Radon measure with density

ce�.uT u=2Cv/; c D c0=.2�/h=2:

Let �n D ˛�1Hn
.�/ be the distribution of ˛�1Hn

.Z/. Then, for each m � 1

n�n ! � weakly on Rd n Cm; Cm D fv < �m.1C kuk/g:

The theory presented here escapes from the straight jacket of spherically symmet-
ric distributions. The main reason for introducing rotund sets though is that sample
clouds in practice often fit a unimodal distribution, but may fail to have an elliptic
shape.

We shall now first define rotund sets, give some examples, and show how such
sets are handled. It will then be shown that the limit relation (9.2) holds uniformly
on bounded sets for any density f in (9.3). Theorem 9.2 describes the asymptotic
local behaviour of the sample cloud; Section 9.5 describes the global behaviour. The
normalizations ˛H are determined explicitly in (9.7). We shall see that in certain
dimensions it may not be possible to choose ˛H to depend continuously on H .
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9.2 Rotund sets. One may describe the upper boundary of an open bounded convex
set D by a concave function @CD W D0 ! R, where D0 is the shadow of D under
the vertical projection .x; y/ 7! x. The set D0ßRh is bounded, open and convex.
For each x 2 D0 the vertical line through .x; 0/ intersectsD in an open interval with
endpoints a < b depending on x. The upper endpoint is b D @CD.x/. If the set D
is rotund, then @CD is C 2 and the second derivative is negative definite in each point
x 2 D0. If these conditions hold for any choice of the vertical coordinate, then D
is rotund. This gives a local description of rotund sets. The boundary @D is a C 2

manifold, whose curvature is positive in each point.
There is an alternative global description which is more convenient to use:
Any convex bounded open set DßRd which contains the origin determines a

unique function
n D nD W Rd ! Œ0;1/

with the properties:

1) n.tz/ D tn.z/ for t � 0, z 2 Rd ;

2) D D fn < 1g.
Definition. LetDßRd be a bounded open convex set in Rd which contains the origin.
The function n D nD defined above is the gauge function of the set D. The set D is
called rotund if n is C 2 outside the origin and if

n� D n00 C n0 ˝ n0 (9.4)

is positive definite in each point z ¤ 0.

In terms of coordinates, one may write n�.z/ as a symmetric matrix with entries

cij .z/ D @2n.z/

@zi@zj
C @n.z/

@zi

@n.z/

@zj
:

The second term n0˝n0 is needed here since n is linear on rays, and hence n00 cannot
be positive definite. Alternatively one could impose the condition that x 7! n.x; 1/

has a continuous positive definite second derivative in x 2 Rh, and similarly for the
other 2d � 1 such functions. By the implicit function theorem, these 2d conditions
are equivalent to the corresponding conditions in terms of the 2d upper boundary
functions @CD.

There are many alternative definitions. Observe that .ns/0 D sns�1n0, and hence

.ns/00 D sns�1n00 C s.s � 1/ns�2n0 ˝ n0:
For rotund sets, ns has a positive definite second derivative for s > 1. In particular,
for s D 2 the second derivative is homogeneous of degree zero.
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Proposition 9.3. The gauge functions of rotund sets form a cone.

Proof. Let ni be the gauge function of the rotund set Di for i D 1; 2, and let c1
and c2 be positive constants. Then n D c1n1Cc2n2 is the gauge function of a rotund
set, since n is positive outside the origin, n is positive-homogeneous of degree one,
n is C 2 outside the origin, and nxx.x; 1/ and nxx.x;�1/ are positive definite, as are
the other 2d � 2 second-order partial derivatives of size h. �

The next result is trivial.

Proposition 9.4. Linear transformations of rotund sets are rotund.

We now present some examples of rotund sets.

Example 9.5. Let D D Br.p/ be the open ball of radius r > 0 centered in p
with kpk < r . Then D is rotund. For c 2 .�1; 1/ the following expressions are
equivalent:

t2 D xT x C .y C ct/2; t > 0

t D
q
xT x C .1 � c2/y2 C cy;

and t D n.x; y/ is the gauge function of the unit ball centered in .0; c/ 2 RhC1. The
function f D e�n has level sets which are balls, but these balls are not concentric.
So f is not spherically symmetric. ˙
Example 9.6. Let P.x; y/ D x4C 4ax3y C 6bx2y2C 4cxy3C y4. The function
n D P 1=4 is homogeneous of degree one. The set fn < 1g is rotund if P 00 is positive
definite outside the origin. This is the case if a2 < b, c2 < b, and if

Q.x/ D .b � a2/x4 C 2.c � ab/x3 C .1C 2ac � 3b2/x2 C 2.a � bc/x C b � c2
is positive for all x. Below are two solutions of P.x; y/ D 1, together with a unit
circle. ˙

Example 9.7. Let ' W O ! Œ0;1/ be a convex function on an open convex set.
Assume ' is C 2, '00 is positive definite, '.0/ D 0 and '.z/!1 for z ! @O . Then
all level sets f' < cg, c > 0, are rotund. Cumulant generating functions are convex
analytic functions such that '.0/ D 0. If the mgf exists on a neighbourhood of the
origin, then its domain is a convex set. The second derivative '00 is a variance, and
is positive definite if the underlying distribution is non-degenerate, and '0.0/ D 0 if
the distribution is centered. If the domain is open, then all level sets of the mgf are
rotund. ˙

Example 9.8. The analytic expression .y2 � b2/..x � e/2 � x2y2/ D a2.y2 � b2/
with a > bC e for a two-dimensional egg was presented in the popular mathematics
journal Pythagoras, see Mulder [1977]. ˙
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The solution with a D 0:4, b D 0:3, c D 0:4; a D 0:4, b D 0:8, c D 0:1.

9.3 Initial transformations. The concept of a rotund set does not depend on the
coordinates. It may be defined on any vector space. It is only when we want to
analyse the asymptotic behaviour of the function e� Bn that we need coordinates,
and then we choose the coordinates to suit us. We shall say that a rotund setD in Rd

is in correct initial position if the gauge function n D nD satisfies

n.u; 1/ � 1 � uT u=2; u! 0 2 Rh: (9.5)

A rotund set in correct initial position, rotated around the vertical axis remains in
correct initial position.

Given a point p 2 @D, there is a linear map which brings D in correct initial
position, such that p corresponds to the point .0; 1/ on the vertical axis.

To see this, assume D is a subset of RhC1. We shall perform a number of simple
linear transformations on D to bring it in correct initial position. Let H be the
halfspace supportingD at the point p:

H \ @D D fpg:
First, rotate D in the two-dimensional subspace containing p and the vertical axis,
so that R.H/ is a horizontal halfspace of the form fv � tg. So .a; t/ D R.p/

is the point on the boundary of R.D/ which maximizes the vertical coordinate. A
vertical multiplication V W .u; v/ 7! .u; v=t/ maps R.p/ into .a; 1/. A horizontal
shear S W .u; v/ D .u � av; v/ maps this point into the point .0; 1/ on the vertical
axis. As a result of these transformations H has been mapped onto fv � 1g. The
gauge function m of the rotund set HVR.D/ has the form

m.u; 1/ � 1 � Q.u/=2; u! 0 2 Rh;
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An analytic egg. Level sets of the mgf of a symmetric distribution.

whereQ=2 is the quadratic term in the second-order Taylor expansion ofu 7! m.u; 1/

around the pointu D 0. From linear algebra it is known that in appropriate orthogonal
coordinatesQ.u/ D �1u21C � � � C �hu2h, with �i > 0 sinceQ is positive definite. A
diagonal transformation in these coordinates will bringD into correct initial position.

So we may write D D A.D0/ where D0 is in correct initial position, and A
is a linear map which sends .0; 1/ into p. The map A D Ap is called an initial
transformation. In the recipe above, all operations are well defined and depend
continuously on p, as long as the halfspace supporting D in p is not downward
horizontal of the form fv � sg.

Let Jp denote the set of initial transformations for given p 2 @D. So A 2 Jp
if A�1.D/ is in correct initial position and A.0; 1/ D p. The gauge function nA
of A�1.D/ satisfies nA.u; 1/ � 1 � uT u=2 for u ! 0. It has the simple form
nA D n B A, since

nA.w/ < 1 ” w 2 A�1.D/ ” Aw 2 D ” n.Aw/ < 1:

If D is in correct initial position, and A�1.D/ too, then A maps .0; 1/ into itself,
and also the supporting halfspace fv � 1g. So A is a linear transformation of the
horizontal coordinate u. Hence nA.u/ � 1 � .Au/T .Au/=2. It follows that A is an
orthogonal transformation in Rh. We conclude

Jp D fAR j R 2 O.h/g;
where O.h/ is the group of orthogonal linear transformations in Rh, and A is an
arbitrary element of Jp . Now define the set of initial transformations forD by

J D
[
p

Jp:
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There is an obvious projection p W J ! @D which mapsA 2 Jp into p 2 @D. As
we have seen above, locally it is possible to define a function p 7! Ap from U ß@D
into J so that Ap 2 Jp for each p 2 U . Such a map is called a local section. It
establishes a homeomorphism between U � O.h/ and p�1.U /. This shows that

Theorem 9.9. The space of initial transformations is a compact fiber bundle.

See Walschap [2004] for basic information on fiber bundles. For certain dimen-
sions the fiber bundle is non-trivial: there is no global section, the space J is not
homeomorphic to the product space @D � O.h/. For d D 3 the space J of initial
maps is like a Moebiusb@Möbius band. Locally the band looks like the product of
a circle S with the interval I D Œ�1; 1�, but it is not possible to construct a homeo-
morphism between the Möbius band and the product space S � I . Such topological
impossibility results are hard to prove and may be very frustrating. It is known that
on the sphere in R3 there is no vector field without singularities; see Poincaré [1881].
(It is not possible to comb a tennis ball, without creating a crown in some point.)
The result also holds in dimension d > 3 with d odd; see Brouwer [1911]. This
topological result holds for the surface of rotund sets, and has the consequence that
it is not possible to choose a coordinate system on the tangent space in every point
p 2 @D which varies continuously with p. Actually such a choice is only possible
for d D 2; 4; 8 when the tangent bundle to the sphere is parallelizable; see Walschap
[2004]. This in turn implies the non-triviality of the fiber bundle J. As a consequence
there is a rather unpleasant result about the normalization of high risk scenarios.

Theorem 9.10. In Theorem 9.1, for d � 3, odd, it is not possible to choose the
affine transformations ˛H to depend continuously on the halfspaceH , even for half-
spacesH which do not contain the origin.

Proof. See Balkema & Embrechts [2004], Theorem 5.6, for details. �

It would be interesting to see to what extent this result restricts the class of possible
limit laws. It is not possible to draw an equilateral spherical triangle with side length
100 km around each point on the surface of the earth in a continuous way, even if
the surface were a perfect sphere. This means that for d D 3 a high risk limit vector
.U; V /, where U has density / e�nD.u/ for an open triangle D, is not possible. For
the unit ball B in R3 one may construct the tangent bundle T@B of the two-sphere @B
by glueing together the sets C �D� and C �DC along the boundaries C � @D˙,
whereD˙ are copies of the closed disk fjzj � 1g in C. The glueing condition implies
that the two parts f˙ of a continuous function f on T@B should satisfy

f�.z; ei� / D fC.e2i�z; ei� /:
On the other hand, for the unit ball B in R4 the 6-dimensional tangent bundle T@B is
trivial. It is homeomorphic to the product R3 � @B , and hence a density / e�nD.u/
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for a tetrahedron D cannot be excluded a priori. For the unit ball in dimensions 8
and 16 the tangent bundles to the sphere @B are also trivial.

The authors would like to thank Dietmar Salamon for an illuminating discussion
on this subject. We can only point out here that in certain dimensions it is a waste of
time to seek normalizations ˛H which depend continuously on H for H ! @. We
leave it to others to clear up the mystery surrounding the question: What distributions
on HC are taboo as limits?

9.4 Convergence of the quotients. We now turn to the proof of Theorem 9.1. We
shall only prove pointwise convergence at this point. Let f D e� Bn=C , where  
satisfies the conditions of the theorem, and n is the gauge function of a bounded open
convex set D which contains the origin. For the moment we make no assumptions
about the boundary of D.

Recall that 0 is positive on Œ0; t1/, tends to infinity in t1 � 1, and .1= 0/0.t/
vanishes in t1. Set

a D a.t/ D 1= 0.t/; b D b.t/ D
p
ta.t/; (9.6)

and define the affine transformations ˛t for t 2 .0; t1/ by

˛t .u; v/ D .bu; t C av/ D .x; y/; .u; v/ 2 RhC1:

We shall give a condition on the gauge function n which implies

ht .w/ D f .˛t .w//

f .˛t .0//
! e�uT u=2�v; t ! t1

uniformly on bounded w-sets in Rd .

Proposition 9.11. Suppose n.x; 1/ � 1 � xT x=2 for x ! 0. Then the function
' D  B n satisfies

'.bu; t C av/ � '.0; t/! uT u=2C v; t ! t1

uniformly on bounded .u; v/-sets in RhC1.

Proof. Apply the mean value theorem to  :

 .n.bu; t C av// �  .n.0; t// D  0.t�/
 0.t/

n.bu; t C av/ � t
a

;

with t� a real number between t D n.0; t/ and n.bu; t C av/. The factors  0.t/ and
a D 1= 0.t/ cancel. We shall see later that  0.t�/= 0.t/ ! 1. First consider the
second fraction. Since .t C av � t /=a D v, it suffices to show that

n.bu; t C av/ � .t C av/
a

D t C av
a

�
n

�
bu

t C av ; 1
�
� 1

�
! uT u=2:
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Here we shall use that

�.s; u/ D .n.su; 1/ � 1/=s2 ! uT u=2; s ! 0;

where we set �.0; u/ D uT u=2. Take s D b=.t C av/, and recall that a.t/ D o.t/

since a0.t/ ! 0. (If t1 is finite, then a.t/ vanishes in t1 since  .t1/ D 1.) The
same limit relations hold for b.t/ Dpta.t/. So we see that s D b=.t C av/! 0 as
t ! t1, and

t C av
a

s2
n.su; 1/ � 1

s2
D b2

.t C av/a�.s; u/! uT u=2; t ! t1:

The limit holds uniformly on bounded u-sets in Rh.
Finally, observe that the difference t� � t is bounded by ı D n.bu; t C av/ � t ,

and that ı=a converges to uT u=2Cv. Theorem 6.1 tells us that t�� t D O.a/, since
 0.tn C sna.tn//= 0.tn/! 1 for tn ! t1, and sn is bounded. �

The same argument gives the limit function e�.mp.u/Cv/ under the assumption
that n.x; 1/ � 1 � mp.x/ for x ! 0, where mp is the pth power, p � 1, of the
gauge functionm of a bounded open convex set in Rh which contains the origin. Such
results yield limit laws for exceedances over horizontal thresholds, see Section 15.2.

Proposition 9.12. Let pk be points on @D which converge to a point p0. Suppose
nD is C 2 on a neighbourhood of p0, and n�D.p0/ in (9.4) is positive definite. Let
tk ! t1, and let Hk be the halfspace supporting tkD in tkpk . There exist affine
transformations ˛k mappingHC ontoHk such that

hk.w/ D f .˛k.w//

f .pk/
! e�.uT u=2Cv/; k !1; w D .u; v/

uniformly on bounded w-sets.

Proof. Choose coordinates such that p0 D .0; 1/, andD is in correct initial position.
Choose Ak 2 Jpk

such that Ak ! id. Set 'k D ' BAk , where ' D  B nD , and set
ˇk.u; v/ D .bku; tn C akv/ with ak D 1= 0.tk/ and bk D paktk as above. Write
'k B ˇk D ' B ˛k . Then ˛k D Ak B ˇk . We claim that uk ! u and vk ! v imply

'k.bkuk; tk C akvk/ � '.0; tk/! uT u=2C v:
The computation is as above. The lemma below ensures uniformity in k. �

Note the normalization. Let H support tD in the point pH . Then

˛H D Ap B ˛t ; ˛t .u; v/ D .btu; t C atv/; � D n.pH /; p D pH=t;
Ap 2 Jp; at D 1= 0.t/; bt D

p
tat :

(9.7)
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Lemma 9.13. Let �k.s; u/ D .nAk
.su; 1/�1/=s2 whereAk ! I . Then for sk ! 0,

uk ! u0,
�k.sk; uk/! uT0 u0=2; k !1:

Proof. We write �k as an average of a second derivative of nAk
. For fixed u ¤ 0,

integration along the ray through u gives

�k.s; u/ D .nAk
.su/ � 1/=s2

D 1

s2

Z s

0

Z q

0

@2

@x@x
nAk

.tu; 1/.u; u/dtdq

D
Z 1

0

Z r

0

@2

@x@x
nAk

.stu; 1/.u; u/dtdr:

Recall that nA D n B A. Hence n00A.z/.w;w/ D n00.Az/.Aw;Aw/, and convergence
n00Ak
! n00 is uniform on some "-ball around .0; 1/. In particular, for sk ! 0

@2

@x@x
nAk

.sktuk; 1/.uk; uk/! nxx.0; 1/.u0; u0/ D uT0 u0

uniformly in t 2 Œ0; 1�. The second integral with sk and uk tends to uT0 u0=2. �

The next example is a warning that good asymptotic results for horizontal half-
spaces do not guarantee good behaviour for high risk scenarios on halfspaces Hn
which are asymptotically horizontal, even when

f .˛Hn
.w//=f .˛Hn

.0//! e�.uT u=2Cv/; w D .u; v/ 2 RhC1 (9.8)

uniformly on bounded sets.

Example 9.14. The vector .X; Y / in R2 has a standard Gaussian density on
fy � �99g. The conditional distribution of X given y for y � �100 is Student with
f D 99 degrees of freedom. The variable Y is standard normal, and for y D � �100
we shall take the conditional distribution to be a mixture of standard normal, with
weight � , and Student with weight 1 � � . Note that for any point .x; y/ the density
increases as one moves to the point .0; y/ on the vertical axis, and increases further
as one moves to the origin. Also along the interval Œ�100;�99�. So the density is
unimodal in the sense that there is only one maximum, but not in our terminology!

The high risk scenariosZH
t

for the horizontal halfplanesH t D fy � tg converge
to the Gauss-exponential law with the normalization ˛t W .u; v/ 7! .u; t C v=t/.
Let Hn be halfplanes with slope �"n through the point .0; n/, with "n ! 0. So
Hn D fy � n � "nxg is asymptotically horizontal, and (9.8) holds uniformly on
bounded w-sets if we choose the affine transformations ˛H as if Z has a standard
Gauss distribution. If "n is small, the high risk scenariosZHn will be asymptotically
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Gauss-exponential, since the bivariate Gaussian distribution lies in the domain of the
Gauss-exponential limit law. If "n ! 0 too slowly, then the halfspace Hn may pick
up mass from the Student distribution on the halfspace fy � �99g.

How fast should "n tend to zero? Let pn be the mass inHn \ fy � �99g, and qn
the mass in Hn \ fy � �99g. The high risk scenarios ZHn will be asymptotically
Gauss-exponential if and only if qn D o.pn/. A simple calculation shows that
qn=pn !1 for "n D 1=n. Also for "n D 1=nn. ˙

Such behaviour can not occur if Z has a unimodal density.

9.5 Global behaviour of the sample cloud. The Gauss-exponential point process
describes the texture of a large sample cloud from a rotund-exponential density locally
at the edge. What does the whole sample cloud look like? Properly scaled, it looks
like the setD; see the corollary below. The asymptotics of the number of vertices of
the convex hull is treated in Hueter [1999]. Let Z have density e� .n/.

One may simulate observationsZ by first simulatingT D nD.Z/ from the density

f0.t/ D td�1d jDje� .t/; 0 � t < y1; (9.9)

and then independently choosing � D Z=T 2 @D uniformly on @D by

Pf� 2 C g D jC \Dj=jDj; C an open cone: (9.10)

The set D need not be rotund here, but is assumed convex.
The expression (9.9) for the density of T shows that T 2 DC.0/, since e� 

satisfies the von Mises condition and t (and hence also td�1) is flat for e� . Use
1= 0.t/ D o.t/ for t ! y1. It follows that

PfT � tg � td�1d jDje� .t/= 0.t/; t ! y1:

Choose tn such that PfT � tng � 1=n, and set an D 1= 0.tn/. Arrange the sample
Z1; : : : ; Zn in decreasing order of the gauge function:

Tn1 > � � � > Tnn; Tni D nD.Zni /; �ni D Zni=Tni :
The scaled variables .Tni � tn/=an may be approximated by the points of the limiting
Poisson point process on R with intensity e�t , and the pairs ..Tni � tn/=an; �ni / by
the points of the corresponding marked Poisson point process, arranged in decreasing
order by the first coordinate.

Proposition 9.15. Let Z have density e� BnD , where  satisfies (6.4) and D is a
bounded open convex set which contains the origin. We do not assume that D is
rotund. Let Z1; Z2; : : : be independent observations of Z. Set

Ti D nD.Zi /; �i D Zi=Ti ; i D 1; 2; : : :
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Define tn and an as above. The point process Nn with points ..Ti � tn/=an; �i /
converges:

Nn) N0 weakly on Œc;1/ � @D; c 2 R:

Here N0 is the Poisson point process on R � @D with mean measure e�tdt � d� ,
where d� is the distribution of �; see (9.10).

Proof. The mean measures converge. See Section 6.4. �

Corollary 9.16. LetMn be the scaled sample cloud

Mn D fZ1=tn; : : : ; Zn=tng:
For any non-empty open cone C and any " 2 .0; 1/,

Mn.C n .1C "/D/ P�! 0

Mn.C n .1 � "/D/ P�!1:
Proof. For any c 2 R

Mn.C n .1C can=tn/D/) N;

whereN is a Poisson variable with expectation e�cjC\Dj=jDj. Now usean=tn ! 0.
�

10 The Gauss-exponential domain, unimodal distributions

10.1 Unimodality. Unimodality will play a crucial role in proving L1-convergence.
Recall that a function f � 0 is unimodal if the level sets ff > cg are convex for all
c > 0. There exist many other definitions, see Dharmadhikari & Joag-Dev [1988].
With the definition above convergence of unimodal functions has some of the features
of weak convergence of increasing functions. If the functions f0; f1; : : : � 0 are
unimodal, f0 is continuous, and if fn ! f0 on a dense set, then convergence is
uniform on compact sets provided the maxima converge.

Proposition 10.1 (Weak Convergence). Let f0; f1; : : : � 0 be unimodal functions
on an open convex setDßRd . Suppose

1) fn ! f0 pointwise on a dense set AßD;

2) the level sets ff0 > 0g are open;

3) if supf0 < c <1, then supfn < c eventually.

Then fn.zn/! f0.z0/ if zn ! z0, and if f0 is continuous at z0.
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Proof. If f0.z0/ > c, then there are points a0; : : : ; ad in A \ ff0 > cg such that z0
lies in the interior U of their convex hull. By unimodality, eventually fn > c holds
onU . If f0.z0/ D supf0 we are done. Otherwise let b 2 .f0.z0/; supf0/, and let V
be an open simplex with vertices inA\ff0 > bg. As above, eventually fn > b on V .
Let Vn be the interior of the convex hull of V and zn. Each a 2 A \ V0 eventually
lies in Vn. If fkn

.zkn
/ > b infinitely often, then fkn

.a/ > b eventually, and hence
f0.a/ � b for all a 2 A \ V0, contradicting the continuity in z0. �

We introduce a class of well-behaved unimodal functions which contains the
class RE .

Definition. U is the set of all continuous non-negative functions f on Rd which
satisfy:

1) f .z/ < f .0/ for z ¤ 0;

2) for 0 < c < f .0/ the level sets ff > cg are bounded and convex;

3) for each c 2 .0; f .0// and each boundary point p of ff > cg, there is a unique
supporting halfspace H D Hp to ff > cg in p, and

Hp \ ff � cg D fpg: (10.1)

Condition 1) is not essential. It makes the mode unique and locates it at the origin.
Conditions 1) and 3) imply that there are no plateaus: ff D cg D @ff > cg for
0 < c < f .0/. Condition 3) ensures that the level sets are strictly convex, and their
boundary is C 1. The functions f 2 U vanish at infinity, but need not be integrable.

For f 2 U, there is a one-one correspondence between pointsp 2 O D ff > 0g,
p ¤ 0, and halfspacesH which intersectO and do not contain the origin, see (10.1).
The maps

p 7! Hp; H 7! pH (10.2)

are continuous.
The correspondence between points and halfspaces allows us to write p̨ for ˛Hp

,
and p ! @O for H ! @, see (8.7). Define U0ßU as the set of functions f D e�'
for which there exist p̨ 2 A mapping HC onto Hp such that

�p D ' B p̨ � '.p/! �; p ! @O ; �.u; v/ D uT u=2C v (10.3)

uniformly on bounded sets.

Proposition 10.2. The set U0 is closed for positive powers.

Proof. Suppose '. p̨.u; v// � '.p/ ! uT u=2C v and assume further that c > 0.
Set p̌.u; v/ D p̨.u=

p
c; v=c/. Then p̌ maps HC onto the halfspace Hp and

c.'. p̌.u; v// � '.p//! c.uT u=2c C v=c/. �



10 The Gauss-exponential domain, unimodal distributions 149

Lemma 10.3. One may choose the normalizations p̨ in (10.3) so that p̨.0; 0/ D p,
p 2 O n f0g.
Proof. If�n D 'nB˛n ! �uniformly on bounded sets for a continuous limit function
or ˛�1n .Zn/ ) W , then these limit relations also hold for any sequence ˇn � ˛n
in the sense that ˛�1n ˇn ! id. First note that ˛�1p .p/ is boundary point of HC, and
tends to .0; 0/, since �.˛�1p .p// ! 0 by (10.3). So there is a horizontal translation
�p mapping .0; 0/ into ˛�1p .p/. Hence p̌.0; 0/ D p for p̌ D p̨ B �p � p̨ , and
p̌.HC/ D Hp . �

10.2* Caps. Let f 2 U0. Write f D e�' on O D ff > 0g. The function '
has the same level sets as f and is easier to work with. It describes a valley. The
minimum is achieved at the origin, and '.z/!1 for z ! @O . The sets f' < cg are
open bounded convex sets. The condition f 2 U0 means that (10.3) holds uniformly
on bounded w-sets. In particular, successive level sets '. p̨.w// D '.p/Cm look
like successive parabolas v D m � uT u=2. In the sequence of parallel parabolas

v D m � uT u=2; m D 0; 1; 2; : : :
we may distinguish a tower of parabolic caps

�mQ D fm � v < mC 1 � uT u=2g; �.u; v/ D .u; v C 1/;
Q D f0 � v < 1 � uT u=2g;

balancing one on top of the other at the points .0;m/. For the function ' the rela-
tion (10.3) gives a similar tower. See the figures below.

The parabolic caps �mQ all have the same size. This need not hold for the tower
of caps for '. If these caps grow too fast, the integral of e��p may fail to converge
over HC. So we want to prove that any cap for ' is not much larger than the one
below. This will enable us to bound the tails of the integral.

In our arguments we shall only use the fact that f 2 U0. In Section 6 we saw that
any df in the domain of the exponential law for exceedances was tail asymptotic to a
df with a density e� satisfying the von Mises condition. We surmise that, similarly,
distributions in the domain of attraction of the Gauss-exponential high risk limit law
are close to a df with density in U0.

So let us now describe these caps of '. See the figure below. For convenience,
think of the halfspaceHp supporting the convex set f' < '.p/g as horizontal. Define
the cap

Cp D Hp \ f' < '.p/C 1g:
Let HCp ßHp support f' < '.p/ C 1g in pC. Then HCp D HpC . Similarly, let
H�p � Hp support f' < '.p/ � 1g in p�. Then H�p D Hp� . We call p the
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p�

p

pC

C�p

Cp

H�p

Hp

HCp

' D '.p/

' D '.p/C 1

The cap C�
p dangling from the base point p of the cap Cp .

base point of Cp , and pC the top point. By using horizontal halfspaces supporting
f' < '.p/C mg, one may construct a tower of such caps balancing on each other,
with the top point of one cap being the base point of the next.

The limit relation (10.3) implies

˛�1p .Cp/! Q D f0 � v < 1 � uT u=2g:
It is convenient to choose p̨ such that

p̨.0; 0/ D p; p̨.0; 1/ D pC; p̨.HC/ D Hp: (10.4)

This is possible by the arguments of the proof of Lemma 10.3.
Let � be the translation .u; v/ 7! .u; v C 1/. Then

˛�1p .C�p /! ��1.Q/ D f�1 � v < �uT u=2g
˛�1p�.C

�
p /! Q;

which gives
˛�1p p̨�.Q/! ��1.Q/:

This does not imply ˛�1p p̨� ! ��1, since ��1.Q/ D ��1.R.Q// for any horizontal
rotation R, but we do have

Proposition 10.4. The maps ˛�1p B p̨� B � are linear and

˛�1p B p̨� B �
�
u

v

�
D
�
A b

0 a

��
u

v

�
;

where a D ap ! 1, b D bp ! 0, and R�1A ! I for a suitable choice of
R D Rp 2 O.h/.
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Proof. Check that .0; 0/ 7! .0; 1/ 7! p 7! .0; 0/ by (10.4). The zero in the matrix
is due to the conservation of the class of horizontal halfspaces. �

Corollary 10.5. The maps p̌ D ˛�1p� p̨ have the form w 7! Tw C q; the corre-

sponding transformation Q̌p on the vertical coordinate is v 7! v=a C 1. For any
" > 0, there exists t0 > 1 such that for '.p/ > t0,

kTpk < e" kqpk < 2; e�" < ap < e": (10.5)

Proof. p̌.u; v/ D .A�1uC b0v; v=aC 1/ with b0 D �A�1b=a. �

The bounds (10.5) will enable us to prove Theorem 9.1. For Theorem 9.2 we need
more.

So far, we have not used coordinates. It is convenient to introduce coordinates
.u; v/ such that p is the origin, and Hp the upper halfspace. Choose coordinates so
that p̨ is the identity. Now take a fixed halfspace J D fv � �T uC �0g with slope
� 2 Rh and �0 2 R, and let CJ D Cp.J / be the cap cut off by this halfspace, where
we write p.J / D pJ ; see (10.2). Since ' B p̨ � '.p/ is close to � D uT u=2C v,
the cap CJ will be close to the parabolic cap

��1J .Q/ D J \ fv < 1C �0 � uT u=2 � �T �=2g:
We again have two limit relations for the cap:

˛�1p .CJ /! ��1J .Q/; ˛�1p.J /.CJ /! Q; p ! @O :

As above, we obtain ˛�1p p̨.J /.Q/! ��1J .Q/, and again, because of the symmetry
of Q, we cannot conclude that �p D ˛�1p p̨.J / converges to ��1J . However, the
family .��1p / is relatively compact, and all limit points for p ! @O are of the form
��1J B R with R 2 O.h/. This suffices to obtain bounds on the integral of the tail of
kwkmf . p̨.w//=f .p/ on the halfspace J . By the Transformation Theorem,Z

JnEr

kwkmf . p̨.w//
f .p/

dwc.p/ D
Z
HCnrB

k��1p .z/kmf . p̨.J /.z//
f .p.J //

dz;

where c.p/ D f .p.J //=f .p/=j det �pj, and Er is the ellipsoid �p.rB/. Relative
compactness of �p , p ! @O , implies that c.p/ is bounded by a constant C . Hence
we have the following inequality:

Proposition 10.6. For any halfspace J D fv � �T uC �0g there exist t0, C0 > 1,
and ı > 0, such thatZ

JnRB
kwkme��p .w/dw � C0

Z
HCnrB

kwkme��p.J /.w/dw;

'.p/ > t0; r D ıR > 1:
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10.3* L1-convergence of densities. Assumef D e�' 2 U0. So'B p̨�'.p/! �

for p ! @O where �.u; v/ D uT u=2 C v. We have to bound the tails of certain
integrals to obtain the desired limit laws for high risk scenarios and sample clouds.
A rough bound will do.

Lemma 10.7. Let A1ßA2ß � � � be bounded Borel sets which cover HC. Let g � 0
be bounded by an on An, and let h � 0 be bounded by cn on the complement of An.
Then Z

Ac
m

g.z/h.z/dz �
X
n>m

anjAnjcn�1:

Proof. This is obvious if we replace An by An n An�1 on the right. �

We shall apply this lemma with cn D e�n, g.z/ D kzkm, and the hat boxes

An D fkuk � .Cnenı/2; 0 � v � .Cnenı/2g: (10.6)

Then an D .C1ne
nı/2m. If ı is small, ı.mC d/ � 1=4, there exists a constant C2

such that anjAnjcn < C2=en=3 for all n � 1.
We need an extension of the bounds in (10.5) to products.

Lemma 10.8. Suppose ˇn.w/ D Tnw C bn for n D 1; 2; : : : Then

.ˇ1 : : : ˇn/.w/ D b1 C T1b2 C � � � C T1 : : : Tn�1bn C T1 : : : Tnw D pn C Snw:
If kTnk < e" and kbnk < 2 for n � 1, then

kSnk < en"; kpn � pn�1k < 2en"; kpnk < 2nen":
Let Q̌n.v/ D cnvC1 be the corresponding transformation of the vertical coordinate,
and Qpn the vertical coordinate of pn. If e�" < cn < e", then Qan WD Qpn � Qpn�1 > 0,
and

QanC1= Qan D cn; Qpn= Qan < nen":
Proof. By induction. �

We can now formulate and prove the main result: Random vectors with a density
in U0 lie in the domain the Gauss-exponential high risk limit law.

Theorem 10.9. Let f 2 U. Set O D ff > 0g. Suppose there exist affine transfor-
mations p̨ mappingHC ontoHp such that for w D .u; v/ 2 RhC1

hp.w/ WD f . p̨.w//

f .p/
! e�.uT u=2Cv/; p ! @O :

Then f is integrable, and
R kzkmf .z/dz is finite for each m � 1. Moreover

kwkmhp.w/! kwkme�.uT u=2Cv/; p ! @O

holds in L1.J / for any halfspace J D fv � �T uC �0g.
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Proof. Pointwise convergence yields uniform convergence on bounded sets by Propo-
sition 10.1. By Proposition 10.6, we have to show that for any sequence pn ! @O ,
any " > 0 and m � 1, there exists r > 1 so large thatZ

HCnrB
kwkmhpn

.w/dw < "; n � n0; (10.7)

where B is the open unit ball. The relation will then hold for p eventually, i.e. for
p 2 O outside a set ff � ı0g.

Cover ff < ı0=2g by a finite number of halfspaces disjoint from ff � ı0g to
show that f is integrable and

R kzkmf .z/dz finite.
To establish (10.7), we use the unimodality of the functions hp . We shall show

that for any ı > 0 there exist "0 > 0 and C > 1 such that

fhp > e�ng \HCßAn; n � 1; 0 < f .p/ < "0;
where the sets An D An.ı; C / are the hat boxes in (10.6). By the discussion after
Lemma 10.7 this yields (10.7).

The construction of the hat boxes is our main task.
Fix a point p far out in O . Write f D e�' . Let H D Hp be the halfspace

supporting f' < '.p/g in p. Choose coordinates .u; v/ so that p is the origin,
H the upper halfspace above, and p̨ D id. So the sets f' < '.p/ C kg locally
look like an increasing sequence of paraboloids, v < k � uT u=2. Let Hk be the
horizontal halfspace supported by the convex set f' < '.p/C kg, for k � �1, and
let pk D .uk; vk/ be the point of support. In particular p0 D .0; 0/ and pk � .0; k/
for small values of k. The points pk may drift away from the vertical axis as k grows,
and the distance between the halfspaces ak D vk � vk�1 may diverge to infinity or
zero.

Now consider the caps

Ck D f' < '.p/C kg \Hk�1:
For small k these look like vertical translates of the parabolic cap

Q D f�1 � v < �uT u=2g:
The cap CkC1 balances on the cap Ck in the point pk .

We want reasonable estimates for the height ak D vk�vk�1 of the capCk , for vk ,
for uk and uk � uk�1, and for the base of the cap. We shall show that the base of Cn

Cn \ @Hn�1
is contained in a disk of radius rn around the point un, where rn D 2nenı , and ı is
independent of n, and is small if we start with a point p far out. The cone with top pn
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p1

p0

p2

p3

p4

C1

C2

C3

C4

.u4; v4/

u4

H0

H1

H2

H3

H4

r

f D f .p/

f D f .p/=e

f D f .p/=e2

The disk with center u4 and radius r4v4=a4 is contained in a disk of radius
R4 D r4u4=a4 C kp4k.

which intersects @Hn�1 in this disk will intersect the coordinate plane @H0 D fv D 0g
in a disk with radius rnvn=an and center un. This disk is contained in a centered disk
of radius Rn D rnvn=an C kpnk, and since hp D f=fp it follows that

fhp > e�ng \HCßfkuk � Rn; 0 � v � vng:
Lemma 10.8 established the bounds

kqnk � 2nenı ; vn=an � nenı ; vn � nenı ; pn D q1 C � � � C qn:
These bounds yield hat boxes of the right size. �

10.4 Conclusion. Let Z have density f D e� Bn on O where  W Œ0; t1/ ! R
satisfies (6.4),O D t1D if t1 is finite andO D Rd else, and n is the gauge function
of a bounded open convex setD containing the origin. We have the following results:

Proposition 10.10. Suppose n.x; 1/ � 1 � mp.x/ for some p � 1 and some gauge
function m of an open bounded convex set in Rh containing the origin. Define

˛t .u; v/ D .bu; t C av/; a D at D 1= 0.t/; b D bt D .tat /1=p:
Then

Wt D ˛�1t .ZH
t

/) W; t ! t1; Ht D fy � tg; (10.8)
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where W has density g.u; v/ / e�.mp.u/Cv/. All moments converge: for s > 0,

EkWtks ! EkW ks; t ! t1:

Proof. Convergence of the quotients was established in Proposition 9.11 and the
discussion following the proof. In the proof of L1 convergence, the caps Ck are
asymptotically parabolic for p D 2. Under the assumption of the proposition
˛�1n .Cn/! Qp D f�1 � v < �mp.u/g. The proof carries through in this case. A
more direct proof is given in Section 15.2. �

If (10.8) holds, we say that Z lies in the horizontal domain of attraction of W .
This domain will be studied in more detail in Section 15.2.

Example 10.11. This example treats the lp norm on Rd for p ¤ 2. Let n.z/ D
kzkp D .zp1 C � � � C zpd /1=p with p � 1. For p > 1 the set D D fn < 1g is strictly

convex. Write s.z/ D z
p
1 C � � � C zpd . Then s00.z/ is diagonal with entries zp�2i on

.0;1/d . As s and n have the same level sets, in particular fs < 1g D fn < 1g D D,
we see that @D \ .0;1/d is C 2 with positive curvature. If a coordinate of z 2 @D
vanishes, the curvature in that direction is infinite for p < 2 and zero for p > 2.
The proposition above describes the asymptotic behaviour of high risk scenarios
for horizontal halfspaces (corresponding to the bad behaviour in the North Pole); the
proposition below and its corollary describe the asymptotic behaviour of the high risk
scenarios for halfspaces with direction in the open positive orthant (corresponding
to the good behaviour of nD on this open cone). It is also possible to describe the
asymptotic behaviour in the remaining directions, but we shall not do so. There is
an abrupt change in the limit law as one moves to the boundary of the open orthant.
Limit powers different from two only occur in isolated directions. There are two
explanations for this phenomenon:

1) The boundary of a convex set may look like a quadratic function at all points,
but asymptotics with a power p ¤ 2 can only occur on a null set;

2) the limit density e�.kuk
p
pCv/ for p ¤ 2 has a two-dimensional group of sym-

metries; for p D 2 the dimension of the symmetry group is much larger. ˙

Theorem 10.12. Suppose nD is C 2 on a neighbourhood of p0 2 @D and n�D.p0/,
see (9.4), is positive definite. Let the points pn 2 @D converge to p0, and let tn ! t1
from below. Define Hn to be the halfspace supporting tnD at the point tnpn. There
are affine transformations ˛n mappingHC ontoHn such that

Wn D ˛�1n .ZHn/) W

where W has a Gauss-exponential distribution. Moreover all moments converge:

EkWnks ! EkW ks; s > 0:
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Suppose nPfZ 2 Hng ! c0 2 .0;1/. Then n˛�1n .�/ ! � weakly on halfspaces

J D fv � �T uC �0g, where � has density c1e�.u
T u=2Cv/ with c1 D c0=.2�/h=2.

Proof. The convergence of the quotients hp D f B p̨=f .p/was described in Propo-
sition 9.12. The L1 convergence is proved in Theorem 10.9. �

If the gauge function is C 2 on an open set U , it is C 2 on the larger set V DS
t>0 tU by homogeneity.

Corollary 10.13. Suppose n is C 2 on the homogeneous open set V ßRd and n�,
see (9.4), is positive definite in each point of the compact set KßV \ @D. Then

˛�1n .ZHn/) W

for any sequence of halfspacesHn supporting tnD in tnpn with pn 2 K. Moreover,
all moments converge.

Proof. It suffices to prove this for subsequences pkn
which converge. See Theo-

rem 10.12. �

Proof of Theorem 9.1. Take V D Rd n 0 and K D @D. �

Proof of Theorem 9.2. The complement of the cone Cm may be covered by 2h half-
spaces Ji̇ D fv � �2m ˙ 2mhvig. Convergence

R
J
kwkmd�n !

R
J
kwkmd�

for the mean measures �n and � is a consequence of the L1-convergence of
kwkmf .˛n.w//=f .pn/ ! kwkme�.uT u=2Cv/=c1 on J with d�n D ncn˛

�1
n .d�/.

�

11 Flat functions and flat measures

One might compare the role played by flat functions and flat measures in the mul-
tivariate theory to that of slowly varying functions in the description of the domain
of attraction of the Pareto laws for univariate exceedances. They allow us to de-
scribe variations in the tail behaviour which keep the distribution within the domain
of attraction, and even retain the original normalizations.

11.1 Flat functions. In this section we extend the class RE of rotund-exponential
densities of Theorem 9.1,

f0 D e� Bn=C0: (11.1)

The density f0 above satisfies the limit relation

.f0 B ˇH /.w/=.f0 B ˇH /.0/! e�v�uT u=2 (11.2)
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uniformly on compact w-sets in Rd , and in L1.HC/, with ˇH as in (9.7). Let f
be a continuous positive density on O D ff0 > 0g which satisfies the same limit
relation with the same normalizations ˇH . Then one may write f D Lf0, where L
is a continuous positive function on O which satisfies

.L B ˇH /.w/=.L B ˇH /.0/! 1; H ! @O (11.3)

uniformly on compact w-sets.
Relation (11.3) states that far out inO , the functionL behaves locally like a posi-

tive constant. Such a function will be called flat. The condition (11.3) is weaker than
asymptotic equality. If L satisfies (11.3) uniformly on compact sets, then f D Lf0
satisfies (11.2) uniformly on compact sets. If Lf0 is integrable, then one may define
the probability density fL D Lf0=CL, and ask whether the associated probability
distribution lies in the domain of the Gauss-exponential law. In this section, we shall
show that this is the case. We shall give a simple sufficient condition for (11.3) in terms
of partial derivatives. As a concrete application, we shall show that the multivariate
hyperbolic distributions belong to the domain of attraction of the Gauss-exponential
high risk limit law. The more geometric point of view allows us to formulate a simple
sufficient condition for smooth unimodal densities to lie in D.0/, in terms of the first
and second derivatives.

11.2 Multivariate slow variation. We start by looking at densities of the form
L.z/f0.z/=C , where f0 is a Gaussian density and L a continuous function which
behaves locally like a positive constant when kzk ! 1. The question is, how much
can one alter a Gaussian density while retaining the high risk limit behaviour (with
the original normalizations ˇH ).

Example 11.1. Let f0 be an arbitrary Gaussian density on Rd . For z 2 Rd write
z D r� , where r D kzk and � 2 @B is a unit vector. The function rf0 is integrable and
the corresponding density lies in the domain of the Gauss-exponential distribution.
This is also true for rcf0 for any c > 0, and forQcf0 whereQ is a positive quadratic
function on Rd . The function e

p
rf0 normalized to a probability density also lies in

the domain of attraction, and so does �.�/f0 for any continuous positive function �
on the unit sphere. Proofs are given below. ˙

In the first part of this section, we consider a class L of continuous positive
functions L on Rd which satisfy a growth condition which may be regarded as the
multivariate additive version of slow variation:

L.z C w/=L.z/! 1; kzk ! 1; w 2 Rd : (11.4)

If � W Rd ! R is a C1 function whose partial derivatives vanish in infinity, then
L D e� satisfies (11.4). The converse is also true. Continuity of L implies that
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if (11.4) holds pointwise, it holds uniformly on boundedw-sets; see Bingham, Goldie
& Teugels [1989]. Let � D logL, and define �0 D �0 � � as the convolution of �
with a C1 probability density �0 with compact support. Then

�0.z/ � �.z/ D
Z
�0.w/.�.z � w/ � �.z//dw ! 0;

and the partial derivative of �0 of any order at a point z0 is the convolution of the
difference �.z/ � �.z0/ with the corresponding partial derivative of �0. Hence it
vanishes at infinity. Thus we have constructed a C1 function �0 whose partial
derivatives vanish at infinity, such that e�0 is asymptotic to L.

In the univariate case, the functions

r; r7; esin
p
r ; e

p
r ; e�

p
r ; r5e

p
r sin r1=3

all satisfy the functional relation

f .r C s/=f .r/! 1; r !1; (11.5)

for each s 2 R, since .logf /0 vanishes in infinity. Functions in L satisfy the relation
L.� r C �s/=L.� r/! 1, r !1, in every direction � 2 @B .

In the multivariate setting, one would like to know how the limit relations in
different directions are coordinated. The answer is surprising. Given any countable
family F of continuous positive functions f on .0;1/ which satisfy (11.5), for
instance the family

˛r�eˇr
� sin.r�/; ˛; ˇ; �; �; � 2 Q; ˛; � > 0; � � 0; � C � < 1;

there exists a function L 2 L with the property: for each f 2 F there is a dense
set Sf of directions � in the unit sphere S D @B such that

L.� r/=f .r/! 1; r !1; � 2 Sf ; f 2 F:
A construction is given in Balkema [2006]. Here we only want to warn the reader
that functions L which satisfy (11.4) are not as tame as they may seem.

Theorem 11.2. Let the vector Z 2 Rd have density f0.z/ D e�n.z/2=2=C , where n
is the gauge function of a rotund set D, and let ˇH satisfy (9.7). Suppose L 2 L.
Then the product f D Lf0 is integrable and satisfies (11.2) uniformly on bounded
w-sets, and in L1.HC/. In particular the random vector with densityLf0=CL lies in
the domain of attraction of the Gauss-exponential law with the same normalization
as f0, and the normalized densities converge in L1.

Proof. We give only a sketch, since we shall prove a more general result in Theo-
rem 11.4 below. The function ' D n2=2 has second derivative nn00C n0.n0/T which
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is positive definite and homogeneous of degree zero. So .' � �/00 is positive definite
outside a compact set if we choose �, with e� � L, to be C1 with partial derivatives
of all orders vanishing in infinity. This means that the densities gH of the normalized
high risk scenarios are strongly unimodal (logconcave). Hence Lf is integrable, and
pointwise convergence in (11.2) implies convergence in L1.

By (9.7) we may write ˇH D A B ˇt for an initial linear transformation A 2 J.
Since J is compact, and  .t/ D t2=2 gives bt D 1 and at D 1=t < 1 eventu-
ally, for any ball rB the diameters of the ellipsoids ˇH .rB/ are uniformly bounded.
Hence (11.3) holds uniformly on compact w-sets. This yields (11.2). �

We shall now prove a more general result for rotund-exponential densities. Instead
of strong unimodality our proof makes use of the fact that f 1=20 is integrable and the
corresponding density belongs to the domain of attraction of a high risk limit law.
First we have to say more precisely what we mean by a flat function, see (11.3). We
shall give a formal definition which also applies to heavy tailed limit laws, or limit
laws with bounded support, see Section 12.

Definition. Let Z lie in the domain of attraction of W , i.e. ˇ�1H .ZH / ) W for
0 < P fZ 2 H g ! 0. Assume that the high risk limit vector W has density g on
HC, that fg > 0g is a convex set, open inHC, and that g is continuous on fg > 0g. A
functionL is flat forZ ifL is defined, positive and continuous on the interiorO of the
convex support ofZ, or onOnK for some compact subsetK ofO , ifP fZ 2 Og D 1,
and if (11.3) holds uniformly on compact subsets of fg > 0g.
Remark 11.3. If L and L0 are flat for Z, then so are LL0, and Lt for t 2 R.

11.3 Integrability. We can now formulate the main result of this section.

Theorem 11.4. Let Z have density f0 2 U0. If L is flat for Z, then the product
Lf0 is integrable and the random vector with density Lf0=CL lies in the domain of
attraction of the Gauss-exponential distribution.

Proposition 11.5 (Basic Inequality). Let Z have density f D e�' 2 U. Set O D
ff > 0g. For each p 2 O n f0g, let p̌ 2 A map HC onto Hp and 0 into p; see
Lemma 10.3. Assume that

hp.w/ D .f B p̌/.w/=f .p/! h.w/; p ! @O (11.6)

uniformly on compact subsets of HC, and in L1, for some continuous integrable
positive function h onHC. Let W have density g D h=C onHC.

Assume that L D e� is positive and continuous on O , and

Lp.w/ D .L B p̌/.w/=L.p/! 1; p ! @O ; w 2 HC (11.7)
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uniformly on fh � cg for some c < 1. Then Z lies in the domain of attraction of the
high risk limit vectorW , L is flat forZ, and for all " > 0 there exists ı > 0 such that

j�.z/ � �.p/j < "C ".'.z/ � '.p//; z 2 Hp \O; 0 < f .p/ < ı: (11.8)

Proof. Let " > 0. Write K D fh � cgßHC. First observe that the function h has
convex level sets fh > tg onHC, since this holds for the functions hp by Lemma 8.7.
Uniform convergence hp ! h on K implies that there exists ı0 > 0 such that
hp.w/ <

p
c for h.w/ D c and f .p/ < ı0. Hence

f .p/ < ı0; z 2 Hp \O; f .z/=f .p/ �
p
c ) ˇ�1p .z/ 2 K:

By assumption, there exists ı > 0 such that

f .p/ < ı; z 2 Hp \O; ˇ�1p .z/ 2 K ) j �.z/ � �.p/j < ":
For p 2 O n f0g, z 2 Hp \O , choose points p0; : : : ; pn on the line segment Œp; z�
such that p0 D p, f .pk/ D pcf .pk�1/ for k D 1; : : : ; n, f .z/ � pcf .pn/, and
set pnC1 D z. Now suppose f .p/ < ı1 D ı0 ^ ı. Then h.ˇ�1pk

.pkC1// � c for
k D 0; : : : ; n. Hence j�.pk/ � �.pk�1/j < " D ".'.pk/ � '.pk�1//= log.1=

p
c,

and
j�.z/ � �.p/j < "C "0.'.z/ � '.p//;

"0 D "= log.1=
p
c/; z 2 Hp \O; 0 < f .p/ < ı:

In particular, L is flat for Z since " > 0 is arbitrary. �

Proof of Theorem 11.4. Flatness implies (11.1) forLf uniformly on compact subsets
of HC. The basic inequality gives L.z/=L.p/ � 2.f .p/=f .z//" for z 2 Hp ,
f .p/ < ı. HenceLf is integrable if

p
f is integrable. If satisfies (6.4) then so does

 =2. Apply Theorem 8.8 on power families to give L1 and pointwise convergence
of the quotients h1=2p . By dominated convergence, ..Lf / B p̌/.w/=.Lf /.p/ ! h

in L1. �

11.4* The geometry. In the remainder of this section we develop the theory of flat
functions further.

First we give a geometric formulation of condition (11.3). A positive continuous
function L D e� on O is flat if it is asymptotically constant on the ellipsoids Eq D
EH D ˇH .B/ for H D Hq with q 2 O n f0g. For rotund-exponential densities
f D e� Bn the ellipsoidsEq have the formA Bˇt .B/, whereA is an initial map and
ˇt .u; v/ D .btu; t C atv/ with at D 1= 0.t/ and bt D ptat . Since at D o.t/ for
t ! t1 by Theorem 6.1, we see that

at 	 bt 	 t; t " t1:
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Hence the diameter of the ellipsoids ˇt .B/ vanishes for t ! t1 if t1 is finite, and
otherwise it is o.t/. Since the set J of initial maps is compact by Theorem 9.9, these
bounds also hold for the ellipsoids EH . The ellipsoids EH are like buttons attached
to the surface of the rotund set tD at the point z D zH , where H supports tD.

Note thatq 7! Eq is continuous, in spite ofTheorem 9.10. In principle, such a con-
tinuous family of ellipsoids defines a Riemannian metric with continuous geodesics.
The distance between neighbouring points is roughly 2n" for " > 0 small, where n
is the number of ellipsoids E"z needed to form a chain between the two points. Here
we define

Erp D p̌.rB/ D p C r.Ep � p/:
One may think of the family of ellipsoids .Eq/ as the geometry associated with the
density f0. Since the geometry is determined by the normalization, the density Lf0,
with L flat, has the same geometry as f0. If we replace the normalization ˇH by a
normalization Q̌H which gives the same limit law, then by the Convergence of Types
Theorem the associated ellipsoids are asymptotic: For any " > 0 there is a compact
subset K of O such that E1�"q ß zEqßE1C"q for q 2 O nK.

Example 11.6 (Functions which are flat for all densities f0 D e� Bn=C0).
1) If t1 is finite, then O D ff0 > 0g is a bounded set. Let L be a continuous

positive function, defined on an open neighbourhood V of @O . The restriction of L
to O \ V is flat.

2) Let �0 be a positive continuous function on the unit sphere @B in Rd . Then
z 7! �.z/ D �0.z=kzk/ on Rd n f0g is positive-homogeneous of degree zero, and
flat for all f0 in (11.1). So is z 7! r D kzk. ˙

Recall that the standardized generalized multivariate hyperbolic distribution has
density

f .z/ / .1C zT z/c1K��d=2.c2
p
1C zT z/e�z; z 2 Rd : (11.9)

Here K� denotes a modified Bessel function of the third kind with index �, and the
constants c1 2 R, � 2 R, c2 > 0, and � 2 Rd with k�k < c2 are parameters, with
c1 D .� � d=2/=2.

Proposition 11.7. The Gauss-exponential domain contains the hyperbolic densi-
ties (11.9).

Proof. The asymptotic behaviour of the Bessel function does not depend on the index.
For any � 2 R

K�.t/ �
p
�=2te�t ; t !1:

Since e�c
p
1CzT z � e�cr for kzk D r !1, we see that

f .z/ � c0r2c1�1=2e�c2re�z D c0r2c1�1=2e�n.z/ D L.z/e�n.z/; r D kzk ! 1;
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where n is the gauge function of the rotund set D D fz 2 Rd j c22zT z < 1C �zg,
an ellipsoid, which is excentric for � ¤ 0, and L is flat for e�n, by Remark 11.3 and
the example above. �

The simulated 10 000-point sample cloud from an asymmetric hyperbolic distri-
bution and the level curves below were kindly made available by Alex McNeil using
the S-plus programs in McNeil, Frey & Embrechts [2005]. The level curves of the
density are close to scaled copies of an off-center ellipse.
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Sample cloud. Level curves.

We shall now take a more geometric point of view. Let d be a distance associated
with the ellipsoids Ep as described above. Then flat functions are slowly varying in
the sense that

zn ! @; d.z0n; zn/ bounded ) L.z0n/ � L.zn/:
The geometry is asymptotic in the sense that for bounded domains O , for any r > 1
there exists a compact set KrßO such that

ErpßO; p 2 O nKr :
In the geometry .Ep/, the set O becomes more spacious as one approaches the
boundary. In this sense it behaves like hyperbolic geometry.

The normalizations p̨ may be replaced by the normalizations p̨ B Rp , where
Rp are arbitrary rotations around the vertical axis in u; v-space. This does not affect
convergence. Neither does it affect the geometry. That may explain why the geometry
may be chosen to vary continuously, whereas in certain dimensions it is not possible



11 Flat functions and flat measures 163

to choose the normalizations p̨ to depend continuously on the point p 2 O n f0g;
see Theorem 9.10.

If L D e�, where � is C 1, then one may formulate sufficient conditions for
flatness in terms of the partial derivatives. Let �r be the radial derivative and �0.p/
the maximum of the partial derivatives along unit vectors in the tangent plane to
ff D f .p/g in p:

�0.p/ D maxfd�.p C te/=dt j e 2 @Hp; kek D 1g:
One may show that L is flat for the density e� Bn=C if

�r.p/ D o. 0.n.p///; �0.p/ D o.
p
 0.n.p//=n.p//:

Example 11.8. Suppose Z D .X; Y / 2 R2 is standard Gaussian. We have seen that
r sin � is flat, and so is e

p
r sin � since the partial derivatives �x and �y of the exponent

vanish, and hence these functions lie in L. The function er
7=4

is also flat for Z (but
only if the Gaussian distribution is spherically symmetric). Flat functions L D e�

which increase so fast in any given direction are rather stiff, they have to increase
at this rate in every direction. Along circles the slope of � tends to zero, and hence
�.r; 0/ � �.0; r/ D o.r/. ˙

Assume some extra smoothness. For a C 2 function ' on a vector space the
linear approximation in the point q does not depend on the coordinates, neither does
the second-order Taylor approximation, or the difference '00.q/, which is a quadratic
form on the vector space V . In our case we consider for given q the quadratic
form Q D '�.q/ D '00.q/ C '0.q/ ˝ '0.q/. For ' D  B n as in Theorem 9.1,
the form Q is positive definite outside the origin, and we define the ellipsoid E�q D
q C fQ < 1gßV . The definition of this ellipsoid is geometric and does not depend
on the coordinates. We can now introduce affine coordinates on the vector space V
which are adapted to the ellipsoidE�q . These coordinates are a map �q W Rh�R! V .
They are chosen so that the origin is the point q, the upper halfspace is the halfspace
which supports the rotund set f' < '.q/g in the point q, and the unit ball in the
new coordinates is the ellipsoid E�q . Hence E�q D �q.B/. The coordinate map �q
transforms the geometry .E�z / on V into a geometry .F qw/ on Rh � R:

F qw D ��1q .E�z /; z D �q.w/ ¤ 0:
We claim that the geometry .F qw/ converges for q ! @. The limit is the parabolic

geometry .Fw/. Here are two definitions of parabolic geometry on Rh � R:

1) The Riemannian geometry induced by the positive definite quadratic form
�� D �00 C �0 ˝ �0, where �.u; v/ D uT u=2C v;

2) The family .Fw/, where Fw is the ellipsoid 
.B/, w D 
.0/, with 
 2 G .
Here G is the symmetry group of the measure ��0 with density e��; see Section 4.

The equivalence of the two definitions follows from the invariance of �� under G .
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The parabolic geometry is not very intuitive. It preserves the vertical direction
but not the (Euclidean) shape of an ellipsoid. The ellipsoids

Ew D w C f��.w/ < 1g
become flat and sloped as one moves away from the vertical axis. In the plane the
ellipse Ep around the point p D .a;�a2=2/ on the parabola v D �u2=2 may be
visualized as the ellipse inscribed in the parallelogram formed by the two vertical
lines u D a˙ 1 on either side of p and the two lines v D a2=2� au˙ 1 above and
below the tangent line to the parabola v D �u2=2 in the point p. These inscribed
ellipses are the image of the unit disk inscribed in the square fjuj D 1; jvj D 1g
under the element 
 2 G which maps the origin into p. The transformations might
be called a parabolic translation since it preserves all parabolas v D c � u2=2. The
parabolic geometry on RhC1 is a true geometry in the sense of Klein’s Erlangen
program. In fact it is equivalent to the subgeometry of Euclidean geometry which
preserves the vertical direction. (The equivalence is established by the map .u; v/ 7!
.u; vCu2=2/which preserves vertical lines and transforms parabolas into horizontal
planes; see Section 8.3. The map transforms the Gauss-exponential measure d� D
e�.vCuT u=2/dudv into the product measure e�vdudv. However, the map is non-
linear, and does not preserve the class of ellipsoids. It is not clear how it should be used
to analyse the asymptotic behaviour of densities in U0.) The transformation group G

of the parabolic geometry on Rd has dimension 1; 2; 4; 7; 11; : : : for d D 1; 2; : : : ,
consisting of a d -dimensional group of parabolic translations, including the vertical
translations, and a .h2�h/=2-dimensional group of rotations around the vertical axis.
Each of these symmetries yields a bijection of the family of ellipsoids .Ew ; w 2 Rd /.

Lemma 11.9. Let† be a positive definite quadratic form on the vector space V , and
� ¤ 0 a linear functional. There exists a unique c0 2 R such that † � c0� ˝ � has
rank less than the dimension of V .

Proof. Choose coordinates �1; : : : ; �d such that the ellipsoid f† < 1g is the unit
ball. Write � D c1�1 C � � � C cd �d and set c0 D 1=.c21 C � � � C c2d /. Then

p
c0�

is a unit vector. Replace �1; : : : ; �d by orthonormal coordinates �01; : : : ; �0d such that
�01 D

p
c0�. Then † � tc0.� ˝ �/ has matrix diag.1 � t; 1; : : : ; 1/. �

Theorem 11.10. Let f D e�' 2 U be C 2 on O D ff > 0g and suppose '� D
'00 � '0 ˝ '0 is positive definite and '0 ¤ 0 on O nK for some compact set KßO .
Let c.w/ be the constant such that '�.w/ � c.w/.'0 ˝ '0/.w/ has rank < d . For
p 2 O nK, choose affine normalizations p̌ mappingHC ontoHp such that

'p.w/ D '. p̌.w// � '.p/
satisfies

'0p.0/ D .0; 1/; '00p.0/ D diag.1; : : : ; 1; c.w//:
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Suppose Erp D p̌.rB/ßO for p 2 O , f .p/ < ır . Then f 2 U0 if

'00pn
.wn/! diag.1; : : : ; 1; 0/; pn ! @O ; wn ! w0; w0 2 Rd : (11.10)

Proof. It suffices to show that 'p.u; v/ ! v C uT u=2 pointwise for p ! @O . For
this it suffices that

'p.0; 0/! 0; '0p.0/! .0; 1/; p ! @O ;

and that (11.10) holds. �

Corollary 11.11. If f satisfies the conditions of the theorem, then f is integrable
and the corresponding probability distribution lies in the domain D.0/ of the Gauss-
exponential law.

Remark 11.12. The assumptions of the theorem may be whittled down. If the
sets Cn D f' � ng are compact subsets of O , then one of these sets contains K.
If we assume that O is connected, then so is this set Cn, since '0 ¤ 0 implies
that f D e�' ^ e�n has no saddle points, and no local maxima outside the pla-
teau Cn. The condition '� is positive definite implies that level surfaces f' D cg for
c > n are locally convex, and hence convex, see Valentine [1964] Theorem 4.4. The
infinitesimal behaviour expressed in '� determines the global behaviour, unimodality
of f . As in Theorem 6.10 it suffices that the condition (11.10) holds for w0 2 qB
for some q > 0, and that EqpßO eventually.

Let us check that the rotund-exponential densities satisfy the conditions of the
theorem above, with K D f0g.
Proposition 11.13. Let 'A;t D  B n B A B ˇt . Then for t ! t1, for any R > 1

'0A;t .w/! .u; 1/T ; '00A;t .w/! Ih D diag.1; : : : ; 1; 0/

uniformly for A 2 J, kwk � R, w D .u; v/, with J as in Theorem 9.9.

Proof. The proof is an application of the chain rule. First observe that the normal-
izations A and ˇt have been chosen so that '0A;t .0; 0/ D .0; 1/. Set m D n B A,
zt D ˇt .w/ D .btu; t C atv/, see (9.6), t� D m.zt /, Bt D diag.bt ; : : : ; bt ; at / the
linear part of ˇt . Then '0A;t .w/ D  0.t�/n0A.zt /Bt . Observe that t�� t D O.at / im-
plies 0.t�/ �  0.t/ D 1=at . By homogeneitymx.x; y/xCmy.x; y/y D m.x; y/.
Alsomx.x; 1/ D xT C e.x/, where the components of e.x/ are o.kxk/, sinceA 2 J

implies nxx.0; 1/ D I . So my.x; 1/ � 1 D O.xT x/. By homogeneity,

m0.btu; t C atv/ D m0.btu=.t C atv/; 1/ D .btu=t; 1/C .o.bt=t/;O.b2t =t2//:
This gives '0A;t .w/! .u; 1/. The second derivative may be written as

'00A;t .w/ D a0.t�/'0A;t .w/˝ '0A;t .w/C  0.t�/Btn00A.zt /Bt :
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The first term vanishes in t1, since a0.t/ vanishes and t�=t ! 1. By continuity,
m00.z/! Ih for z ! .0; 1/, and hence by homogeneity we may write m00.btu; t C
atb/ D .Ih C E/=t where the entries of E all are o.1/. Then this also holds for
the entries of  0.t/BtEBt=t . Now observe that  0.t/BtIhBt=t D Ih. Finally it
should be checked that the relations also hold for An ! A 2 J, tn ! t1 and
wn ! w 2 Rd . �

For f 2 U0 the geometry converges to the parabolic geometry.

Proposition 11.14. Let f 2 U0, pn ! @O where O D ff > 0g, r > 1, qn 2 Erpn
,

˛�1pn
.qn/ ! w0. Then wn D ˛�1pn

.Eqn
/ ! Fw0

D 
w0
.B/, where 
w0

is the
symmetry mapping the origin into w0.

Proof. Write f D e�' on O . Then

'n.w/ D '.apn
.w// � '.p/! �.w/ D uT u=2C v; w D .u; v/ 2 RhC1:

Convergence wn ! w0 implies convergence cn D 'n.wn/ ! c0 D �.w/ by
Proposition 10.1. Let Cn be the cap

Cn D f'n < cn C 1g \Hn;
where Hn is the halfspace supporting f'n < cng in wn. Since 'n ! � is uniform
on bounded sets by Proposition 10.1, the level sets f'n < cn C 1g converge to the
parabola fv < c0 C 1 � uT u=2g, and the caps Cn converge to the parabolic cap
C0 D f� < c0 C 1g \H0, where H0 supports the paraboloid f� < c0g at w0. The
semi-ellipsoid Fn \Hn with Fn D ˛�1pn

.Eqn
/ fits into the cap Cn just as the semi-

ellipsoidFw0
\H0 fits into the capC0. Indeed, ˛�1qn

.Cn/! QC and˛�1qn
.Eqn

/! B ,
and the symmetry which mapsB intoFw0

mapsQC intoC0. Instead of the ellipsoids
Ep one might use the corresponding caps to define the geometry. Convergence
Cn ! C0 is equivalent to convergence Fn ! Fw0

. �

11.5 Excess functions. Univariate exceedances are handled effectively by tail func-
tions T , where T .y/ D 1 � F.y/ D P fY > yg. For a random vector Z the tail
function is the excess function eZ.H/ D P fZ 2 H g. By a well-known result for
multivariate characteristic functions the excess function of the vector Z determines
the distribution; see Section 3.1. In general, excess functions are hard to character-
ize. Here we shall give an asymptotic formula for the excess function of densities
f D Le� Bn=C with L flat.

Theorem 11.15. Let D be a rotund set in Rd with gauge function n. Let Z have
density

f .z/ � L.z/f0.z/=C; z ! @O ; O D ff0 > 0g;
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where f0 D e� Bn=C0 is rotund-exponential, and L is flat for f0. Let H D Hz be
the closed halfspace supporting tD in the point z D zH D tp. Then

P fZ 2 H g � f .zH /L0.zH /; PfZ 2 H g ! 0C;
where L0 is flat for f0, L0.tp/ D C.p/th=2= 0.t/1Ch=2 with

C.p/ D j detApj D 1=
p

detQ.p/: (11.11)

Here Ap is any initial map for p andQ.p/ D .n00 C n0 ˝ n0/.p/. Moreover,

f .zH / � max
z2H f .z/ � max

z2@H
f .z/:

Proof. By (8.11), we haveP fZ 2 Hzg=f .z/ � .2�/h=2j det ˇzj, whereˇz D Apˇt ;
see (9.7). Now det ˇt D atb

h
t D th=2= 0.t/1Ch=2, and j detApj D 1=

p
detQ.p/

since nA D n B A. The asymptotic relations in the last line hold since max f .H/ D
maxw2HC

f .ˇH .w// and L B ˇH is asymptotically constant on bounded sets. �

11.6* Flat measures. So far, life was simple because the vectors Z had a well-
behaved density f , yielding the limit relation

.f B p̌/.w/=f .p/! e�v�uT u=2; p ! @O ; O D ff > 0g
uniformly on compact sets of Rd (and in L1.HC/). Such simple densities are in
accordance with our basic assumption that the underlying sample cloud is bland,
consisting of a dark convex central region surrounded by a homogeneous halo. A dis-
tribution with a density in U0, or of the form f0 D e� Bn=C0 as in Theorem 9.1, or
of the form f D Lf0=C with L flat for f0, may fit such a data set well.

Our basic limit relation (8.2) is phrased in terms of weak convergence. Hence
the theory developed in this book also should allow discontinuous densities or even
discrete probability distributions.

Example 11.16. Suppose that the random vector Z has integer components and
P fZ D kg � f .k/ for kkk ! 1, where f D Lf0 with f0 D e� Bn=C0, and L
flat for f0. Assume t1 D 1 and  0.t/ vanishes for t ! 1. This implies that the
ellipsoids Ep will contain arbitrarily large balls as kpk ! 1. So asymptotically the
counting measure on the integer lattice will behave like Lebesgue measure on these
large ellipsoids. Does Z lie in the Gauss-exponential domain? The theorem below
will handle this question. ˙

Let Z have a probability distribution of the form

d� D f0d�;
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where� is a roughening of Lebesgue measure for the family of ellipsoidsEp D p̌.B/

associated with the density f0 D e� Bn=C0. What this means will be explained
below. Let us assume that the normalizations ˇH associated with f0 in (9.7) may be
used to normalize the distribution �H of the high risk scenario ZH

ˇ�1H .d�H /.w/ D .f0 B ˇH /.w/ˇ�1H .d�/=CH ! e�v�uT u=2dw=.2�/h=2

weakly for H ! @, see (8.9). By Theorem 9.1,

f0 B ˇH .w/=f0 B ˇH .0/! e�v�uT u=2

uniformly on compact sets. This means that

ˇ�1H .d�/=C 0H ! d�; C 0H D .2�/h=2CH=.f0ˇH /.0/;
where � is Lebesgue measure on HC and! denotes vague convergence. Similarly,
the last limit relation together with the second implies the first in the sense of vague
convergence.

Let us call a Radon measure �0 on Rd a roughening of Lebesgue measure for the
Euclidean norm if there exists a countable partition F of Rd into bounded Borel setsF
such that �0F=jF j ! 1 and such that the diameter of Fp vanishes for kpk ! 1,
where Fp is the element of the partition F containing the point p. The measure �0
translated over z will converge vaguely to Lebesgue measure � for kzk ! 1. Using
this simple concept as a guide, we now define the asymptotic relation we are really
interested in:

Definition. A Radon measure� onO D ff0 > 0g is called a roughening of Lebesgue
measure for the density f0 D e� Bn=C0 in Theorem 9.1 if there exists a countable
partition F of O into Borel sets F such that

1) �F > 0 and �F=�F ! 1;

2) for all " > 0 there exists a compact setKßO such that Fp 2 E"p for p 2 O nK.

The measure � is called flat for f0 if 1) above is replaced by the condition

10) �F > 0 and �Fp=�Fp � L.p/ for p ! @O for a function L, flat for f0.

In Section 6 it was shown that f0Ld� 2 DC.0/ if f0 satisfies the von Mises
condition, if L is flat for f0, and � is a roughening of Lebesgue measure. In the
multivariate setting a similar result holds. We first prove vague convergence. Recall
that f D e�' 2 U0 if f is a unimodal function which satisfies some regularity
conditions, f 2 U, and if there exist p̨ 2 A mappingHC ontoHp and .0; 0/ into p
such that

'p.w/ D '. p̨.w// � '.p/! �.w/ D v C uT u=2; w D .u; v/ 2 RhC1:
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Proposition 11.17. Let d� D fd� with f 2 U0 and � on O D ff > 0g flat for f .
Then

˛�1p .�/=C.p/! � vaguely on Rd ; p ! @O ;

where � has density e�.vCuT u=2/ andC.p/ D f .p/L.p/=j detApjwriting p̨.w/ D
Apw C bp .

Proof. The left hand side has the form

f . p̨.w//

f .p/

d˛�1p .�/j detApj
L.p/

:

The first factor converges pointwise to e��, and even uniformly on bounded sets
by Proposition 10.1. It suffices to show that the second factor converges vaguely
to Lebesgue measure. For this it suffices to show that for any r > 1 the diameter
of the sets ˛�1p .F / with F 2 F , the partition associated with the roughening, and
˛�1p .F / \ rB ¤ ;, goes to zero uniformly in F for p ! @O . Here we use the
equivalence of the parabolic and the Euclidean geometry on compact sets. Let G be
the group of symmetries of the parabolic geometry, the symmetry group of �. There
is a constant R > 1 such that each ellipsoid 
.B/ of the parabolic geometry which
intersects the ball rB is contained in the ball 
.0/CRB .

Now let " > 0 and let ı 2 .0; 1/. Let pn ! @O and let F.qn/ 2 F intersect
Erpn

D p̨n
.rB/. Then F.qn/ßEıqn

eventually. By convergence to the parabolic
geometry, ˛�1pn

.F.qn//ß
wn
.2ıB/ eventually, where 
wn

is a symmetry mapping
the origin into wn D ˛�1pn

.qn/. Take ı D "=2R to conclude that the diameter of
p̨n
.F.qn// does not exceed 2". �

The theorem below concerns functions of the form f0L, where f0 is a rotund-
exponential density. We surmise that a similar result also holds for f0 2 U0.

Theorem 11.18. Suppose f0 D e� Bn=C0 satisfies the conditions of Theorem 9.1.
LetL be flat for f0, and let� be a measure onO D ff0 > 0g which is flat for f0. Set
f D Lf0. Then fd� is a finite measure and the corresponding probability measure
fd�=C lies in the domain of attraction of the Gauss-exponential limit law with the
normalizations of f0.

Proof. The proof is rather technical. Basically, for weak convergence one still has to
show thatZ

Ur

f .z/dz < "

Z
H

f .z/dz; r > r"; f0.pH / < ı; f D f0L;

where Ur is the union of all sets in the partition F which contain a point of the
boundary of H , but which lie outside the ellipsoid ErH D ˛H .rB/. See Balkema &
Embrechts [2004], Theorem 7.1, for details. �
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12 Heavy tails and bounded vectors

This section contains a short description of high risk limit laws with heavy tails, and
of bounded limit vectors. The global limit theory for heavy tails will be treated in a
more general setting in Section 16.

12.1 Heavy tails. We start with a simple result.

Theorem 12.1. Let Z in Rd have a spherically symmetric density f .z/ D f0.kzk/.
If f0 varies regularly with exponent �.� C d/ for some � > 0, then Z lies in the
domain of attraction of a high risk limit vectorW D .U; V / onHC, with density

g.w/ D 1=C

..1C v/2 C uT u/.�Cd/=2 ; w D .u; v/ 2 Rh � Œ0;1/; (12.1)

where
C D C.�; d/ D .�h=2=�/.
..�C 1/=2/=
..�C d/=2//: (12.2)

Proof. Recall that regular variation means that f0.rs/=f0.s/! 1=r�Cd as s !1,
for fixed r > 0. This implies

hs.w/ D f .sw/

f .sp0/
! h.w/ D 1

kwkdC� ; s !1; (12.3)

where p0 is any unit vector.
By a well-known inequality, see Bingham, Goldie & Teugels [1989],

f0.rs/=f0.s/ � 2=r�=2Cd ; s � s0; r � 1:
This ensures convergence of the integralsZ

kzk�1
f .sz/dz

f0.s/
D b.d/

Z 1
1

rd�1f0.rs/
f0.s/

dr ! b.d/

Z 1
1

dr

r�C1
D b.d/

�
;

where b.d/ D 2�d=2=
.d=2/ is the area of the surface @B of the unit ball in Rd .
Let Ws denote the vector Z=s conditioned to lie outside the unit ball. Then Ws has
density

gs.w/ D cs f .sw/
f0.s/

! b.d/

�kwk�Cd ; s !1; kwk � 1:

Let H be the closed halfspace f� � sg. By symmetry, we may assume that � is the
vertical unit vector. Then ZH=s is distributed like Ws conditioned to lie in the half-
space fv � 1g, and ZH=s � � ) W , where W lives on fv � 0g with the density g
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above. The constant C is the value of the integralZ 1
0

Z
Rd�1

dvdu

..1C v/2 C uT u/.�Cd/=2

D
Z 1
0

dv

.1C v/�C1 b.h/
Z 1
0

rd�2dr
.1C r2/.�Cd/=2 :

The second integral yields a beta function as in (13.1). �

Definition. The distribution with density g on HC defined in (12.1) and (12.2) is
called a Euclidean Pareto distribution with exponent �.

The vertical component V and the horizontal component U are not indepen-
dent. The vertical component has a Pareto distribution, P fV > vg D 1=.1 C v/�.
The vector U has a spherically symmetric density on Rh which is proportional to
J�Ch.kuk/=kuk�Ch, where

Jc.s/ D
Z 1
1=s

dy

.1C y2/.cC1/=2 D
Z 1

1=
p
1Cs2

.1�r2/c=2�1dr; c > 0; s � 0: (12.4)

Spherical Pareto distributions extend to infinite Radon measures. It is convenient
to use a normalization for this Radon measure which is better adapted to the basic
limit relation (12.3). Let � denote the measure on O D Rd n f0g with density
1=kwkdC�. Then all closed halfspaces HßO have finite mass, and the associated
probability measure d�H D 1Hd�=�.H/ is the image of the Euclidean Pareto limit
distribution under an affine map 
H from HC onto H , which is a symmetry of the
excess measure �.

It is interesting to compare the behaviour of a sample from the standard Gauss-
ian distribution on Rd and from a spherical Student distribution. For the Gaussian
distribution a sample of size n will form a black cloud of radius rn � p2 logn with
a halo on a scale of 1=rn; for the Student distribution the sample has no central black
region. If one scales the sample of n observations from the density f in Theorem 12.1
by sn, where sn !1 is defined by PfY � sng D 1=n, one obtains the Poisson point
process on Rd with intensity c=kwktCd as limit when n ! 1. For heavy tails the
distinction between the local and the global behaviour of the sample cloud is absent.

Let us now look at flat functions for heavy tails. Recall that a positive continuous
functionL on Rd is flat forZ ifLBˇH .w/=LBˇH .0/! 1 uniformly on compactw-
sets in HC, where ˇ�1H .ZH /) W . In our case this means that L is asymptotically
constant on rings Rs D f2s � kzk � 4sg for s ! 1, since L is asymptotically
constant on the intersection of the ring Rs with any halfspace tangent to the ball
B.0; s/. So L is asymptotic to a spherically symmetric function L0.kzk/, where
L0 W Œ0;1/! .0;1/ varies slowly in infinity. Flat functions do not extend the class
of densities f introduced in Theorem 12.1 beyond asymptotic equality.
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For roughening Lebesgue measure, the diameter of the sets Fp in the partition F

should be o.kpk/ for kpk ! 1. In particular, the counting measure on the lattice Zd

is a roughening of Lebesgue measure for all densities f in Theorem 12.1. We shall
not enter into details here.

For random vectorsZ there is a rich limit theory forZs , the vectorZ conditioned
to lie outside the ball sB of radius s, see Mikosch [2005]. The obvious limit relation is

Zs=s) X; s !1: (12.5)

In polar coordinates one may write X D ‚R, with R D kXk � 1 and ‚ a random
element of the unit sphere. In Brozius & de Haan [1987] it is shown that R has a
Pareto distribution, P fR > rg D 1=r� for r � 1, for some parameter � > 0. The
vector ‚ may have any distribution on the unit sphere, and is independent of R. If
we conditionX to lie in a halfspaceH� supporting the unit ball at � , and if‚ charges
the halfspace f� � 0g but not its boundary f� D 0g, we obtain a limit distribution
�� for high risk scenarios ZHn with halfspaces Hn D f�n � sng, where sn ! 1
and �n ! � . High risk scenarios in different directions converge to different limit
laws. These depend continuously on the direction � provided‚ charges all halfspaces
f� � 0g and no hyperplanes f� D 0g.

In the case of heavy tails we have two models for describing extremal behaviour:
the description in terms of high risk scenarios by conditioning on halfspaces, and the
description (12.5), where the vector is conditioned to lie outside a ball whose radius s
tends to infinity. The choice of the appropriate model depends on the sample set and
the application; see Section 8.5. If the polar coordinates have a natural interpretation
and the irregularities in the halo are clear and persistent for s ! 1, and not due
to elliptic level sets, then the more versatile second model is appropriate. If the
irregularities fade out at infinity the simpler first model is relevant. In the first model
the limit distribution is determined by one real parameter � > 0, the tail exponent;
in the second model there is an additional probability distribution on the unit sphere
which has to be determined. We shall return to this issue in Section 16.

Example 12.2 (A continuous density f on the plane, which vanishes on the first
and third quadrants, and which lies in the domain of a Euclidean Pareto law.). By a
rotation through �=4, we may assume that f vanishes for jyj � jxj and is positive
for jyj < jxj. The function h.x; y/ D 0_ .jxj� jyj/^1 has this property. Introduce
the family of increasing ellipses

Eq W
� x

qeq

�2 C �qy
eq

�2
< 1; q 2 Œ1;1/:

The function

f0.x; y/ D h.x; y/=e3q; .x; y/ 2 @Eq; q � 1
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is well defined on the complement of E1, and is integrable, since En lies inside the
disk Dn of radius e4n=3 eventually, and

P jDnj=e3n converges. The function f0
may be adapted on an ellipse Eq0

so as to become a continuous probability density
f which vanishes on A0 D fjxj � jyjg and is positive on A1 D fjxj > jyjg.

The diagonal matrix ˇq D eq diag.q; 1=q/ maps the unit disk B onto the el-
lipse Eq . Its inverse maps A0 onto the thin wedge fjyj � q2jxjg and A1 onto the
complement of this wedge. Let Z have density f . For q � q0 the density gq of
Wq D ˇ�1q .Z/ is constant on the unit circle except for a neighbourhood of diameter
O.1=q2/ around the points .0; 1/ and .0;�1/ where it is less. The image of EqCs
under ˇ�1q is an ellipse with semi axes es.1C s=q/ and es=.1C s=q/, which is close
to a disk with radius es for q large, and contained in a disk of radius e4s=3 for all
s � 0, q � 1. So

e3qgq.u; v/! 1=r3; r2 D u2 C v2
pointwise for u ¤ 0, and also in L1 on r � " for any " > 0. This shows that Z lies
in the domain of attraction of the Euclidean Pareto law with exponent � D 1. ˙

In the spirit of this example one may construct unimodal densities in D.�/which
are not spherically symmetric, as in Example 7 in the Preview.

12.2 Bounded limit vectors. Densities with bounded support play only a minor
role in risk theory. However the associated theory is simple and gives insight in the
ideas underlying high risk limit theory, in particular in the role of rotund sets.

LetD be a rotund set in Rd . IfZ is uniformly distributed onD, then for any half-
space H intersecting D the high risk vector ZH is uniformly distributed on the cap
D \H . Now suppose the volume jD \H j tends to zero. Since the curvature of the
boundary is continuous, it is approximately constant on the cap when jD\H j is small,
and the high risk vector ZH , properly normalized, will converge in distribution to a
random vectorW which is uniformly distributed on the parabolic capQC D Q\HC,
where Q is the paraboloid

Q D f.u; v/ j v � 1 � uT ugßRh � R: (12.1)

Proposition 12.3. Let D be a rotund set. There exist affine transformations ˇH
mapping HC onto H such that ˇ�1H .D/ ! Q for 0 < jD \H j ! 0, where Q is
the paraboloid in (12.1).

Proof. First assume D supports the halfspace fy � 1g in .0; 1/T , and the upper
boundary satisfies 1 � @CD.x/ � xT x for x ! 0. Define

˛
 .u; v/ D .
p

u; 1 � 
 C 
v/ D .x; y/; 
 2 .0; 1/:

The upper boundary of the convex set D
 D ˛�1
 .D/ satisfies

1 � @CD
 .u/ D .1 � @CD.
p

u//=
 ! uT u; 
 ! 0
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uniformly on bounded u-sets. This proves the limit relation for halfspaces H of the
form fy � tg. In order to establish the limit for halfspacesH diverging in an arbitrary
direction we use Lemma 9.13, as in the proof of Proposition 9.12. �

As a corollary, we see that the uniform distribution on the parabolic cap QC is a
high risk limit law, whose domain of attraction contains the uniform distribution on
any rotund set. The standard Poisson point process on the open paraboloidQ is the
vague limit in law of the normalized sample clouds ˇ�1Hn

.Nn/, where Hn are closed
halfspaces such that jHn \ Dj � jQCj=n. The Poisson point process on Q thus
describes the local texture at the edge of the sample cloud for large samples.

Let us briefly discuss some issues related to these limit results.
1) A density f on D which lies in the domain of attraction of the uniform dis-

tribution on QC need not be constant. It is clear that f lies in the domain of the
uniform distribution if f extends to a continuous function on the closure ofD which
is positive on the boundary. In general the function f need not have a continuous
extension to the closure of D, even if it is C 1 on D. If L D e� is positive on D and
the partial derivatives of � are bounded on D then the function L is integrable, and
the density L=C will lie in the domain of the uniform distribution.

One can give precise conditions on the radial and tangential derivatives. Write
z D .1 � s/� with � 2 @D and s 2 .0; 1/, and let H support .1 � s/D in z. Define
�R.t�/ D jd�.t�/=dt j and let �T .z/ be the maximum of d�.z C te/=dt , t D 0,
over all unit vectors e with z C te 2 @H as in Section 11.4. If

�R.z/ D o.1=s/; �T .z/ D o.1=
p
s/; s D s.z/ D .1�n.z//C; z ! @D; (12.2)

then L is flat for the uniform distribution on D in the sense that

L B ˇH .w/=L B ˇH .0/! 1; 0 < P fZ 2 H g ! 0

holds uniformly on compact w-sets in QC. The condition on the radial derivative
implies that on rays the functionL is slowly varying as one approaches the boundary
ofD. One can show that L is integrable and that the density L=C lies in the domain
of the uniform distribution on QC.

2) LetD be rotund and let � denote the probability distribution on @D, determined
by conditioning Lebesgue measure on Rd with respect to the gauge function nD . For
the unit ball � is the uniform distribution on the unit circle. One can prove that the
distribution � on @D lies in the domain of a high risk limit law. (And so doesLd�=C
for any continuous positive functionL on @D). The limit law is singular with respect
to Lebesgue measure on Rd . It is the uniform distribution on the upper boundary
of QC: the limit vector W D .U; V / has the form V D 1 � U TU , where U is
uniformly distributed on the disk kuk < 1 in Rh. The corresponding excess measure �
is Lebesgue measure on Rh lifted to @Q by the map u 7! .u; 1 � uT u/.
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3) The uniform distribution onQC and on the upper boundary ofQC are only two
possible limit laws. Let s be the tent function on the rotund setD introduced in (12.2).
If the random vector Z on D has density f .z/ / s.z/c�1 for some c > 0, then Z
lies in the domain of attraction of the vector W on QC with density q.w/c�1=Cc ,
where q.u; v/ D 1 � uT u � v measures the vertical distance from w D .u; v/ to
the upper boundary of QC. This remains true if Z has density / e�sc�1 where �
satisfies (12.2).

4) If � satisfies (12.2), then e�=s lies in the domain of the uniform distribution on
the upper boundary of QC if the function is integrable.

Definition. The high risk limit distributions on QC and on the upper boundary of
QC are called the parabolic power laws.

For rotund sets the behaviour in all boundary points is the same asymptotically.
Now let us see what happens if D has a vertex in a point p0.

AssumeD D .0; 1/d , the unit cube in Rd , andp0 D 0. Consider halfspacesH D
H� D f� � 1gwith � D .x1; : : : ; xd / 2 .1;1/d . The closure ofH\D is the convex
hull †� of the points 0; e1=x1; : : : ; ed=xd , where e1; : : : ; ed is the standard basis
of Rd . If Z is uniformly distributed over D, then ZH is uniformly distributed over
the simplex†� . The linear transformation ˇ� D diag.1=x1; : : : ; 1=xd /maps the unit
simplex† with vertices 0; e1; : : : ; ed onto†� . Hence ˇ�1

�
maps the high risk vector

ZH� onto the vector W which is uniformly distributed on the unit simplex †. The
excess measure � is Lebesgue measure on the open positive quadrant .0;1/d . The
connected symmetry group G consists of all positive diagonal linear maps. For any
halfspace H with finite positive � mass, there exists an element 
H 2 G mapping †
onto H \ Œ0;1/d D †� such that d�H D 1Hd�=�.H/ D 
H .d�0/ is the image
of �0, the uniform distribution on †. There are other Radon measures on .0;1/d
which are semi-invariant under the group G . These have density xc1

1 : : : x
cd

d
, with

ci > �1 for i D 1; : : : ; d . These measures, restricted to †, and normalized, are
possible limit laws for ZH when Z is a vector on .0; 1/d or .0;1/d , and the half-
spaces H have the form f� � 1g with � 2 .0;1/d .

In this situation there is a finite-dimensional family of limit laws which holds for
halfspaces whose normal points into the open negative orthant. One might speak of a
local limit law. The associated measure � on .0;1/ has a large group of symmetries.
The high risk scenarios ZH all describe the behaviour of Z in the neighbourhood
of one particular boundary point. In that respect the limit behaviour is not very
interesting. On the other hand, the problem of describing the asymptotic behaviour
of the convex hull of a sample of size n from the uniform distribution in a polygon in
R2 has attracted considerable attention since Rényi & Sulanke [1963], see for instance
Cabo & Groeneboom [1994]. The model also is of some interest for finance since
prices are by nature positive.
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There is a variant where the vertex has a different structure: D is the cap of a
cone C D fkuk < vg. In this case � is Lebesgue measure and the symmetry group G

is the Lorentz group acting on the cone C of future events in relativity theory. Let
q D v � kuk denote the vertical distance to the boundary @C . The densities qc�1
with c > 0 are also semi-invariant under G . See also Section 15.3.

13 The multivariate GPDs

It is time now to introduce the complete class of multivariate generalized Pareto
distributions, GPDs. This section is meant for reference rather than for detailed
reading. Below we shall give for every dimension d > 1

1) the standard multivariate GPD’s �� as a continuous one-parameter family;

2) the power families of the EuclideanPareto and the parabolic power distributions
in a simple form;

3) the associated spherical probability distributions �� on Rh; and

4) the excess measures �� with their symmetry groups.

It will be shown how projection onto lower dimensional subspaces acts on the
limit laws �� and on distributions in their domains of attraction D.�/. We shall
discuss the role of spherical symmetry and independence.

We shall use the following notation in this section:

h D d � 1 � 1; W D .U; V / 2 HC D Rh � Œ0;1/; � D 1=j� j for � ¤ 0:
There are other candidates for the term multivariate generalized Pareto distribu-

tion, see Tajvidi [1995] and Balkema & Qi [1998].

13.1 A continuous family of limit laws. For the Gauss-exponential limit law the
representation in 1) and 2) is the same, and the corresponding spherical probability
distribution in 3) is the standard multivariate Gaussian distribution. The associ-
ated Radon measure �0 has density e�.uT u=2Cv/. A Gaussian density in dimension
d D 2; 3; 4; : : : is determined by 5; 9; 14; : : : parameters; a Gauss-exponential den-
sity on HCßRd by 4; 8; 13; : : : parameters.

In the univariate case the exponential distribution forms the central distribution
in the family of GPDs, linking the heavy tailed Pareto distributions and the power
laws with finite upper endpoint. The multivariate situation is similar. In all cases the
vertical component of the high risk limit vector W D .U; V / has a univariate GPD.
We shall use the shape parameter � of this univariate law, see (5) in the Preview, to
classify the multivariate distributions. This is the Pareto parameter of the distribution,
and of the associated excess measure. The multivariate GPD has cylinder symmetry
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with respect to the vertical axis. This means that aside from the shape parameter the
only other parameters are the two scale parameters for the horizontal and vertical
components. For the standardized distributions �� we choose the vertical scale pa-
rameter so that the component V has the standard univariate GPD, G� in (5) in the
Preview. The horizontal scale parameter is determined asymptotically for � ! 0 by
the continuity condition at � D 0.

In the univariate case, the shape parameter � varies over the whole real line; in
the multivariate case the parameter � varies over the set Œ�2=h;1/.

1) The Gauss-exponential distribution �0 is the central term in a continuous one-
parameter family of high risk limit distributions�� , � � �2=h, on the upper halfspace
HC in Rd , the standard multivariate GPDs. For � > �2=h the distribution �� has
a density g� .u; v/ of the form

g� .u; v/ D

� �
.1C �v/2 C �uT u��1=2��d=2 =C� � > 0;

e�.vCuT u=2/=.2�/h=2 � D 0;�
1C �v C �uT u=2��1=��1�h=2C =C� �2=h < � < 0;

where the constants C� have the value

C� D
(
.��/h=2
..� C 1/=2/=
..� C 1C h/=2/ � > 0;

.2��/h=2
.� � h=2/=
.�/ �2=h < � < 0:
For � D �2=h the probability measure �� is singular. It lives on the parabolic cap

f2v D h � uT ug \ fv � 0gßRd ;

and projects onto the uniform distribution on the disk fuT u < hg in the horizontal
coordinate plane. Thus in the case � D �2=h, one may write the limit vector as
W D .U; V /, where U is uniformly distributed on the centered disk of radius

p
h in

Rh, and the vertical coordinate V D .h � U TU/=2 is a function of U .
For each � � �2=h the vertical coordinate V has a standard univariate GPD with

parameter � , and the horizontal component U has a spherically symmetric density.
Expectations exist for � < 1; variances for � < 1=2:

E.U; V / D 1

1 � � .0; 1/; var.U; V / D 1

1 � � diag
�
1; : : : ; 1;

1

.1 � �/.1 � 2�/
�
:

The expressions for g� for positive and negative parameter values � differ. For
d > 1 the family of multivariate GPDs is continuous in � , but no longer analytic.

2) The positive and negative parameter values determine two power families of
limit densities. In the calculations below we leave out the integration constants. These
may be computed from the identitiesZ 1

0

r2a�1dr
.1C r2/bCa D

Z 1

0

r2a�1.1 � r2/b�1dr D 1

2
B.a; b/ D 
.a/
.b/

2
.aC b/ : (13.1)
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For � > 0 the vector .X; Y / D .U=
p
�; V=�/ has a Euclidean Pareto density

proportional to
1=..1C y/2 C xT x/.�Cd/=2:

This density was treated in Section 8.
Let the vector S in Rh have density proportional to 1=.1 C sT s/.�Cd/=2. Then

.1Cy/S has density proportional to1=..1Cy/2CsT s/.�Cd/=2. This is the conditional
density of X given Y D y. So we see that .X; Y / for � > 0 is distributed like
..1C Y /S; Y /, where Y is independent of S .

For � 2 .�2=h; 0/ the vector .X; Y / D .U=
p
2�; V=�/ has a parabolic power

density proportional to

.1 � y � xT x/q�1C ; � D q C h=2:
Here P fY � yg D .1 � y/�C and X has density proportional to .1 � xT x/qC.

Let S 2 Rh have a spherical beta density, proportional to .1 � sT s/q�1C , q > 0.

Then
p
.1 � y/S has density proportional to .1 � y � sT s/q�1C for 0 � y < 1. So

.X; Y / for �2=h < � < 0 is distributed like .
p
.1 � Y /S; Y / with S independent

of Y . This also holds for the boundary case � D �h=2, where S is uniformly
distributed over the boundary of the unit disk in Rh, and X is uniformly distributed
over the disk. Note that S andX both have a spherical beta density, but with different
exponents.

13.2 Spherical distributions. 3) Introduce the family of spherical probability dis-
tributions �� on Rh with densities proportional to

1=.1C �sT s/.hC1C�/=2; � > 0I .1C �sT s=2/��1�h=2C ; � 2 .�2=h; 0/:

By continuity �0 is the standard Gauss distribution on Rh, and ��2=h is the uniform
distribution on the sphere of radius

p
h in Rh. Note that �� for � > 0 is not the

spherical Student distribution with � degrees of freedom. (It lives on Rh, not Rd .)

Theorem 13.1 (Structure). Let S have distribution �� on Rh, and let V have a
standard univariate GPD on Œ0;1/ with df G� , as defined in Section 13.1. Assume
that S and V are independent. Set W D ..1 C �V /S; V / for � � 0 and write
W D .p.1C �V /S; V / for �2=h � � � 0. Then W has the standard multivariate
GPD �� onHC.

Proof. For � > �2=h this follows from the density of the conditional distribution
of U given V D v where .U; V / has density g� above, see the arguments under 2).
For � D �2=h it follows from the fact that U is distributed on a sphere of radiusp
2� � v in Rh if V D v, just as

p
.1C �v/S . �
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Theorem 13.2 (Projection). LetW D .U1; : : : ; Uh; V / have distribution �� onHC,
and let S D .S1; : : : ; Sh/ have distribution �� on Rh. For m D 0; : : : ; h � 1 the
vector .U1; : : : ; Um; V / has distribution �� on Rm � Œ0;1/, and .S1; : : : ; Sm/ has
distribution �� on Rm.

Proof. The densities proportional to 1=.1C sT s/.�Cd/=2 or to .1� sT s/��1�h=2C are
stable under orthogonal projections as is seen by integrating out the variable s1. This
then also holds for the distributions �� for � ¤ 0 and � > �2=h, and (by continuity)
also for the two exceptional values of � . Now apply Theorem 13.1 to obtain the result
for the GPDs. �

13.3 The excess measures and their symmetries. 4) In Section 8 we extended the
Gauss-exponential limit law on HC to a Radon measure on the whole space Rd .
The other high risk limit laws have similar extensions to infinite Radon measures.
If one adapts the normalization so as to achieve maximal simplicity, one obtains the
measures:

�� on Rd n f0g, with density 1=r�Cd for the Euclidean Pareto limit laws,
� D 1=� > 0;

�0 on Rd , with density e�ve�uT u=2 for the Gauss-exponential limit law;
�� on the paraboloid Q D fv C uT u < 0g, with density q��1 for the parabolic

power laws, where q.u; v/ D �.v C uT u/ for � D �1=.h=2C �/ < 0; and
��2=h on @Q is Lebesgue measure on Rh lifted to the parabolic surface

v C uT u D 0 for the parabolic power law with � D �2=h.
Recall that the symmetry group G of a measure � is the set of all 
 2 A for

which there exists a constant c
 > 0 such that 
.�/ D c
�. In Section 8 it was
shown that the symmetry group of the measure � on Rd with density e�ve�kuk2=2
is generated by the vertical translations .u; v/ 7! .u; v C t /, t 2 R, the orthogonal
transformations which leave the points on the vertical axis in their place, and the
parabolic translations (8.6). The symmetry group for the parabolic power measures
with densities q��1 on the paraboloidQ is the same except that we replace the vertical
translations by the linear maps .u; v/ 7! .cu; c2v/, c > 0, which map Q onto itself.
This is also the symmetry group of the singular measure on @Q. The symmetry group
of the spherical Pareto measures with densities 1=rdC1=� on Rd n f0g is different.
It is generated by the group of orthogonal transformations on Rd together with the
scalar maps w 7! cw, c > 0.

Proposition 13.3. Let S be the symmetry group of the infinite Radon measure ��
associated with a Pareto-parabolical high risk limit law �� on HC. For � D 0 let
J0 D HC, for � > 0 let J0 D fv � 1g, and for � < 0 let J0 D fv � �1g. For
each closed halfspace H with 0 < �� .H/ < 1 there is a symmetry 
 mapping H
onto J0. The probability measures d�H� D 1Hd��=�� .H/ have the shape of �� .
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Proof. As for Lemma 8.1. �

13.4 Projection. For coordinatewise maxima there is an obvious projection theo-
rem:

.Z1; : : : ; Zd / 2 D_.W1; : : : ; Wd /) .Z1; : : : ; Zm/ 2 D_.W1; : : : ; Wm/

form D 1; : : : ; d �1. A similar result holds for the domains D.�/ of the multivariate
GPDs: If .Z1; : : : ; Zd / 2 D.�/, then .Z1; : : : ; Zm/ 2 D.�/ for m D 1; : : : ; d � 1.

Theorem 13.4 (Projection Theorem). Let 
 W Rd ! Rm be an affine surjection,

.z/ D Az C b, with b 2 Rm, and the m rows of the matrix A independent. If
Z 2 D.�;Rd /, then 
.Z/ 2 D.�;Rm/.

Proof. Let WH D ˛�1H .ZH / ) W where ˛H maps HC onto H . By cylinder
symmetry of the limit distribution, we may replace ˛H by ˛H BRH for any rotation
RH around the vertical axis,RH 2 O.Rh/. We need only consider high risk scenarios
ZH for halfspaces H D 
�1.J / for halfspaces J ßRm. Let K D fA D 0g be
the kernel of A. Then H is a union of translates of K, and so is @H . We may
choose RH such that Q̨H D ˛H B RH maps f0g � Rk � f0gßRm�1 � Rk � R into a
translate of the k D d � m-dimensional kernel K. This allows us to regard 
 as a
coordinate projection in terms of the coordinates introduced by Q̨H . One may write

 B Q̨H D ˇJ B p for an affine transformation ˇJ on Rm where p is the projection
.u1; : : : ; uh; v/ 7! .u1; : : : ; um�1; v/:

Rm�1 � Rk � R
Q̨H ��

p

��

Rd




��
Rm�1 � R

ˇJ �� Rm .

It now follows that ˇ�1J .
.Z// D p. Q̨�1H .Z// ) p.W / D .U1; : : : ; Um�1; V / for
H ! @. �

13.5 Independence and spherical symmetry. Independence and spherical sym-
metry are two powerful instruments for creating multivariate distributions. Centered
Gaussian distributions with iid components are the only spherical distributions with
independent components. The theory of coordinatewise maxima is able to accom-
modate both spherical symmetry and independence. However the exponent measure
corresponding to the independent part lives on the boundary. For � � 0 this boundary
has coordinates equal to �1. Compare Example 7.4.

In geometric extreme value theory spherical symmetry plays a prominent role. A
rather trivial form of the multivariate theory states that for any density f0 on Œ0;1/ in
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DC.�/ the corresponding spherical density f (where kZk has density f0) belongs to
D.�/. This chapter tries to answer the question: How far can one relax the condition
of spherical symmetry, while retaining the desired limit behaviour for the high risk
scenarios?

Theorem 13.5. IfZ 2 D.�/ has independent components, thenZ is Gaussian .and
� D 0/.
Proof. It suffices to prove that the componentZ1 is Gaussian. WriteZ D .X; Y /, and
letZt D .X; Y t / be the high risk scenario for the horizontal halfspaceH t D fy � tg.
Then Y 2 D.�/, i.e. .Y t � t /=at ) V where V has a GPD G� on Œ0;1/. Let
˛t .u; v/ D .u; t C atv/. Then ˛�1t .Zt /) .X; V / with V and X independent. So
.X; V / has a multivariate GPD. By independence � D 0. HenceX is Gaussian. �



IV Thresholds

This chapter treats exceedances over horizontal and elliptic thresholds.
The first four sections of this chapter treat exceedances. There are two sections on

exceedances over linear thresholds, and two on exceedances over elliptic thresholds.
In both cases the first section treats the general theory, and the second investigates
specific cases. For exceedances over horizontal thresholds the link to the theory of
multivariate GPDs in Chapter III is clear: rather than letting halfspaces drift away
arbitrarily, we now assume divergence in a fixed direction. For convenience we
assume the halfspaces to be horizontal: Ht D fy � tg where y denotes the vertical
coordinate. Exceedances over elliptic thresholds are associated with heavy tails.
The Euclidean Pareto measures in Chapter III have spherically symmetric densities
c=kwkdC1=� . The limit measures in the present chapter need not have such a simple
form.

Both in the case of horizontal halfspaces and in the case of complements of
open ellipsoids we condition on a decreasing family of closed sets, with vanishing
probability, and ask for a limit vector to describe the asymptotic behaviour of the
conditional distributions. Both theories may be regarded as an alternative to the
limit theory for coordinatewise maxima of random vectors in Œ0;1/d . One may for
instance choose the vertical axis along the diagonal, and condition on Y D �.Z/ D
Z1 C � � � C Zd � y for y ! y1; or one may choose an increasing sequence of
centered coordinate ellipsoids En, and condition on Z 62 En.

In both theories there is a one-dimensional group of affine transformations � t ,
t 2 R, acting on the excess measure

� t .�/ D et�; t 2 R:

For exceedances over horizontal thresholds the transformations � t map horizontal
halfspaces into horizontal halfspaces, � t 2 Ah, and the corresponding group of
positive affine transformations Q� t on the vertical axis is precisely the symmetry group
of Q�, the vertical component of the excess measure �. For exceedances over elliptic
thresholds the � t , t > 0, are linear expansions. In the limit theory for coordinatewise
maxima the symmetries � t were CATs, affine transformations whose linear part is
diagonal.

The one-parameter symmetry groups � t , t 2 R, allow a complete classification of
the limit distributions. For exceedances over horizontal thresholds the excess mea-
sure � is determined by a probability measure �� on Rh, and the symmetry group � t

in Ah; for exceedances over elliptic thresholds � is determined by a probability
measure �� on the unit sphere, in appropriate coordinates, and a linear expansion
group � t .
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There are differences too.
1) For exceedances over elliptic thresholds we are able to give a constructive

characterization of the domain of attraction of excess measures with a continuous
positive density.

2) For exceedances over horizontal thresholds convergence of the high risk sce-
narios entails convergence of the sample clouds.

3) Horizontal thresholds are easier to handle since there is only one decreasing
family of horizontal halfspaces.

4) For elliptic thresholds convergence of convex hulls holds automatically; for
horizontal thresholds no simple conditions are known.

The last section of this chapter offers background material. It is devoted to regular
variation of affine transformations, and excess measures on Rd . It contains sub-
sections on the Jordan form of a linear transformation, on Lie groups, and on the
Meerschaert Spectral Decomposition Theorem.

14 Exceedances over horizontal thresholds

14.1 Introduction. Often one has a good idea of the direction in which risk is
located. One may even have a variate which measures loss, such as for instance
minus the value of one’s portfolio. In this section we assume that risk occurs at large
values of the vertical coordinate (denoted by y, v, or �). So we are interested in high
risk scenarios for horizontal halfspaces

Hy D f� � yg; y " y1;
where y1 denotes the upper endpoint of the distribution of the vertical component
Y D �.Z/ of the vector Z describing the state of the system. The vertical compo-
nent measures loss, or discomfort, or some other quantity of interest; the horizontal
componentX 2 Rh ofZ D .X; Y / contains additional information. By ignoring the
horizontal coordinate one is back in the univariate theory of exceedances discussed
in Section 6. We are interested in the asymptotic behaviour of the high risk scenarios

Zy D ZHy

; y " y1:
Do there exist affine normalizations ˛y such that

˛�1y .Zy/) W; PfY � yg ! 0C; (14.1)

where we assume W to be non-degenerate, and to live on a horizontal halfspace
J0 D fv � j0g, for instance the upper halfspace HC, and we assume that ˛y maps
J0 onto Hy .
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Definition. Ah is the group of affine transformations mapping horizontal halfspaces
into horizontal halfspaces. The matrix representation is given in (14.3) below.

Each ˛ 2 Ah determines a transformation of the vertical coordinate, Q̨ . The map
˛ 7! Q̨ is a homomorphism of the group Ah onto the group AC of positive affine
transformations y 7! ayCb, a > 0, on R. It follows that (14.1) implies convergence
of the vertical coordinate:

Proposition 14.1. Suppose (14.1) holds for Z D .X; Y / and W D .U; V / in RhC1
with ˛t .HC/ D H t . Then Q̨�1t .Y Œt;1//) V , and V has a GPD on Œ0;1/.
Definition. The vector Z D .X; Y / 2 RhC1 lies in the domain of horizontal at-
traction of W D .U; V / if (14.1) holds, with ˛t mapping the standard horizontal
halfspace J0 D fv � j0g onto H t , and if the distribution of W is non-degenerate.
Notation Z 2 Dh.W /.

Proposition 14.1 allows us to apply the univariate theory to the vertical coordi-
nateY . The vertical componentV of the limit vector has a GPD. The shape parameter �
of the df of V will be used to classify the multivariate limit distributions. The theory
of exceedances over horizontal thresholds may be regarded as a refinement of the
univariate theory for exceedances. The univariate theory describes the distribution
of Y , given that Y exceeds a threshold y, for y ! y1; the multivariate theory
describes the distribution of the state of the system, Z D .X; Y /, under the same
conditions. We shall see below that, as in the univariate case, there exists an infinite
Radon measure � such that

�y D ˛�1y .�/=PfY � yg ! �; y ! y1

holds weakly on all horizontal halfspaces J on which � is finite, where � denotes
the distribution of Z. The projection of � on the vertical coordinate, Q� D �.�/, is
precisely the univariate Radon measure which extends the distribution of V . The
measure Q� is a univariate excess measure. It lives on an unbounded interval

.j�; j �/ D f Q� t .j0/ j t 2 Rg; J0 D Rh � Œj0;1/: (14.2)

The Q� t in AC satisfy Q� t . Q�/ D et Q�. In appropriate coordinates one of the following
holds:

Q�Œy;1/ D e�y ; y 2 RI D 1=y�; y > 0I D jyj�; y < 0;
as in (6.8), where� D 1=j� j for � ¤ 0. This is as it should be. The normalized sample
clouds from the distribution� ofZ converge to the Poisson point processN with mean
measure �; and the normalized sample clouds of the vertical coordinate converge to
the vertical coordinate �.N /, a Poisson point process with mean measure Q�.
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One could regard N as a marked point process (with the distribution of the hor-
izontal mark dependent on the vertical coordinate). We prefer to think of the point
process N in geometric terms. One of the questions then is what happens if there
is a slight departure from the horizontal. Recall that the limit measure � is sturdy if
�.Jn/! �.J0/ D 1 for halfspaces Jn ! J0. For sturdy measures 1Jn

d�! 1J0
d�

weakly whenever Jn ! J0. The measure � is sturdy precisely if the vertical direc-
tion � lies in the intrusion cone	 of �, see Section 5.4. If � is not sturdy there exists
a sequence Jn ! J0 such that �.Jn/ D1 for all n � 1, and � is called flimsy.

Definition. Suppose �n D n�n ! � vaguely, where we set �n D ˛�1yn
.�/ with

PfY � yng � 1=n and ˛t .J0/ D fy � tg. The probability measure � (or Z) is
steady if 1Jn

d�n ! 1J0
d� weakly whenever Jn ! J0.

For steady � the normalized sample cloud converges weakly to the limiting Pois-
son point process on halfspaces sufficiently close to horizontal. The vertical coordi-
nate � lies in the convergence cone 
 of n�n.

The main objective of this section is to determine the limit laws for exceedances
over horizontal thresholds. A complete classification is possible since limit distribu-
tions extend to excess measures. The Extension Theorem 14.12 allows us to replace
the limit relation (14.1) by

etˇ.t/�1.�/! � weakly on J D Rh � Œv;1/; t !1; �.J / <1;
where ˇ W Œ0;1/ ! Ah is continuous and varies like � t as defined in (12) in the
Preview. This is the main result of the present section. The proof is technical, and
the reader is advised to skip it and proceed directly to Section 14.6. Section 14.9 lists
the limit laws in R3.

Section 14.10 gives conditions under which convergence is preserved when some
of the coordinates of the horizontal components of the vectorZ D .X; Y / are deleted.
Projection allows us to reduce conditions for sturdiness of the limit measure, and
spectral stability, to lower dimensional limit measures.

A summary of the main results may be found in Section 14.13. The two final
subsections treat the domains of attraction for limit distributions for exceedances
over horizontal thresholds. Probability distributions in the domains of attraction may
be described as perturbations of typical distributions. Typical distributions have the
property that the conditional distributions of the horizontal component, given the
vertical component, all have the same shape. A look at Section 18.1 on multivariate
regular variation may be helpful at this point.

14.2 Convergence of the vertical component. We start by looking at the vertical
component, the backbone of the vector Z D .X; Y / in Dh.�/.

For exceedances over horizontal thresholds the normalizations are transformations
˛ 2 Ah. These map horizontal halfspaces into horizontal halfspaces. The associated
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matrices of size 1C hC 1 and 1C 1,

˛ D
0@1 0 0

p A q

b 0 a

1A ; Q̨ D
�
1 0

b a

�
; (14.3)

define the affine transformation ˛ W .x; y/ 7! .pCAxCqy; bCay/ on RhC1, and the
positive affine transformation Q̨ W y 7! bCay acting on the vertical coordinate. Note
that ˛ maps the vertical axis into the line pCRq. The blocked 1ChC1-matrices are
convenient for explicit computations. Thus it is clear that ˛ 7! Q̨ is a homomorphism
from Ah into AC: If � D ˛ˇ then Q� D Q̨ Q̌.
Definition. The parameter � of the limit GPD of the vertical coordinate is the Pareto
parameter of the multivariate limit distribution.

Before proceeding, let us note that Proposition 14.1 yields information about the
limit theory of multivariate GPDs developed in Chapter III. It gives a qualitative
description of the tails of distributions in the domains of attraction of multivariate
GPDs. Assume Z 2 D.�/. The halfspace H then is allowed to diverge in any
direction. But every direction � may be regarded as the vertical direction. So �Z lies
in the domain of attraction DC.�/ of the GPDG� for each non-zero linear functional �
on Rd . If Z has heavy tails then t sPf�Z � tg vanishes for s < 1=� when t ! 1,
and diverges to1 for s > 1=� . If Z has light tails, all moments of kZk are finite.
If � is negative, Z has bounded support.

In order to be able to speak of limit laws we had to impose a regularity condition
on the boundary of the distribution � of the vector Z: hyperplanes tangent to the
convex support should not carry positive mass, see (8.3). Here we can say more.

Proposition 14.2. Suppose � lies in the domain D.�/ of a multivariate GPD. Then

�.@H/=�.H/! 0; �.H/! 0C :
Proof. Otherwise the limit law would have positive mass on the horizontal hyperplane
@HC and the vertical component V of the limit vector would have mass in the origin.
This is not possible since V has a GPD by Proposition 14.1. �

14.3* A functional relation for the limit law. We now start with the proof of the
Extension Theorem, which will be formulated in Section 14.6.

It is convenient to use risk as parameter, and writeZq for the high risk scenarioZt

with PfZ 2 H tg D q. Similarly we writeWq for the limit vectorW conditioned to lie
in the horizontal halfspace J for which PfW 2 J g D q. Observe that .Wq/p D Wpq
for p; q 2 .0; 1�.

The vectors Wq are well defined since the df G of the vertical component is
continuous on R and strictly increasing on the interval f0 < G < 1g. It helps
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to assume in first instance that the df F of Y also has these properties. From the
univariate theory in Section 6 it is known that the distribution tail 1�F is asymptotic
to a continuous function 1 � F0 on R which is strictly decreasing on f0 < F < 1g.
We shall write

q D q.t/; t D t .q/; q.t/ D 1 � F0.t/: (14.4)

We begin with a simple result on weak convergence of high risk scenarios. Recall
that G W .0; 1/! R denotes the left-continuous inverse of the univariate df G.

Lemma14.3. LetWn) W D .U; V / 2 RhC1. LetV havedfG. LetH;H1;H2; : : :
be horizontal halfspaces. Suppose qn WD PfWn 2 Hng ! PfW 2 H g D q 2 .0; 1/,
where H;H1;H2; : : : are horizontal halfspaces. If G is continuous in q then
W Hn ) W H .

Proof. First note that the dfs Gn of the vertical component of Wn converge weakly
to G, and hence G n ! G weakly. The continuity in q ensures that tn ! t ,
where we write Hn D Rh � Œtn;1/ and H D Rh � Œt;1/. It also ensures that
PfV D tg D 0. So 1Hn

! 1H holds W -a.s. For any bounded continuous function
' we then have E.'1Hn

/.Wn/=qn ! E.'1H /.W /=q. �

Now supposeW is a limit vector for exceedances over horizontal thresholds. The
lemma implies that Wq is distributed like �.W / for some � 2 Ah. Here is a more
general result.

Proposition 14.4. Suppose ˛�1tn .Z
tn/) W and PfY � tng D qn ! 0C. Let G be

the df of the vertical component of W . Suppose G is continuous in q 2 .0; 1/. If
PfY � sng � qqn then ˛�1tn .Z

sn/) Wq . If also ˛�1sn .Z
sn/) W then

1) The sequence .˛�1tn ˛sn/ is relatively compact.

2) For any limit point � of this sequence, �.W / is distributed like Wq .

3) For any such � there exist symmetries 
n of W in Ah such that

˛�1tn ˛sn
n ! �:

Proof. Convergence to Wq follows from the lemma with Wn D ˛�1tn .Z
tn/ and

W
Hn
n D ˛�1tn .Z

sn/ with Hn D ˛�1tn .H
sn/. The limit vectors W and Wq are of

the same type by the Convergence of Types Theorem; see the Preview. The CTT
yields the three conclusions above. �

14.4* Tail self-similar distributions. We shall now first investigate random vec-
tors W with the property that for certain q 2 .0; 1/ there exist � 2 Ah such that the
high risk scenario Wq is distributed like �.W /.
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Definition. A random vector W on HC with distribution �0 is tail self-similar for
� 2 Ah if the high risk scenario W H for H D �.HC/ is distributed like �.W /, and
if q.�/ WD PfW 2 �.HC/g 2 .0; 1/.
Example 14.5. LetW D .U; V / 2 R� Œ0;1/. Suppose V is discrete with a Pascal
distribution on the non-negative integers: P fV � tg D qŒt�, where Œt � denotes the
integer part of t . Given V D n letU be normal with unit variance and expectation n2.
Then W is tail self-similar for � W .u; v/ 7! .u C 2v C 1; v C 1/. Observe that
˛�1t .W t /) W if we choose ˛t D ��Œt� for t � 0. Yet W 62 Dh.W /. ˙

We claim that a tail self-similar distribution �0 extends to an infinite Radon mea-
sure � which satisfies

�.�/ D �=q; q D q.�/: (14.5)

The construction of � is simple. The difference S D HC n �.HC/ is a horizontal
slice, and d� D 1Sd�0 is a measure of mass 1� q. The restriction of �0 to the slice
S1 D �.S/ D �.HC/ n �2.HC/ is q�.�/, and similarly for the slices S2; S3; : : : ,
with Sk D �k.S/. Now define

� D
1X

kD�1
qk�k.�/ on

1[
kD�1

�k.S/ D Rh � .j�; j �/: (14.6)

Here .j�; j �/ is the union of the sets Q��n.Œ0; Q�.0///, where Q� is the positive affine
transformation on R associated with � in (14.3). Then � is an infinite measure, which
is finite on Rh� Œv;1/ for any v > j�, and � restricted toHC is �0. The projection Q�
of � on the vertical axis satisfies Q�. Q�/ D Q�=q. By construction (14.5) holds.

It is not obvious that a different tail self-similarity, �1.W / D W H1 , for the vec-
torW will yield the same extension �. We shall return to this issue in Section 18.10. In
order to understand tail self-similar distributions we need to understand the symmetry
group of �.

The symmetry group of � in Ah is the set G of all � 2 Ah for which there exists
a constant q D q.�/ such that �.�/ D �=q. The set G is a group, and the map
� 7! q.�/ is a homomorphism from G into the multiplicative group of the positive
reals, .0;1/. We shall show that there are only two options: Either the image q.G / is
a discrete subgroup of the form fpk j k 2 Zg for some p 2 .0; 1/, or q.G / D .0;1/.
It is the latter case in which we are interested. We shall see that in that case the vertical
component V of the vector W has a GPD on Œ0;1/ and � is an excess measure. At
the end of this section we give more details on the structure of the group G , its relation
to the group Sh of symmetries of �0 in Ah, and the choice of � in (14.5), which need
not be unique.

Let 
 be the set of all � 2 Ah for which W �.HC/ is distributed like �.W /. Then

�.d�0/ D 1�.HC/d�0=q.�/; q.�/ D �0.�.HC//: (14.7)
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We list some simple properties of the set 
 .

Lemma 14.6. The following hold:

1) If � 2 
 andHßHC has positive mass, then �.1Hd�0/ D 1�.H/d�0=q.�/.
2) 
 contains the group Sh of symmetries of �0 in Ah.

3) If �1; �2 2 
 , then � D �1�2 2 
 and q.�/ D q1q2.
4) If �1; �2 2 
 and q2 � q1 then � WD ��11 �2 2 
 and q.�/ D q WD q2=q1.

Proof. The statements 1), 2) and 3) are obvious. For 4) we have to prove that
�.d�0/ D 1Hd�0=qwithH D �.HC/. Apply �1 to both sides to obtain an equivalent
equality, and then use 3):

�2.d�0/ D �1.1Hd�0/=q D 1�1.H/d�0=q=q1:

Since �1.H/ D H2 and qq1 D q2 this equality holds, and �.d�0/ D 1Hd�0=q. �

These results yield a dichotomy: Either the image q.
/ contains a maximal ele-
ment p 2 .0; 1/, and q.
/ D fp; p2; : : : g, or q.
/ is dense in .0; 1�. The dichotomy
will allow us to show that the extension � does not depend on � .

Theorem 14.7. Let �0 be a probability measure onHC. LetQß.0; 1/ be non-empty.
For each q 2 Q let �q 2 Ah satisfy

�q.d�0/ D 1Hq
d�0=q; Hq D �q.HC/:

Let �q be the extension of �0 corresponding to �q . These extensions are equal. Let �
denote this extension.

1) If there exists a real p 2 .0; 1/ such that each q 2 Q is a positive integer power
of p, then there exists � 2 Ah such that

�k.�/ D �=pk; k 2 Z:

2) Otherwise there is a one-parameter group � t , t 2 R, in Ah, such that

� t .�/ D et�; t 2 R: (14.8)

The vertical projection Q�0 of �0 then has tail function

Q�0Œv;1/ D 1 �G� .av/; v � 0
for some a > 0, whereG� is the standard GPD with parameter � in (5) in the Preview.
Let .j�; j �/ be the minimal interval in R on which the extension Q� of Q�0 lives. Then �
lives on Rh � .j�; j �/, and Q� is the vertical projection of �.
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Proof. The construction (14.6) shows that the extension of �0 for � and for �m is the
same for m D 2; 3; : : : . In the discrete case there is a ˇ 2 
 such that q.ˇ/ D p.
Then �q D ˇmq
q for some mq � 1 and some symmetry 
q of �0 in Ah. Hence
�ˇ D ��q

. This holds for each q 2 Q.
In the continuous case the image q.
/ of the set 
 in (14.7) is dense in .0; 1�. This

implies that the vertical projection Q�0 has a GPD on Œ0;1/. Hence q W 
 ! .0; 1� is
continuous. Choose �n 2 
 such that qn WD q.�n/! 1� 0. ThenW qn ) W gives
�n.�0/! �0. The Convergence of Types Theorem yields a sequence of symmetries

n 2 Ah of �0 such that � 0n WD 
�1n �n ! id, and � 0n 2 
 by the lemma above. From
Lemma 18.79 it follows that there exist �n 2 Sh, and a generator C such that

ˇ
Œtmn�

kn
! etC D � t ; t 2 R; ˇkn

D ��1n � 0kn

for some subsequence kn !1, andmn !1. Then � s 2 
 for a dense set of s > 0
by writing � s D �q
q for q D e�s 2 q.
/. By continuity � s.W / is distributed like
W e�s

for all s � 0. The extension � D �s induced by � s does not depend on s.
Apply the uniqueness in the discrete case to s D 1=2n, and let n!1. �

Remark 14.8. The one-parameter group � t in (14.8) need not be unique. This issue
is discussed in Sections 14.7 and 18.1.

14.5* Domains of attraction. For q.
/ discrete, it is simple to write down the
domain of attraction explicitly. This description remains valid in the continuous case.
A drawback of this description for the continuous case is the introduction of a spurious
period.

Let �.�/ D �=p with p 2 .0; 1/. Recall that � was constructed slicewise as
a sum of transforms �k�=pk , where � was the restriction of �0 to the slice S D
HC n �.HC/ D Rh � Œ0; c/. So � has mass 1�p. We shall define the distribution �
of our random vectorZ D .X; Y / as a mixture of probability measures�n D ˇn.�n/
with mixing distribution q0; q1; : : : . The conditions are:

1) qnC1=qn ! p;

2) �n lives on S for n � 1, and converges weakly to the probability measure
�=.1 � p/;

3) ˇn D �1 : : : �n with �n ! � , and Q�n.0/ D c for n � 1.

Set Q̌n.0/ D yn. Then Q̌n.c/ D ynC1 by 3), and so the slices Sn D Rh � In with
In D Q̌nŒ0; c/ D Œyn; ynC1/ nicely fill up Rh � Œy1; y1/ with y1 D lim yn � 1.
We define the initial measure �0 to be any probability measure on Rh � .�1; y1/.

The slicing sequence y1; y2; : : : is basically a univariate construct. In the case
of thin tails the increments an D yn � yn�1 are asymptotically equal, see (6.5),
otherwise anC1=an ! c with c > 1 for heavy tails, and c 2 .0; 1/ for bounded tails.
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Theorem 14.9. Let � be an infinite measure on Rd which satisfies �.�/ D �=p for
some � 2 Ah and p 2 .0; 1/. Suppose Q�.0/ D c > 0. Set j� D inf ��n.0/ and
j � D sup �n.0/. Assume � lives on Rh � .j�; j �/, d�0 D 1HC

d� is a probability
measure, and � does not charge the horizontal coordinate plane.

If � is the probability measure defined above then ˇ�1n .�=rn/ ! � weakly on
Rh � Œ Q�k.0/;1/ for any k � 0 where rn D �fy � yng.

The converse also holds: IfZ D .X; Y / has distribution � , and ˛�1n .Zyn/) W

whereW has distribution �0, ˛n mapsHC ontoHyn , and qn WD PfY � yng satisfies
qnC1=qn ! p, then � has the form above for a sequence ˇn D ˛n
n with 
n 2 Sh.

Proof. The first part is an immediate consequence of the construction. First note that
rn=qn ! 1C p C p2 C � � � D 1=.1 � p/. Next for k < 0

ˇ�1n .qnCk�nCk/=rn D ��1n : : : ��1nCkC1ˇ
�1
nCk.qnCk�nCk/=rn ! pk�k�=.1 � p/:

A similar relation holds for k � 0. Combining a finite number of these slices
SnCj , j D k; : : : ; m, we obtain weak convergence on

Sf�j .S/ j k � j � mg.
Exponential decrease ensures that rnCm=rn � 2pm < " eventually for any " > 0.
Hence weak convergence holds on fv � Q�k.0/g for k � 0.

For the second part write ˛�1n .ZynC1/ D W sn
n with Wn D ˛�1n .Zyn/) W . By

the CTT W sn
n ) W s . By the lemma below there exist symmetries 
n 2 Sh such

that ˇn D ˛n
n satisfies ˇ�1n ˇnC1 ! � . Since the 
n are symmetries they do not
affect convergence: ˇ�1n .Zyn/ D 
n.Wn/) W . By assumption ˛n maps HC onto
Hyn . Hence Q̌�1n .yn/ D 0. Also Q̌�1n .ynC1/ ! c. Hence we may find ˇ0n � ˇn
in Ah such that Q̌0nŒ0; c/ D Œyn; ynC1/. �

Lemma 14.10. Let SßA be a compact group, and � 2 A. Suppose ��1S� D S .
Let the sequence ˛0; ˛1; : : : in A satisfy

˛nC1 D ˛n�n
n; �n ! �; 
n 2 S :

There is a sequence ˇ0; ˇ1; : : : such that

ˇn D ˛n�n; ˇnC1 D ˇn� 0n; �n 2 S ; � 0n ! �:

Proof. Write ˛nC1 D ˛n��1n � 0n�nC1 starting with ˛1 D ˛0 id �0
0, and setting

˛nC1 D ˛n.��1n �n/�n.�
0�1
n �
0
n/
n D ˛n��1n � 0n�nC1

with �nC1 D � 0n
n and � 0n D ��1�n� 2 S to ensure that � 0n D �n�n�
�1��1n � ! �

(since �n��1 ! id implies �n�n��1��1n ! id for any relatively compact se-
quence .�n/). �

One could develop a theory for tail self-similar measures as a discrete counterpart
to the theory of high risk scenarios and excess measures. We shall not do so.
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14.6 The Extension Theorem. The Extension Theorem states that for � 2 Dh.�0/

with normalizations ˛y the measures ˛�1y .�/=�.Hy/ converge vaguely to the excess
measure � extending �0. Weak convergence holds on every horizontal halfspace
J D Rh � Œv;1/ on which � is finite. If we choose yn so that �.Hyn/ � 1=n, then,
by the results in Section 5, the n-point sample clouds Nn from the distribution � ,
properly normalized, converge to a Poisson point process N with mean measure �
weakly on J .

We shall first formulate a simple extension result. Weak convergence on the upper
halfspace HC entails weak convergence on all horizontal halfspaces Rh � Œv;1/
for v > j�.

Proposition 14.11. Suppose � 2 Dh.�0/ with normalizations ˛y . The vertical
coordinate of the limit vector W D .U; V / has a GPD. Let .j�; j �/ in (14.2) be
the interior of the support of the excess measure Q� on R extending the distribution
of V . The distribution �0 ofW extends to an excess measure � on Rh� .j�; j �/, and
˛�1y .�=�.Hy//! � weakly on Rh � Œv;1/ for each v > j� as �.Hy/! 0C.

We shall prove more. Since each limit distribution �0 has a unique extension to
an excess measure � on Rh � .j�; j �/, we may write Dh.�/ for Dh.�0/.

Theorem 14.12 (Extension Theorem). Suppose � 2 Dh.�/ for an excess measure �
which satisfies � t .�/ D et� for a one-parameter group � t 2 Ah, t 2 R. There exists
a continuous curve ˇ W Œ0;1/! Ah which varies like � t , such that

etˇ.t/�1.�/! � weakly on Rh � Œv;1/; t !1; v > j�;
where .j�; j �/ in (14.2) is the domain of the vertical component Q� of the excess
measure �.

There is a relation between the normalizations ˛y of the high risk scenarios Zy ,
and the curveˇ. LetF be the df of the vertical componentY of the vectorZ D .X; Y /
with distribution � . There exists a continuous df F0 which is strictly increasing on
f0 < F0 < 1g D .y0; y1/, with the same upper endpoint y1 as F , and with finite
lower endpoint y0, and which satisfies .1 � F.y//=.1 � F0.y// ! 1 for y ! y1
from below.

Proposition 14.13. Let F and F0 be as above. Define y W Œ0;1/ ! Œy0; y1/ by
1�F0.y.t// D e�t . Let Sh denote the set of measure preserving transformations of
� in Ah. There exist 
.t/ 2 Sh, t � 0, such that

˛y.t/ � ˇ.t/
.t/; t !1:

We shall now give the proof of these interrelated results.
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Proof. Let ˛�1y .Zy/ ) W . The high risk scenarios Wq , 0 < q < 1, all have
the same shape. Hence the distribution of W extends to an excess measure � on
Rh � .j�; j �/. This excess measure is unique. There exists a one-parameter group
� t 2 Ah such that � t .�/ D et� for t 2 R. This group need not be unique.

Setp D 1=e, 1�F0.yn/ D 1=en, and˛n D ˛.yn/. By Lemma 14.10˛n D ˇn
n,
where ˇ�1n ˇnC1 ! � and �n WD ˇ�1n .�/=pn ! � weakly on ��m.HC/ for each
m � 1. Embed ˇn, n � n0, in a continuous curve ˇ W Œ0;1/ ! Ah which varies
like � t as in Section 18.2. Then

ˇ.t/�1.�/=pt D .ˇ.t/�1ˇŒt�� Œt��t /.� t�Œt��Œt�=pt�Œt�/! �

weakly on ��m.HC/ for all m � 1 since the first factor tends to id, and the second
to �. Let tn ! 1. Then ˇ.tn/�1.Zy.tn// ) W , and ˛.y.tn//�1.Z.y.tn// ) W .
By the CTT the sequence ˇ.tn/�1˛.y.tn// is relatively compact, and all limit points
are symmetries of W . These symmetries lie in Sh since ˛.y/ and ˇ.t/ do. Choose

.t/ 2 Sh at minimal distance to ˇ.t/�1˛.y.t//. This is possible since for non-
degenerate probability measures the set of symmetries is compact. Then ˛.y.tn// �
ˇ.tn/
.tn/. �

14.7 Symmetries. If the high risk scenarios from the distribution � converge to a
non-degenerate limit vector W , then the distribution �0 of W extends to an excess
measure � and

etˇ.t/�1.�/! � weakly on Rh � Œv;1/; t !1; v > j�;
for a continuous normalization curve ˇ W Œ0;1/! Ah, which varies like � t , where
� t .�/ D et� for t 2 R. The symmetry group S of �0 is compact by Theorem 18.75.
If it is finite the symmetry group � t of the excess measure � is unique, as we shall
see below. Moreover any continuous normalization curve then varies like � t , and is
asymptotic to ˇ.t/
 for an element 
 2 S \Ah.

Let us first ask: Are symmetries of �0 symmetries of �? We give some examples.

Example 14.14. Let � be Lebesgue measure on the cone C D fv < �jujg in the
lower half of R2, and �0 the restriction to the halfplane J0 D fv � �1g. Then W
is uniformly distributed on the triangle T D f�1 � v < �jujg D C \ J0. It has a
discrete symmetry group of six elements, the permutation group of the vertices of T .
Since � may be rotated into Lebesgue measure on the positive quadrant it has a two-
dimensional symmetry group isomorphic to the group of positive diagonal matrices.
The measure preserving symmetries are diagonal matrices diag.c; 1=c/, c ¤ 0. ˙

Example 14.15. Let �1 have density c=kwk4 on R3 n f0g, and let d�2 D 1C cd�1
where C is the closed cone in fv � 0g intersecting the horizontal plane fv D �1g in
the square Œ�1; 1�2. Choose c > 0 so that d�0 D 1J0

d�1 is a probability measure
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on J0 D fv � 1g. The measures �1 and �2 are excess measures with respect to the
scalar expansions � t W w 7! etw. Let Si denote the group of measure preserving
transformations of the measure �i . Then S0 D O.2/, S1 D O.3/, and S2 is the
discrete subgroup of O.2/ consisting of the symmetries of the square Œ�1; 1�2. ˙

Example 14.16. The Gauss-exponential excess measure on R3 has a three-dimen-
sional group of measure preserving symmetries; the symmetry group of the corre-
sponding high risk limit distribution is a one-dimensional subgroup. ˙

Theorem 14.17. Let � be an excess measure for exceedances over horizontal thresh-
olds, and �.HC/ D 1. Let W be the high risk limit vector with distribution d�0 D
1HC

d�. Assume � t .�/ D et�, t 2 R, with � t 2 Ah. Let � live on Rh � .j�; j �/,
where .j�; j �/ is the orbit Q� t .0/, t 2 R, where Q� t describes the action of � t on the
vertical component of � t . Assume �0 is non-degenerate. Let 
 2 Ah. Then 
.W / is
distributed like W if and only if 
.�/ D �.
Proof. If 
.�/ D � and 
 maps horizontal halfspaces into horizontal halfspaces then

.J0/ D J0. Hence 
.�0/ D �0. Conversely let S0 denote the set of all 
 2 Ah

which satisfy 
.�0/ D �0. Then S0 is a group, and 
 7! ��t
� t is an automorphism
of S0 since 
.W y/ is distributed like W y for y 2 .0; j �/ if we let W y denote the
vector W conditioned to lie in the halfspace Rh � Œy;1/, and

��t
� t .W / dD ��t
.W Q� t .0//
dD ��t .W Q� t .0//

dD W:
The automorphisms form a group. Hence � t
��t 2 S0 for t > 0. Let �s be
the restriction of � to Rh � Œ Q� s.0/;1/. Then � t
��t .�0/ D �0 gives ��t .�0/ D

��t .�0/, and hence

e�t .��t / D ��t .�0/ D 
��t .�0/ D e�t
.��t /:
Therefore 
.��t / D ��t for all t > 0, which implies 
.�/ D � since � lives on
Rh � .j�; j �/. �

We shall now discuss the effect of extra symmetries on the normalization.

Example 14.18. The vectorW D .U; V / 2 RhC1 withU standard Gauss andV stan-
dard exponential and independent of U lies in the domain of the Gauss-exponential
measure �:

etˇ.t/�1.�/! � weakly on Rh � Œc;1/; t !1; c 2 R: (14.9)

One may choose ˇ.t/.u; v/ D .u; vC t /, but also ˇ.t/.u; v/ D .
t .u/; vC t / for any
curve 
 W Œ0;1/! O.h/. Because of symmetry, there are many continuous curves ˇ
for which (14.9) holds. ˙
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Theorem 14.19. If the symmetry group in Ah of the high risk vector W is discrete
then every continuous normalization curve ˇ W Œ0;1/! Ah in (14.9) varies like � t .

Proof. By the Extension Theorem one may choose ˇ to vary like � t . Let ˛ also
be a continuous normalization curve. By the Convergence of Types Theorem, for
any sequence tn !1 ˛.tn/

�1ˇ.tn/ is relatively compact, and all limit points 
 are
symmetries ofW , which lie in Ah, since ˛.t/ and ˇ.t/ do. Choose symmetries 
.t/
such that ˛.t/ � ˇ.t/
.t/ for t ! 1. Since the symmetry group is compact by
Theorem 18.75, it is finite, and the continuous curve 
.t/ is eventually constant. So

˛.tn/
�1˛.tn C sn/ D 
�1ˇ.tn/�1ˇ.tn C sn/
 ! 
�1� s
; tn !1; sn ! s:

Let N� s D 
�1� s
 have generator xC , and let � s D esC . If xC D C then N� s D � s for
all s; if xC ¤ C then the group of measure preserving symmetries of � has dimension
at least one. By the previous proposition it is finite. Contradiction. �

14.8 The Representation Theorem. Excess measures for exceedances are related
to product measures. Suppose � t .�/ D et .�/ for t 2 R, with � t 2 Ah. Let
0 < �.J0/ <1 for J0 D Rh�Œj0;1/, and let Q� live on .j�; j �/ D f Q� t .j0/ j t 2 Rg.

Introduce the map

ˆ W .u; t/ 7! � t .u; j0/; ˆ W RhC1 ! O D Rh � .j�; j �/:
The map ˆ is a homeomorphism. It is continuous. The map t 7! Q� t .j0/ is a
homeomorphism, and for fixed t the map ˆ. � ; t / is an affine transformation on Rh,
which depends continuously on t . The map ˆ transforms the group of vertical
translations on RhC1 into the one-parameter group � t on O:

�
RhC1

� t
��

ˆ

��

RhC1

ˆ

��
O

� t

�� O

Write � D ˆ�1.�/. Then for any Borel set E0ßRh

�.E0 � Œt;1// D e�t�.E0 � Œ0;1//; t 2 R:

Hence there is a finite measure �� on Rh such that

� D ˆ.�� � "/; ".dt/ D e�tdt:
Introduce the class J of invariant Borel setsEßO . A setEßO is invariant if � t .E/ D
E for all t 2 R. The class J is a
 -algebra. Sets in J are images of vertical Borel sets in
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RhC1 underˆ. The measure ��may be defined, using the one-to-one correspondence
between sets EßJ and Borel sets E0 in Rh, by

��.E0/ D �.E \ J0/; E0 � fj0g D E \ fv D j0g:

The total mass of �� is ��.Rh/ D �.J0/. If �.J0/ D 1 then �� is a probability
measure.

Definition. The finite measure �� is the spectral measure associated with �. The
probability measure ��0 D ��=�.J0/ is the spectral distribution.

The symmetries of� reflect a basic property of the limit vector: For anyv 2 Œ0; j �/
the high risk scenario W Hv has the same shape as W – since it also is limit of high
risk scenarios ZHy . The product measure underlying the excess measure � yields a
simple representation theorem for W .

Theorem 14.20 (Representation Theorem). LetW be a limit vector for exceedances
over horizontal thresholds. The excess measure � which extends the distribution of
W satisfies � t .�/ D et� for a one-parameter group in Ah. There exists a random
vector U � 2 Rh and an independent standard exponential variable T such that W
is distributed like �T .U �; 0/.

Corollary 14.21. Let W D .U; V /. Suppose v � 0 and PfV � vgD e�t >0.
Conditionally on V D v the vector .U; v/ is distributed like � t .U �; 0/. The con-
ditional distributions depend continuously on v; they all have the same shape; U � is
the conditional distribution of U given v D 0.

14.9 The generators in dimension d D 3 and densities. The limit vectors W D
.U; V / for exceedances over horizontal thresholds may be classified by the shape
parameter � of the GPD of the vertical component V . It is convenient to choose the
horizontal halfspace J0 on which the limit vectorW lives to depend on the sign of � :
Take J0 D fv � 1g for � > 0 (heavy tails); J0 D fv � �1g for � < 0 (V bounded);
and J0 D HC for � D 0 (exponential tails). The corresponding excess measures �
live on fv > 0g, fv < 0g and Rd respectively.

As an appetizer we give the Jordan form for the generators of the excess measures
in dimension d D 3. Even in dimension d D 3 there is a great variety of possible
generators. One-dimensional groups � t , t 2 R, of affine transformations on R3 may
be represented by a group of matrices etC of size 4, where the generator C has top
row zero.

Example 14.22. If Q� t is the translation y 7! y C t , the generator C has the form
below, with ' > 0, �;� 2 R. The second row .1; 0; 0; 0/ is the vertical coordinate �,
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the first row the virtual coordinate �0.0BB@
0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 1 0 0

0 0 0 �

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 0 � 0

0 0 0 �

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 0 � 0

0 0 1 �

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 0 � �'
0 0 ' �

1CCA :
Cylinder symmetric limit distributions on HC are described by the third matrix with
� D � 2 R. The limit vector is symmetric for reflection in the vertical axis if .�U; V /
is distributed like .U; V /. These vectors have symmetry groups generated by the third
and fifth matrix above. ˙

Example 14.23. In case � is not a translation it is convenient to replace HC by
J0 D fv � 1g for expansions, � > 0, and by J0 D fv � �1g for contractions,
� < 0, so that Q� t .v/ D e� tv. The vertical coordinate � now is the first row in which
� occurs. We distinguish three affine and five linear symmetry groups. The generator
C has the form below, with ' > 0, �; � 2 R.0BB@

0 0 0 0

1 0 0 0

0 1 0 0

0 0 0 �

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 0 � 0

0 0 1 �

1CCA ;
0BB@
0 0 0 0

1 0 0 0

0 0 � 0

0 0 0 �

1CCA ;
0@� 0 0

1 � 0

0 1 �

1A ;
0@� 0 0

1 � 0

0 0 �

1A ;
0@� 0 0

0 � 0

0 1 �

1A ;
0@� 0 0

0 � 0

0 0 �

1A ;
0@� 0 0

0 � �'
0 ' �

1A :
The seventh matrix with � D � yields the cylinder symmetric distributions. ˙

The eight matrices in Example 14.23 give a rough initial classification. The
behaviour of the excess measure is determined by the sign of the parameters � and �,
and the sign of the differences��� and ��� . A special case is � D �. So for � > 0
(and for � < 0) there are 41 D 1C 1C 5C 1C 5C 5C 18C 5, rather than eight,
qualitatively different excess measures, and for � D 0 there are 21 D 1C3C8C3C3.

Choosew1 to be the vertical coordinate, andw0 the virtual coordinate. Sometimes
one may write

C D
�
J� 0

0 C �
�
; J0 D

�
0 0

1 0

�
; J� D

�
0 0

0 �

�
; � ¤ 0: (14.10)
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The last three matrices in the two examples above have this form. The group � t then
preserves the vertical axis, and

etC D
�
Q� .t/ 0

0 etC
�

�
; Q0.t/ D

�
1 0

t 1

�
; Q� .t/ D

�
1 0

0 e��

�
; � ¤ 0:

(14.11)
Conditional on V D Q� t .j0/ the horizontal component U now is distributed like
etC

�

.U �/ where U � has distribution ��. In particular .�U; V / is distributed like
.U; V / if U � is distributed like �U �.

The distribution of the limit vector W depends on the generator C and on the
distribution of U �. If U � has a density, it is simple to compute the density of
W D .U; V /. We give an example.

Example 14.24. Suppose U � is standard normal. Recall that U � is the distribution
of U given T D 0. What is the distribution of Ut , the vector U given V D v.t/? We
choose the most difficult case: V has a Pareto distribution with tail exponent � > 0,
and the generator is the second of the three affine generators above. Observe that
.Ut ; v.t// is distributed like � t .U �; 0/, and hence Ut is normal. We compute eCt

and write down the equation � tw.0/ D w.t/:0BB@
1 0 0 0

t 1 0 0

0 0 e� t 0

0 0 te� t e� t

1CCA
0BB@
1

u1
1

u2

1CCA D
0BB@

1

1C u1
e� t

te� t C e� tu2

1CCA :
So v.t/ D e� t . Together with PfT > tg D PfV > v.t/g this gives e�t D 1=.e� t /�,
and hence � D 1=� > 0. So Ut D .t C U �1 ; et=� .t C U �2 // is normal, with mean
t .1; e� t /, and with diagonal covariance matrix † D diag.1; e2t=� /. By the same
arguments, if U � has density f0.u/ then W has density

g.u; v/ D g.v/fv.u/ D �

v�C1
f0.u1 � t; .u2 � t /=v/1

v
; t D � log v; v � 1:

This also is the density of the excess measure, but now for v > 0. ˙

14.10 Projections. The measure Q� D �.�/ on the interval .j�; j �/ in (14.2) is the
projection of the excess measure by the vertical coordinate �. This is an excess
measure for the one-dimensional group of positive affine transformations Q� t on R,
and .j�; j �/ is the orbit Q� t .0/, t 2 R. Actually there is a host of projections of �
which are excess measures. This is clear if one writes C in the Jordan canonical
form. Section 18.12 gives the necessary information about the Jordan form of a
square matrix. One may delete any Jordan block, except those containing the virtual
coordinate �0 and the vertical coordinate �. Blocks may also be reduced by deleting
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some of the higher entries. The reduced matrix is the generator of a one-parameter
group N� t of affine transformations on a lower dimensional space, and the image N� is
an excess measure with symmetries N� t . Proposition 18.62 shows that any admissible
projection has this form in appropriate coordinates. However it is convenient to have
a description of such projections which does not depend on the form of the matrix
of C .

Example 14.25. Let .X; Y / 2 Dh.U; V / where .U; V / 2 R3 is a high risk limit
vector with one of the generators C of the previous subsection. Let

W 0 D .U 0; V / 2 R2; U 0 D U1 C U2 C V C 1:
For which C is W 0 a high risk limit vector? Does Z0 2 Dh.W 0/ hold for the vector
Z0 D .X1 CX2 C Y C 1; Y /? ˙

With an .1 C m/-dimensional subspace M of the dual L� of the linear space
L D R1Cd is associated a natural linear quotient mapQ W L!M � so that �Q 2M
for all � 2 M ��. Call M admissible for the generator C on L if M contains the
virtual coordinate �0 and the vertical coordinate �, and if

� 2M ) �C 2M:
If M is admissible there is a generator xC on M � such that

QC D xCQ: (14.12)

Proposition 14.26. Let � be an excess measure for the generator C . If MßL� is
admissible for C then N� D Q� is an excess measure for the generator xC in (14.12).

Admissible projectionsQ need not transform domains of attraction into domains
of attraction. If the normalizations respect the coordinates associated with the Jordan
form, then domains of attraction are mapped into domains of attraction. This occurs
for coordinatewise maxima where the normalizations are CAT s which preserve coor-
dinates. Projections then just delete a number of components of the vectorZ. By the
Spectral Decomposition Theorem this also occurs if C is diagonal with distinct real
eigenvalues. The SDT allows us to restrict attention to generators C whose complex
eigenvalues all have the same real part. Below we look at excess measures which are
highly symmetric.

Theorem 14.27 (Projection Theorem). Suppose .X; Y / 2 Dh.U; V / where .U; V /
has a cylinder symmetric distribution. Let 1 � m < d . Set U 0 D .U1; : : : ; Um�1/.
Then .U 0; V / has a cylinder symmetric distribution. Let A W RhC1 ! Rm be a
linear surjection such that �A.x; y/ D y for a linear function � on Rm. Then
A.X; Y / 2 Dh.U 0; V /.
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The proof follows in d �m steps from

Lemma 14.28. Let Zn D .Tn; Xn; Yn/ and W D .S; U; V / be vectors in R1CkC1.
Suppose ˛�1n .Tn; Xn; Yn/ ) .S; U; V /, where ˛n 2 Ah.R.1Ck/C1/ preserves the
class of horizontal halfspaces. Suppose ..S; U /; V / is cylinder symmetric. Then
.U; V / is cylinder symmetric and there areˇn 2 Ah.RkC1/ such thatˇ�1n .Xn; Yn/)
.U; V /.

Proof. The proof is pure linear algebra. Cylinder symmetry of .U; V / follows since
O.k/ is a subgroup of O.1 C k/. Let p.s; u/ D u be the projection from R1Ck
onto Rk . Write ˛n.w/ D AnwC an. There exist rotations Rn 2 O.1C k/ such that
AnRne1 D rne1 for some rn > 0. Let Ah1 be the subgroup of Ah preserving the
class of vertical lines. Then �n D ˛n BRn 2 Ah1, and so too ��1n . Observe that

��1n .t; x; y/ D pn C .rnt C bTn x C sny;Enx C fny; cny/; pn 2 R1CkC1

This implies p B ��1n D ˇ�1n B p where ˇ�1n .x; y/ D p.pn/C .Enx C fny; cny/.
�

14.11 Sturdy measures and steady distributions. The first question we ask is:
What can one say about the mass �.J / of halfspaces J close to the horizontal half-
space J0 on which the limit vector W lives? Note that �.J0/ D 1 and �.@J0/ D 0

since univariate GPDs are continuous. The measure � is sturdy if �.J / is finite for all
halfspaces J sufficiently close to J0; it is flimsy if there is a sequence of halfspaces
Jn ! J0 such that �.Jn/ D 1 for n � 1. It turns out that some of the weirder
generators in the examples above only allow flimsy excess measures.

In terms of the intrusion cone	 D 	.�/ introduced in Section 5.4 the excess mea-
sure � is sturdy precisely if the vertical coordinate � lies in	. Similarly convergence
�n D ˛�1n .�/=pn ! � is steady if � lies in the convergence cone 
 .

Proposition 14.29. If an excess measure is sturdy, then so are its admissible projec-
tions.

Proof. Let N� D p.�/ on RmC1 be a projection of the excess measure � on RhC1.
Halfspaces J in RmC1 correspond to halfspacesH D p�1.J / in RhC1, and N�.J / D
�.H/. The horizontal halfspace H0 in RhC1 with measure �.H0/ D 1 corresponds
to a horizontal halfspace J0 in RmC1 with mass N�.J0/ D 1. If N� is flimsy there is a
sequence Jn ! J0 with N�.Jn/ D1, and � is flimsy. �

Let us now take a closer look at sturdy excess measures �, and their generators C .
We distinguish three cases according to the sign of the Pareto parameter � . We may
reduce to a lower dimensional case by projection. In first instance we shall look at
elementary excess measures. These live on orbits 
.t/ D � t .z0/, t 2 R, of the
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one-parameter symmetry group � t D etC . For a detailed discussion of the form of
such orbits we refer to Section 18.9.

1) (� D 0) The vertical component of � is exponential.
The measure � is sturdy if and only if there exists an " > 0 such that the comple-

ment of the cone C" D fv < �"kukg has finite measure. We shall call � completely
sturdy if �.H/ is finite for all halfspaces H D fv � cT u C c0g, c 2 Rh, c0 2 R.
Let U � be the random vector in Rh with spectral distribution ��.

Proposition 14.30. Suppose � D 0. If � is sturdy, then the generator in Jordan form
has the form �

J 0

0 C �
�
; J D

�
0 0

1 0

�
; (14.13)

where J has size two, and C � is a matrix of size h in Jordan form describing the
effect of the symmetry group on the horizontal coordinates.

Proof. By Proposition 14.29 it suffices to take d D 2 and show that the group
.u; v/ 7! .uC tv C t2=2; v C t / only has flimsy excess measures. The orbit of the
point .a; 0/ is the curve 
.t/ D .a C t2=2; t/, t 2 R. It will lie above the cone C"
eventually for t ! �1. If PfU � D ag D p > 0 then �.
Œt1; t2�/ D p Q�.t1; t2�, and
hence �.
.�1; t �/ D 1 for all t . Hence � is flimsy if U � has an atom in a. The
same argument shows that � is flimsy if PfU � � ag > 0. �

Remark 14.31. ForC � D 0 there is a close link to the multivariate Laplace transform
of U �:

�fv � cT ug D
“ 1

cT u

e�vdvd��.u/ D
Z
e�cT ud��.u/ D Ee�cTU�

:

The excess measure � is sturdy if and only if the Laplace transform of the spec-
tral measure �� is finite on a neighbourhood of the origin. The excess measure is
completely sturdy if the Laplace transform is an entire function.

If C � has an eigenvalue � < 0, or a complex eigenvalue � in < < 0, then � is
flimsy. If � is real, take d D 2. Orbits have the form 
.t/ D .e�ta; t/ and 
.�1; t �
has infinite mass for all t . Since the orbit grows exponentially in the horizontal
direction, �.C c" / D1 for all " if U � charges a ¤ 0. This also holds if jU �j � ı has
positive probability for some ı > 0. If � is non-real take d D 3. The orbit 
 will
spiral, but the same argument applies.

Assume C � is a Jordan block with zeros on the diagonal and ones below. Then
orbits have the form 
.t/ D .a1; a2C ta1; a3C ta2C t2a1=2; : : : /. If U �1 D 0 a.s.
then � lives on the hyperplane fu1 D 0g and is degenerate. If a1 ¤ 0 and if the size
of C � is 3 or larger then � is flimsy. If the size of C � is 2 then � is flimsy if U �1 is
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unbounded. If U �1 is bounded, then � is sturdy, but not completely sturdy. The same
results apply if C � is a Jordan block corresponding to an imaginary eigenvalue.

Conclusion. Let � be a sturdy excess measure for exceedances over horizontal
thresholds. Assume Q� is exponential. Then the generator has the form (14.13) and
the eigenvalues of C � lie in < � 0. For eigenvalues on the imaginary axis there are
strong conditions on the tail behaviour ofU � in the direction of the eigencoordinates.
In dimension d D 3 this leaves only 0C 0C 4C 2C 2 D 8 qualitatively different
sturdy excess measures � for � D 0. ˙

2) (� > 0) The univariate measure Q� is Pareto on .0;1/ with exponent 1=� > 0.
If � is sturdy, then, by the argument above, orbits converge to the origin for

t ! �1, or at least remain bounded. In the first case � t is a linear expansion group,
and all complex eigenvalues of the generator C lie in < > 0. Moreover �."Bc/ is
finite for all " > 0. In the second case there may be eigenvalues on the imaginary axis,
but the corresponding part of the complex Jordan form is diagonal. See Section 18.9
for details. If �1; : : : ; �m are the real coordinates corresponding to this part of the
Jordan matrix, then the variables �i .U �/, i D 1; : : : ; m, are bounded.

3) (� < 0) The univariate measure Q� is a power law: �Œ�t;1/ D ct� for t > 0

with � D 1=j� j.
If � is sturdy, the diagonal elements of the real Jordan form satisfy ci i � � .

If one imposes cylinder symmetry on the limit distribution, the number of classes
is reduced to 2C 4C 4 in every dimension d > 2.

For the cases of practical interest, � � 0, steady convergence may be handled by
the theorem below. Recall that V C is a cone in the dual space, defined in (5.9). It
consists of all linear functionals � for which �.V / is bounded above.

Theorem 14.32. Let � � 0. Let the excess measure � for exceedances over horizontal
thresholds be sturdy. Then there is a compact setKßfv D j�g such that � is a Radon
measure on O D Rd n K. Assume �.HC/ D 1. Let V be an open cone, such that
KßV , and V \ fv > j�g is bounded. Assume �.V c/ is finite, and �.@V / D 0. Let
� be a probability measure on Rd and ˛n 2 Ah such that pn D �.˛n.HC// ! 0

and ˛�1n .�/=pn ! � vaguely on O , and weakly on HC. Set Vn D ˛n.V /. If
�.V cn /=pn ! �.V c/ then ˛�1n .�/=pn ! � weakly on V c , and

˛�1n .ZHn/) WJ (14.14)

for any halfspace J D f� � cgßO with � an interior point of V C, �.J / > 0 and
�.@J / D 0, and any sequence Hn D ˛n.Jn/ with Jn ! J . Here WJ is the vector
with distribution d�J D 1Jd�=�.J /.
Proof. The existence of K follows from the analysis of sturdy measures above. The
limit relation (14.14) holds by the theory developed in Chapter I: Weak convergence
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onF D V c follows from Theorem 4.21. Henceƒ D int.V C/ lies in the convergence
cone 
 . The result now follows from Propositions 5.20 and 5.21. �

14.12 Spectral stability. There is a more algebraic robustness condition for excess
measures.

Definition. An excess measure � for exceedances over horizontal thresholds satisfies
the condition of spectral stability if � also has a spectral measure on hyperplanes
close to the horizontal plane @J0: Every halfspace J in a neighbourhood of J0 has
the property that �-a.e. orbit t 7! � t .w/ intersects @J in one point.

Let us describe the class R� of sturdy excess measures with Pareto parameter � ,
which are spectrally stable.

If � D 0 then the Q� t are vertical translations and the complex eigenvalues of
the generator C lie on the imaginary axis. In the complex Jordan form of C only
blocks of size one and two occur. For any base vector ei the corresponding univariate
spectral measure �i .��/ has a moment generating function which converges on a
neighbourhood of the origin. If U � 2 Rh has distribution �� then Ee"jU�

i
j is finite

for some " > 0. For certain base vectors the components U �i are bounded.
If � is positive one may assume that Q� lives on .0;1/. The vertical marginal Q�

has tail function

zR.t/ D Q�Œt;1/ D �.Rh � Œt;1// D 1=t1=� ; t > 0:

The symmetries are linear. The orbits � t .z/ converge to the origin for t ! �1, or
remain bounded with probability one. The eigenvalues � of the generator lie in the
strip 0 � <� � � in C. For <� D � the corresponding Jordan blocks are diagonal.
For � 2 R� the spectral measure lives on Rh � f1g and has bounded support.

For � < 0 the description of R� is similar.

Theorem 14.33. The excess measures � in R� are characterized as follows. The
generator of the symmetry group has Jordan form

C D
�
J� 0

0 C �
�
; J0 D

�
0 0

1 0

�
; J� D

�
0 0

0 �

�
; � ¤ 0: (14.15)

For � ¤ 0 the real parts of the eigenvalues � of C � lie in the closed interval with
endpoints � and zero, if <� D � the corresponding Jordan blocks are diagonal. For
� D 0 the eigenvalues lie on the imaginary axis and only complex Jordan blocks of
size one and two occur. For � ¤ 0 the spectral measure �� has bounded support;
for � D 0 the spectral measure has exponential tails:

R
e"kukd��.u/ <1 for some

" > 0 and the image of �� under the quotient map onto Rh=kerC � has bounded
support.
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Let us describe the limit Poisson point process N with mean measure �. The
vertical component zN is a Poisson point process on R with mean measure Q� and
points V1 > V2 > � � � . The points Wn D .Un; Vn/ of N may be ordered by the
vertical coordinate. Assume � 2 R� . For simplicity assume the generator C has the
form (14.15) with C � D diag.�1; : : : ; �h/, and all eigenvalues real. Let U �1 ; U �2 ; : : :
be independent observations from the spectral measure ��, and assume the sequence
.U �n / is independent of the sequence .Vn/. Thenpk D �k=� 2 Œ0; 1� fork D 1; : : : ; h,
for � ¤ 0, and N has points

Wn D .V p1
n U �n1; : : : ; V ph

n U �nh; Vn/; n D 1; 2; : : : :
For � D 0 the eigenvalues are zero, and Wn D .U �n ; Vn/.

14.13 Excess measures for horizontal thresholds. We now have a good under-
standing of excess measures for exceedances over horizontal thresholds. For such
a measure there exists a unique horizontal halfspace J0 D Rh � Œj0;1/ such that
�.J0/ D 1.

The vertical coordinate of � is a univariate excess measure Q�. It is an infinite Radon
measure on an unbounded interval .j�; j �/ with a continuous density. This interval
is the orbit f Q� t .j0/ j t 2 Rg. The restriction to Œj0;1/ is a GPD. By definition
the parameter � of this distribution is the Pareto parameter of the excess measure �.
We may choose coordinates such that .j�; j �/ is the positive halfline, the negative
halfline or the whole real line, depending on the sign of � . By replacing � by c�
with c > 0 we may arrange that j0 D sign.�/ 2 f�1; 0; 1g. The tail function of Q�
then is a power function or an exponential function. In these coordinates it is obvious
that Q� has a unique group of symmetries Q� t , positive affine transformations on R, such
that Q� t . Q�/ D et Q�. The symmetries Q� t are multiplications v 7! e� tv or translations
v 7! v C t . This is just the univariate theory.

The excess measure � lives on Rh � .j�; j �/ and satisfies � t .�/ D et�, t 2 R,
for a one-parameter group � t D etC in Ah. The matrices are

C D
0@ 0 0 0

p0 C � q0
b0 0 �

1A ; � t D
0@ 1 0 0

p.t/ At q.t/

b.t/ 0 at

1A ; At D etC�

; at D et� :

The entries in the bottom row describe the positive affine transformations Q�.t/ W v 7!
atv C b.t/. If the generator has Jordan form, then b0 D 0, or � D 0 and b0 D 1,
corresponding to v 7! e� tv and v 7! v C t . Moreover q0 D 0 and hence q.t/ 
 0.
In addition to the one-parameter group � t in Ah there is a probability measure on Rh,
the spectral distribution ��0 . Any triple .C; ��0 ; j0/ determines an excess measure �,
provided b0 C �j0 > 0, to ensure that � t .J0/ßJ0 for t > 0. If ��0 has a density then
one may construct the density of � as in Section 14.9, or by using (14) in the Preview,
where t may be expressed in terms of v D Q� t .j0/.
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Conditions on the excess measure �, that it is sturdy, or spectrally stable, are easily
translated into conditions on the Jordan form of the generator C , and the form of the
spectral measure ��. This is done by reducing dimension by a suitable projection, as
described in Section 14.10. For the present we shall not impose such extra conditions.

Proposition 14.34. Let � be an excess measure with symmetries � t D etC 2 Ah.
Suppose �.J0/ D 1 for J0 D Rh � Œj0;1/. Let d�0 D 1J0

d�. If � is full then
�0 is a limit distribution for exceedances over horizontal thresholds, and Dh.�0/ is
non-empty.

Proof. If �0 lives on a hyperplane then so does �, since the hyperplane is invariant
under � t for t � 0, and hence for all t . This shows that �0 is non-degenerate. Now
observe that �0 2 Dh.�/ since et��t .�0/ D � on fv � v.�t /g where v.�t / D
Q��t .j0/! j� for t !1. �

Example 14.35. It is possible that � is full and that �� is concentrated in one point.
Take � t .u1; u2; v/ D .e�tu1; etu2; vC t /, and let �� be concentrated in .1; 1; 0/. ˙

The vector W has the property that for v 2 Œj0; j �/ the conditional distributions
of U given V D v all are of the same type. This is a consequence of the Represen-
tation Theorem: the limit vector W is distributed like �T .U �; j0/, with T standard
exponential, and independent of U �. Conditional on V D v the horizontal part U is
distributed like AtU � Cm.t/ where m.t/ is a vector in Rh, At is the central matrix
in � t above, and t D t .v/ is determined by the equation e�t D PfV � vg. If U � is
standard normal then all these conditional distributions are normal; ifU � is uniformly
distributed on the open unit ball in Rh, then for each v the vector U conditional on
V D v is uniformly distributed on an open ellipsoid centered in m.t/; if U � is uni-
formly distributed on the centered cube .�1; 1/h in Rh thenU , conditional on V D v
is distributed on an open parallelopiped centered in m.t/.

14.14 Normalizing curves and typical distributions. The global behaviour of the
distribution of a vectorZ D .X; Y / in Dh.�/ is determined by the excess measure �
and by the curve of normalizations in Ah. In this section we want to describe how
one may construct a random vectorZ 2 Dh.�/ given the excess measure and a curve
of normalizations.

If the excess measure � for exceedances over horizontal thresholds has a contin-
uous density g, then

g.u; v/ D gv.u/ Qg.v/;
where Qg is the density of the corresponding GPD G� , or rather of the measure Q� on
.j�; j �/ extending this GPD. If the density g� of the spectral measure �� is Gauss-
ian, then gv is a Gaussian density for each v; if g� is the uniform density on the unit
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ball in Rh, then gv is the uniform density on an ellipsoid Ev in Rh. In general the
conditional densities gv all have the same shape.

So if we want to construct distributions � in the domain of �, the obvious thing
to do is to look at densities f of the form

f .x; y/ D fy.x/ Qf .y/
where all densities fy have the same shape. If �� is Gaussian, we take densities fy
which are Gaussian; if �� is uniformly distributed on the unit ball B in Rh, then fy
is the density of the uniform distribution on an ellipsoid Ey in Rh.

Definition. Let � be an excess measure for exceedances over horizontal thresholds
with Pareto parameter � , and with spectral distribution ��0 . A probability measure �
is typical if

�.dx; dy/ D �y.dx/ zF .dy/; (14.16)

where the probability distributions �y depend continuously on y, and all are of the
same type as ��0 .

Often one assumes that � has a continuous density on Rh�.j�; j �/, or a density g
which is continuous and positive on an open subset of Rh � .j�; j �/, and vanishes
outside this open set. The spectral densityg� then has similar properties on Rh. In that
case we may want to assume that Y has a density Qf which is continuous and positive
on Œy0; y1/, and vanishes outside this interval, and that Qf varies regularly in y1 in
case � ¤ 0, and is a von Mises function in case � D 0. IfZ D .X; Y / 2 D.�/ then Y
has a df zF 2 DC.�/, where � is the Pareto parameter of �. By the univariate theory
there is a df F tail asymptotic to zF , whose density has the desired properties. The
normalized density Qgt .v/ will converge to the density Qg of Q� on .j�; j �/ uniformly
on compact subsets, and in L1.Œv;1// for any v > j�, by the univariate theory. The
dfsF and zF have the same normalizations. Since one may replace the df zF in (14.16)
by any df F which is tail asymptotic to zF without affecting convergence, one may
choose � typical such that the density f .x; y/ D f �.x; y/ Qf .y/ is continuous on
Rh � Œy0; y1/, or continuous and positive on an open subset of this space, and zero
elsewhere.

We shall use these typical distributions and densities to explore the domains of
attraction of excess measures for exceedances over horizontal thresholds. There are
two approaches.

1) In the geometric approach, which we shall use in the next section, one starts
with a df zF 2 DC.�/ with continuous density Qf , a simple spectral distribution,
Gaussian say, or uniform on a ball or a cube, and a simple one-parameter group of
affine transformations � t in Ah, vertical translations, or scalar expansions or con-
tractions, and one asks for typical densities which lie in the domain of the associated
excess measure. For the Gaussian spectral measure we have to determine contin-
uous curves �.y/ in Rh, and positive quadratic forms †y , depending continuously
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on y, such that the vector with density f �.x; y/ Qf .y/ lies in the domain of an ex-
cess measure with Gaussian spectral measure, and the given symmetries. Here, for
each y the function f �. � ; y/ is a Gaussian density on Rh with expectation �.y/ and
covariance †y . Similarly, if �� is uniformly distributed on the unit ball in Rh, then
.X; Y / has density 1T .x; y/h.y/, where T ßRh � Œy0; y1/ is a curvaceous tube with
horizontal sections which are ellipsoids �.y/CEy in Rh, and h.y/ D Qf .y/=jEy j.

2) In the algebraic approach, which we follow here, one is given a continuous
curve ˇ W Œ0;1/ ! Ah, which varies like � t , and one assumes that the typical
distribution � satisfies the basic limit relation etˇ.t/�1.�/! �. We shall prove that
for any full excess measure � there exists a typical distribution � 2 Dh.�/, such that
�t D etˇ.t/�1.�/ ! � weakly on Rh � Œv;1/ for t ! 1 for any v > j�. If �
has a continuous density g we may choose � to have a continuous density, and the
densities of �t will converge to g uniformly on compact sets.

The algebraic approach below is rather formal. It is advisable to take a look at
the more geometric approach in Section 15.2 before proceeding. Now we proceed in
three steps:

1) We first want to regularize the normalization curve ˇ W Œ0;1/! Ah so that it
is continuous, and so that the vertical coordinate t 7! y.t/ D Q̌.t/.j0/ is a homeo-
morphism from Œ0;1/ onto Œy0; y1/. This determines a df zF .y/ for the vertical
coordinate by 1 � zF .y.t// D e�t .

By the general theory on multivariate regular variation in Sections 18.1 and 18.2
for any curve ˛ W Œ0;1/! A which varies like � t , one may choose ˇ W Œ0;1/! A

continuous such that ˇ.t/ � ˛.t/ for t ! 1. The curve ˇ will automatically vary
like � t . Moreover if ˛.t/ 2 G for all t � 0 for a closed subgroup G of A, then
by construction this also holds for ˇ.t/. By Lemma 15.24 we are free to alter the
normalizations for the vertical coordinate. If ı W Œ0;1/ ! AC is continuous and
asymptotic to Q̌, then there exists a continuous curve ˛ W Œ0;1/ ! Ah such that
Q̨ D ı and ˛.t/ � ˇ.t/ for t !1.

2) How does one define the conditional distributions �y? Suppose t 7! y.t/ D
Q̌.t/.j0/ is a homeomorphism from Œ0;1/ onto Œy0; y1/. We shall define the con-

ditional distribution of X given Y D y to be that of �.y/C A.y/U � where

ˇ.t/.u; j0/ D .A.y/uC �.y/; y/; u 2 Rh; y D y.t/ 2 Œy0; y1/:
This defines a continuous family of probability distributions �y on Rh, since y 7!
�.y/ and y 7! A.y/ are continuous. Let zF be a df such that et Q̌.t/�1. zF .dy// !
Q�.dv/ weakly on Œc;1/ for any c > j� for t !1. Then y1 is the upper endpoint
of zF . Set �y D �y0

for y < y0. We now have a vectorZ D .X; Y /with distribution
�.dx; dy/ D �y.dx/ zF .dy/. Define �t D etˇ.t/�1.�/. Then Q�t ! Q� weakly
on Œv;1/ for any v > j� by the univariate theory in Section 18.3. In order to
prove �t ! � weakly on Rh � Œv;1/ it suffices to prove weak convergence of the
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conditional distributions of the horizontal component, given the vertical component.
This follows from

Proposition 14.36. Let X and Y be locally compact separable metric spaces, and let
P .X/ denote the Polish space of probability measures on X. Let ��n W Y ! P .X/

be continuous for n D 0; 1; : : : , and suppose

��n . � ; yn/! ��0 . � ; y0/; yn ! y0; y0 2 Y:

Let �n be finite measures on Y for n � 0. Set �n.dx; dy/ D ��n .dx; y/�n.dy/. If
�n ! �0 weakly on Y then �n ! �0 weakly on X � Y.

Proof. It suffices to prove vague convergence. Let' W X�Y ! Œ0;1/ by continuous
with compact support contained in K1 �K2. The functions

 n.y/ D
Z
'.x; y/��.dx; y/; y 2 Y

vanish outside K2. Let yn ! y0. Then '. � ; yn/! '. � ; y0/ uniformly on X, andZ
'.x; y0/�

�
n .dx; yn/!

Z
'.x; y0/�

�
0 .dx; y0/

implies  n.yn/ !  0.y0/. Hence  n !  0 uniformly on Y, and
R
 nd�n !R

 0d�0. �

3) Weak convergence of the conditional distributions is a simple matter, since
these all are of the same type. We are concerned with maps of the form '.x; y/ D
'y.x/ Q'.y/ D .u; v/. The composition of two such maps has a similar form, and so
has the inverse if it exists. Measures transform as follows:

'.�y.dx/ Q�.dy// D �v.du/ Q�.dv/; .'y.�y/; Q'. Q�// D .�v; Q�/; v D Q'.y/:
Write '.�y ; y0/ D .�v; v0/ with v D Q'.y/ and v0 D Q'.u0/ where .�y ; y0/ denotes
the measure �y on the hyperplane y D y0. Then

ˇ.tn/
�1ˇ.tn C sn/.��0 ; j0/ DW �n.��0 ; j0/! � s.��0 ; j0/; tn !1; sn ! s:

This gives:

Theorem 14.37. Let � be an excess measure with symmetries, � t .�/ D et�, in Ah.
Suppose �.J0/ D 1, where J0 D Rh � Œj0;1/. Let ��0 be the associated spectral
distribution on Rh. Let ˇ W Œ0;1/ ! Ah vary like � t . Assume ˇ is continuous,
and t 7! y.t/ D Q̌.t/.j0/ is a homeomorphism from Œ0;1/ onto Œy0; y1/. Let
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F D 1 � T be a df such that T .y.t// � e�t for t ! 1. Let � be the typical
distribution associated with ��0 , ˇ and F :

�.dx; dy/D�y.dx/F.dy/; .�y.dx/; y/D
(
ˇ.t/.��0 ; j0/ y D y.t/ 2 Œy0; y1/
ˇ.0/.��0 ; j0/ y < y0:

Then �t WD etˇ.t/�1.�/ ! � weakly on Rh � Œv;1/ as t ! 1, for v > j� D
inf Q��n.j0/.

Under appropriate conditions the densities will also converge. It suffices that
the densities of the vertical component converge. Convergence ˛n.U �/) ˛0.U

�/
implies convergence of the densities ifU � has a continuous density. See Lemma 15.9
below.

14.15 Approximationby typical distributions. We now have the following scheme:

� �! ˇ �! �:

The question is: How close is the typical distribution� to the original distribution �?
The answer is simple.

Definition. Let � be a Radon measure on X � R, where X is a locally compact
separable metric space. Let �� be a probability measure on X, and let � denote
Lebesgue measure on R. We say that � is asymptotic to �� � �, if

��t .�/! �� � � vaguely on X � R; t !1;
where � t , t 2 R, is the one-parameter group of vertical upward translations: � t .x; s/ D
.x; t C s/, and if

M.tn C sn/ �M.tn/! s; tn !1; sn ! s > 0; (14.17)

where M.t/ D �.X � Œ0; t �/ for t � 0.

The space X may be compact. In the theory of heavy-tailed coordinatewise
maxima on Œ0;1/d it is a simplex; in the theory of exceedances over elliptic thresholds
it is the unit sphere @B . In our case X D Rh. Set

d�1.x; v/ D e�td�.x; t/; d�.x; t/ D ��.x/e�tdxdt:
By the lemma below

�t WD et��t .�1/! � weakly on J D Rh � Œc;1/; t !1; c 2 R:

Convergence need not be steady. It is possible that �t .J / ! 1 whenever the
halfspace H is not horizontal, even when �� is standard Gaussian. Compare Exam-
ple 9.14.
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Lemma14.38. LetF be a df on R and setdM.y/ D eydF.y/. Then 1�F.y/ � e�y
for y !1 if and only if (14.17) holds.

Proof. By partial integration. �

We fix an excess measure � with symmetries � t 2 Ah, � t .�/ D et�, for t 2 R.
Let �.J0/ D 1 where J0 D Rh � Œj0;1/. Let U � have distribution ��.

Suppose ˇ W Œ0;1/ ! Ah is continuous and varies like � t , and t 7! y.t/ WD
Q̌.t/.j0/ is a homeomorphism of Œ0;1/ onto Œy0; y1/. Let� be the associated typical

distribution, �.dx; dy/ D ��.dx; y/F.dy/ where we specify the df of the vertical
coordinate by 1�F.y.t// D e�t for t � 0. Define‰ W Rh� Œy0; y1/! Rh� Œ0;1/
by

‰.ˇ.t/.u; j0// D .u; t/; .u; t/ 2 Rh � Œ0;1/:
Then ‰ is a homeomorphism, since t 7! y.t/ D Q̌.t/.j0/ is a homeomorphism
by assumption, and ˇ.t/ for fixed t is an (invertible) affine transformation, from
Rh � fj0g to Rh � fy.t/g, which depends continuously on t . The image of � is the
product measure ��.du/e�vdv on HC. The image of et�.dx; dy.t// is ��.du/dv
on HC. The transformation ‰ preserves horizontal hyperplanes, so it suffices to
check the result for the vertical coordinate, and to check the affine transformations in
the horizontal coordinate. As in the case of non-linear transformations for coordinate
maxima, one may regard ‰ as the non-linear transformation which trivialises the
affine normalizations.

Theorem 14.39. Under the assumptions above

�.dudt/ WD et‰�1.�/.dudt/
on RhC1 is asymptotic to ��0 � �.

Proof. The vertical translations � t on RhC1 are equivalent to the one-parameter group
of affine transformations � t onO D Rh� .j�; j �/. The relation is formalized by the
mapˆ W .u; t/ 7! � t .u; j0/. This map is the identity if � t is the one-parameter group
of vertical translations on RhC1 and j0 D 0. In the equivalence the excess measure �
with spectral measure �� corresponds to the product measure �� � ", where " is the
exponential measure on R with density e�t . So define

„ W .� t .u; j0// 7! ˇ.t/.u; j0/ 2 R�Œy0; y1/:

The typical distribution � is the image of d�0 D 1J0
d� under the map „. Observe

that
ˇ.tn/

�1.„.� tn.wn//! w; tn !1; wn ! w:

So Sn WD ˇ.tn/�1 B„ B � tn ! id uniformly on compact subsets of O . Define �0 on
O \ fv � j0g by � D „.�0/, and set �t D et��t .�0/. Then

Sn.�tn/ D ˇ.tn/�1.„.� tn.�tn/// D etnˇ.tn/�1.„.�0// D etnˇ.tn/�1.�/! �
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vaguely on O implies that �tn ! � vaguely on O . As usual let Qdenote the vertical
component. Then z„. Q� t .j0// D Q̌.t/.j0/ D y.t/. Hence Q�tn D etn Q��tn. Q�0/ ! Q�
weakly on Œc;1/ for each c > j�. �

We now have a simple recipe for creating the distributions � 2 Dh.�/ for a given
excess measure �. Choose ˇ to vary like � t as in Section 15.5. Construct‰ as above,
and choose a measure � asymptotic to �� � �. The restriction � of the exponential
transform e�td�.u; t/ to HC is a finite measure. Let � be a probability measure
on Rd which agrees with ‰.�/ on some horizontal halfspace of positive mass.

15 Horizontal thresholds – examples

15.1 Domains for exceedances over horizontal thresholds. Not much is known
about the domains of attraction Dh.�/ for exceedances over horizontal thresholds for
the various symmetry groups. The following pages may be compared to a 17th century
map of Africa. We give examples and some specific results. Each subsection presents
a number of unrelated examples. Our aim is to kindle the interest of the reader. We
restrict ourselves to three simple groups: Vertical translations, and scalar contractions
and expansions. The final subsection treats regular variation for matrices in Ah.

15.2 Vertical translations. Assume the symmetries of the excess measure are verti-
cal translations. The generatorC is zero except for the entryC10 D 1. The translation
.u; v/ 7! .u; v C t / maps � into et�. Orbits are vertical lines. Assume �.HC/ D 1.
Limit vectors W D .U; V / have a simple form: V is standard exponential and in-
dependent of U . The distribution of the horizontal component U is the spectral
measure ��. Spectral stability holds if �� has exponential tails. For any halfspace
H D fv � cT ug of finite mass �.H/, one may define the spectral measure ��c on Rh

by

��c .A/ D �.H \ .A � R// D
Z
A

Z 1
cT u

e�td��.u/ D
Z
A

e�cT ud��.u/; AßRh:

The probability measure ��c =��c .H/ with direction c is the Esscher transform of ��.
The symmetry of the Gauss-exponential high risk limit law is reflected in the stability
of Gaussian distributions under exponential tilting.

Proposition 15.1. The family of probability measures �c D ��c =��c .H/, c 2 Rh,
�.H/ <1, is the natural exponential family generated by ��.
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In order to explore the domain of attraction we start with simple distributions.
Let f be a density of the form

f .x; y/ D fy.x/ Qf .y/
where Qf lies in the domain DC.0/ of the univariate exponential law, and the condi-
tional densities fy all have the same shape. One could take Qf standard exponential,
and fy Gaussian. From a geometric point of view it is simpler to assume that U is
uniformly distributed on the unit ball in Rh. Then for each y � 0 the density fy
describes the uniform distribution on an ellipsoid Ey in Rh.

1) Assume that U is uniformly distributed on the unit disk in Rh. What does
the distribution of Z D .X; Y / 2 Dh.W / look like? For simplicity assume Y is
standard exponential, and, conditional on Y D y � 0, the componentX is uniformly
distributed on a translate �.y/CB of the unit disk. The random vector Z lives on a
curved tube T , whose sections are unit disks centered on the curve .�.t/; t/, t � 0.
We assume that this curve is continuous. What behaviour is allowed if we want the
high risk scenarios Zy , properly normalized, to converge?

Example 15.2. Assume d D 3. Curves�.t/which converge to a point�1 2 R2 for
t !1 are allowed, as are curves which are asymptotically vertical, P�.t/! 0. But
also curves with any other limit direction, P�.t/! q for q 2 R2. In affine coordinates
the vertical axis need not be perpendicular to the horizontal coordinate plane. Now
consider the curve

�.t/ D t3=2.cos.t1=5/; sin.t1=5//:

It spirals off to infinity; the velocity increases without bound. However, the exponents
in the formula on the right have been chosen so that the second derivative vanishes
in infinity: R�.t/! 0. ˙

Proposition 15.3. Let W D .U; V / have density h.u; v/ D g.u/e�v on HC. Let Y
be standard exponential and let Z D .X; Y / have density f .x; y/ D fy.x/e

�y on
HC. Let � W Œ0;1/! Rh be a C 2 curve. Suppose gy.u/ D fy.�.y/C u/! g.u/

a.e. on Rh. If R� vanishes in1 then Z 2 Dh.W / with normalizations

˛y.u; v/ D .uC �.y/C v P�.y/; v C y/ y � 0:
Proof. The normalized high risk scenario Wy D ˛�1y .Zy/ has density

hy.u; v/ D f .˛y.u; v//=e�y
D f .uC �.y/C v P�.y/; v C y/=e�y
D gvCy.uC �.y/C v P�.y/ � �.v C y//e�v ! g.u/e�v

since R� ! 0 implies �.y C v/ � �.y/ � v P�.y/ ! 0 by an appropriate Taylor
expansion. The fy are densities on Rh. Hence so are the gy , and gy ! g in L1 by



15 Horizontal thresholds – examples 213

Scheffé’s Theorem. It follows that gt .�t .u// ! g in L1 for affine transformations
�t ! id. Hence hy ! h in L1.HC/. Now apply Proposition 14.36. �

2) The vertical coordinate of a vector Z D .X; Y / in the domain of W need
not be exponential. It suffices that Y 2 DC.0/. Then PfY � yg � e� .y/ for a
function  which satisfies (6.4), and the random variable zY D  .Y / has a tail which
is asymptotically standard exponential, Pf zY � yg � e�y . The transformation
.X; Y / 7! .X; zY / does not affect the conditional distributions of X given y, it only
rearranges them. Since we are only concerned with horizontal halfspaces we could
check that zZ D .X; zY / 2 Dh.W / and then conclude that Z 2 Dh.W /, as in the
case of coordinatewise maxima, see Theorem 7.16. The example below shows that
this procedure does not work. It is possible that zZ 2 Dh.W / and Z not.

Example 15.4. Given zY D t let X be normal N.�.t/; 1/ where �.t/ D 4t7=4=7.
Then R�.t/ D 3=.4t1=4/ ! 0 implies zZ 2 Dh.W /. Choose  .y/ D .logy/2 for
y � y0. Then a.y/ D y=.2 logy/ and a0.y/ � 1=.2 logy/! 0. Since X is normal
N.�. .y//; 1/ given Y D y, the high risk scenarios Zy may be normalized to
converge in distribution to the Gauss-exponential vectorW if the curve y 7! p.y/ D
�. .y// is asymptotically linear over intervals of the order of a.y/. Write

p.y C va.y// � p.y/ � va.y/p0.y/ D v2a2.y/p00.y C !a.y//=2:
By straightforward calculations the right hand side does not vanish in y1. Indeed
a2p00 D R�� P�a0 and P�a0 � plogy=2. Since a.yC!a.y// � a.y/ and R�. .y//!
0 the quadratic term can not be neglected. ˙

3) Again assume U is uniformly distributed on the unit disk B in Rh. Then W
lives on the vertical tube B � Œ0;1/. What can one say about the distribution of
Z D .X; Y / 2 Dh.W /?

Let Y have df F 2 DC.0/ with upper endpoint y1. There exists a C 1 function
e W Œy0; y1/ ! .0;1/ whose derivative vanishes in y1, and which also vanishes
itself if y1 is finite. This is the scale function associated with the tail function
R D 1 � F in Section 6. It is determined up to asymptotic equality by

R.yn C sne.yn//=R.yn/! e�s; yn !1; sn ! s 2 R: (15.18)

Assume X , conditionally on Y D y, is uniformly distributed on an open ellipsoid
�.y/ C EyßRh centered in �.y/. We assume that �.y/ and Ey are continuous in
y 2 Œy0; y1/, and that Y 2 Œy0; y1/ a.s. If Y has a continuous density Qf .y/, then
Z lives on the curvaceous tube T ßRh� Œy0; y1/with horizontal sections �.y/CEy
at level y, and Z has density

f .x; y/ D 1T .x; y/h.y/; h.y/ D Qf .y/=jEy j:
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First assume � 
 0. The function e.y/ is a scale function for the vertical coordinate.
In the same wayEy is a scale for the horizontal coordinate. If we want T to converge
to the standard tubeB �R under affine normalizations which map�.y/CEy ontoB
and vertical intervals Œy; y C e.y// into intervals of length one asymptotically, then
we have to impose the condition

Ey0
n
� Eyn

; y0n D yn C sne.yn/; yn ! y1; sn ! s � 0: (15.19)

The function y 7! jEy j is flat for the scale function e. If Qf is asymptotic to a von
Mises function, then so is h, since the quotient is flat.

In a more geometric vein one might start with the functions e.y/ and Ey , or just
a sequence of positive numbers en and centered open ellipsoids En in Rh, with the
condition that enC1 � en, and EnC1 � En. Define yn such that ynC1 � yn � en,
and then define the functions e.y/ and Ey by interpolation such that e.yn/ D en
and Eyn

D En. The scale sequences en and En may be chosen independently, The
curve �.y/ depends on both the vertical and the horizontal scaling as we shall see
below. That explains why a normalization of the vertical coordinate may throw a
distribution � out of the domain Dh.�/, as we saw in Example 15.4 above.

In order to link this geometric set-up to the more algebraic set-up of affine nor-
malizations and regular variation, we need to write the continuous curve of ellipsoids
as Ey D Ay.B/ for a continuous curve of linear normalizations. We also want
Ay0

n
� Ayn

to hold whenever yn ! y1, and y0n D ynC sne.yn/, with sn ! s � 0.
This is possible by the lemma below.

Lemma 15.5. Suppose E.t/, t � 0, are open centered ellipsoids in Rd , depending
continuously on t , such that

E.tn C sn/ � E.tn/; tn !1; sn ! s 2 R:

There exists a continuous curve A W Œ0;1/ ! GL.d/ which varies like the identity
such that E.t/ D A.t/.B/.
Proof. The correspondence E D A.B/ between open centered ellipsoids E and
symmetric matrices A is a homeomorphism. (It is clear that An ! A0 implies
En ! E0. Conversely En ! E0 implies that .An/ is relatively compact. Any limit
pointA satisfiesE0 D A.B/. Since this equation determinesA there is only one limit
point, and An ! A.) One could write E.t/ D A.t/.B/ with A.t/ symmetric. The
curve A then is continuous, but it is not clear whether it varies slowly. So we shall
construct the curveA piecewise. ChooseA.0/ symmetric such thatA.0/.B/ D E.0/.
IfA.t/ has been constructed for t � n, defineA.nC�/ D A.n/Qn.�/ for 0 � � � 1
with Qn.�/ symmetric such that Fn.�/ WD A.n/�1.E.nC �// D Qn.�/.B/. Since
Fn.�n/! B for �n 2 Œ0; 1�, by continuity Qn.�n/! I . In particular �n D 1 gives
A.n/�1A.nC 1/! I . For tn !1, and jsnj � m, the quotient A.tn/�1A.tn C sn/
tends to I as a product of mC 2 factors which tend to I . �
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Suppose � 
 0. Suppose F 2 DC.0/, with upper endpoint y1 � 1, and finite
lower endpoint y0, has density Qf and rate function e W Œy0; y1/! .0;1/. Suppose
the ellipsoids Ey , depend continuously on y 2 Œy0; y1/, and satisfy (15.19). Let T
denote the curvaceous tube with horizontal cross sections Ey , and let Z D .X; Y /

have density f .x; y/ D Qf .y/1T .x; y/=jEy j. Geometrically it is clear that one may
introduce local coordinates centered in .0; y/ such that T in these coordinates looks
like the standard tube B � R in RhC1. Write this as ˛�1y .T / ! B � R, where
˛y.u; v/ D .Ayu; y C ve.y//, and Ay.B/DEy . The condition F 2 DC.0/, with
rate function e.y/, then ensures that ˛�1y .�/=.1� F.y//! � vaguely for y ! y1
where � has density e�v on B � R.

What conditions should we impose on the curve�? The normalization˛�1y should
map �.y/ into the origin. The normalized curve should be close to the vertical
axis in the neighbourhood of the origin. This means that the difference between
�.y C e.y// � �.y/ and �.y C 2e.y// � �.y C e.y// should be small in relation
to the ellipsoid Ey . A simple condition is

e.y/2�00.y/ D o.Ey/; y ! y1: (15.20)

Here we write xn D o.En/ for a sequence of open ellipsoids if for any " > 0

eventually xn 2 "En.

Proposition 15.6. Suppose (15.20) holds. The probability distribution � with the
density f introduced above lies in the domain Dh.�/ of the excess measure � with
density g.u; v/ D 1B.u/e�v=jBj on RhC1.

Proof. Let yn ! y1. Let An 2 GL.h/ such that An.B/ D Eyn
. Let �n D �.yn/,


n D �0.yn/, and en D e.yn/. Define ˛n 2 A by

˛n.u; v/ D .AnuC �n C 
nv; yn C env/; .u; v/ 2 RhC1:

Let gn be the density of �n D etn˛�1n .�/, where tn satisfies PfY � yng D e�tn .
Convergence of the vertical component holds by assumption. Consider the horizontal
component: g�n. � ; v/ is uniformly distributed on an open ellipsoid p C E in Rh. It
suffices to show that for any sequence vn ! v the ellipsoids pnCEn tend to the unit
ball B in Rh. Now En D A�1n .Ey0

n
/ where y0n D yn C vnen. Asymptotic equality

of convex sets does not depend on coordinates. So Ey0
n
� Eyn

implies En � B . It
remains to show that pn D o.En/, or, equivalently, �.y0n/ � �n � vn
n D o.En/.
This follows by a second order Taylor–McLaurin expansion. �

Suppose, conditionally on Y D y, the vector X lives on the boundary of the
ellipsoid �.y/CEy , and is uniformly distributed. (This distribution is defined as the
image of the uniformdistribution on the unit sphere @B under the affine transformation
which maps B onto �.y/ C Ey .) In that case etn˛�1n .�/ ! � where now � is
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the product of the uniform distribution on @B and the exponential measure with
density e�v . The vertical component Y may have any df F D 1 � R 2 DC.0/,
provided (15.18) holds. If �� is a spherically symmetric probability distribution
on Rh, and � is the product of �� and the exponential measure on R, and if Y has df
F D 1�R, as above, andX conditionally onY D y is distributed like�.y/CAy.U �/
where U � has distribution ��, and Ay.B/ D Ey , then Z 2 Dh.�/. More precisely:

Theorem 15.7. Let U � 2 Rh have a spherically symmetric probability distribu-
tion ��. Let � D �� � " where " is the measure with density e�v on R. Let
Z D .X; Y / be a random vector in RhC1 with distribution � . Let Y have df
F D 1�R 2 DC.0/ with upper endpoint y1 � 1, and F.y0/ D 0. Let yn ! y1
such thatR.ynC1/=R.yn/! 1=e. There exists aC 1 functionf W Œy0; y1/! .0;1/
whose derivative vanishes in y1, and which vanishes in y1 itself if y1 is finite, such
that f .yn/ � ynC1 � yn. Let f .y/ be any such function. Suppose X conditionally
on Y D y for y 2 Œy0; y1/ is distributed like �.y/ C AyU

�. If the ellipsoids
Ey D Ay.B/ in Rh satisfy (15.19), and if � is C 2 and f 2.y/�00.y/ D o.Ey/ for
y ! y1, then � 2 Dh.�/.

Now assume that � has a density. Suppose �� has a Borel measurable density g�
on Rh. Spherical symmetry implies that g�.u/ D g�0 .kuk/ for some non-negative
Borel function g�0 on Œ0;1/, which satisfies the integrability condition

hB.h/

Z 1
0

g�0 .s/sh�1ds D 1; b.h/ D jBj=h: (15.21)

Here B.h/ is the volume of the unit ball in Rh.
We want to describe the density of Z D .X; Y / in a similar fashion.

Definition. A function ' W Rh� Œy0; y1/! Œ0;1/ is homogeneous-elliptic, and we
write ' 2 HE , if ' is continuous, and

'.rx; y/ D r'.x; y/; x 2 Rh; r � 0; y 2 Œy0; y1/
Ey D fx 2 Rh j '.x; y/ < 1g 2 E.h/; y 2 Œy0; y1/:

(15.22)

Here E.h/ is the set of all centered open ellipsoids in Rh. We write ' 2 HE0 if in
addition

Ey0
n
� Eyn

; yn ! y1; y0n � yn D O.f .yn//
for a given C 1 function f W Œy0; y1/ ! .0;1/ whose derivative vanishes in y1,
and which vanishes in y1 itself if y1 is finite.

Typically '.x; y/ D kA .y/xk where A W Œ0;1/ ! GL.h/ varies like the iden-
tity and  W Œy0; y1/ ! Œ0;1/ is a C 2 homeomorphism with a positive derivative
 0.y/ � 1=f .y/. Actually the function' is completely determined by the curvaceous
tube with horizontal sections Ey .
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Theorem15.8. Let� be an excessmeasurewith densityg.u; v/ D g�.kuk/e�v where
0 <

R
g�.r/rh�1dr <1. Let W Œy0; y1/! Œ0;1/ be aC 2-diffeomorphism with

f 0.y/! 0 for y ! y1, where f .y/ D 1= 0.y/. LetL W Œy0; y1/! .0;1/ be flat
for the scale function f , and let ' 2 HE0 for the function f .y/. Let� W Œy0; y1/!
Rh be C 2 such that

'.f .y/2�00.y/; y/! 0; y ! y1:

Let Z D .X; Y / 2 RhC1 have distribution � on Rh � Œy0; y1/ with density

f .x; y/ D g�.'.x � �.y/; y//L.y/e� .y/dxdy=C; y � y0:

Then � 2 Dh.�/. If g is continuous, the normalized densities gy tend to g uniformly
on compact sets.

Proof. Let Ey D fx j '.x; y/ < 1g. If g� D 1Œ0;1/ then f .x; y/ D 1T .x; y/ Qf .y/
with T the curvaceous tube constructed above, and Qf the density of a df zF D 1�R
where R satisfies (15.18). So � 2 Dh.�/ by the previous proposition. The last
statement follows from the lemma below. �

Lemma 15.9. Let ˛�1n .�/ ! � weakly. Suppose � has a density f which is
continuous and positive on the open set O and vanishes outside O . Let fn be the
density of ˛�1n .�/. Then

fn.zn/! f .z/; zn ! z; z 62 @O:

Proof. By the Convergence of Types Theorem we may choose symmetries 
n of �
such that ˇn D ˛n
n ! id. Then fn D j det ˇnjf B ˇn. Set wn D ˇ�1n .zn/. Then
wn ! z, and fn.zn/ D cnf .wn/! f .w/ since cn D j det ˇnj ! 1. �

Example 15.10. Suppose the vertical coordinate Y has a standard Gaussian distri-
bution. Then Y 2 DC.0/. One may write the density of Y as g.y/ D L.y/e� .y/
where e� is a von Mises function, and L is flat. The scale function on the vertical
coordinate is f .y/ D 1= 0.y/ D 1=y. Take Œy0; y1/ D Œ1;1/. Let d D 3 and
assume that the ellipsesEy are centered disks of radius r.y/. First assume r.y/ 
 1.
What are the conditions on the curve �? It is possible that k�.y/k grows faster
than y3 for y ! 1. Now vary r.y/. How fast can the ellipses Ey grow? It is
possible that r.y/ D ey since this function satisfies r.y0n/=r.yn/ for yn ! 1,
y0n � yn D O.1=yn/. If the disks Ey expand at this rate, the center �.y/ may grow
even faster. The curve �.y/ D yey.cosy; sin y/ is allowed. ˙
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15.3 Cones and vertices. In this section we continue our geometric analysis. We
study the asymptotic behaviour of the distribution � of a random vector Z in the
neighbourhood of a vertex of the convex support. Bounded domains are not typical
for risk analysis. However a loss function may have a pole at a boundary point. In bio-
logy and engineering a stress variable like temperature may be limited to a bounded
domain. The analysis below exhibits the close relation between the algebraic condi-
tion of regular variation and geometric concepts like convex sets and cones. There
are relations with min-stable distributions with exponential marginals on .0;1/, and
with copulas.

Assume the vertex z0 is the origin. Let F.y/ D PfY � yg vary regularly with
exponent � > 0 for y ! 0C. Here Y D �.Z/, and � denotes the vertical coordinate.
Introduce the high risk scenarios

Zy D ZHy ; Hy D f� � yg; y > 0:
Do there exist linear transformations ˛y mapping J D fv � 1g onto Hy such that
the normalized high risk scenarios converge, equivalently

˛�1y .�/=F.y/! � vaguely on Rd ; y ! 0C : (15.23)

In this section we assume that the excess measure � is symmetric for scalar con-
tractions

� t .�/ D et�; � tw D e��tw; t 2 R; w 2 Rd ; � D 1=� D �� > 0: (15.24)

These symmetries are preserved under linear transformations. The parameter � D
1=� is the exponent of regular variation of the df of the vertical component in zero, and
� D �1=� < 0 the Pareto parameter. The convex support C of the Radon measure �
is a closed cone, since the support is invariant under the scalar contractions � t . We
shall generally assume that the cone is proper, more precisely that C \ f� � 1g is
compact. It is then of interest to know under what conditions the normalized sample
clouds converge to the limiting Poisson point process on C weakly on halfspaces H
which intersect the cone in a bounded non-empty set. Probability distributions for
which this holds are completely steady.

In this section we have flipped the vertical axis. We are looking at lower half-
spaces, at minima, and at exceedances below horizontal levels. This has the advantage
thatZ and � live on the positive open halfspace Rh � .0;1/. Two basic examples to
keep in mind are:

� is Lebesgue measure on the cone C , and Z is uniformly distributed. Here
� D d .

� is the exponentmeasureof a min-stable df on Œ0;1/d with exponential marginals,
compare Section 7.4. Now � D z1 C � � � C zd , CßŒ0;1/d , and � D 1.
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1) Take d D 2 and let � be Lebesgue measure on Œ0;1/2. Let Z be uniformly
distributed on the open set

U D f�'0.y/ < x < '1.y/; 0 < y < 1gßR � .0;1/
where�'0 < '1 are continuous functions which vanish in the origin. LetZy denote
the high risk scenario associated with the halfspace Hy D f� � yg. For simplicity
assume '0 D '1 D '. Let ˛y.u; v/ D .'.y/u; yv/. Then ˛�1y .Zy/) W whereW
is uniformly distributed on the triangle juj < v < 1 if ' varies regularly in 0C with
exponent 1. The excess measure is �. It is possible that '.y/ D o.y/ for y ! 0, for
instance if '.y/ D y=j logyj. In that caseU has the form of a sharp thorn. The vector
Z then is not steady, since the cone v � "juj does not contain ˛�1y .U / for y small.
If '.y/=y ! c > 0 then ' automatically varies regularly with exponent 1 and Z is
steady; in factZ is completely steady if U is contained in the cone y � jxj=c. If not,
then there exists a halfspaceH0 D fy � x=agwith a > c which intersects U in a set
U1ßfy > ıg of positive measure. Slight variationsH ofH0 yield high risk scenarios
ZH which are uniformly distributed on the disjoint union of a small neighbourhood
of the origin in U , and a subset of U1 of the same area. The distribution of ZH is
not close to the uniform distribution on a triangle. So Z is not completely steady.
It is also possible that '.y/=y ! 1 for y ! 0. As long as '.y/=y is increasing
the vector Z is completely steady. Here are two examples. In both � is Lebesgue
measure on the cone fv > jujg in the plane.

Example 15.11. Dh.�/ contains a vector Z 2 R2 which is uniformly distributed
on a bounded open convex set whose boundary is continuously differentiable. The
vector Z is completely steady. Take U D fjxj < yL.y/; 0 < y < 1g where
L.y/ D j log.y � y2/j. ˙

Example 15.12. The domain Dh.�/ contains a completely steady vector Z with a
continuous density f on R2 such that ff > 0g D R � .0;1/.
Proof. Let f0 be the density c1U =L.y/, with U as above, and let f1 agree with f0
onU , vanish for jxj > yL.y/Cy2, y 2 .0; 1/, and be defined by linear interpolation
on the remaining two intervals yL.y/ � jxj � yL.y/ C y2. Then f0 and c1f1
lie in Dh.�/ with the same normalizations ˛y as the uniform distribution on U .
The density c1f1 is continuous on the plane, and so is f D .c1f1 C f2/=2 where
f2.x; y/ D y4e�ye�jxj=48 on HC. Let J D fv � b C aug with 0 � a < 1 and
b > 0. The corresponding halfspaces for Z are Hs D fy � bs C asL.s/xg. Take s
so small that 2b

p
s < 1 and 2sL.s/s�1=3 <

p
s. Then Hs is contained in the union

of fy � psg and fx � s�1=3g. HenceZ
Hs

f1.z/dz � s5=2 C e�1=s1=3 	 s2L2.s/;
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U0\fy<sg

f2.z/dz=2 � s2L2.s/; s ! 0C;

which shows that f2 does not affect convergence. �

Remark 15.13. Now take d D 3 and let � be Lebesgue measure on C D Œ0;1/3.
Set y D z1 C z2 C z3. Let Z be uniformly distributed on a bounded open set
U ßf0 < y < 1g, whose horizontal sections are open triangles with vertices Q0.y/,
Q1.y/, Q2.y/ which depend continuously on y 2 .0; 1/. What condition on the
curves Qi will ensure that Z 2 Dh.�/? What extra conditions ensure that Z is
steady or completely steady? Does it suffice thatU is convex? If so, can the triangles
Uy revolve? Note that we have not even answered these questions for d D 2.

2) We first turn to the general theory. The first question is: Is the picture describ-
ing � as what one sees of the distribution of Z as one zooms in on a point z0 on
the boundary of the convex support of Z correct for all Z 2 Dh.�/? We know that
Y D �.Z/ lies in DC.�/ with � D �� < 0. Hence Y has finite lower endpoint y0
and the df F of Y varies regularly in y0. Assume y0 D 0. Then Z lives on the open
halfspace fy > 0g and charges all slices f0 < y < "g with " > 0. It is possible that
the support of Y is the whole closed upper halfspace, even if � lives on a proper cone,
Example 15.12. Does there exist a point z0 D .x0; 0/ around which the distributions
of the high risk scenarios cluster? If so, and if we choose coordinates such that z0 is
the origin, is it possible to normalize the high risk scenarios by linear transformations?

Theorem 15.14. Let � be a Radon measure on Rd which lives on HC and satis-
fies (15.24). Let Z 2 Dh.�/ have distribution � . There exists a point z0 D .x0; y0/
such that

Zs D ZH s ! z0 in probability ; s ! 0C; H s D fy � sg:
Choose coordinates such that z0 is the origin. There exist linear transformations ˛s
mapping J0 D fv � 1g ontoH s , and depending continuously on s such that

˛�1sn ˛cnsn.u; v/! .cu; cv/; sn ! 0C; cn ! c > 0 (15.25)

˛�1s .�/=PfY � sg ! � vaguely on Rd ; s ! 0C : (15.26)

Proof. We may assume that the df F of Y has lower endpoint y0 D 0. By Theo-
rem 14.7 there exists a continuous function t 7! Q̨ t 2 A.d/ which varies like the
contraction group� t in (15.24). A reparametrisation˛s D ˇt.s/ gives˛�1s .Zs/) W

with Q̨s.v/ D sv. Regular variation of Q̨s in the sense of (15.25), and of F , implies
that the affine transformations ˛s.w/ D Asw C bs satisfy the two limit relations of
the theorem. The lemma below shows that one may replace ˛s by w 7! Asw C z0.
This holds for the sequence sn D e�n and by interpolation for all s. �
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Lemma 15.15. Let ˛n 2 A, ˛n.w/ D Anw C an, andQ 2 GL. Assume that

˛�1n ˛nC1.w/! Qw; n!1:
Suppose the .complex/ eigenvalues � of Q satisfy 0 < j�j < 1. Then an ! z0, and
˛n � ˇn where ˇn.w/ D Anw C z0.
Proof. Set ˛�1n ˛nC1.w/ D Qnw C qn. Then

˛�1m ˛mCn.w/ D qmC1 C � � � CQmC1 : : :QmCn�1qmCn CQmC1 : : :QmCnw
D A�1m .AmCnw C amCn � am/:

There exists c 2 .0; 1/ andm0 � 1 such that kQmk < cm0 form � m0. This implies

kQkC1 : : :QkCm0
k < cm0 ; k � k0:

Since kQkk ! kQk, there is a constant K � 1 so large that kQkk � K for k � k0.
Hence

kQkC1 : : :QkCmk < Ccm; k � k0; m � 1; C D .K=c/m0 : (15.27)

There is a decreasing null sequence ın such that kqnk � ın for n � 1. This gives

kA�1m .amCn � am/k � Cım=.1 � c/; m; n � 1:
The bound is uniform in n. So we may replace amCn by a limit point z. The limit
point is unique since An ! 0 by (15.27). �

Of particular interest is the situation where z0 is a vertex of the convex support
of Z, and Z lives on a proper cone C0 with top z0. In that case one may choose
coordinates such thatZ has non-negative coordinates. Condition (15.25) implies that
˛s=s varies slowly for s ! 0C. It is satisfied if ˛s=s ! ˛0 2 GL.d/. In that case a
simple scalar normalization will do:

Zs=s) 	W D ˛�10 W; O� D ˛�10 .�/:

3) Distribution functions are a convenient tool to investigate the asymptotic be-
haviour of the distribution of a vector with non-negative components in the neigh-
bourhood of the origin, in particular if the normalizations ˛�1s are scalar expansions.

Let F be the df of a vector Z 2 Œ0;1/d . Suppose F.0/ D 0 and

F.sz/=F.se/! R.z/ weakly on .0; 1/d ; s ! 0C; e D .1; : : : ; 1/ 2 .0;1/d :
ThenR extends to the df of a random vector 
W on Œ0; 1�d . Let F0.t/ D F.te/. Then
F0.st/=F0.s/! R0.t/ D R.te/ for s ! 0C, t 2 .0; 1/ when te is continuity point
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of R. Hence convergence holds on a dense set, which implies weak convergence.
From the univariate theory of exceedances it follows thatR0.t/ D t� for some � > 0,
or R0 
 0 or R0 
 1. In the latter cases R 
 0 or R 
 1. We exclude these two
degenerate cases. LetZ.s/ denoteZ conditioned to the cube Œ0; s�d , and letZs beZ
conditioned to the halfspace fy � sg where y D z1 C � � � C zd . If Z.s/=s converges
to zW thenZs=s converges toW whereW is zW conditioned tow1C� � �Cwd � 1, and
conversely, by a straightforward conditioning argument. By a change of coordinates
we obtain the following result.

Theorem 15.16. Suppose Z � 0 has df F , and F.0/ D 0. Let a; c 2 .0;1/d .
Define the vertical coordinate by �z D cT z. If F.sz/=F.sa/ ! R.z/ weakly on
.0; a/ for s ! 0C, and if 0 < R.b/ < 1 for some b 2 .0; a/, then Z 2 Dh.�/,
where �Œ0; tz� D t�R.z/ for z 2 .0; a/, t > 0, and Zf��sg=s ) W where W has
distribution 1Jd�=�.J / with J D f� � 1g. Conversely if Z � 0, and if Z 2 D�.�/

for an excess measure � on Œ0;1/d with normalizations ˛s.w/ D sw then

F.sz/=F.sa/! R.z/ D �Œ0; z� pointwise; s ! 0C; z 2 .0;1/d ;
where � satisfies (15.24).

The condition onF in the theorem above does not suffice forF to lie in the domain
of attraction of a min-stable distribution. For that one also needs convergence of the
marginals FK ,

FK.sz/=c.s/! RK.z/ s ! 0C; z 2 RK ; ; ¤ Kßf1; : : : ; dg:
Here c.s/ D F1.s/C � � � C Fd .s/. Compare Proposition 7.9.

Example 15.17. Let Z be uniformly distributed on the unit cube. Then Z 2 Dh.�/

where � is Lebesgue measure on .0;1/d , and � D �.z1 C � � � C zd / is the vertical
coordinate. The vector Z also lies in the domain D^.W / for a min-stable vector W
with independent exponential marginals. The exponent measure of W lives on the
coordinate axes in infinity and does not charge Œ0;1/d . Let " 2 .0; 1/. If we delete
all mass in the ball "B and condition Z to live on "Bc then the vector still lies in
D^.W /; if we alter the distribution outside "B the vector still lies in Dh.�/.

There is a difference in interpretation. In the case of minima we ask for the
conditional distribution of the other components if one of the components is small.
The answer is that it is not affected (by independence). In the case of exceedances
we ask for the conditional distribution of Z given the sum of the coordinates (or the
maximum) is small. It is not affected, it remains uniform. ˙

15.4 Cones and heavy tails. We now turn to excess measures � on fv > 0g whose
symmetries are scalar expansions:

� t .�/ D et�; � t .w/ D e� tw; t 2 R; w D .u; v/ 2 RhC1; � D 1=� > 0:
(15.28)
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The measure � is infinite on fv > 0g, and finite on fv � cg, for c > 0. The domain of
attraction consists of distributions with heavy tails. Heavy tailed distributions on Rd

form the subject of Section 16 and 17. Here we discuss exceedances over horizontal
thresholds, and assume � lives on fv > 0g.
Example 15.18. Let N be the Poisson point process on .0;1/3 with intensity
1=�3C�, where � D z1 C z2 C z3. The mean measure � satisfies (15.28). De-
fine the curvaceous cone zC by three continuous curvesQ1,Q2,Q3 emanating from
the origin and diverging to infinity, such that the three points Qi .y/ are the vertices
of a triangle zCy in the plane f� D yg for each y > 0. Assume that the normalized
triangles Ty D zCy=y, y � 1, in the plane f� D 1g vary slowly, i.e.

Tcnyn
� Tyn

; yn !1; cn ! c > 0:

Let f0 W Œ0;1/! .0;1/ be continuous, and vary regularly in infinity, with exponent
�.3C �/. Then the integral c0 of f0 B � over zC is finite. So f D 1 zCf0 B �=c0 is a
probability density which lives on zC . Let Z1; Z2; : : : be independent observations
from this density. Let an ! 1 such that Pf�.Z/ � ang � c=n, where c D
�f� � 1g, and let ˛n be the matrix with columns Qni D Qi .an/, i D 1; 2; 3. The
normalized sample cloud Nn has points ˛�1n .Z1/; : : : ; ˛

�1
n .Zn/. Weak convergence

of the normalized measures implies weak convergence of the point processes:

Nn) N weakly on R3 n "B; " > 0: (15.29)

The curvaceous cone is determined asymptotically by the sections zCyn
with yn D en.

Conversely any sequence of trianglesTn such thatTnC1 � Tn determine a curvaceous
cone zC with sections zCen D enTn for n � 0. One may define the curvesQi by linear
interpolation between successive points Qi .en/, where the Qi .en/ are the vertices
of enTn. Such a sequence of triangles Tn is a discrete skeleton for the curvaceous
cone. The sequence may be quite wild, even if we assume that all triangles lie
inside a given bounded convex set D� in the plane f� D 1g. Indeed, any triangle
may be transformed continuously into any other triangle. Hence for any " > 0 the
two triangles may be linked by a finite sequence of triangles S0; : : : ; Sm such that
jSk [ Sk�1j < e"jSk \ Sk�1j. It follows that one may construct a sequence of
triangles TnC1 � Tn which is dense in the space T of all compact triangles inD�. In
particular, subsequences may converge to disjoint limit triangles. The corresponding
sample clouds then asymptotically live on disjoint cones. Yet (15.29) holds, and the
convex hulls of the sample clouds converge. ˙

There is a superficial similarity between the theory of this section and that of the
previous section. In both cases the convex support of the excess measure is a closed
cone C . If C has a bounded intersection with f� � 1g one may define the compact
convex set C �ßRh as in the previous section by

C \ f� D 1g D C � � f1g:
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If Z lives on Œ0;1/d then, as above we define � D z1 C � � � C zd . If the high risk
scenarios Zy may be normalized by scalars, then

Zy=y ) W;

where now we take the limit for y ! 1 instead of y ! 0C as in the preceding
section.

Actually the difference with the theory of the preceding section is considerable.
First observe that any Radon measure � on Œ0;1/d n f0g which satisfies (15.28)

may be interpreted both as an excess measure for exceedances over horizontal thresh-
olds, f� D yg, and as the exponent measure of a max-stable distribution on Œ0;1/d
with marginals Hi .t/ D e�ci=t

�
, t > 0. Exponent measures of such max-stable

distributions live on Œ0;1/d n f0g and do not charge points in infinity. This yields a
one to one correspondence between excess measures on Œ0;1/d n f0g and exponent
measures.

In the previous section any contamination of the distribution was blown up, and
thus liable to destroy steady convergence; in the present set up the contamination is
dampened and will disappear in the limit unless it is at least as heavy tailed as the
excess measure.

The normalizations ˛y , y > 0, determine a curvaceous cone zC whose horizontal
sections are affine images of C �. In the previous section the shape of zC determined
whether Z was completely steady. From the example above we see that Z is com-
pletely steady if it lives on the curvaceous cone zC .

For distributions with heavy tails an important difference between exceedances
over horizontal thresholds and coordinatewise extremes lies in the interpretation. For
coordinatewise extremes the d coordinates Zi have an equal status as measures of
risk; for exceedances the vertical coordinate � D z1 C � � � C zd (or some other pos-
itive linear combination) measures risk; the horizontal part of Z, does not measure
risk, but modulates it. AssumeZ has non-negative components with heavy tails with
the same tail exponent � > 0. Exponent measures for such heavy tailed distribu-
tions on Œ0;1/d are precisely the excess measures in (15.28) which live on the cone
Œ0;1/d with v D � D z1 C � � � C zd . Given the excess measure � the asymptotic
behaviour of the distribution of Z is determined by d slowly varying functions Li
given by 1 � Fi .zi / D Li .zi /=z

�
i . For exceedances over horizontal thresholds the

global behaviour is determined by a slowly varying function L, which describes the
tail 1 � F0.y/ D L.y/=y� of the vertical component Y D �.Z/, and a sequence
of h-dimensional simplices Tn such that TnC1 � Tn, which determines the regularly
varying normalization for the horizontal component of the high risk vectors Zy . If
Z � 0, and the tails of the d components Zi are asymptotically equal, the rela-
tion between coordinatewise extremes and high risk scenarios for exceedances over
horizontal thresholds is particularly simple.
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Theorem 15.19. Suppose Z � 0 has df F with marginals Fi which satisfy

1 � Fi .t/ � L.t/=t�; t !1; i D 1; : : : ; d:
Let the Radon measure � on Œ0;1/d n f0g satisfy (15.28). Then Z 2 D_.�/ if and
only if Z 2 Dh.�/ for � D z1 C � � � C zd . Moreover L varies slowly in infinity.

By applying a suitable positive diagonal linear transformation to �we may ensure
that the marginals of � satisfy �i Œt;1/ D 1=t� for t > 0. Then, for t !1,

Zf��tg=t ) W; .Z_n/=an) zW (15.30)

"�t .�/=�f� � etg ! � weakly on f� � cg; c > 0; (15.31)

where W has distribution 1f��1gd�=�f� � 1g, zW is max-stable with exponent mea-
sure �, an > 0 satisfies 1 � Fi .an/ � 1=n, "t .w/ D etw, and � is the distribution
of Z.

Moreover the normalized sample clouds Nn with points Z1=an; : : : ; Zn=an con-
verge in distribution to the Poisson point process N on O D Rd n f0g with mean
measure �, weakly on Rd n "B for any " > 0, and the convex hulls converge.

Proof. The diagonal normalizations are scalar expansions: ˛n D an. Set e D
.1; : : : ; 1/. Let F be the df of Z. Convergence

.1 � F.tz//=.1 � F.te//! R.z/ D �.Œ0; z�c/=�.Œ0; e�c/; t !1; z 2 .0;1/d

is equivalent toZ_n=an) zW by Theorem 7.3, and to (15.30) by conditioning. The
latter implies Nn ) N weakly on "Bc . Convergence of the convex hulls will be
proved in Theorem 16.18. �

The assumption that the excess measure � lives on a cone which intersects the
hyperplane fv D 1g in a bounded set, and that the distribution � of the vector Z
lives on the associated curvaceous cone allows a comparison between the theory of
exceedances over horizontal thresholds and the theory of coordinatewise maxima. If
we drop these assumptions a number of difficulties arise. We give two examples.

The first example shows that vague convergence n˛n.�/ ! � on fv > 0g need
not imply weak convergence on fv � 1g, even when the vertical coordinate lies in
the domain of a GPD.

Example 15.20. Let � be the excess measure in (15.28). Assume �fv � 1g D 1.
Let W D .U; V / have distribution 1fv�1gd�. Let Z D .X; Y / have distribution �
on fy � 1g. Assume Y y=y ) V for y ! 1 and n˛�1n .�/ ! � vaguely on
fv > 0g for a sequence of linear maps ˛n mapping fy � 1g onto fy � yng with
ynC1 � yn !1. This does not imply ˛�1n .Zyn/) W .

We assume thatZ 2 R2 has density .f0C f1/=2 where f0.x; y/ D 1S .x; y/=y3
with S D fy > 1; 0 < x < yg and f1 D 1T .x; y/ log.1 C y/=y3 where T D
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fy > 1; 0 < x < y= log.1 C y/g. Then Y has distribution Q� with density 1=y2

on Œ1;1/, and Zy=y ) SW where the distribution of W is a mixture of the density
f0 and a univariate GPD on the vertical axis: dv=v2 on Œ1;1/. Set ˇt .u; v/ D
.tu= log.1 C t /; tv/. Then .2t/ˇ�1t .�/ ! � vaguely on fv > 0g, where � has
density 1=y3 on f0 < x < yg, and tˇ.t/�1. Q�/ ! Q� where Q� is the projection of �
on the vertical coordinate. ˙

There is a simple procedure to ensure weak convergence: the two-step condition-
ing which was used for heavy tailed multivariate GPDs in Section 12.1 will work
here too, and will yield sufficient conditions for weak convergence. First condition
on the complement of a ball or centered ellipsoid E, and then on a halfspace H
supporting E. The limit theory for exceedances over elliptic thresholds is handled
by the theory of regular variation developed in MS. This theory is the subject of
Section 16 and 17. The final conditioning on the halfspace is trivial if �fv � 1g
is positive and �.Bc/ finite. The global behaviour of a probability distribution in
the domain of attraction D1.�/ for exceedances over elliptic thresholds depends on
a sequence of ellipsoids 2nEn with EnC1 � En, and a sequence of rotations Rn
in SO.d/, as is shown in Section 17.2. For exceedances over horizontal thresholds
the associated normalizations ˛n have to map horizontal halfspaces into horizontal
halfspaces. Below we prove that such normalizations ˛n exist.

Proposition 15.21. Let E0; E1; : : : be open centered ellipsoids in Rd such that
EnC1 � En. Let pn 2 @En maximize the vertical coordinate. There exist linear
transformations ˛n 2 Ah such that ˛n.B/ D En, ˛n.ed / D pn, with ed the vertical
unit vector, and ˛�1n ˛nC1 ! I . If .ˇn/ is another such sequence then ˇn D ˛nRn
with Rn 2 O.h/ and RnC1 � Rn.
Proof. Let the ellipse FnßRh describe the intersection of En with the horizontal
coordinate plane fv D 0g. Then EnC1 � En implies FnC1 � Fn. There exist
An 2 GL.h/ with AnC1 � An such that Fn D An.B

h/ where Bh is the unit ball
in Rh. Extend An to a matrix ˛n of size d by affixing a bottom row of h zeros, and
then affixing the column vector pn to the right side. Then ˛nC1 � ˛n, ˛n.B/ D En,
˛n.ed / D pn, and ˛n 2 Ah. Finally note that ˇ�1n ˇnC1 D R�1n ˛�1n ˛nC1RnC1 �
R�1n RnC1 since O.h/ is compact. �

Two-step conditioning is not always possible, even when Z lives on fy > 0g. In
the example below the vectorZ D .X; Y / 2 R2 has heavy tails and converges under
scalar normalizations:

Zfy�tg=t ) W D .U; V /; t !1: (15.32)

Yet the tail exponents differ:

PfV � tg D 1=t4; PfjU j � tg 
 1=t2; t !1: (15.33)
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Example 15.22. Let the excess measure � on fv > 0gßR2 have density g.u; v/ D
1=r1Cıv� with ı > 0, � > 0 and ı C � > 1. For t > 0

�fv � tg D c=tıC��1; c D �fv � 1g <1;
and

p1.t/ D �fv � 1; u � tg D
Z 1
1

J.t=v/dv=vıC�;

J.q/ D
Z 1
q

ds=.1C s2/.1Cı/=2:

Then J.q/ 
 1^1=q1Cı on .0;1/ implies p1.t/ 
 t��2C =t�Cı�1 for� ¤ 2. LetZ
have density g0.x; y/ D 1fy�1gg.x; y/=c. Then Zfy�tg=t is distributed like Z for
t > 1. Hence (15.32) holds withW D Z. Take� D 4 and ı D 1 to obtain (15.33). ˙

15.5* Regular variation for matrices in Ah. This section contains criteria, in
terms of the matrix representations, for a curve ˇ W Œ0;1/! Ah to vary like � t .

The set of affine transformations on RhC1 which map horizontal halfspaces into
horizontal halfspaces form a closed subgroup Ah of A. Elements of Ah are blocked
matrices of size 1C hC 1, see equation (2) in the Preview.

˛ D
0@1 0 0

p A q

b 0 c

1A ; ˛�1 D
0@ 1 0 0

P A�1 Q

�b=c 0 1=c

1A ; P D A�1.bq=c � p/
Q D �A�1q=c:

(15.34)
The two-by-two matrices formed by the four corner entries describe the positive
affine transformations Q̨ W v 7! cv C b. The map ˛ 7! Q̨ from Ah to AC is a
homomorphism: If � D ˛ˇ, then Q� D Q̨ Q̌. Hence, if ˛ W Œ0;1/ ! Ah varies
like � t , then Q̨ .t/ varies like Q� t . Similarly ˛ 7! A is a homomorphism, and hence, if
� t .w/ D Qtw C q.t/ and ˛ W Œ0;1/! Ah varies like � t , then the central matrices
A.t/ of size h in (15.34) vary like Qt .

In multivariate asymptotics centered ellipsoids Et describe the scale.

Definition. Write xt D o.Et / if for any " > 0 eventually xt 2 "Et for t !1.

For matrices with the same bottom row asymptotic equality is simple to express.

Proposition 15.23. Let ˛.t/ and N̨ .t/ in Ah have matrix representations as above.
Assume Na.t/ D a.t/ and Nb.t/ D b.t/. Then N̨ .t/ � ˛.t/ for t !1 if and only if

NA.t/ � A.t/; Np.t/ � p.t/ D o.Et /; Nq.t/ � q.t/ D o.Et /; t !1:
Let us now show how to alter the bottom row, while retaining asymptotic equality.



228 IV Thresholds

Lemma 15.24. Let ˛ W Œ0;1/ ! Ah, and let ı.t/ � Q̨ .t/ for t ! 1. Sup-
pose Q̨ .t/�1ı.t/.v/ D c.t/v C d.t/. Define ˇ.t/ D ˛.t/�.t/ where �.t/.u; v/ D
.u; c.t/v C d.t//. Then ˇ.t/ � ˛.t/ for t !1, and Q̌.t/ D ı.t/.
Proof. It suffices to observe that �.t/.u; v/ ! .u; v/ implies ˇ.t/ � ˛.t/, and that
Q̌.t/ D Q̨ .t/ Q�.t/ D ı.t/ since � ! Q� is a homomorphism from Ah to AC. �

Example 15.25. Simply replacing the two bottom corner entries in the matrix need
not work. Consider the ˛n.c/ 2 Ah below

˛n.c/ D
0@ 1 0 0

4n5=2 C 5n2 n 10n3=2

n 0 1=.1C c=pn/

1A ; Q̨n.c/ D
�
1 0

n 1=.1C c=pn/
�
:

First observe that Q̨n.1/ � Q̨n.0/. It is tempting to replace the lower right hand
entry of ˛n.1/ by 1. A straightforward calculation shows that ˛n.1/�1˛nC1.1/ !
� W .u; v/ 7! .u; v C 1/. The matrices ˛n.0/ have a different asymptotic behaviour:
˛n.0/

�1˛nC1.0/! ı W .u; v/ 7! .uC 10; v C 1/. ˙
We are interested in curves ˛ W Œ0;1/! Ah which vary like � t , where � t D etC

is a one-parameter group in Ah, such that Q� t is the vertical translation group, v 7! vCt
on R. The corresponding matrices are

C D
0@0 0 0

0 C � 0

1 0 0

1A ; � t D etC D
0@1 0 0

0 H t 0

t 0 1

1A ;
˛.t/ D

0@ 1 0 0

p.t/ A.t/ q.t/

b.t/ 0 c.t/

1A :
The vectorsp.t/ and q.t/ in the matrix representation of ˛.t/ are non-zero in general.
If C � is in real Jordan form, and its diagonal elements are non-zero, then by the
Spectral Decomposition Theorem one may choose coordinates and N̨ .t/ � ˛.t/ such
that Np.t/ and Nq.t/ vanish. If moreover C � is diagonal, and the diagonal entries are
distinct, then, by the same theorem, one may choose these coordinates so that NA.t/
is diagonal. See Section 18.4 for details.

Let us first consider sequences. Suppose the ˛n have the form (15.34), and

˛n D ˛0�1 : : : �n; �n ! �: (15.35)

Introduce the vectors

fn D qn=cn; gn D .pnC1 � pn/=.bnC1 � bn/:
LetEn be the ellipseAn.B/ in RhwhereB is the unit ball in Rh. A simple computation
gives
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Proposition 15.26. �n ! � if and only if

A�1n AnC1 ! H; cnC1=cn ! 1; .bnC1 � bn/=cn ! 1

fn � gn D o.En=cn/; fnC1 � fn D o.En=cn/:
Proof. This follows from the matrix product below with ˛ D ˛n and N̨ D ˛nC1.

˛�1 N̨ D
0@1 0 0

p A q

b 0 c

1A�10@1 0 0

Np NA Nq
Nb 0 Nc

1A

D
0@1 0 0

0 A�1 0

0 0 Nc=c

1A0@ 1 0 0

� � f̌ NA Nc'
ˇ= Nc 0 1

1A I � D Np � p;
' D Nf � f;
ˇ D Nb � b: �

We can now construct An, bn, cn, pn and qn so that ˛�1n ˛nC1 ! � .The right
hand columns are determined by the left hand columns: cn D bnC1 � bn, and
qn D pnC1 � pn.

Proposition 15.27. Let cn > 0, 'n 2 Rh, and An 2 GL.h/. Set En D An.B/,
bnC1 D bn C cn, fnC1 D fn C 'n, qn D cnfn, pnC1 D pn C qn. Define ˛n
in terms of pn, An, qn, bn and cn as above. If cnC1 � cn, A�1n AnC1 ! H , and
'n D o.En=cn/, then ˛�1n ˛nC1 ! � .

Let us imbed the sequence˛n in (15.35) in a curve˛.t/. For t D nC� 2 Œn; nC1/
define

Nq.t/ D qn; Nc.t/ D cn; Nb.t/ D bn C �.bnC1 � bn/;
Np.t/ D pn C �.pnC1 � pn/; NA.t/ D AnH � :

Proposition 15.28. Suppose ˛�1n ˛nC1 ! � . Define N̨ on Œ0;1/ as above. Then N̨
varies like � t .

Proof. It suffices to prove ˛�1n N̨ .n C �n/ ! �� for �n 2 .0; 1/, �n ! � . Write
down the matrix product above with ˛ D ˛n and N̨ D N̨ .nC �n/, and check that it
converges to e�C . Comparison with the product ˛�1n ˛nC1 shows that the right hand
column converges to .1; 0; �/T . �

There are simple criteria for regular variation in terms of derivatives. If the
curve ˛ W Œ0;1/ ! A is C 1 and ˛.t/�1 P̨ .t/ W D C.t/ ! C for t ! 1, then
˛.t/ varies like etC , by continuity of the solution of linear ODEs. The function
'n.s/ D ˛.tn/�1˛.tn C s/ satisfies P'n.s/ D 'n.s/C.tn C s/. The limit ' exists and
solves P' D 'C , which gives '.s/ D � s .
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Proposition 15.29. LetA W Œ0;1/! GL.h/ and c W Œ0;1/! .0;1/ beC 1 curves.
Suppose A.t/�1 PA.t/ ! C � and Pc.t/=c.t/ ! 0. Let ' W Œ0;1/ ! Rh satisfy
'.t/ D o.Et=c.t// where Et D A.t/.B/. Let f , q, p and b satisfy

Pf .t/ D '.t/; q.t/ D c.t/f .t/; Pp.t/ D q.t/; Pb.t/ D c.t/:
Then ˛ W Œ0;1/! Ah varies like � t .

Proof. We have to check that ˛.t/�1 P̨ .t/ D C.t/ ! C for t ! 1. In terms of
the matrices this means A�1. Pp � q/! 0, A�1 PA! C �, and A�1. Pq � Pcq=c/! 0.
These relations hold by the conditions in the proposition. �

Let y.t/ D b.t/ denote the vertical coordinate. A change of variables gives

p.t/ D �.y.t//; c.t/ D e.y.t//; Et D Fy.t/:
The basic condition

c.t/. Pp.t/=c.t//PD o.Et /; t !1;
in the proposition above, in the new variables gives (15.20):

e2.y/�00.y/ D o.Fy/; y ! y1:

16 Heavy tails and elliptic thresholds

16.1 Introduction. The random variable Y has heavy tails if EjY jm is infinite for
some integer m > 0. For asymptotics one needs stronger conditions. If Y is non-
negative one assumes that the distribution tail varies regularly,

1 � F.y/ D L.y/=y�;
for some � > 0 and some slowly varying function L. In general one assumes

PfjY j � yg D L.y/=y�

together with a balance condition

PfY � yg=PfjY j � yg ! q 2 Œ0; 1�; y !1:
Moments of order less than � are finite; those of order exceeding � infinite. In
financial mathematics there is evidence that daily log returns have heavy tails with �
in the order of 3 or 4. In non-life insurance (fire or storm) � may be close to one.
Regular variation of the upper tail characterizes the domains DC.�/, for � > 0.
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In this section we look at multivariate distributions with heavy tails, and ask
under what conditions there is a limit distribution for high risk scenarios when we
conditionZ to be large. In the past years there has been an increasing awareness that
a more geometric approach to the limit theory for coordinatewise maxima for heavy-
tailed non-negative vectors simplifies the subject if one uses the right notation. See
Resnick [2004]. The restriction to non-negative vectors is not necessary, the reliance
on multivariate dfs obscures the tail asymptotics outside the positive quadrant. The
use of Poisson point processes is particularly well suited to heavy tails. The relation
to multivariate regular variation has been rigorously developed by Meerschaert and
Scheffler in their book Meerschaert & Scheffler [2001], which we refer to as MS.
Although MS is about limit laws for sums of independent random vectors, the two
chapters on regular variation for linear transformations, and for measures on Rd nf0g,
may actually be regarded as an analysis of high risk scenarios for random vectors with
heavy tails. For more information on the statistical analysis of multivariate heavy tails
see Resnick [2006], or de Haan & Ferreira [2006].

How does one describe the asymptotic behaviour of a vector Z in the plane?
One may compactify the plane by adding a point in infinity – thus obtaining the
Riemann sphere for the complex plane – and condition Z on a decreasing sequence
of neighbourhoods of the point in infinity. One may just as well condition Z to
lie outside En for an increasing sequence of bounded open convex sets En which
cover the plane. Our Ansatz here is that for large open convex neighbourhoods E
of the origin and for certain linear expansions ˛ the distribution of the vector Z
conditioned to lie in Ec , and of the vector Z conditioned to lie in the complement
of ˛.E/ should have approximately the same shape. The high risk scenarios ZE

c
n ,

properly normalized, should converge in distribution to a random vectorW living on
the complement of an open bounded convex set E. One could take En, and E, to be
open triangles. One could also take E to be the open square .�1; 1/2, and En to be
open squares, or open coordinate rectangles, or open parallelograms. In these cases
the setEn D ˛n.E/ determines the normalization˛n up to the six or eight symmetries
of E. We prefer to take E D B , the open unit disk, as our basic set. The sets En are
open ellipses, and Wn D ˛�1n .ZE

c
n / are vectors living on Bc . For halfspaces there

was a group of affine transformations mapping the upper halfspace HC onto itself.
For exceedances over elliptic thresholds the orthogonal transformations map the unit
ball B onto itself.

Assume the sequence of ellipses grows so that PfZ 62 Eng � e�n. It may happen
that EnC1 � qEn for some constant q > 1 (successive ellipses have the same shape
asymptotically). It may be possible to choose coordinates such thatEn is the unit disk,
and EnC1 has the form .x=an/

2 C .y=bn/2 < 1 with half axes an ! a and bn ! b

with 1 < a < b. Decay along the major axis is slower than along the minor axis.
There is a third option: Shear expansions. See Example 16.6 and Section 18.8. There
are two points of view. One school argues that decay with the same exponent along
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both axes is such a coincidence that it may be ignored in practice; the other school
claims that if the two exponents differ then asymptotically the tails in the direction
of fast decay become negligible, and may be ignored. Moreover, if symmetry does
occur, why should it not be simple? We shall develop the theory with special attention
to scalar and diagonal non-scalar expansions. The domains of attraction in these two
situations differ like sun and moon.

There is a situation of great practical interest where the d marginal tails agree.
That is the case where Z D .ZnC1; : : : ; ZnCd / is a finite section from a stationary
sequence. Here the analytic theory of coordinatewise maxima is the most obvious
candidate to investigate the tail behaviour, but the geometric extreme value theory
developed in the present text may give useful insight in the structure of the tail of
the vector Z. Stationarity of the sequence .Zn/ does not imply the existence of an
excess measure. It does impose certain restrictions on the measure and its symmetry
group if an excess measure exists.

Example 16.1. Even if the marginals Z1; : : : ; Zd have the same heavy tailed distri-
bution, there may be linear combinations with lighter tails. LetXn, n 2 Z, be iid with
df F , and let Y0 be independent of .Xn/ with df G. Assume that these distributions
are symmetric. The variables Zn D Xn C Y0, n 2 Z, form a stationary sequence.
Suppose 1 � F.x/ � 1=x2 and 1 � G.y/ � 1=y. Let U0 D �1Z1 C � � � C �dZd
where � is a unit vector. If �1 C � � � C �d D 0 then U0 has tails with exponent two,
else tails with exponent one. Despite stationarity the marginals fail to describe the
tail behaviour of the vector .Z1; : : : ; Zd /. ˙

A large sample cloud from the standard normal distribution � on the plane, prop-
erly scaled, will form a black disk. The measure n� contracted by

p
2 logn converges

to a measure �which is infinite for every non-empty open set in the unit disk and van-
ishes outside the closed disk. Such behaviour is typical for light tailed distributions as
we saw in Section 9.5. For such distributions one has to zoom in at a boundary point
to obtain an interesting local picture. For heavy tails the global and local description
of the sample cloud agree. Sample clouds from distributions with heavy tails have
no edge. The sample cloud does not consist of a dense body of points surrounded by
a halo. There is only a halo of isolated points emanating from a center where points
accumulate. The variation in the convex hull is of the same order of magnitude as the
convex hull itself. For such sample clouds there is only a global theory. That theory
is the subject of the present section, and the next.

Example 16.2. Consider a continuous symmetric distribution on R with tail R.t/ D
1 � F.t/ � 1=t5. Such a tail is not very heavy. Moments of order < 5 are finite.
Take ten very large samples of n points, and let Tk denote the maximum of the kth
sample. The ten points Tk will flock around the value bn � n1=5 where the tail R
assumes the value 1=n. By the univariate theory each of the normalized points Tk=bn
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will behave like the maximal point V1 from a Poisson point process on .0;1/ with
tail 1=v5. Observe

Pf3=4 � V1 � 2g D e�.3=4/5 � e�25 � 0:8:
For large n the window Œ.3bn=4/; 2bn� will fail to contain the ten points Tk with
probability > 0:9. The window Œ�5bn; 5bn� is eight times larger. It will contain the
n-point cloud for all ten samples with probability > 0:99 since 20e�55

< 0:01. ˙

The example suggests that for samples Z1; : : : ; Zn from heavy tailed distribu-
tions � on Rd one should consider the global behaviour of n�n with �n D ˛�1n .�/

for suitable linear or affine expansions ˛n.
We shall adopt the following assumptions:

et˛.t/�1.�/! � weakly on "Bc ; t !1; " > 0; (16.1)

where � is a Radon measure onO D Rd n f0g, finite and positive on the complement
of the unit ball B . Weak convergence in (16.1) ensures that no points of the sample
clouds escape to infinity.

Definition. A one-parameter group � t , t 2 R, is called a linear expansion group if
the transformations � t are linear, and if all eigenvalues of � lie outside the unit circle
in C.

In addition to (16.1) we assume that ˛ W Œ0;1/! A varies like � t ,

˛.tn/
�1˛.tn C sn/! � s; tn !1; sn ! s; s 2 R; (16.2)

where � t , t 2 R, is a linear expansion group.
From the general theory of regular variation as developed in MS it follows that �

is an excess measure which satisfies

� t .�/ D et�; t 2 R: (16.3)

The proof that (16.1) and (16.2) imply (16.3) is straightforward, see Proposition 18.23.
The conditions imply that the high risk scenarios ZE

c
t for the ellipsoids Et D

˛.t/.B/, normalized by ˛.t/, converge in distribution to the vector W on Bc with
distribution 1Bcd�=�.Bc/. As was pointed out above, it is not the elliptic thresholds,
@Et , but rather the expansions ˛t which matter.

Definition. LetZ be a random vector in Rd with distribution � , and let � be a Radon
measure onO D Rd n f0g which does not live on a linear hyperplane. We say that �
and Z lie in the domain of elliptic attraction of � and write � 2 D1.�/ if (16.1)
and (16.2) hold.
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An intuitive introduction to the conditions (16.1) and (16.2) was given in the
Preview. The conditions may be formulated in terms of regular variation of measures,
as developed in MS. Here is their definition, adapted to our notation:

Definition. A finite measure� on Rd varies regularly if there is a continuous function
ˇ W Œ0;1/! GL.d/ such that (16.2) holds and

etˇ.t/�1.�/! � vaguely on Rd n f0g
for a Radon measure � on Rd n f0g which does not live on a hyperplane through the
origin, and which satisfies �.Bc/ < 1. The measure � varies regularly at infinity
if in addition any bounded set is covered by the ellipsoids Et D ˇ.t/.B/ eventually,
where B denotes the open unit ball.

We shall see later, in Section 16.4, that vague convergence on Rd n f0g implies
weak convergence on "Bc for " > 0. So the domains of attraction D1.�/ for
exceedances over elliptic thresholds consist precisely of those probability measures
which vary regularly at infinity. In the literature on the asymptotics of heavy tails
the term multivariate regular variation is often used in a more restricted sense. Only
scalar normalizations are allowed. This special case will be treated in Section 17.1.

The theory presented in this section, and the examples in the next should give the
reader an indication of the scope of the theory of regular variation of linear operators
and measures presented in MS. Our exposition is self-contained. Our notation and
terminology are in line with the previous sections, and differ somewhat from the usage
in MS. In particular we shall write � t , t 2 R, with generator C rather than rC , r > 0.
Moreover we normalize probability distributions by ˛�1n where MS use An. As a
consequence we write ˛n � ˇn if ˛�1n ˇn ! id, whereas in MS asymptotic equality
means AnB�1n ! I . For very heavy tails sample sums behave like extremes. We
shall briefly touch on the relation to operator stable processes and distributions and
the interpretation of excess measures as Lévy measures in Section 17.6.

We start with a description of excess measures for heavy tails. We then proceed to
investigate the domains of attraction D1.�/ of such excess measures. We show that
one may choose coordinates and a continuous normalization curve ˛ in (16.1) such
that the ellipsoidsEt D ˛.t/.B/ satisfy the inclusion cl.Es/ßEt for 0 � s < t . This
allows us to introduce polar coordinates in which the boundaries of the ellipsoidsEt
function as spheres, and t as the radial coordinate. The limit relation (16.1) then
describes the asymptotic independence of the radial and angular part of the vector Z
in these coordinates. In Section 16.4 we prove convergence of the convex hulls, and
of the empirical loss for functions whose growth is bounded by a suitable power
function. Section 16.9 proves the basic step in the Spectral Decomposition Theorem.

Section 17 treats a number of cases in greater detail: scalar normalizations, scalar
expansion groups, and normalization by coordinate boxes. We shall briefly discuss
tails with different rates of decay in different directions. We shall describe the excess
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measures of maximal symmetry associated with such tail behaviour. Finally we return
to elliptic thresholds: we determine the limit laws for high risk scenariosZE

c
n where

E1ßE2ß � � � is an increasing sequence of ellipsoids. The limit behaviour here is not
as simple as for exceedances over horizontal thresholds. Not every non-degenerate
limit law extends to an excess measure which varies regularly in infinity!

The main result of these two sections is a complete characterization of the domain
of attraction, D1.�/, for excess measures �with a continuous positive density, whose
generator C has complex diagonal Jordan form. In the exemplary case where � is
the Euclidean Pareto excess measure, with density 1=kwkdC1=� (and C D �I ), any
distribution function � 2 D1.�/ has the form d� D fd�, where f is a continuous
unimodal function with elliptic level sets: ff > e�tg D Et D ˛.t/.B/, and �
is a roughening of Lebesgue measure. Such measures may be discrete, or have a
wild density. They are characterized in terms of a partition of Rd into bounded
sets An such that �.An/ � jAnj, where jAj denotes the volume of A. The global tail
behaviour of the probability distribution � is determined by the typical density f ,
and hence by a sequence of ellipsoidsEn which satisfyEnC1 � e�En. In general the
linear expansions � t are not scalar, and the typical density f is not constant on @Et .
The structure of the typical density f in the expression d� D fd� depends on the
generator C . This structure is determined in Section 17 for all generators C whose
complex Jordan form is diagonal.

The final section of this chapter is of a more theoretical nature. It contains an
introduction to multivariate regular variation, a discussion of the Meerschaert Spectral
Decomposition Theorem, and a classification of all excess measures on Rd .

16.2 The excess measure. Our first task is to find the excess measures � and their
symmetry groups � t , t 2 R. What is an expansion? What sets are expanded? Are the
ellipsoids � t .B/ ordered by inclusion? How is the excess measure distributed over
the different orbits of the expansion group? We shall also look at densities and polar
coordinates.

For scalar expansion groups, � t .w/ D e� tw, t 2 R, with � a positive constant,
polar coordinates form a convenient tool. Any continuous non-negative function g0
on the unit sphere @B , determines the density g of an excess measure � on Rd n f0g
which satisfies � t .�/ D et�, for the scalar expansions above. In polar coordinates

g.r�/ D g0.�/=qt ; q D e1Cd� ; � 2 @B; r > 0:
Note that in affine geometry there are no balls, only ellipsoids. One can not even
speak of centered ellipsoids.

There are several reasonable interpretations for an expansion. They turn out to
be equivalent. Let us write � t .w/ D qt C Qtw, and let C � be the linear part of
the generator C of � t . So Qt D etC

�

. The (complex) eigenvalues �i of C � lie in
< > 0 if and only if the eigenvalues e�i t of Qt lie outside the closed unit disk for
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t > 0. If one of these conditions holds then we call � an expansion. Since zero is
no eigenvalue of C � there is a unique point z0 such that Cz0 D 0. The point z0 is
fix point of the group � t . So � t , t 2 R, becomes a linear group Qt , t 2 R, if we
choose the origin in z0. Henceforth � t will be linear transformations on Rd , and the
generator C is a matrix of size d .

Definition. A linear expansion is a linear transformation Q whose eigenvalues lie
outside the unit circle in C. An expansion with center z0 is an affine transformation
� W z 7! Qz C q where Q is a linear expansion and �.z0/ D z0. An expansion
group is a one-parameter group of linear transformations Qt , t 2 R, with Q a linear
expansion.

Exercise 16.3. If � t , t 2 R, is an expansion group then k��tk ! 0 for t ! 1.
For any " > 0 and any r > 1 there exists a constant t0 such that � t ."B/ � rB for
t � t0. ˙

Let us show that the algebraic concept of an expansion group agrees with our
geometric intuition.

Proposition 16.4. LetE be an open centered ellipsoid and � t , t 2 R, a linear group.
If �.E/ contains the closure of E then � t , t 2 R, is an expansion group.

Proof. The condition implies that the eigenvalues�i ofQ satisfy j�i j > 1. RestrictE
to a subspace spanned by a real or complex eigenvector! �

Proposition 16.5. Let C be a matrix of size d . Write C0 D .C T C C/=2 for the
symmetric part of C . If C0 is positive definite then C generates an expansion group.
SetQ.w/ D wTCw. The minimum value ı ofQ over @B is positive, and

eıtBß� t .B/; t � 0:

Proof. Observe that Q.w/ D wTC0w. The antisymmetric part of C does not con-
tribute. Since @B is compact the minimum is attained and positive. Let x0 2 @B ,
and set x.t/ D � t .x0/, and '.t/ D x.t/T x.t/. Then Px.t/ D Cx.t/, and P'.t/ D
2x.t/TCx.t/. By assumption xTCx � ıxT x. Hence P'.t/ � 2ı'.t/. Together
with '.0/ D 0 it follows that log'.t/ � 2ıt . Hence k� txk � eıtx for all x 2 @B ,
t � 0. �

Definition. A bounded convex open set E which contains the origin is adapted to
the generator C , or the linear expansion group � t D etC , if there exists ı > 0 such
that

eıt .E/ß� t .E/; t � 0:
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Example 16.6. The expansion groups in dimension d D 2 have generators

C D
�
� 0

0 �

�
;

�
� �

�� �

�
;

�
� 0

1 �

�
in Jordan form, with �;� > 0 and � ¤ 0, and

� t D
�
e�t 0

0 e�t

�
; e�t

�
cos � t sin � t
� sin � t cos � t

�
; e�t

�
1 0

t 1

�
:

For the diagonal generator C with � ¤ � the unit disk B is adapted, and so is any
coordinate ellipse and any coordinate rectangle. Orbits are curves, y D cx� , and
may leave an ellipse to return and intersect it if the ellipse is elongated along the
diagonal. Such ellipses are not adapted. The second group consists of expansive
rotations. Ellipses (and squares) need not be adapted. The last group describes
expansive shears along the vertical axis. The unit disk is adapted if and only if
� > 1=2. For 0 < � � 1=2 one may rescale the coordinates by D D diag.1; c/

D.�I C J /D�1 D
�
1 0

0 c

��
� 0

1 �

��
1 0

0 1=c

�
D
�
� 0

c �

�
: (16.4)

For c 2 .0; 2�/ the unit disk is adapted in the new coordinates. ˙

If the centered open ellipsoid E0 is adapted, one may choose coordinates so that
E0 D B is the unit ball. Now perform an extra coordinate transformation S . If S is
close to I the unit ball in the new coordinates will still be adapted since the generator
in the new coordinates has the form zC D S�1CS , and the minimum of xT zCx over
the unit sphere will be positive if S is close to I . This proves one part of the next
result:

Theorem 16.7. For any linear expansion group the adapted ellipsoids form an open
non-empty subset of the set of open centered ellipsoids.

To prove that the set is non-empty, observe that the (complex) eigenvalues � of �m

satisfy j�j � e if m is large. If we choose coordinates such that the generator mC
of �mt , t 2 R, is in Jordan form, then the unit ball is adapted for �mt , and hence also
for � t . This follows from the lemma below.

Lemma 16.8. Let C be in real Jordan form. If the real parts of the complex eigen-
values c D aC ib satisfy a � 1, the quadratic form xTCx is positive definite.

Proof. First consider a real matrix A D cI C J of size m with c � 1, where J has
zeros except for ones just below the diagonal. Let Q be the sum of m � 1 terms:
Q.x/ D x1x2 C x2x3 C � � � C xm�1xm. The inequality 2jabj � a2 C b2 gives

xTAx D cxT x CQ.x/ � x2i =2 > 0; x ¤ 0;
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where xi is the first non-zero entry in the vector x. Similarly ifA is the real matrix of
size 2m corresponding to the complex matrix cI CJ of sizem, with c D aC ib and
a � 1, then for w D .u1; v1; u2; : : : ; vm/ ¤ 0 we find wTAw D auT uC avT v C
Q.u/CQ.v/ > 0. �

If the unit ball B is adapted to the expansion group � t one may introduce expo-
nential polar coordinates by the homeomorphism

ˆ W .p; t/ 7! .� tp/; ˆ W 
 D @B � R! O D Rd n f0g: (16.5)

The group � t , t 2 R, on O corresponds to a vertical translation group on a cylinder:

� t .p; s/ 7! .p; s C t /; .p; s/ 2 @B � R D 
: (16.6)

Definition. An excess measure for expansions is a non-zero Radon measure � on
O D Rd n f0g which satisfies � t .�/ D et� for some expansion group � t , t 2 R.

Note that an excess measure for expansions is finite on Bc , and hence on "Bc

for any " > 0. Indeed, let the ellipsoid E be adapted, and set R0 D �.E/ n E and
Rn D �n.R0/. Then �.R0/ D c is finite, since � is a Radon measure on O , and
�.Ec/ D c C c=e C c=e2 C � � � is finite.

The excess measure � on O D Rd n f0g corresponds to a product measure
d��� e�tdt on the cylinder 
 . The measure �� on @B is called the spectral measure
of �.

The spectral measure, together with the generator C , determines the excess mea-
sure �. The generator determines the orbits; the spectral measure says how the excess
measure is distributed over the orbits. It should be stressed that the spectral measure is
not a geometric object. It depends on the coordinates. One may define a generalized
spectral measure to depend on a bounded open neighbourhood U of the origin and a
bounded open convex set D which is adapted:

Let Bi be the 
 -field of invariant Borel sets AßO D Rd n f0g. These sets A
satisfy:

� t .A/ D A; t 2 R:

They are unions of orbits. SinceD is adapted, each orbit of the group � t , t 2 R, inter-
sects the boundary @D in precisely one point. This establishes a natural isomorphism
between the 
 -field Bi on O and the Borel 
 -field on @D. The spectral measure
��
U;@E

for U on @D may be identified with a finite measure N�U on Bi by setting

��U;@D.A/ D �.A n U/ D N�U .A/; A 2 Bi : (16.7)

If � and �0 are excess measures with the same generator, and d� D hd�0 then h
is measurable on Bi , h B � t D h for all t , and d�� D hd��0 if U D D. For the
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sake of simplicity we assume henceforth that the unit ball is adapted to the expansion
group � t , t 2 R, of the excess measure �, and that �� D ��

B;@B
.

Let g0 be a continuous non-negative function on @B . Define g on Rd n f0g by

g.� t .w// D g0.w/=qt ; w 2 @B; t 2 RI q D e det �:

Then g is continuous. It is the density of a Radon measure � on Rd n f0g, which
satisfies � t .�/ D et� for t 2 R. The ring R0 D �.B/ n B has finite measure. The
ringsRk D �k.R0/ fill up Rd nf0g and �.Rk/ D e�k�.R0/ implies that �.Bc/ <1,
and similarly �."Bc/ <1 for any " > 0, since ��n.B/ß"B eventually.

For an expansion group � t D etC for which the unit ball is adapted we have two
methods for constructing excess measures with a continuous density, starting from a
continuous non-negative function on @B . We may use the procedure above to define
a continuous function g on Rd n f0g, or we may regard the function on @B to be the
density of the spectral measure �� on @B . These two procedures in general yield
different excess measures!

Proposition 16.9. Let � be an excess measure on Rd n f0g, with generator C and
with density g. Assume B is adapted. Let �0 be the uniform probability distribution
on @B . Then the spectral measure �� satisfies

d��.w/ D b.d/�.w/g.w/d�0.w/;
w 2 @B; �.w/ D wTCw; b.d/ D 2�d=2=
.d=2/: (16.8)

Proof. Let ' � 0 be a continuous function with compact support in Rd n f0g which
does not vanish on @B . We may assume that g is continuous, else write d� D hd�0
as above, where �0 has a continuous positive density. Let t tend to zero from above.
The width of the ring � t .B/ n B at the point w 2 @B is asymptotic to wT � t .w/ � 1
and hence to t�.w/. We findZ

� t .B/nB
'd� �

(
.1 � e�t / R

@B
'd��;

t
R
@B
'.w/�.w/d
.w/;

t ! 0:

Here d
 D b.d/d�0 it surface area on @B . �

Excess measures for expansions have large supports.

Proposition 16.10. Let � be a Radon measure on Rd n f0g, and � a linear expansion
such that �.�/ D �=q for some q 2 .0; 1/. If � lives on a strip T D fj�j � cg for a
non-zero functional �, then � lives on f� D 0g.
Proof. If z lies in the support S of �, then �k.z/ 2 S for all k 2 Z, and ��n.z/! 0

implies 0 2 S . Hence if � lives on a hyperplane it lives on a proper linear subspace.
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There is a minimal linear subspace containing S . Assume � does not vanish on
this subspace. We shall derive a contradiction. We may assume that Rd is minimal.
Hence S is not contained in a hyperplane. There exist points z0; : : : ; zd 2 S such that
the convex hull of these points contains a ball pC"B . Choose r > 0 so large that the
strip T does not contain the ball rB . Now choose n � 1 so large that �n."B/ � rB .
Then one of the points �n.z0/; : : : ; �n.zd / lies outside T . Contradiction. �

Theorem 16.11. The group of measure preserving linear transformations of a full
excess measure for linear expansions is compact.

Proof. Let S denote the group and � the excess measure with linear symmetries
� t .�/ D et�. Assume �.Bc/ D 1. Since � is full, there exists a constant c > 0

such that �fj�j > 1g > c for all unit functionals �. Let Et D ��t .B/. Then
�fj�j > 1g > etc if f� � 1g supports Et . Choose t so large that etc > 1, and let
rBßEt . Then �fj�j > rg > 1 for any unit functional �. Hence rBß
.B/ for all

 2 S . Equivalently k�k � 1=r for � 2 S . �

16.3 Domains of elliptic attraction. The theories for exceedances over elliptic and
horizontal thresholds are similar. For elliptic thresholds there is a simplification. The
unit sphere is compact, and so is the space P .@B/ of all spectral probability measures.

There are two tasks: Find the excess measures, and determine their domains of
attraction. The first is simple. Linear expansion groups are determined by their
generators. If we do not bother about coordinates the generator may be given in
Jordan form. The only condition is that the diagonal elements in the real Jordan
form be positive. This ensures that the eigenvalues of � D eC lies outside the unit
circle in C. Given the linear expansion group � t , choose coordinates so that the unit
ball B is adapted, and choose a finite non-zero measure �� on @B . This defines a
unique excess measure �which satisfies � t .�/ D et�, and �.Bc/ <1. Every excess
measure � for linear expansions which is finite on the complement of some bounded
ball rB is of this form. Details are given in the previous section.

Here we look at the domains of attraction. Recall that the domain of attraction
D1.�/ of an excess measure � which does not live on a proper linear subspace is
the set of all probability measures � which satisfy (16.1). We shall first prove that
the normalizations ˛.t/may be assumed linear. Moreover one may choose the curve
˛ W Œ0;1/! GL to be continuous, and so that the ellipsoids Et D ˛.t/.B/ satisfy

cl.Es/ßEt ; 0 � s < t: (16.9)

This establishes a homeomorphism between the half-cylinder @B�Œ0;1/ and Rd nE0
mapping .w; t/ into ˛.t/w. In these polar coordinates it is simple to characterize
D1.�/.
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In the previous section it was shown that one may assume the symmetry group � t

of the limit measure � to be linear; here we show that one may choose linear normal-
izations.

We return to the condition (16.3). It implies Pf˛.t/�1.Z/ 2 "Bcg ! 0, and
hence

˛.t/�1.Z/! 0 in probability; t !1: (16.10)

Let the eigenvalues of the matrix � all lie inside the circle of radius r1 in C (and
hence inside a circle with radius r0 < r1). The bound k�nC1 : : : �nCmk=rm0 < M ,
n;m � 0, below, holds for any sequence �n ! � . It implies that partial products of
�n=r1 vanish at an exponential rate.

Lemma 16.12. Suppose ˇn ! ˇ in GL.d/where ˇ is a contraction .all eigenvalues
lie inside the unit circle in C/. There existsM > 1 such that

kˇnC1 : : : ˇnCmk < M; n;m � 0: (16.11)

Proof. Write ˇ in Jordan form to see that kˇnk ! 0. Hence kˇkk < 1=3 for some
k � 1, and, by continuity, kˇnC1 : : : ˇnCkk < 1=2 for n � n0. Since kˇnk is
bounded by some constant C0 � 1 we have

kˇnC1 : : : ˇnCmk < C n0

0 C k0 =2
j ; jk � m < jk C k; n � 0:

This gives (16.11). �

Lemma 16.13. Let ˛n.w/ D AnwC an. Suppose ˛�1n ˛nC1.w/! Qw whereQ is
a linear expansion. Then A�1n ˛n ! id.

Proof. Write ˛�1n�1˛n.w/ D Qnw C qn, with ˛0 D id. Then qn ! 0 and

˛n.w/ D q1 CQ1q2 C � � � CQ1 : : :Qn�1qn CQ1 : : :Qnw D an C Anw:
Hence A�1n an D b1 C � � � C bn with bk D .Qk : : :Qn/

�1qk . Now observe that
kQmk < 1=4 for some m � 1 implies k.QnC1 : : :QnCm/�1k < 1=2 for n � n0
and hence k.QnC1 : : :QnCk/�1k < Me�"k for k; n � 1. Since qn ! 0 we have
an exponential bound for bk D .Qk : : :Qn/

�1qk , independent of n, given by
kbkk � MNe�"k . Since .QnC1�i : : :Qn/�1qn�i ! 0 for i D 0; 1; 2; : : : we
find A�1n an ! 0. �

The next result makes clear why we are so keen on unit balls that are adapted.

Theorem 16.14. Let ˛ W Œ0;1/ ! A vary like � t for the linear expansion group
� t D etC . Suppose wTCw > ı0 > 0 for w 2 @B . Then there exists a continuous
curve Q W Œ0;1/ ! GL such that Q.t/ � ˛.t/ for t ! 1, and such that the
ellipsoids Et D Q.t/.B/ satisfy eı0sErßErCs for r; s � 0. In particular (16.9)
holds.
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Proof. Set˛.t/w D A.t/wCa.t/. There existCn ! C such thatA.n/�1A.nC1/ D
eCnC1 for n � n0. See Section 18.2 for details. Let ı > 0 be the minimum of
wTCw � ı0 on @B . Choose n1 � n0 such that kCn � Ck < ı for n � n1. Define
Q on Œn1;1/ by interpolation,Q.t/ D Q.n/e.t�n/CnC1 for n � t � nC 1, n � n1.
For t 2 Œ0; n1� set Q.t/ D Q.n1/�

t�n1 . Then Q.t/ � ˛.t/ by Proposition 18.6.
Set Cn D C for n � n1. Then wTCnw � ı0 for w 2 @B and n � 1. This
implies esı0.B/ßesCnC1.B/ for s � 0 and n � 0, and hence esı0EtßEtCs for
n � t � t C s � nC 1, n � 0, sinceQ.t C s/ D Q.t/esCnC1 for these values. Now
use the implication

esı0ErßErCs and etı0ErCsßErCsCt ) e.rCs/ı0ßErCsCt

to obtain the results in the theorem. �

Henceforth we assume that the normalizations ˛t like the expansions � t are linear
transformations.

Let us now turn to the polar representation. The inclusion (16.9) allows us to
map the part of � outside E0 to the half-cylinder 
C D @B � Œ0;1/. The limit
relation (16.1) then is equivalent to asymptotic equality of this image measure to the
measure Q� D ˆ.�/ introduced in (16.5) under vertical translation.

Assume (16.9). We define a homeomorphism ‰ between the upper cylinder

C D @B � Œ0;1/ and the complement of the ellipsoid E0 by

‰ W .p; t/ 7! ˛.t/p; ‰ W 
C D @B � Œ0;1/! Rd nE0: (16.12)

The image of 1Ec
0
d� under‰�1 is a finite measure � on 
 . The limit relation (16.1)

is equivalent to the relation

et��t .�/! Q� weakly on 
C; t !1 (16.13)

where Q� D ˆ.�/, see (16.6), and � t .�; s/ D .�; s C t / for .�; s/ 2 
 .
One may use the non-linear transformation ‰ to describe the domain D1.�/.

Theorem 16.15 (Polar Representation). Let ˛ W Œ0;1/! GL.d/ be continuous and
vary like the linear expansion group � t , t 2 R. Assume the unit ball B is adapted,
and (16.9) holds for the ellipsoidsEt D ˛.t/.B/. Let � be a probability measure on
Rd with �.E0/ < 1, and let � on 
 be the image of 1Ec

0
d� under ‰�1, see (16.12).

Then � 2 D1.�/ if and only if (16.13) holds.

Proof. The basic idea is that �n ! � weakly on a compact metric space X implies
�n D ˆn.�n/ ! � D ˆ.�/ weakly on the compact metric space Y if ˆn and ˆ
are homeomorphisms from X onto Y and ˆn ! ˆ uniformly. The last condition
implies ˆ�1n ! ˆ�1 uniformly, and hence the converse implication also holds. (If



16 Heavy tails and elliptic thresholds 243

yn D ˆn.xn/! y D ˆ.x/ then ˆ.x0/ D y for any limit point x0 of the sequence
.xn/, and hence xn ! x.)

Apply this with ˆn D ˇ�1tn ‰�
tn where tn ! 1, and X D 
C [ f1g and

Y D .Rd [ f1g/ nE0. If .�n; sn/! .�; s/ 2 
C then

ˆn.�n; sn/ D ˇ�1tn ‰.�n; sn C tn/ D ˇ�1tn ˇtnCsn.�n/! � s.�/ D ˆ.�; s/:
If sn !1 then for any r > 0 eventuallyˆn.�n; sn/ 62 � r.B/ sinceˇ�1tn ˇtnCs.B/ß�

r.B/

eventually for given 0 < r < s. So ˆn ! ˆ uniformly. Set � D ‰�1.�/ and
�t D et��t .�/. Then

�tn D etnˇ�1tn .�/ D etnˇ�1tn ‰� tn.etn�tn/ D ˆ.�tn/:
Let d�n D 1Ec

0
d�tn , d�n D 1
C

d�tn , d�1 D 1Ec
0
d�0, d�1 D 1
C

dˆ�1.�0/.
Then �n ! �1 if and only if�n ! �1. The same arguments hold withE0 replaced
by an ellipsoid Et and 
C by @B � Œ�c;1/. �

The non-linear transformation � 7! � D ‰�1.�/ reveals an asymptotic product
measure which satisfies: et��td� ! d��0 � e�tdt . If one starts with a product
measure d� D d�� � e�tdt on @B � Œ0;1/, where �� is a probability measure on
@B , then � D ‰.�/ will be called the typical distribution in D1.�/ associated with
the spectral probability measure ��, and the normalizing curve ˇ W Œ0;1/! GL.d/.

16.4 Convex hulls and convergence. For heavy tailed vectors the convex hulls of
the normalized sample clouds converge. It does not matter what the convex support
of the distribution looks like. The orbits of the symmetry group of the excess measure
are curved in general, except for scalar expansions. Hence, even if the excess measure
has a continuous density h, the domain fh > 0g need not be convex. The convex hull
of the sample cloud need not give a good indication of the shape of the domain!

The normalized sample clouds Nn converge in distribution to the Poisson point
process N with mean measure �:

Nn) N vaguely on Rd n f0g:
Weak convergence holds on "Bc for any " > 0 and on all halfspaces J which do not
contain the origin. No mass escapes to infinity. Let us check that � does not charge
the boundary of "B or of J . Observe that � may charge hyperplanes through the
origin, since there are proper linear subspaces which are invariant.

Lemma 16.16. Let ' W Rd ! R be analytic and vanish in the origin. Let � be an
excess measure for expansions. Then

�f' D cg D 0; c ¤ 0:
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Proof. Let T D f� t .w0/ j t 2 Rg be the orbit containing the point w0 ¤ 0. The
function t 7! '0.t/ D '.� t .w0// is analytic on R (since the Jordan coordinates of
� t .w0/ are analytic in t ). If '0.tn/ D c for a sequence tn ! t with tn ¤ t then
'0 
 c by a power series development in the point t 2 R. Hence ' 
 c holds on
the orbit T , and since ��n.w0/! 0 the origin lies in the closed set f' D cg. Hence
c D 0. Now assume c ¤ 0, and let † D ˆ�1f' D cg be the image of the level
surface f' D cg in the tube 
 , see (16.5), and � D ˆ�1.�/. By the argument above
the intersection of the level surface with any orbit T is countable. Hence so is the
intersection of † with any vertical line f�g � R in 
 . By Fubini �.†/ D 0. Hence
�f' D cg D 0. �

Suppose � is an excess measure on Rd n f0g for the expansion group � t . Let � be
a probability measure, and let �t D et˛.t/�1.�/ ! � vaguely on Rd n f0g, where
˛ W Œ0;1/ ! GL.d/ varies like � t . We shall show that vague convergence implies
weak convergence on the complement of any ball "B with " > 0.

Proposition 16.17. Let ˛ W Œ0;1/ ! GL vary like the expansion group � t D etC .
Let � be a probability measure on Rd . Vague convergence �t D et˛.t/�1.�/ ! �

on Rd n f0g implies weak convergence on "Bc for " > 0. Let �0 be the maximum of
the real parts of the eigenvalues of the generator C above. ThenZ

'd�t !
Z
'd�; t !1 (16.14)

for an arbitrary continuous function ' which vanishes on a neighbourhood of 0, if
'.w/=.1C kwkı/ is bounded for some ı < 1=�0.

Proof. AssumeB is adapted. LetR D �.B/nB ,Et D ˇt .B/ andRt D EtC1 nEt .
Let " > 0. Since �.@� tB/ D 0 by the lemma above

et�.Rt / D �t˛.t/�1.EtC1 nEt /! �.R/; t !1:
Eventually et�.Rt / < 2�.R/. This implies

�t .˛.t/
�1.RtCm// D et�.RtCm/ � 2e�m�.R/; t � t0

and hence by summing �t .˛.t/�1.EctCm/ � Ce�m for t � t0, m � 0. Choose
m so large that Ce�m < ". Choose r > 1 so large that rB � cl.�m.B//. Then
˛.t/�1.EtCm/ ! �m.B/ implies ˛.t/�1.EctCm/ � rBc eventually and hence
�t .˛.t/

�1.rBc// � Ce�m < ". This proves weak convergence on Bc . The proof of
the second part is similar. �

Theorem16.18. Let� be an excessmeasure for an expansion groupwith generatorC .
Let � > 0. Assume <�i > � for all eigenvalues �i of C . Let � 2 D1.�/, with
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normalizations ˛.t/, and let ˛n D ˛.tn/ with etn � n. One may choose n-point
sample clouds Nn from the distribution ˛�1n .�/, and a Poisson point process N on
Rd n f0g with mean measure �, defined on a common probability space .�;F ;P/,
such that

1) the convex hull of Nn.!/ converges to the convex hull of N.!/ for all ! 2 �;

2) for any �-a.e. continuous function ' W Rd ! R which vanishes on a neighbour-
hood of the originZ

'dNn !
Z
'dN a:s: and in L1.�;F ;P/

if '= is bounded for  .w/ D 1C kwk1=� .
Proof. See Section 5.7. Weak convergence �t D ˛.t/�1.�/=�.˛.t/.Bc// ! �

holds on halfspaces which do not contain the origin. Moreover �t ."B/ ! 1 for
all " > 0. Hence the convex hull of the normalized sample cloud Nn will intersect
"B with probability pn ! 1. In terms of the theory developed in Section 5.7 the
intrusion cone 	 and the convergence cone 
 coincide with the dual space of Rd .
The boundary condition (S) in (5.12) holds for S D f0g. Hence the convex hulls of
the sample clouds converge to the convex hull of the limiting Poisson point process
by Theorem 5.26. The second statement follows from the proposition above, see
Section 5.7. �

Exercise 16.19. How do the normalized sample clouds behave for exceedances over
horizontal thresholds? Convergence is steady if the excess measure � is sturdy. The
excess measure is sturdy if it charges the open upper halfspace. ˙

16.5 Typical densities. In this section we assume that the excess measure � has a
continuous positive density g on Rd n f0g. The measure � satisfies � t .�/ D et�,
t 2 R, and˛ is a normalization curve which varies like � t . We consider two questions:

1) Does there exist a probability measure � with a continuous density, such that
et˛.t/�1.�/ ! �? How does one construct such a probability measure �? Do the
densities converge too?

2) Suppose we have a continuous positive probability density f , and the quotients
f B ˛.t/=f .˛.t/.a0// converge to the corresponding quotient g=g.a0/ of the excess
density. Do the probability distributions converge? Do the densities converge?

Definition. Let � t , t 2 R, be a linear expansion group, � an excess measure such
that � t .�/ D et� for t 2 R, and let ˛ W Œ0;1/! GL.d/ vary like � t . A probability
density f0 is a typical density for ˛ and � if f0 is continuous and positive on Rd , if �
has a continuous positive density g on Rd n f0g, and if

etn j det ˛.tn/jf0.˛.tn/.wn//! g.w/; tn !1; wn ! w ¤ 0: (16.15)
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Remark 16.20. If the density f is continuous and positive, and asymptotic to f0 in
1, then f also is a typical density. If ˇ.t/ � ˛.t/ for t ! 1, then f0 also is a
typical density for ˇ and �.

Proposition 16.21. If the density f of the probability distribution � on Rd agrees
with a typical density f0 for ˛ and � outside a bounded set then

et˛.t/�1.�/! � vaguely on Rd n f0g:
Proof. It suffices to prove that the density of the left hand side converges to the
density of the right hand side uniformly on compact sets. The density of the left is
et j det ˛.t/jf B ˛.t/; on the right g. So let wn ! w ¤ 0 and tn ! 1. We have
to prove (16.15) for f . This follows since for " > 0 any bounded set is contained in
˛.tn/."B/ eventually, and hence f .˛.tn/.wn// D f0.˛.tn/.wn// eventually. �

Proposition 16.22. Let g0 W @B ! .0;1/ be continuous. Let ˛ W Œ0;1/ ! GL be
continuous and vary like � t , and let the ellipsoids Et D ˛.t/.B/ satisfy cl.Es/ßEt
for 0 � s < t . Define g on Rd n f0g and f0 on Rd nE0 by

g.� t .w// D g0.w/=qt ; t 2 R; w 2 @B; q D e det �

j det ˛.t/jf0.˛.t/.w// D g0.w/=et ; t � 0; w 2 @B:
Then g is continuous and positive on Rd n f0g, and f0 is continuous and positive on
Ec0 . The function g is the density of an excess measure � which satisfies � t .�/ D et�
for t 2 R, and which is finite on "Bc for all " > 0, and f0 is integrable over Ec0 .
Any positive continuous probability density f on Rd which agrees with f0 outside a
bounded set is typical for ˛ and �.

Proof. Let tn !1 and wn ! w0 ¤ 0. Write

˛.tn/.wn/ D ˛.tn C sn/.an/; an 2 @B; sn 2 R; n � n0:
Then wn D ˛.tn/

�1˛.tn C sn/.an/ ! � s0.a0/ implies sn ! s0 and an ! a0. (If
sn � s < s0 � ı infinitely often then

wn 2 ˛.tn/�1˛.tn C sn/.cl.B//ß˛.tn/
�1˛.tn C s/.cl.B//ß� s0�ı.B/

infinitely often. Hence wn cannot converge to a point in � s0.@B/. So sn > s0 � ı
eventually. Similarly one proves that sn < s0 C ı eventually. Hence sn ! s0. This
implies an ! a0.) By definition of f0 one may write

etn j det ˛.tn/jf0.˛.tn/.wn// D etn j det ˛.tn/jf0.˛.tn C sn/.an//
D e�sncng0.an/! g.w0/

with cn D j det ˛.tn C sn/�1˛.tn/j. Convergence holds since cn ! det ��s0 and
e�s0g0.a0/= det � s0 D g.w0/. �
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Now suppose � has a continuous positive density f for which the quotients
converge

f .˛.tn/.wn//

f .˛.tn/.a0//
! g.w0/

g.a0/
; tn !1; wn ! w0; w0 ¤ 0 (16.16)

for some point a0 2 @B .

Proposition 16.23. Under the conditions of Proposition 16.22 above there is a C 1

function � W Œ0;1/ ! R with �.0/ D 0, and with a positive derivative which tends
to 1 in infinity, such that f is typical for ˇ.t/ D ˛.�.t// and �.

Proof. Let a0 2 @B . Define

F.t/ WD et j det ˛.t/jf .˛.t/.a0//; t � 0:
Let tn ! 1, sn ! s 2 R. Then ˛.tn C sn/.a0/ D ˛.tn/.wn/ with wn D � rn.an/

for an 2 @B . Convergence of wn D ˛.tn/
�1˛.tn C sn/.a0/ to � s.a0/ implies

rn ! s and an ! a0 by continuity of the polar coordinates map ˆ�1. Observe that
cn D j det ˛.tn C sn/j=j det ˛.tn/j ! det � s . Hence

F.tn C sn/=F.tn/ D esncnf .˛.tn/.wn//=f .˛.tn/.a0//
! es det � sg.� s.a0//=g.a0/ D 1:

Hence F varies like 1. The function F is asymptotic to a function e' where ' is C 1

and P' vanishes in 1. Then etC'.t/j det ˛.t/jf0.˛.t/.a0// 
 g.a0/, and (16.16)
gives

etnC'.tn/j det ˛.tn/jf .˛.tn/.wn//! g.w0/; tn !1; wn ! w0 ¤ 0:
We may alter ' on a finite interval so that '.0/ D 0 and P'.t/ > �1. Now let � be
the inverse of t 7! t C '.t/. �

The time changed curve ˇ.t/ D ˛.�.t// above has the same properties as ˛: it
varies like � t , is continuous, and has the same family of ellipsoids: ˇ.t/.B/ D E�.t/.

16.6 Roughening and vague convergence. Let ˛ W Œ0;1/ ! GL be continuous
and vary like � t for a group of linear expansions. Assume that the ellipsoids Et D
˛.t/.B/ satisfy cl.Es/ßEt for 0 � s < t . Introduce the continuous family of
ellipsoids

Fz D
(
Et=3 if z 2 @Et for some t � 0;
E0=3 if z 2 E0:

(16.17)

Recall that a Radon measure� is a roughening of Lebesgue measure for the ellipsoids
zCFz , z 2 Rd , if there exists a partition of Rd in bounded Borel sets An of positive
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volume, jAnj > 0, such that any bounded set intersects only finitely many sets An,
such that �.An/ � jAnj, and such that for any " > 0 eventually

Anßz C "Fz; z 2 An:
This section is devoted to the proof of the following result:

Theorem 16.24. For a Radon measure � on Rd the following statements are equiv-
alent:

1) � is a roughening of Lebesgue measure with respect to the ellipsoids Fz;

2) �t D ˛.t/�1.�/=j det ˛.t/j ! � vaguely on Rd for t !1.

Proof. Here we shall prove that �t ! � vaguely if � is a roughening. For the
converse we need some extra material. So assume � is a roughening of Lebesgue
measure, and A0; A1; : : : the corresponding partition. Let ' be continuous with
compact support. We have to show that

R
'd�t !

R
'd�. We may and shall

assume 0 � ' � 1. Introduce a function � which is constant on each atom An, with
the value �An=�An. Let � D � on the atoms where � vanishes, and � D �=� on
the remaining atoms. Then �An D �An for all n, and j� � �j.An/ D o.�An/. We
shall prove that Z

'd�t !
Z
'd�I

Z
'd j� � �jt ! 0: (16.18)

The first limit is standard. For any t � 0 let ı.t/ denote the maximum of the diameters
of the sets ˛.t/�1.An/ which intersect the support S of '. It suffices to prove that
ı.t/! 0. The integrals then converge by uniform continuity of ', with the arguments
used for Riemann integrals. Here are the details for showing that ı.t/! 0:

Choose s0 � 0 so large that Sß� s0.B/. For each n let zn be a point in An, and
set A0n D An � zn. Let " > 0. There exists t0 such that for t � t0:

1) St WD ˛.t/.S/ßEtCs0 ;

2) ˛.t/�1.EtCs0/ß� s0C1.B/;
3) A0nß"Et if An intersects Et .

Let t � t0. Suppose ˛.t/�1.An/ intersects S . Then An intersects St , hence
EtCs0 by 1). Hence A0nß"EtCs0 by 3). Hence ˛.t/�1.A0n/ß"� s0C1.B/ by 2).
Hence diam.˛.t/�1.An// � " diam.� s0C1.B//. This proves the first limit relation
in (16.18).

Now consider the second limit. Let � > 0 be small. The set E D fj� � 1j > �g
is a finite union of atoms. We have the inequalities:Z

E

.' B ˛.t//j� � 1jd� �
Z
E

�C 1d� D
Z
E

�d�C �.E/ D C.�/;Z
Ec

.' B ˛.t//j� � 1jd� � �
Z
' B ˛.t/d� D j det ˛.t/j�

Z
'd�t :



16 Heavy tails and elliptic thresholds 249

So
R
'd j���jt � �

R
'd�tCC.�/=j det ˛.t/j. The first term may be made small by

choosing � small. The second term may then be made small by choosing t large. �

In order to prove that � is a roughening if �t ! � vaguely, we have to do some
extra work. We shall need the following property of a sequence of Radon measures
�n which converges vaguely to Lebesgue measure: If Dn are Borel sets contained
in the ball rB , each Dn the difference of two convex Borel sets, and if there exists a
constant ı > 0 such that �.Dn/ > ı eventually, then�n.Dn/ � �.Dn/. This follows
from the proposition below.

Proposition 16.25. Let�n be Radon measures on the open setOßRd which converge
vaguely to Lebesgue measure � onO . LetKßO be compact, and letCnßK be convex
Borel sets. Then �n.Cn/ � �.Cn/! 0.

Proof. We may assume that �n.Cn/! c0 and �.Cn/! c1. We claim that c0 D c1.
First suppose Cn ! C , and jC j > 0. We may assume C is closed. It has an

interior point p0. Let C r be the set C blown up by a factor r > 0 from the center
p0. So C r D p0 C r.C � p0/. Vague convergence implies �n.C r/ ! �.C r/

whenever C rßO . Since C 1�"ßCnßC 1C" eventually for any " > 0 we conclude that
�n.Cn/! �.C /.

The remainder of the proof is a compactness argument. We spell it out. If there
is a proper affine subspace M such that CnßM C "B holds infinitely often for each
" > 0, then c1 D c0 D 0.

Henceforth assume c0 C c1 > 0. Choose a point in each set Cn. This sequence
(or a subsequence) converges to a point z0. We may find a set of d C 1 limit points
z0; : : : ; zd in K whose convex hull is a simplex † with interior points. By taking
appropriate subsequences we may assume that each of these d C 1 points is limit of
a sequence of points in Cn. This then holds for all points in †. Any interior point
of † lies in Cn eventually.

Let AßK be countable and dense. By a diagonal argument we may extract a
subsequence .kn/ such that Fn.a/ WD 1Ckn

.a/ converges for each a 2 A. Let F be
the closure of the set of a 2 A for which the limit is one, and let U be the interior
of F . Then U contains the interior of the simplex † above. Each point in U lies in
Ckn

eventually. Hence U is convex. If z 2 Ckn
infinitely often, then this also holds

for all a 2 A in the interior of the convex hull of z and U . Hence these a lie in U .
Hence z 2 F . So Cn ! F 2 C , and we may use the opening argument to conclude
that c0 D c1. �

In order to prove that a Radon measure � is a roughening if �t ! � vaguely,
we need to construct a partition. The atoms A of our partition will have the form
A D E0, or A D R\K whereR is a ring, R D Et nEs with s < t , andK a convex
cone. So let us start by partitioning Rd n f0g into convex cones.
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Let q be a positive integer. We want to define a partition Cq of Rd n f0g into
cones. The surface of the cube .�1; 1/d consists of 2d squares. Partition each into
subsquares of side length 1=2q . There are 2d2h2hq such squares on the boundary of
the cube .�1; 1/d . Let Cq consist of the cones generated by these squares.

We still have to say a few words about the boundary points of the squares. The
large square .�1; 1�h can easily be subdivided into 2hCqh subsquares congruent to
.0; 1=2q�h. So we try to partition the boundary of the cube .�1; 1/d into 2d squares
congruent to .�1; 1�h. For d D 3 it is not possible to write the boundary of the cube
as the disjoint union of six squares .�1; 1�2. There are eight vertices! However, one
can divide the boundary of .�1; 1/d into the disjoint sets

Sik D .�1; 1/i�1 � fkg � Œ�1; 1�d�i ; i D 1; : : : ; d; k D ˙1:
Divide the open interval .�1; 1/ into 2qC1�1 disjoint intervals .a; b� of length 1=2q ,
and one final open interval .1 � 1=2q; 1/. There is a similar partition for the closed
interval Œ�1; 1�. Now use the product partition on the squares Sik to obtain Cq .

We shall now introduce a finite partition A.�/ of the ring �.B/ n B . The atoms
of this partition are cells of the form A D Rk \K where K is one of the 2d2hCqh
cones above, and Rk the ring � .kC1/=2q

.B/ n �k=2q
.B/ for k D 0; : : : ; 2q � 1. We

need a lower bound for the volume V of the atom A, and an upper bound for the
diameter D.

Lemma 16.26. Suppose � t D etC , t 2 R. Define

ı0 D min
w2@B

wTCw; �0 D max
w2@B

wTCw: (16.19)

Then the volume V and the diameterD of the atoms of the partition above satisfy

V � .ı0=2/.2�dq=dd=2/; D � .�0 C
p
h/k�k=2q: (16.20)

Proof. Let 0 � s0 < s1 � 1. Let tiw 2 @Esi for i D 0; 1 for a vector w 2 @B . Then

.s1 � s0/ı0 � t1 � t0 � k�k.s1 � s0/�0: (16.21)

The volume V of K \ .� s1.B/ n � s0.B// may be expressed as an integral

V D 1

d

Z
S

t1.p/
h � t0.p/hdp

where S is the square generating K and ti .p/p 2 @� si .B/. Since kpk � pd
the inequality (16.21) gives t1.p/ � t0.p/ � .s1 � s0/ı0=

p
d , and t0 � 1=

p
d .

Hence V � .h=d/jS j.s1 � s0/ı0=dd=2. This gives the first inequality in (16.20).
Now take two points p0 D r0w0 and p1 D r1w1 in the cell A, where the wi are
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unit vectors. Since the vectors wi lie in K \ @B , and Bß.�1; 1/d , it follows that
kw1 � w0k �

p
h=2q , the diameter of the square S . We find

kp1 � p0k � kp1 � r0w1k C kr0w1 � r0w0k
D r1 � r0 C r0kw1 � w0k � �0k�k=2q C k�k

p
h=2q:

This yields the second inequality in (16.20). �

Proof of Theorem 16.24, part 2/. We shall now prove that a Radon measure � is a
roughening of Lebesgue measure if �t ! � vaguely. We first formulate some extra
conditions on the normalizations ˛.t/. See Theorem 16.14. Let ˛n D ˛.n/. Then
˛n D ˛0�1 : : : �n, and �n D eCn . We assume that ˛.t/ D ˛n� t�nnC1 for n � t � nC1,
n � 0, and that k�nk � 2k�k, and all Cn are close to C . Define ın and �n as in the
lemma above, but now for Cn. We assume that ın � ı0=2 for n � 1, and �n � 2�0.
These conditions do not affect the asymptotic behaviour of ˛.t/ for t !1.

Let the partition A0 consist of E0 and the rings EnC1 nEn. For q � 1 define Aq

to consist ofE0 and the sets ˛n.D/, n � 0, whereDß�n.B/nB is an atom in A.�n/.
The atomsA of Aq are intersections of convex cones ˛n.K/, withK 2 Cq , and rings
E.mC1/=2q nEm=2q , m � 0. We claim that �.An/ � �.An/. Let Dn D ˛�1kn

.An/ be
the corresponding atom in the partition of �n.B/nB . By the lemma above the volume
of Dn is bounded below by .ı0=4/.2�dq=dd=2/ since ın � ı0=2. Proposition 16.25
gives �.An/=�.An/ D �kn

.Dn/=�.Dn/ ! 1 since �kn
! � vaguely on Rd , and

the sets Dn are differences of convex sets and contained in the compact closure of
2k�kB .

Note that AqC1 is a refinement of Aq . Define A as the partition which agrees
with Aqn

on the ring EnC1 nEn, where qn increases to1 so slowly that the asymp-
totic equality �.An/=�.An/ ! 1 holds for the atoms of A. The diameter of the
corresponding sets Dn D ˛.kn/

�1.An/ß�kn
.B/ n B tends to zero since qn ! 1.

Choose zn 2 An, and letA0n D An�zn. Then ˛�1
kn
.A0n/ß"nB for a sequence "n ! 0.

Hence A0nß"nEkn
. Now observe that Ekn

ßFz for z 2 An. So the condition �t ! �

vaguely implies that� is a roughening of Lebesgue measure for the ellipsoids Fz and
the partition A. �

16.7 A characterization. This section contains a simple characterization of the do-
main of attraction of excess measures which have a continuous positive density.

We start with a linear expansion group � t , t 2 R. Choose coordinates such that the
unit ball is adapted. Let ˛ W Œ0;1/! GL vary like � t . By Theorem 16.14 we may
assume that ˛ is continuous and that the ellipsoids Et D ˛.t/.B/ satisfy cl.Es/ßEt
for 0 � s < t . Let � be an excess measure with a continuous positive density g on
Rd n f0g. The symmetry relations � t .�/ D et� hold for t 2 R. Equivalently, by (14)
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in the Preview

g.� t .w// D g.w/=qt ; w ¤ 0; t 2 R; q D e det �:

Define the function f0 on Ec0 by

j det ˛.t/jf0.˛.t/.w// D g.w/=et ; w 2 @B; t � 0:
By Proposition 16.22 a typical density for ˛ and � is any continuous positive proba-
bility density f which is asymptotic to f0 in1. Such densities satisfy

etn j det ˛.tn/jf .a.tn/.wn//! g.w/; tn !1; wn ! w ¤ 0: (16.22)

The corresponding probability distribution � satisfies the basic limit relation:

et˛.t/�1.�/! � weakly on "Bc ; t !1; " > 0: (16.23)

Let z C Fz be a continuous family of ellipsoids, centered in z 2 Rd , which
describes the scale around the point z. We assume that the ellipsoids diverge for
z ! 1. As in Section 16.6 we define a Radon measure � to be a roughening of
Lebesgue measure for the ellipsoids zCFz if there exists a partition of Rd in bounded
Borel setsAn of positive volume, jAnj > 0, such that any bounded set intersects only
finitely many setsAn, such that�.An/ � jAnj, and such that for any " > 0 eventually

Anßz C "Fz; z 2 An:
We can characterize the domain of attraction for excess measures with positive

continuous densities: Any probability distribution in the domain D1.�/ of such an
excess measure may be expressed as fd� where f is a typical density and � is a
roughening of Lebesgue measure for the ellipsoids determined by the normalizations.

Theorem 16.27. Let � t , t 2 R, ˛ W Œ0;1/ ! GL and � be as above. Let f be a
typical density for ˛ and �. Any probability distribution � which satisfies (16.23)
has the form d� D fd� for a Radon measure � on Rd which is a roughening of
Lebesgue measure with respect to the family of ellipsoids Fz in (16.17). If the Radon
measure � on Rd is a roughening of Lebesgue measure with respect to the ellipsoids
Fz above, then any probability measure � which agrees with fd� outside a bounded
set will satisfy (16.23).

Before giving the proof, let us discuss the conditions.
The conditions on the normalizations ˛.t/ enable us to give a straightforward

definition of the ellipsoids Fz , since each z 2 Ec0 lies on the boundary of a unique
ellipsoid Et . The factor 3 in the definition of the ellipsoids is not strictly necessary.
It ensures that Fz0 is comparable to Fz for all z0 2 zCFz . If we leave it out then the
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origin lies in the closure of zCFz for all z, and it is difficult to interpret the ellipsoid
z C Fz as the local scale.

As in Chapter III one may think of the family of ellipsoids zCFz as a geometry.
The family determines a Riemannian metric in terms of the quadratic functions Qz ,
defined by Fz D fQz < 1g. Since Q depends continuously on z it enables us to
define the length of curves given by piecewise smooth functions ' W Œ0; 1�! Rd :

L.
'/ D
Z 1

0

q
P'TQ'.t/ P'.t/dt; 
' D f'.t/ j 0 � t � 1g:

The length does not depend on the parametrisation. One introduces a metric by
defining d0.z0; z1/ as the infimum of L.
/ over all curves 
 leading from z0 to z1.
Continuity of z 7! Qz ensures that d0 satisfies the axioms of a metric, and agrees
with the topology. We refer to Section 11.4 for details. Here we only want to
observe that the metric does not depend on the coordinates. Focus on a point z 2
@Et with t large, and regard Et as the unit ball. In these coordinates EtCs is the
ellipsoid ˛.t/�1˛.t C s/.B/ � � s.B/. The Riemannian metric associated with the
renormalized ellipsoids ˛.t/�1EtCs is the image of d0 under the linear map ˛.t/. It
is defined by

dt .w0; w1/ D d0.˛t .w0/; ˛t .w1//; w0; w1 2 Rd :

Convergence of the ellipsoids ˛.t/�1˛.t C s/.B/ to � s.B/ for t ! 1 may be
shown to imply convergence of the metrics dt ! d1 where d1 on Rd n f0g is the
Riemannian metric associated with the family w C Gw , and Gw D � s.B/=3 for
w 2 � s.@B/. The metric d1 is invariant under � t :

�.w CGw/ D z CGz; z D � t .w/:
The ellipsoid Fz determines the scale around the point z. The ellipsoid zCFz is

not the unit ball around z in the Riemannian metric d0, but one gets a good estimate
of the distance between z0 and z by taking " > 0 small, and counting the number
of points z0; : : : ; zm D z which are needed to ensure that the ellipsoids zi C "Fzi

form a chain linking z0 to z. The Riemannian distance, d0.z0; z/, is approximately
2"m. In particular, if we intersect the elliptic surface @Et with a two-dimensional
linear subspace, we obtain a closed curve in @Et . The length of this curve in the
Riemannian metric d0 is 6� , since one may choose coordinates such that Et is the
unit ball, and the sets zC"Fz , z 2 @Et , then are balls of radius "=3 centered in points
on the surface of the unit ball.

In Section 16.2 we introduced the polar representation, a homeomorphism
ˆ W .w; t/ 7! � t .w/ from the cylinder @B �R to Rd n f0g. Similarly, the homeomor-
phism‰ W .t; w/ 7! ˛.t/.w/ in Section 16.3 maps the half-cylinder @B� Œ0;1/ onto
Rd nE0. One can transfer the Euclidean metric from the half-cylinder to a metric d
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on Rd n E0, by setting d.z0; z1/ D k.w0; t0/ � .w1; t1/k for zi D ‰.wi ; ti /. The
metric d agrees with 3d0 on the surfaces @Et , but the metrics d and 3d0 are not
identical on Ec0 . If the ellipsoids Et are balls the complex eigenvalues of � all have
the same absolute value. The metric d0 is determined by the balls; the metric d will
also depends on the imaginary part of the eigenvalues of C .

We prefer to work with the family of ellipsoids z C Fz , rather than the metric d
or d0. We are only interested in the asymptotics. For our purpose one may replace
Fz by any family of ellipsoids F 0z which is asymptotic to Fz for kzk ! 1. For many
applications it suffices that there exists a constant M > 1 such that

.1=M/FzßF 0zßMFz; kzk �M: (16.24)

The geometry zCFz , z 2 Rd , allows us to introduce flat functions and roughenings
of Lebesgue measure.

Recall from Section 11.1 that a function L W Rd ! .0;1/ is flat if it is asymp-
totically constant on the ellipsoids z C Fz:

L.z0n/=L.zn/! 1; kznk ! 1; z0n 2 zn C Fzn
:

Here we do need the constant 3 > 1 in the definition of the ellipsoids Fz in (16.17).
The rings Rt D EtC1 n Et may be covered by a finite number of ellipsoids z C Fz
with z 2 Rt , and this number has a bound which does not depend on t . It follows that
flat functions are asymptotically constant on such rings. Hence for any flat functionL
one may introduce a function L0 D e�0 W Œ0;1/! .0;1/, such that

L.˛.tn/wn/ � L0.tn/; tn !1; wn 2 @B:
We may choose L0 such that �0 is C 1 with derivative �00.t/ which vanishes for
t !1. See Section 11.2.

If we modify the typical density f1 by a flat functionL, the new density f2 D Lf1
satisfies

etn��0.tn/j det ˛.tn/jf2.˛.tn/.wn//! g.w/; tn !1; wn ! w ¤ 0:
We may then introduce normalizations ˇ.t/ D ˛.�.t// related by a time change,
such that (16.22) holds for f2 with ˛ replaced by ˇ. Flat functions do not affect
convergence, but may affect the normalization curve via a time change.

Now turn to roughenings of Lebesgue measure. The conditions imply that on the
scale of the ellipsoids z C Fz for large z there is not much difference between the
roughening � and Lebesgue measure �.

Example 16.28. Suppose � is a roughening of Lebesgue measure, and .An/ an
associated partition. If � has a density h, the only condition on h is that the average
of h over an atom An should tend to one for n ! 1. Given the partition .An/ one
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may also define a roughening � by picking a point zn in each set An, and putting
mass jAnj into this point zn.

Given an enumeration p0; p1; : : : of the points with integer coordinates, one may
choose� to be the counting measure of the set Zd , andAn the boxpnC.�1=2; 1=2�d .
Since Et eventually covers any bounded set, this partition satisfies the conditions
for a roughening for the ellipsoids Fz . If f is a typical density for ˛ and � thenP
k2Zd f .k/ converges, with sum c 2 .0;1/, and the random vectorZ with integer

valued components, which assumes the value k 2 Zd with probability pk D f .k/=c
lies in D1.�/ with the normalizations ˛.t/. ˙

After this digression on flat functions and roughenings we now come to the proof
of Theorem 16.27.

Proof. First assume � lies in D1.�/. The measure .1=f1/d� is finite on compact
sets (since 1=f1 is continuous on such sets), and agrees with � outside a bounded set.
Hence we may assume that d� D .1=f1/d� . Then

d�t WD ˛.t/�1.d�/=j det ˛.t/j D .1=gt /et˛.t/�1.d�/; gt D et j det ˛.t/jf B˛.t/:
By Proposition 16.22 above gt ! g uniformly on compact subsets of Rd n f0g for
t !1. This implies 1=gt ! 1=g uniformly on compact subsets of Rd n f0g. The
second factor �t D et˛.t/�1.�/ converges vaguely to � on Rd n f0g. It follows
that .1=gt /d�t ! .1=g/d� D d� vaguely on Rd n f0g. Here � denotes Lebesgue
measure on Rd . So �t ! � vaguely on Rd n f0g.

We need convergence on Rd . Observe that �t .B/ D �.Et /=j det ˛.t/j. The
condition on � implies that �.Et / � jEt j for t ! 1, since for m � m0 there
exist finite unions of atoms Ak , Um and Vm such that Em�1ßUmßEmßVmßEmC1,
and �.An/ � jAnj implies �.Um/ � jUmj and �.Vm/ � jVmj provided jUmj ! 1
and jVmj ! 1 for m ! 1. Thus �t .B/ ! jBj. The same relation holds for "B
for any " > 0. It follows that �t ! � vaguely on Rd . Finally apply the implication
2)) 1) in Theorem 16.24.

Now suppose � is a roughening of Lebesgue measure, and f1 is typical. We may
assume that d� D f1d� by altering � on a bounded set. Then

et˛.t/�1.�/ D et j det ˛.t/jf .˛.t//d.˛.t/�1.�//=j det ˛.t/j D gtd�t :
Since �t ! � vaguely (by Theorem 16.24) and gt ! g uniformly on compact
subsets of Rd n f0g the right side tends to gd� vaguely for t !1. �

For the Euclidean Pareto excess measure �� with density 1=kwkdC1=� it is possi-
ble to give a geometric description of D1.�� /. As observed in the Preview, it suffices
to specify a sequence of ellipsoids En such that EnC1 � 2En. Such sequences de-
termine the typical densities, and the geometry, Fz , z 2 Rd .
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16.8* Interpolation of ellipsoids, and twisting. If ˛ W Œ0;1/! GL varies like � t ,
then it is possible to recover the curve, up to asymptotic equality, from the sequence
.˛.n// by a simple interpolation procedure. For ellipsoids it is not clear how such
a procedure should be defined. Even if one has the complete family of ellipsoids
Et , t � 0, there may be many continuous curves ˛ W Œ0;1/ ! GL, such that
˛.t/.B/ D Et , since one may replace ˛.t/ by ˛.t/S.t/ where the S.t/ map the unit
ball onto itself. Such a transformation of the curve ˛ will be called twisting.

We shall first discuss twisting. Replace ˛.t/ by ˇ.t/ D ˛.t/ B S.t/ where
S W Œ0;1/! O.d/ is continuous and varies like I

S�1tn StnCsn ! I; tn !1; sn ! s; s 2 R:

Choose tn !1 such that S.tn/! S for some S in the compact group O.d/. Then
S.tn C sn/! S if sn is bounded and

ˇ.tn/
�1ˇ.tn C sn/ D S.tn/�1˛.tn/�1˛.tn C sn/S.tn/.S.tn/�1S.tn C sn//

! S�1� sS; tn !1; sn ! s 2 R:

Let† be the set of limit points of S.t/ for t !1. This is a closed connected subset
of O.d/. The curve ˇ varies like � t if

S�1� sS D � s; S 2 †; s 2 R: (16.25)

The condition is satisfied for scalar expansion groups.
Now let us look at rotation expansions. Suppose� t W w 7! e� tw, andS W Œ0;1/!

O.d/ varies like the rotation group Rt , t 2 R. The argument above applied to
ˇ.t/ D ˛.t/S.t/ gives

ˇ.tn/
�1ˇ.tn C sn/! � sRs:

So ˇ varies like the rotation expansion e� tRt , t 2 R. If � has density h, and scalar
symmetries � t D e� t , then the measure N� with density Nh.e� t�/ D h.e� tR�t�/ is an
excess measure with symmetries e� tRt and the densities Nh and h agree on @B:

Nh.e� tRt�/ D h.e� t�/ D e�th.�/; � 2 @B:
The normalizations ˛.t/ and ˇ.t/ define the same family of ellipsoids Et . One
obtains the typical density in D1. N�/ from the density in D1.�/ by rotating along
the boundaries of these ellipsoids.

We now turn to the problem of interpolation. Given two centered ellipsoids E0
and E1 with cl.E0/ßE1 is there a natural interpolation? Does there exist a one-
parameter group of linear transformations ˛t such that E1 D ˛.E0/ and E0 is
adapted? The ellipsoids Et D ˛t .E0/ then satisfy cl.Es/ßEt for s < t .
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Choose coordinates such that E0 is the unit ball and

E1 D
�
z21
a21
C � � � C z2

d

a2
d

< 1

�
; 1 < a1 � � � � � ad : (16.26)

Take ˛t D diag.at1; : : : ; a
t
d
/, t 2 R. The ellipsoids

Et D ˛t .B/ D
�
z21
a2t1
C � � � C z2

d

a2t
d

< 1

�
satisfy the requirements. This procedure was used in Section 12.1 to embed a growing
sequence of ellipsoids with EnC1 � cEn into a continuous family of ellipsoids Et ,
t � 0, such that

cl.Es/ßEt ; 0 � s < t I EtnCsn � csEtn ; tn !1; sn ! s; s 2 R:

The interpolation recipe above is geometric. In dimension d D 2 the numbers a1 � a2
are determined by the inclusions

a1E0ßE1ßa2E0

with a1 maximal and a2 minimal (since this holds in the special coordinates consid-
ered above).

There are other interpolations. We restrict attention to the plane. If E0 and E1
have the same Euclidean shape then E1 D cRE0 for a rotation R, and one may
use rotational expansions ctRt to define Et . One may also use shear expansions.
For simplicity assume the centered ellipses E0 and E1 in the plane have equal area.
Consider a line tangent to both. Assume this line is vertical. Then E0 and E1 both
fit in a common vertical strip fjxj < bg and the two ellipses are related by the one-
parameter group of shears along the vertical axis. Now introduce an expansion factor
c > 1. If it is large enough the map t 7! ctEt will be increasing.

Example 16.29. Let ˛ D rA D r diag.1; a/ with r; a > 1, and let R be a rotation
over the angle � . Then

ˇ D rAR D r
�
1 0

0 a

��
c s

�s c

�
D r

�
c s

�as ac

�
; c D cos �; s D sin �:

The nature of the group ˇt is determined by the characteristic polynomial of AR

P.�/ D det.AR � �I/ D .c � �/.ac � �/C as2 D �2 � c.1 � a/�C a:
We distinguish four cases:

1) The characteristic polynomial has two distinct positive zeros �1 < �2. There
are two independent eigenvectors e1 and e2 and .AR/tei D �tiei . Now ˇt is a family
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of diagonal matrices diag.�t1; �
t
2/with respect to the base .e1; e2/. As � moves away

from �0 D 0 the eigenvalues of ˇ move closer together and the eigenvectors move
away from the positive quadrant until for cos � D 2

p
a=.1 C a/ both lie along the

line y D �pax and the eigenvalues coincide.

2) There is a double zero �0 D pa. In this case there is only one eigenvector
e0 D .1;�pa/, and ˇt is a family of shear expansions along the line Re0.

3) When cos � decreases below the value 2
p
a=.1Ca/ there is a pair of conjugate

complex zeros �˙ i� with � ¤ 0. There is a base of complex eigenvectors e ˙ if .
In coordinates where e and f are orthonormal ˇt is an expansive rotation group.

4) For cos � � �2pa=.1Ca/ the roots�1 and�2 of the characteristic polynomial
are negative. There is no one-parameter group ˇt such that ˇ D ˛R. ˙

16.9 Spectral decomposition, the basic result. This section contains the proof of a
basic result in the Spectral Decomposition Theorem. For a discussion of the theorem,
a formulation in terms of regular variation, and an extension to affine transformations,
we refer to Section 18.4.

If the invertible matrix Q has no eigenvalues on the unit circle in C, then Rd is
the sum of two invariant linear subspaces, U and V , of dimension dU and dV , with
dU C dV D d , such that Q is an expansion on U and a contraction on V . We may
write Q D QU ˝QV where Q.u; v/ D .QUu;QV v/, identifying U � V with Rd .
The eigenvalues of QU lie outside the unit circle, those of QV inside.

The behaviour of the trajectories w;Qw;Q2w;Q3w; : : : is simple. If w 2 V
then Qnw ! 0; if w 2 V c then kQnwk ! 1. We shall see that the trajectories z,
A1z, A2z; : : : show a similar dichotomy in their behaviour for sequences of linear
maps An D Qn : : :Q1A0 when Qn ! Q.

Below we give a proof of this basic Spectral Decomposition Theorem. The result
is linear algebra. The notation in this section differs from that in the remainder
of the book. We work with linear transformations, and it is convenient to write
Q D ��1 and An D ˛�1n . Thus ˛n D ˛0�1 : : : �n becomes An D Qn : : :Q1A0, and
˛�1n ˛nC1 ! � becomes AnC1A�1n ! Q.

The reader may want to keep the two-dimensional case in mind and think in terms
of matrices of size two. Any matrix of size two with two distinct positive eigenvalues
is the direct sum of an expansion and a contraction after multiplication by a suitable
constant r > 0. We choose r so that the eigenvalues of the new matrix satisfy
0 < rV < 1 < rU . Actually the d -dimensional case is not more complicated than
the two-dimensional case.

It is convenient to assume thatA0 is an invertible linear map from an inner product
space L onto Rd . The Qn are invertible matrices of size d , and hence An W L! Rd

is invertible for each n. We shall prove that there is a decomposition L D X C Y
into orthogonal subspaces, such that dim.X/ D dim.U / D dU and dim.Y / D
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dim.V / D dV , and such thatAn may be replaced by block diagonal matricesBn˝En
where Bn W X ! U and En W Y ! V satisfy the same relations as An, but on lower
dimensional spaces:

BnC1B�1n ! QU ; EnC1E�1n ! QV :

Theorem 16.30. Suppose A0 W L ! Rd is an invertible linear transformation from
the d -dimensional inner product space L to Rd . LetQn ! Q withQ D QU ˝QV
as above. Write

An D Qn : : :Q1A0; n � 0:
Set Y D fz 2 L j Anz ! 0g and X D Y ? D fx 2 L j x ? Y g. Then
dim.X/ D dim.U / and dim.Y / D dim.V /. Write

An W
�
x

y

�
7!
�
u

v

�
D
�
Bnx C Cny
Dnx CEny

�
:

Set OAn D Bn ˝En W .x; y/ 7! .Bnx;Eny/. Then

OAnA�1n ! I; BnC1B�1n ! QU ; EnC1E�1n ! QV :

The proof below is due to Meerschaert & Scheffler [2001].
For simplicity we assume

kQuk � 4kuk; kQvk � kvk=4: (16.27)

Since Qn ! Q there exists n0 such that

kQn �Qk DW "n � " WD 1=4; n � n0: (16.28)

For any z 2 L we write

Anz D wn D .un; vn/; rn D kunk; sn D kvnk:
We shall now first investigate the limit behaviour of these sequences wn. All

results in this section derive from the two simple inequalities below:

Lemma 16.31. For all n � 0
rnC1 � 4rn � "nC1.rn C sn/
snC1 � sn=4C "nC1.rn C sn/:

Proof. The triangle inequality for the norm gives

kQnC1.un; vn/ �Q.un; vn/k � kQnC1 �Qkkwnk � "nC1.rn C sn/:
Now use (16.27). �
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Corollary 16.32. For n � n0
rnC1 � 3rn � sn; snC1 � sn=2C "nC1rn: (16.29)

In Rd we introduce the open set

O D fw D .u; v/ 2 Rd j kuk > kvkg:
Lemma 16.33. If Amz D wm 2 O for some m � n0 then wmC1 2 O , and
rmC1 > 2rm.

Proof. The assumptionwm 2 O implies sm < rm, and hence rmC1 > 2rm by (16.29).
Also

smC1 � sm=2C rm=4 � rm < rmC1
by (16.29), the assumption sm < rm, and our inequality rmC1 > 2rm. Hence
wmC1 2 O . �

Proposition 16.34. Let z 2 L, and set wn D Anz. If wn 2 Oc for all n � n0 then
wn ! 0; if wm 2 O for some m � n0 then wn 2 O for n � m and rn ! 1 and
sn=rn ! 0.

Proof. Suppose sn � rn for n � n0. Then (16.29) gives snC1 � 3sn=4, and hence
sn ! 0. Because rn � sn by assumption, it follows that wn ! 0. If wm 2 O for
some m � n0 then wmC1 2 O by the lemma above, and rmC1 � 2rm. By induction
wn 2 O , and rnC1 � 2rn for all n � m. It remains to prove that sn=rn ! 0. Let
n D mC j � m. By (16.29)

snC1 � "nC1rn C sn=2 � "nC1rn C "nrn�1=2C sn�1=4
� � � � � "nC1rn C "nrn�1=2C � � � C "mC1rm=2j C sm=2jC1:

Let � 2 .0; 1/ be small. Choose k so large that 4�k < �. Then by (16.28)

snC1
rnC1

� "nC1
2
C � � � C "nC1�k

22kC1
C 1

4

�
1

22kC3
C � � � C 1

22jC1
�
C 1

22jC2
:

The sum in brackets is less than �=2, the remaining k C 2 terms each vanish for
n D mC j !1. Hence sn=rn < � eventually. It follows that sn=rn ! 0. �

Remark 16.35. The rate of convergence sn=rn ! 0 depends only on the sequence
"n, and the integerm. LetOm D fz 2 L j Amz 2 Og form � n0. Proposition 16.34
gives a uniform bound on the rate of convergence sn=rn ! 0 for z 2 Om.

Remark 16.36. The definition of O depends on the norm on U and V . Suppose
ı 2 .0; 1�. Set

j.u; v/j D
p
kuk2=ı2 C kvk2:

The arguments above remain valid, but now for the set Oı D fkuk > ıkvkg, and for
m � n0.ı/.
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Each map An induces a decomposition L D Un C Vn where Un D A�1n .U / and
Vn D A�1n .V /. The behaviour of the linear subspaces Un may be quite erratic, but
the subspaces Vn converge, as we shall see.

Proposition 16.37. Define the linear subset Y ßL by

Y D fz 2 L j Anz ! 0g:
Then dim.Y / D dim.V /, and Vn ! Y . For any z 2 Y the sequence wn D Anz

satisfies rn=sn ! 0. More precisely, there exists a sequence �n ! 0, such that
rn � �nsn holds uniformly in z 2 Y .

Proof. The open sets Om D fz 2 L j Amz 2 Og, m � n0, are increasing, and
cover L n Y by Proposition 16.34. Choose an orthonormal basis em1; : : : ; emdV

in Vm D A�1m .V /. Since @B is compact there is a subsequence m1 < m2 < � � �
such that emni ! ei for i D 1; : : : ; dV . The linear space V1 spanned by the
orthonormal basis e1; : : : ; edV

is disjoint fromOm sinceVn is disjoint fromOn � Om
for n � m. So V1ßY D .

S
On/

c , and dim.Y / � dV . The set On0
[ f0g contains

Un0
D A�1n0

.U /. Since Y is disjoint from On0
it follows that Y \ Un0

D f0g, and
hence dim.Y / � d � dU D dV . Conclusion dim.Y / D dV . By a subsequence
argument the sequence Vn converges to Y .

Let z 2 Y . SetAnz D .un; vn/. Proposition 16.34 shows that rn � sn for n � n0
since Anz 2 Oc . By the second remark above Anz 2 Ocı for n � n0.ı/, and hence
rn � ısn for n � n0.ı/. Since this holds for any ı > 0 it follows that rn=sn ! 0.
The bounds n0.ı/ do not depend on z. �

We thus have the following description of the behaviour of the sequence .un; vn/ D
Anz in terms of rn D kunk and sn D kvnk. If z 2 Y then rn=sn ! 0 uniformly in
z 2 Y ; if z 2 X D Y ? then sn=rn ! 0 uniformly in z 2 X , even uniformly for
z 2 Om for any given m � n0 (by the first remark above).

Write An as a blocked matrix with respect to the decompositions L D X C Y
and Rd D U C V :

An W
�
x

y

�
7!
�
un
vn

�
D
�
Bnx C Cny
Dnx CEny

�
:

The blocked diagonal matrix OAn D Bn ˝ En maps x C y 2 L into Bnx C Eny 2
U C V D Rd .

Proposition 16.38. An OA�1n ! I .

Proof. We have to show that DnB�1n ! 0 and CnE�1n ! 0. Choose un 2 U \ @B
such that kDnB�1n k D kDnB�1n unk, and set xn D B�1n un 2 X . Then Anxn D
Bnxn C Dnxn D un C vn. Write rn D kunk and sn D kvnk. Then rn D 1 by
assumption, and sn D sn=rn ! 0 by Proposition 16.37. Since sn D kDnk this
proves Dn ! 0. The proof that CnEn ! 0 is similar. �
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Proof of Theorem 16.30. There is a positive integerm such thatQm satisfies (16.27).
HenceAnm OA�1nm ! I . IfAkn

OA�1
kn
! I thenAknCiA�1kn

! Qi impliesAknCi OA�1kn
!

Qi , and, since Qi is block diagonal, this in turn implies OAknCi OA�1kn
! Qi . Hence

An OA�1n ! I , and OAnC1 OA�1n ! Q. �

We now return to the original notation. Let � 2 GL.d/ and let 0 < s1 < � � � < sq
be positive numbers such that � has no eigenvalues on the q circles with radius sk in C.
There exist invariant linear subspaces U0; : : : ; Uq of dimension dk D dim.Uk/ � 0
with sum d0C � � � C dq D d , which span Rd , and linear maps � .k/ W Uk ! Uk such
that � .k/.u/ D �.u/ for u 2 Uk , and such that all eigenvalues of � .k/ lie between the
circles with radius sk and skC1, where we set s0 D 0 and sqC1 D 1. Identifying
Rd with the product U0 � � � � � Uq we may write � D � .0/ ˝ � � � ˝ � .q/. This
decomposition is obvious if one writes � in Jordan form.

If ˛n D ˛0�1 : : : �n, where ˛0 W L ! Rd is an invertible linear map from the
d -dimensional vector space L to Rd , and �n are invertible matrices converging to � ,
then there is a corresponding decomposition L D X0 C � � � C Xq with dim.Xk/ D
dim.Uk/ D dk for k D 0; : : : ; q, and there exist ˇn.k/ W Uk ! Xk such that

˛n � ˇn.0/˝ ˇn.q/ ˇn.k/
�1ˇnC1.k/! � .k/; n!1; k D 0; : : : ; q:

If L is an inner product space one may choose the subspaces Xk to be orthogonal.
Under this extra condition they are unique. Full details are given in the Spectral
Decomposition Theorem below. The proof for the case q D 1 and s1 D 1 was given
above with Q D ��1 and An D ˛�1n . The general result follows by a repeated
decomposition, starting with Q D sk�

�1, for some k and then proceeding with a
decomposition of QU or QV . After q steps we have the following result:

Theorem 16.39 (Discrete Spectral Decomposition Theorem). Let � 2 GL.d/ and
0 < s1 < � � � < sq . Assume � has no eigenvalues on any of the q circles with
radius sk in C. Define U0; : : : ; Uq and � .0/; : : : ; � .q/ as above, and assume that
dk D dim.Uk/ is positive for k D 0; : : : ; q. Let L be a d -dimensional inner product
space, and ˛0 W Rd ! L an invertible linear map. Let

˛n D ˛0�1 : : : �n; �n 2 GL.d/; �n ! �:

We have the following results:

1) There exist orthogonal subspaces X0; : : : ; Xq which span L such that

Xk C � � � CXq D fz 2 L j snk˛�1n .z/! 0g; k D 1; : : : ; q:
The limit relation above together with the orthogonality determines the subspaces
X0; : : : ; Xq .
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2) If z does not lie in Xk C � � � CXq then ksn
k
˛�1n .z/k ! 1, for k D 1; : : : ; q.

3) dim.Xk/ D dim.Uk/ D dk for k D 0; : : : ; q.
4) Write

˛n D

0B@˛n.00/ : : : ˛n.0q/
:::

: : :
:::

˛n.q0/ : : : ˛n.qq/

1CA ; ˛n.ij / W Uj ! Xi :

Then

˛n.u0 C � � � C uq/ D x0 C � � � C xq; xi D
qX

jD0
˛n.ij /uj ;

and

˛n � Ǫn D diag.˛n.00/; : : : ; ˛n.qq// W u0C� � �Cuq 7! ˛n.00/u1C� � �C˛n.qq/uq:
5) Moreover ˛n.kk/�1˛nC1.kk/! � .k/ for n!1, k D 0; : : : ; q.
6) We may write Ǫn D ˛n.00/˝ � � �˝˛n.qq/ if we identify L withX0 � � � � �Xq

and Rd with U0 � � � � � Uq . Then

Ǫ�1n ǪnC1 ! � D � .0/ ˝ � � � ˝ � .q/:

17 Heavy tails – examples

In this section we consider the domain D1.�/ for excess measures � with diagonal
symmetries � t . We shall look at three cases: scalar symmetries and scalar normal-
izations; scalar symmetries and non-scalar normalizations; diagonal symmetries and
diagonal normalizations. The rotational component due to the imaginary part of the
eigenvalues of the generator, may be incorporated in our description of the domain
of attraction of excess measures with scalar symmetries. In view of the Spectral
Decomposition Theorem this yields a complete picture of the domains of attraction
of excess measures whose generators have a basis of complex eigenvectors. Excess
measures with maximal symmetry are treated in Section 17.5.

Section 17.6 is devoted to multivariate stable distributions. Section 17.7 treats
the limit laws for high risk scenarios ZE

c
n where .En/ is an increasing sequence

of ellipsoids. As in the case of exceedances over horizontal thresholds we give a
Representation and an Extension Theorem. For elliptic thresholds there are non-
degenerate limit vectors which live on the boundary @B . Moreover the symmetry
group of the limit measure � may split: � t D � t0 ˝ 
 t on Rd0 � Rd1 , where � t0 is an
expansion group, and 
 t a one-parameter group of orthogonal transformations.
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17.1 Scalar normalization. Scalar normalizations are widely applied. The limit
expression for high risk scenarios has a simple form:

Zr=r ) W; r !1; (17.1)

where Zr denotes the vector Z conditional on kZk � r .

Proposition 17.1. If Z 2 D1.�/ with scalar normalizations, then (17.1) holds,
where W has distribution d�0 D 1Bcd�=�.Bc/.

Many authors use the term multivariate regular variation to describe the tail be-
haviour of random vectors which satisfy (17.1). Mikosch [2005] gives a very readable
account of the theory of excess measures with scalar normalizations.

The tail asymptotics of the vectorZ in (17.1) are determined by the scalar function

p.r/ D PfkZk � rg; r > 0; (17.2)

which varies regularly, and the spectral measure ��. The symmetries � t , t > 0, of
the excess measure � are scalar expansions. The tail exponent � > 0 together with
the spectral measure determines the excess measure

�.rBc/ D a=r�; a D �.Bc/:
The symmetries � t and their generator C have the form

� t .w/ D e� tw; C D �I; � D 1=� > 0:
Heavy tails correspond to large � . The tail function p in (17.2) varies regularly with
exponent ��.

Example 17.2. A vector Z with continuous density of the form

f .z/ D fr.�/L.r/=rdC�; r D kzk; � D z=r 2 @B;
where L W Œ0;1/ ! .0;1/ varies slowly in infinity, and where fr converges uni-
formly to a continuous function f1 on @B , will belong to D1.�/ with exponent �
and spectral density / f1. ˙

Scalar normalization does not imply tails of the same weight in all directions. The
vectorZ may have non-negative components! IfZ � 0, and if the marginal tails are
comparable,

1 � Fi .t/ � ciL.t/=t�; t !1; ci > 0; i D 1; : : : ; d (17.3)

for some slowly varying function L, then Z 2 D1.�/ with scalar normalizations if
and only if the componentwise maxima converge.
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Let us now take a closer look at the balance condition (17.3). For scalar normal-
izations one may use (17.2) to write (16.1) as

.r�1I /.�/=p.r/! � weakly on "Bc ; r !1; " > 0: (17.4)

The df Fd of the vertical component Zd satisfies

1 � Fd .r/
p.r/

! PfWd � 1g; r !1: (17.5)

More generally (17.4) implies

PfZ 2 rEg
p.r/

! �.E/; r !1 (17.6)

for any Borel set E whose closure does not contain the origin, and which satisfies
�.@E/ D 0.

We shall apply this result to positive-homogeneous functions s W Rd ! R of degree
one. Such functions are linear on rays:

s.rw/ D rs.w/; w 2 Rd ; r � 0: (17.7)

Example 17.3. The positive-homogeneous functions of degree one form a linear

space. Examples arew1,w1C� � �Cwd , �w, maxi wi , jw1j�3w2,
q
w21 C � � � C w2d D

kwk2, kwkp . The maximum of two positive-homogeneous functions is positive-
homogeneous. In particular the positive part sC D s _ 0 of a positive-homogeneous
function is a non-negative positive-homogeneous function. ˙

For a convex open set U containing the origin the gauge function of U is the
unique function nU W Rd ! Œ0;1/, which satisfies (17.7) and fnU < 1g D U .
These functions are more general than those defining the rotund-exponential densities
in Section 9.2. The functions nU are continuous and convex. The zero set of nU is a
closed convex cone, fnU D 0g D UCC, see (5.9).

Theorem 17.4 (Balance). Let Z have df � that satisfies (17.4). Let s and t be
positive-homogeneous Borel function of degree one which are �-a.e. continuous.
Suppose �ft � 1g is positive and finite. Then

Pfs.Z/ � rg
Pft .Z/ � rg !

�fs � 1g
�ft � 1g 2 Œ0;1�; r !1: (17.8)

In particular, if � charges the open upper halfspace fwd > 0g, then �fwd � 1g D
c 2 .0;1/, and

Pfs.Z/ � rg
1 � Fd .r/ !

�fs � 1g
c

2 Œ0;1�; r !1:
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Proof. It suffices to prove the second relation. To this end set E D fs � 1g. Then
@Eßfs D 1g [D where D is the discontinuity set of s. (If w is a continuity point of
s and s.w/ ¤ 1 there is a neighbourhood U of w and an " 2 .0; 1/ such that either
s < 1 � " on U , or s > 1C ". Hence w 62 @E.) Now apply (17.6) and (17.5), and
remark that PfWd � 1g > 0 holds if � charges the open halfspace fwd > 0g. �

For a nice application to insurance see Wüthrich [2003].
Scalar expansions are geometric and do not depend on the coordinates. If Z 2

D1.�/ with scalar normalizations then A.Z/ 2 D1.A.�// for any linear trans-
formation A. If one regards A as a change of coordinates then the excess measure
remains the same, but the unit ball and hence the spectral measure will change in gen-
eral. The norms with respect to the old and new unit ball are positive-homogeneous;
the relation between the two limit relations is expressed in the Balance Theorem.

The simplicity of the asymptotic theory for heavy tailed distributions which al-
low scalar normalizations seems to be due to the fact that one may introduce polar
coordinates, and write Z D R‚ with R D kZk. We may and shall assume that Z
does not charge the origin. The basic limit relation (17.4) is equivalent to asymptotic
independence of the radial part and the angular part conditional onR � r for r !1.

Proposition 17.5. Let Z D R‚. Suppose p.r/ D PfR � rg varies regularly for
r ! 1 with exponent �� < 0. Let �r be the distribution of the angular part ‚
conditional on R � r . If �r ! �1 weakly on @B then (22) of the Preview holds
whereW has distribution�1.d�/��dr=r�C1 onBc in terms of polar coordinates,
and (17.4) holds with exponent � and spectral measure �� D �1.

Proof. We have to show that weak convergence �r ! �1 on @B implies conver-
gence Zr=r ) W . Let �st denote the conditional distribution of ‚ conditional on
s � R < t . Convergence of the distribution of .R=r;‚/ conditional on R � r to a
product measure follows from the obvious equality

p.t/�t D .p.t/ � p.t C s//�st C p.t C s/�tCs; s > 0

which shows that �st ! �1 for t D cs ! 1 for any c > 1. The equivalence
of asymptotic independence for the polar coordinates and convergence of high risk
scenarios for complements of ellipsoids was shown in Theorem 16.15. �

In polar coordinates, positive-homogeneous functions have the form s.r; �/ D
rs1.�/ for some function s1 W @B ! R. This allows a simple extension of the Balance
Theorem:

Proposition 17.6. If s and t are non-negative positive-homogeneous functions such
that s1 and t1 are ��-a.e. continuous on @B , and if q > 0 and Etq.W / 2 .0;1/,
where W has distribution 1Bcd�=�.Bc/, then

Es.Z/qŒkZk � r�
Et .Z/qŒkZk � r� !

Esq.W /

Etq.W /
; r !1:
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The Euclidean Pareto excess measure �, with density 1=kwkdC� on Rd n f0g is
symmetric for scalar expansions. All halfspaces J supporting the unit ball have the
same mass, �.J / D C , where C D C.d; �/ is given in (12.2). Hence

�f� � rg D C=r�; r > 0; � 2 @B:
If � is an integer the converse does not hold. Two excess measures which give the
same weight to all halfspaces need not be equal. This result is due to Kesten. See
Hult & Lindskog [2006a] for details. The example below is a variation of an example
in Basrak, Davis & Mikosch [2002].

A probability measure on Rd is determined by its mass on halfspaces since this
determines the multivariate characteristic function. One may restrict to halfspaces
H which do not contain the origin. For excess measures this is not true. Let �0 be
an excess measure on the plane. Suppose � t .�0/ D et�0 where � t .w/ D e� tw for
� D 1=2m with m a positive integer. There are infinitely many excess measures �
with these symmetries which give the same mass to all halfspaces:

�.H/ D �0.H/; H 2 H :

Example 17.7. Restrict attention to halfplanes H.�; t/Dfw 2 C j <.ei�w/� tg
with t D 1. Note that �.H.�; t// D �.H.�; 1//=t2m. We may assume that
�fjwj � 1g D 1. The corresponding random vector is W D R!, where R and !
are independent, R has Pareto density 2m=r1C2m on Œ1;1/, and ! lives on the unit
circle in C with distribution ��. This distribution is characterized by its Fourier coef-
ficients ck D E!k , k 2 Z. Obviously c0 D 1 and c�k D E!�k D E N!k D Nck . We
shall assume that �! is distributed like !. This implies that .�1/kck D E.�!/k D
E!k D ck . The odd coefficients vanish. An example of �� is given by the density

f .ei'/ D 1C a2 cos 2' C b2 sin 2' C a4 cos 4' C � � � (17.9)

with a2n and b2n real, and
P ja2nj CP jb2nj � 1 to ensure that f is non-negative.

The Fourier coefficients are c2n D .a2n C ib2n/=2 for n D 1; 2; : : : .
Let H.�/ D fw 2 C j <.ei�w/ � 1g. Set X D <.ei�!/. By independence

�.H.�// D PfRX � 1g D PfX � 1=Rg D 2m
Z 1
1

PfX � 1=rgr�.1C2m/dr:

Since �X is distributed like X , and jX j � 1, we find, setting s D 1=r ,

�.H.�//Dm
Z 1
1

PfjX j � 1=rgr�.1C2m/dr D 1
2

Z 1

0

PfX2m � sgdsD 1
2

EX2m:

Write X D .ei�! C e�i� N!/=2. We see that EX2m is a linear combination of terms
E!2k with jkj � m. We conclude that �.H/ for any halfplane H D H.�; t/
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is determined by t; � and the Fourier coefficients c2k , jkj � m, of the spectral
measure ��. The coefficients an and bn in (17.9) for n > 2m do not affect �.H/. In
particular the densities

g0.w/ D 1=jwj2C2m; g.w/ D .1C sin.2C 2m/'/=w2C2m; w D rei'

give the same weight to all halfspaces. ˙

17.2 Scalar symmetries. If the excess measure � is symmetric for scalar expan-
sions, the normalizations for vectors in the domain of attraction need not be scalar.
The normalizations may be chosen to vary like a group of scalar expansions. For max-
stable limit laws with identical heavy tailed marginals Gi .t/ D e�1=t� , t > 0, the
normalizations are diagonal matrices ˛.t/ D diag.a1.t/; : : : ; ad .t//. The functions
ai .t/ vary regularly with the same exponent �, but need not be asymptotically equal.
In the geometric theory of excess measures the domains are larger. As a bonus of our
analysis of these domains we shall also obtain the structure of the domains when � t ,
t 2 R, is a group of rotational expansions: � t D e� tRt for a one-parameter group
Rt in O.d/. Our only condition is that the complex Jordan form of the generator is
diagonal, and that the diagonal elements all have the same real part.

Excess measures symmetric for scalar expansions are determined by an exponent
� D 1=� > 0 which determines the rate of decay for the tails, and a spectral measure
which determines the distribution of the excess measure over the directions. Let D
be a bounded convex open set containing the origin. Then D is adapted and

�.rDc/ D cD=r�; r > 0; cD D �.Dc/:

The exponent does not depend on the set D.
Let ˛n be linear transformations. Suppose ˛�1n ˛nC1.w/ ! cw for a constant

c > 1. The ellipsoids En D ˛�1n .B/ allow one to visualize the linear expansions ˛n.
For simplicity take ˛n such that

pn D PfZ 2 Ecng � e�n:
Asymptotically the ellipsoids grow by a fixed amount at each step

EnC1 � cEn; c D e� :
The ellipsoids En actually only contain half the information of the sequence .˛n/
about the asymptotic behaviour of � . Even if the ellipsoids are balls, En D rnB ,
with rnC1=rn ! c, this does not mean that the ˛n are scalar expansions.

Example 17.8. Let the excess measure � have density h.r�/ D h0.�/=r
dC� for

a continuous function h0 W @B ! .0;1/. Assume �.Bc/ D 1. The probability
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distribution � with density f D h1Bc lies in D1.�/. So does the distribution with
the twisted density Of .r�/ D h0.Rr�/=rdC� where r 7! Rr 2 O.d/ is a continuous
curve of rotations which varies slowly:

R�1rn Rcnrn ! I; rn !1; cn ! c; c 2 .0;1/:

A similar twisting is possible whenever Z 2 D1.�/ may be normalized by scalars.
Simply replace �r by R�1r .�r/, where �r is the conditional distribution of Z given
kZk D r . ˙

The ellipsoids need not be balls.

Example 17.9. Let En D ˛n.B/ be centered ellipses in the plane. Assume EnC1 �
cEn for c > 1. Write En D cnFn. Then FnC1 � Fn. The ellipses Fn may grow at
a polynomial rate, and so may each of the axes, for different polynomials. Assume
for concreteness that the major semi-axis has length n, and the minor length 1=

p
n.

The ellipses become very elongated, and their area grows like
p
n. Let 'n denote the

angle of the major axis of En with the horizontal. Since FnC1 � Fn implies that the
overlap of Fn and FnC1 is large, the difference 'nC1 � 'n has to be small. Indeed
a simple computation shows that FnC1 � Fn implies 'nC1 � 'n D o.1=n3=2/. So
the sequence 'n has a limit, '1. The ellipses become needles which converge to the
line with slope '1.

If the angles 'n satisfies the stronger condition 'n � '1 D o.1=n3=2/, then one
may rotate the ellipsoidsEn so that the major axes all lie along the line with direction
'1 without destroying the asymptotics.

Is it possible to describe the asymptotic behaviour of the ellipses Fn in general
terms? The condition FnC1 � Fn implies jFnj D rnjBj where rnC1=rn ! 1. So
scale the ellipses to have area � . Such an ellipse is determined by two numbers,
the length q � 1 of the major semi-axis, and its angle ' 2 Œ0; �/. Is it possible to
represent such ellipses E;F by points zE ; zF 2 R2 so that the asymptotic relation
Fn � En translates into the simpler relation d.zFn

; zEn
/ ! 0 in some appropriate

metric? The representation zE D rei� D .q � 1/e2i' 2 C is continuous and has the
desired property in terms of the Riemannian metric

ds2 D
�
dr

r C 1
�2
C r2d�2: (17.10)

Then Et D ctr.t/E�t , where r.t C s/=r.t/! 1, and where the E�t are ellipses with
area � corresponding to a continuous curve z.t/ in C with the property that it bogs
down in the metric (17.10):

d.z.tn C sn/; z.tn//! 0; tn !1; sn ! s; s 2 R:
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The ellipses Et give one half of the picture. To see the linear expansions ˛t we
introduce the open square S of area two inscribed in the unit disk B . The paral-
lelograms S�n D c�n˛n.S/=r.n/ inscribed in the ellipses E�n determine ˛n. These
parallelograms of area two move around inside E�n . We now have an extra degree
of freedom for twisting. Even when the direction 'n of the major axis of the ellipse
E�n converges to a limit direction, the parallelograms inside the ellipses are allowed
to keep on revolving, their form oscillating ever slower between a rectangle and a
diamond. ˙

Suppose the excess measure � has density h.r�/ D h�.�/=rdC� on Rd n f0g
where h� is a continuous positive function on @B . The domain D1.�/ falls apart
into subdomains. Every subdomain is determined by a sequence ˛n such that
˛�1n ˛nC1 ! 2I , or rather by the equivalence class of such sequences .˛n/ under
the relation of asymptotic equality. The sequence .˛n/ determines a sequence of el-
lipsoids En D ˛n.B/ such that EnC1 � 2En. The ellipsoids En may be normalized
to have the volume of the unit ball

En D rnE�n ; jE�n j D jBj:
Then rnC1=rn ! 2 and E�n are ellipsoids with constant volume which change shape
slowly

jE�nC1 nE�n j ! 0:

In addition to the sequence .rn/ and the sequence .E�n / there is a sequence of
transformations Sn 2 O.d/ which map the ball B onto itself. These transformations
tell us how the spectral density h� fits on @En, or on @E�n . The ellipsoids E�n may
rotate clockwise and at the same time the spectral density on @E�n may rotate anti-
clockwise. The linear normalization ˛n determinesEn, but it does not determine Sn.
To understand the rotations Sn we compare two sequences ˛n and ˇn D ˛nSn which
yield the same ellipsoids En. Let f be the function associated with ˛n as described
above: f .˛n.�// D h�.�/ for � 2 @B . Define g similarly on @En in terms of ˇn.
Then on the elliptic surface g may be derived from f by a rotation Sn (in terms of
coordinates in whichEn is a ball). Thus for excess measures �whose symmetries are
scalar expansions, and which have continuous positive densities, the domain D1.�/
is determined by:

the exponent � D 1=� > 0;
the spectral density h� W @B ! Œ0;1/, the restriction of the density of � to @B;
a sequence of ellipsoids E�n of volume jBj, such that E�nC1 � E�n ;
a sequence of positive numbers rn such that rnC1=rn ! 2;
a sequence Sn 2 O.d/ such that SnC1 � Sn ! 0;
a roughening of Lebesgue measure.
The roughening of Lebesgue measure depends on the geometry induced by the

ellipsoids En, as described in Section 16.7; the first five objects in the list may be
chosen freely. There is no natural construction of ˛n in terms ofEn D rnE�n and Sn.



17 Heavy tails – examples 271

The measure � may have extra symmetries. Let G be the symmetry group of �.
Every � 2 G has the form � D 
� t since �.�/ D et� for some t 2 R. Let G � be the
subgroup of symmetries
 which preserve mass, 
.�/ D �. This is a normal subgroup,
and is compact. (Else there is a sequence of ellipsoids 
n.B/ which diverges to a
degenerate ellipsoid contained in a hyperplane f� D 0g, and the complement has
finite mass �.Bc/. Contradiction.) By Theorem 18.74 G � is a subgroup of O.d/ in
suitable coordinates. The unit ball is adapted in any coordinates since the symmetries
are scalar. The spectral density h� is invariant under 
 2 G �. So if the rotations Sn
above lie in G they have no effect. We shall not pursue this matter here. The extreme
case G � D O.d/ was treated in the Preview and in Section 12.1.

Now consider rotational expansions. The complex Jordan form of the generator
is diagonal, and the real parts of the diagonal elements are equal. All eigenvalues of �
lie on the same circle in C. We now have a restriction on the sequence of rotations
Sn in the list above. Suppose d D 2m and � t .w/ D et.�Ci'/w for w 2 Cm where
we identify R2 with C. The condition (16.25) implies that the limit points T of the
sequence .Sn/ above should lie in U.m/, the group of unitary matrices in GL.C; m/.
The converse also holds by a Lie algebra argument. In general the limit points lie in
a subgroup of O.d/ of the form

U.m1/ � � � � � U.mq/ � O.d0/; d0 C 2m1 C � � � C 2mq D d:
So far we have not imposed any regularity conditions on the excess measure �

except that it does not live on a linear hyperplane. Now assume more. Suppose the
convex support of � is the whole space. Then for every distributionF in its domain of
attraction the marginals F1; : : : ; Fd have upper and lower tails which vary regularly
with the same exponent. In general the direction of the halfspace Ht D ˛tf� � 1g
will wander all over the unit sphere. With these halfspaces Ht we may associate the
high risk scenarios ZHt . It is this family of high risk scenarios, normalized by ˛�1t
which converges in distribution to the limit law d�J D 1Jd�=�.J / associated with
the horizontal halfspace J D f� � 1g.
Theorem 17.10. Suppose Z 2 D1.�/ for an excess measure � with a symmetry
group of scalar expansions with exponent � > 0. Assume �f� � 1g > 0 for all
unit functionals � on Rd . Let F be the df of the random variable Y D �.Z/ where
� ¤ 0 is a linear functional. Then 1�F.r/ varies regularly with exponent �1=� for
r !1.

Proof. Assume �.Bc/ D 1, and let Et D ˇ.t/.B/. Then (11) in the Preview
gives p.t/ D �.Ect / � e�t for t ! 1, where � is the distribution of Z, and
EtCs � e�sEt by (12). For r > 1 letE.r/ D Et.r/ be the ellipsoid of the continuous
increasing family Et , t � 0, supporting the halfspaceHr D f� � rg. Then t .ecr/�
t .r/ D c=� C o.1/ for r ! 1. Write Hr D At.r/Jr where the halfspace Jr
supports the unit ball in the pointw.r/. ThenJecr supports the unit ball inw.ecr/, and
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kw.ecnrn/�w.rn/k ! 0 for rn !1 and cn ! c since e�cn=�A�1
t.rn/

At.ecnrn/ ! I .
By weak convergence and the condition on the convex support�.Hr/ � �.Jr/p.t.r//
for r !1. The conditions on � ensure that w 7! log �.Jw/ (with Jw the halfspace
supporting B in the point w 2 @B) is continuous on @B . Hence

�.Hecr/=�.Hr/ � p.t.ecr//=p.t.r//! e��c ; r !1:
This is what we claimed. �

Similarly one proves that R.y/ D PfjY j � yg varies regularly in infinity if � is
full, see MS Theorem 6.1.31, or for instance that P.fY � �2yg [ fy < Y < 3yg/
varies regularly. However the extra conditions in the theorem do not ensure that F is
balanced. The quotient .1 � F.y//=R.y/ need not converge for y !1.

Example 17.11. Suppose d D 2, and identify R2 with C. Let � have density g
where g.reis/ D g0.e

is/=r3 for some continuous positive function g0 on the unit
circle in C, such that p WD �fv � 1g=�fjvj � 1g > 1=2. Let Z D .X; Y / have
density f .reis/ D g0.e

i.sCL.r///=r3 on r > r0 for a continuous slowly varying
unbounded function L. Then PfY � yg � �.HL.y//=y for y ! 1, where Hs is
the halfplane which supports the unit disk in the point eis . Let Y have df F , and let
R.y/ D F.�y/C 1 � F.y/. Then .1 � F.yn//=R.yn/ tends to p for yn ! 1 if
L.yn/ 
 0 mod 2� , and to 1 � p if L.yn/ 
 � mod 2� . ˙
Proposition 17.12. LetZ 2 D1.�/, where � has scalar symmetries � t .w/ D e� tw
for some � > 0. Suppose ' W R! Œ0;1/ is bounded, vanishes on a neighbourhood
of infinity, and is continuous outside a closed null set. Assume ' does not vanish
a.e. on .0;1/. If ' vanishes a.e. on .�1; 0/ assume that � does not vanish on the
halfspace f� � 1g for any unit functional � , otherwise assume � does not live on a
hyperplane through the origin. Then the function

N' W .�; r/ 7! E'.�.Z/=r/; k�k D 1; r � 1
varies regularly for r !1 with exponent �1=� uniformly in � 2 @B .

Proof. Let �n 2 @B , tn !1, cn ! c � 1. Then

N'.�n; cnetn/= N'.�n; etn/! 1=c1=�

since �.Z/=cet D � 0.A.t 0/Z/=c for suitable � 0n 2 @B , and t 0n � 0. One may write
the quotient asZ

'.� 0n.w/=cn/d�n.w/
ıZ

'.� 0n.w//d�n.w/; �n D A.t 0n/�1.�/! �:

Take a convergent subsequence � 0n ! � 0 2 @B , say. The continuity conditions ensure
that '.� 0n.wn/=cn/ ! '.� 0.w/=c/ for wn ! w ¤ 0 by the Continuity Theorem,
Theorem 4.13, since the univariate marginals of � have GPDs of the same type, with
continuous density. �
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If one restricts the normalizations to be scalar (or diagonal) one obtains stronger
projection theorems. For diagonal normalizations coordinate projections on coor-
dinate subspaces preserve convergence – as is obvious by ignoring the remaining
coordinates. This is the situation for coordinatewise extremes. As a consequence, for
scalar normalizations all projections preserve convergence.

Proposition17.13. IfZ 2 D1.�/with scalar normalizations thenA.Z/ 2 D1.A�/
with scalar normalizations for any linear map A from Rd onto Rm, 1 � m � d .

17.3* Coordinateboxes. A sample cloud ofn independent observationsZ1; : : : ; Zn
from a distribution on Rd determines a coordinate box. Define

Xn D Z1 _ � � � _Zn; Yn D .�Z1/ _ � � � _ .�Zn/: (17.11)

There is a minimal box Bn that contains the sample:

Bn D Œ�Y .1/n ; X .1/n � � � � � � Œ�Y .d/n ; X .d/n � D Œ�Yn; Xn�ßRd (17.12)

For dimension d > 1 this box is not the convex hull of the sample cloud. The
vectorsXn and�Yn are coordinatewise extremes. However, if the boxesBn, suitably
normalized, converge in distribution to a non-degenerate limit box then the convex
hulls of the normalized sample clouds converge, and moreover the distribution of the
limit box determines the distribution of the limit convex hull.

We first look at the univariate situation.

Proposition17.14. LetZ1; Z2; : : : be independent observations from the distribution
� on R with df F . DefineXn and Yn by (17.11). SupposeR.t/ D F.�t /C 1�F.t/
is positive for t > 0 and varies regularly in1 with exponent �� < 0. If

F.�t /=R.t/! p 2 Œ0; 1�; t !1; (17.13)

then
.r�1I /.�/=R.r/! � weakly on .�"; "/c ; " > 0; r !1

where � is a Radon measure on R n f0g, and

�.�1;�r� D p=r�; �Œr;1/ D .1 � p/=r�; r > 0:

Let R.cn/ � 1=n. Then
.Xn; Yn/=cn) .U; V /

where U D .1 � p/1=�U0 and V D p1=�V0 are independent and U0 and V0 have
df G.t/ D e�1=t� on .0;1/. If (17.13) does not hold there are no positive affine
transformations ˛n such that .˛�1n .Xn/; ˛

�1
n .Yn// converges in distribution to a non-

constant limit.
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Proof. The first part follows from regular variation and (17.13) as in Section 6. Let�r
be the distribution ofZ conditional on jZj � r . Convergence �r=R.r/! � implies
convergence of the normalized sample clouds, and their convex hulls Œ�Yn; Xn�=cn
to the convex hull Œ�V;U � of the Poisson point process with mean measure �. This
gives the distribution of .U; V /. Conversely if there exist positive affine ˛n yielding
a non-constant limit . xU ; xV / then

xU D ˇ..1 � p/1=�U0/; xV D ˇ.p1=�V0/:
This determines p. Hence in (17.13) there is a unique limit point. �

Theorem 17.15. LetBn D Œ�Yn; Xn� be the coordinate box determined by the first n
points of a sequence of independent observations Z1; Z2; : : : from the df F with
marginals Fi , i D 1; : : : ; d . Suppose Ri .t/ D Fi .�t /C 1 � Fi .t/ varies regularly
with exponent ��i < 0, and the balance conditions hold:

Fi .�t /=Ri .t/! pi 2 Œ0; 1�; t !1; i D 1; : : : ; d: (17.14)

Let �n D diag.cn1; : : : ; cnd / where Ri .cni / � 1=n. Suppose

.��1n .Xn/; �
�1
n .Yn//) .U; V / 2 R2d :

Then the normalized sample clouds converge:

Nn D f�n.Z1/; : : : ; �n.Zn/g ) N0 weakly on Rd n "B; " > 0;

where N0 is a Poisson point process on Rd n f0g. Its mean measure � is symmetric
for the group of expansionsQt with generator diag.�1; : : : ; �d /, �i D 1=�i .
Proof. It helps to introduce the maps z 7! zC and Jı on Rd :

zC D .z1 _ 0; : : : ; zd _ 0/; Jı D diag.ı1; : : : ; ıd /; ı 2 f�1; 1gd :
We may assume 0 2 Bn replacing Xn by XCn and Yn by Y Cn , or by adding the origin
to the sample cloud. The normalized vertices of the box Bn may be written as

W ı
n D Jı.SW ı

n /;
SW ı
n D maxfJı.��1n .ZC1 //; : : : ; Jı.�

�1
n .ZCn //g:

Let W ı denote the vertices of the limit box Œ�V;U �. Then

.W ı
n ; ı 2 f�1; 1gd /) .W ı ; ı 2 f�1; 1gd / 2 RdC2d

:

Convergence W ı
n ) W ı makes W ı max-stable and gives n��1n .�ı/ ! �ı weakly

on Œ0;1/d n Œ0; w� for w 2 .0;1/d by Theorem 7.3 where �d D .Jı�/
C and the

�ı are Radon measures on Œ0;1/d n f0g. Finally one has to check that the family �ı ,
ı 2 f�1; 1gd , determines a unique Radon measure � on Rd n f0g which is finite on
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"Bc for " > 0 such that .Jı�/C D �ı , and that the weak convergence above implies
n��1n .�/! � weakly on "Bc for " > 0. This is simple algebra. Observe that

Q� D
X
ı

�ı D
X
KßD

�K ; �K D pK.�/

where D D f1; : : : ; dg and pK W RD ! RK the natural coordinate projection. Ap-
plying pK to both sides gives Q�K D 2jDnKj

P
IßK �

I . Recursively express �K as a
linear combination of Q�I with IßK. �

The balance condition (17.14) may be dropped if one allows non-linear normal-
izations of the form ' D '1 ˝ � � � ˝ 'd where the 'i 2 M" are linear and strictly
increasing on the two half axes but the slopes may differ.

17.4 Heavy and heavier tails. If the � t , t > 0, are expansions by diagonal matrices
� t D diag.ea1t ; : : : ; ead t / with 0 < a1 < � � � < ad the tails in different directions
have different weights. The group � t imposes natural coordinates in the space where
the excess measure � lives. This also holds for vectors in the domain D1.�/ of an
excess measure with these symmetries, but only to a certain extent. By the Spectral
Decomposition Theorem there exist coordinates in which the normalizations may be
chosen to be diagonal.

Example 17.16. Consider a unimodal probability density f on R2 of the form

f .x; y/ D f1.jxj/ ^ f2.jyj/
where f1 and f2 are continuous strictly decreasing functions on Œ0;1/ and f2.t/ <<
f1.t/ for t ! 1. The level sets ff � cg are closed rectangles for 0 < c < c0.
The vertical height is negligible compared to the horizontal width of the rectangle for
c ! 0. Hence the behaviour of the density along rays is determined by the lighter
tail, except for horizontal rays. ˙

For exceedances over linear thresholds it is the other way round. There the heavier
tails dominate the scene.

Proposition 17.17. Let Z D .X; Y / 2 RhC1. Suppose the upper tail of Y varies
regularly with exponent �� < 0, and is heavier than the tail of kXk,

PfkXk � tg=PfY � tg ! 0; t !1:
Then for any c 2 Rh

PfY C cTX � tg � PfY � tg; t !1:
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Proof. Assume c ¤ 0. Let Z have distribution � . Let yn ! 1. There exist
ın ! 0C such that

PfkXk � ınyng=PfY � 2yng ! 0;

since this holds for fixed ı > 0. Define the open vertical cylinder Cn D fkxk <
ınyng. The two sets

fy � yn C ınyng \ Cnßfy � yn � ınyng \ Cn
enclose the sets fy � yng \Cn and eventually fyC cT x � yng \Cn. The relations

PfY � yn C ınyng � �.Cn/ � PfY � yn C ınyng � PfY � yn � ınyng
imply that the probability of the extreme sets above are asymptotically equal. Since
we may neglect �.Cn/ this gives the desired asymptotic equality. �

If successive components of Z have heavier tails this does not make the coordi-
nates natural. To each coordinate we may add a linear combination of the preceding
coordinates without altering the tail behaviour.

Even if the tails of the components of Z vary regularly with distinct exponents
there are no canonical coordinates. There is a canonical sequence of d�1 projections
onto spaces of decreasing dimension, such that each projection produces lighter tails.

Theorem 17.18. Suppose Z D .Z1; : : : ; Zd / and Ri .t/ D PfjZi j � tg varies
regularly with exponent ��i < 0. If

Ri�1.t/=Ri .t/! 0; t !1; i D 2; : : : ; d
then �1 � � � � � �d > 0. Let �1; : : : ; �d be independent linear functionals. Set
X D .X1; : : : ; Xd / with Xi D �i .Z/, and Si .t/ D PfjXi j � tg. Suppose

Si�1.t/=Si .t/! 0; t !1; i D 2; : : : ; d:
Then Si .t/=Ri .t/! ci 2 .0;1/ for t !1 and

Xi D ci1Z1 C � � � C ci iZi ; i D 1; : : : ; d
with jci i j�i D ci for i D 1; : : : ; d .

Proof. By induction. �

In the geometric approach nearly all linear functionals have the tail behaviour
of the heaviest component by Proposition 17.17; in the coordinate based approach
it is special to have d variates with heavy tails which are comparable. Let us say
a few words about this disparity. Even if the coordinates measure incomparable



17 Heavy tails – examples 277

quantities like returns and changes in volatility, the assumption in looking at the
bivariate distribution, is that there is an organic bond. Both variates form part of a
description of some complex underlying model. If one believes that the symmetry
visible in the sample cloud is spurious, then it can hardly be used to determine high risk
scenarios in halfspaces which contain only a few or no sample points, and statements
about risks and losses in terms of unbounded loss functions become dubious. On the
other hand if the observed symmetry fits in the model of a limiting excess measure the
dependency might be said to reveal some hidden structure of the underlying system
which may persist over regions which are of interest to us. Persistence is more likely
in the algebraic structure than in the spectral measure; it is more likely for simple
scalar expansion groups and uniform spectral measures than for groups with complex
generators and asymmetric distributions on the sphere. In cases where symmetry is
present a geometric approach seems to be appropriate. The ellipsoids associated
with the normalization of the sample cloud are geometric objects. These ellipsoids
suggest a more gentle change in the rate of decrease of the tail as a function of the
direction than what is prescribed by the asymptotics for exceedances and densities,
where almost all tails have comparable rates of decrease.

For non-negative vectors in D_.�/ the ellipsoids are coordinate ellipsoids, and
the minimal axes are coordinate axes. If the d coordinate tails are comparable, then
so are the tails of all positive linear functionals.

Divergence of the shape of a sequence of ellipsoids does not imply that the direc-
tion of the major axes converges, as we know from Example 17.9. It is also possible
that the ellipsoids are coordinate ellipsoids, that the axes are not comparable, that the
tails of the marginals vary regularly with the same exponent, and thatZ 2 D1.�/ for
an excess measure � whose symmetries are scalar expansions, but that normalization
by diagonal matrices is not possible.

Example 17.19. Let f0 have a continuous unimodal density with elliptic level sets

ff0 > e�3tg D Et D ˛t .B/ D fx2 C y2=t2 < e2tg; t � t0:
Then f0 lies in the domain of the excess measure with density 1=r3. The vertical
tail of f0 is heavier than the horizontal tail, and the normalizations ˛t are diagonal.
Replace the excess measure by an excess measure with density h.r�/ D h0.�/=r

3

where h0 is continuous and positive, but not constant. Replace ˛t by ˇt D ˛tSt
where St is a rotation over '.t/ D pt . The tails of the corresponding density f are
comparable to those of f0 since the geometry of the ellipsesEt is not altered, but the
normalizations ˇt can not be diagonalized. For any unit vector w0 the curve ˇt .w0/
spirals out to infinity. See Section 16.8. ˙

By the Spectral Decomposition Theorem such spiralling behaviour is not allowed
for distributions in the domain of excess measures with diagonal symmetries, � t D
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diag.r t1; : : : ; r
t
d
/with r1 < � � � < rd . At this point the reader is advised to have a look

at Example 18.13 in the section on the SDT.

17.5* Maximal symmetry. For scalar expansion groups � t .w/ D e� tw on Rd ,
there is a unique excess measure � with density g which is 1 on the unit sphere @B:

g.w/ D 1=kwkdC�; w ¤ 0; � D 1=�:
In this section we study excess measures � for linear expansions, which have maximal
symmetry. In first instance we look at excess measures with continuous unimodal
densities on Rd n f0g, with elliptic level sets.

If the density g is one on the unit sphere, it is continuous, unimodal, and has
elliptic level sets, since g.� t .w// D 1=qt for w 2 @B with q D e det � by (14) in
the Preview. Suppose g D c1 < 1 on @E1 for some ellipsoid E1. This information
does not determine g as we have seen in Section 16.8. However if the generator of
the symmetry group � t D etC , t 2 R, is symmetric, or if � t is symmetric for all
t 2 R (or for a sequence tn ! 0, tn ¤ 0, or for two values t1, t2 which are rationally
independent), then one may apply an orthogonal coordinate transformation to bringC
and the linear transformations � t into diagonal form. The new coordinate planes are
symmetry planes of all the ellipsoids Et . The family of ellipsoids Et , and hence g,
is uniquely determined by E1, and the condition that the symmetry planes of E1 are
symmetry planes of Et for every t 2 R.

Questions which interest us are: How symmetric is the excess measure � with
density g? Does there exist a simple analytic formula for the density? Do there exist
typical densities f , unimodal, with elliptic level sets, which are invariant under the
measure preserving symmetries of �?

Before looking into these questions let us discuss the link with linear expansion
groups� t D etC whose generators have complex diagonal Jordan form. The diagonal
entries of the diagonal form of C lie in < > 0, and every non-real diagonal element
� C �i is matched by an element � � �i . The real Jordan form of C is a blocked
diagonal matrix, with blocks of size two representing the entries �C�i with � > 0, as
in (18.25), and blocks of size one containing the real entries. Choose a basis e1; : : : ; ed
on which C has this blocked form. This basis is not unique; it may be replaced by
fk D tkek , with tk ¤ 0, provided that tkC1 D tk , if the two vectors ek; ekC1
correspond to a pair of conjugate non-real complex eigenvectors, a block of size two.
The basis determines an inner product, and hence a unit ballB . SetEt D � t .B/. The
one-parameter group of matrices N� t D et

xC D diag.e�1t ; : : : ; e�d t /, where �k 2 R
are the diagonal elements of the real Jordan form ofC , generates the same ellipsoids:

N� t .B/ D Et D � t .B/; t 2 R;

and hence the same density g, if we specify g D 1 on @B .
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There are many ways leading to excess measures whose densities have elliptic
level sets.

For diagonal expansions � t D etC , C D diag.�1; : : : ; �d /, with 0 < �1 � � � �
� �d , let g be the density of the corresponding excess measure � such that g 
 1

on @B . The level sets are coordinate ellipsoids. This density depends on the Jordan
basis. Assume �d > �1. Then, by (16.8), the spectral measure �� on @B is not a
multiple of the uniform distribution. Besides, there is no simple formula for this
density g. For each w ¤ 0 there exists t D t .w/ such that ��t.w/.w/ 2 @B . One
has to solve

e�2�1tw21 C � � � C e�2�d tw2d D 1: (17.15)

The right hand side is strictly decreasing in t . So there is a unique solution t D t .w/
to this simple equation. Only in very special situations the solution is an explicit
analytic expression of w. The density g has the form

g.w/ D 1=qt.w/; q D e1C�1C���C�d :
(If �d D �1 then k��t .w/k D e�� tkwk and hence t .w/ D log kwk=� and qt.w/ D
kwkdC1=� .) The density g is unimodal with the elliptic level sets:

fg > 1=qcg D ft .w/ < cg D
�
w21
e2c�1

C � � � C w2
d

e2c�d
< 1

�
; c 2 R:

The symmetry of the measure � is meager. If �1 < � � � < �d , then the group of
measure preserving symmetries is discrete: it consists of the 2d linear maps which
change the sign of some components.

Proposition 17.20. Let 
1 < � � � < 
m be the distinct entries of .�1; : : : ; �d / with
multiplicities d1; : : : ; dm with sum d . Suppose � is the excess measure with density g
on Rd n f0g as described above. An affine transformation ˛ such that ˛.�/ D � has
the form

˛.w/ D .˛1.w1/; : : : ; ˛m.wm//; w D .w1; : : : ; wm/ 2 Rd1C���Cdm

with ˛i 2 O.di /, i D 1; : : : ; m.

Proof. The affine transformation ˛ preserves the level sets fg > cg. So ˛.B/ D B

for the unit ball B D fg > 1g. Thus ˛ is orthogonal. Now consider the ellipsoid
E D fg > 1=2g. Then ˛.E/ D E and hence the half-axes of ˛.E/ have the same
size �k , as those of E. It follows that ˛ preserves the m dk-dimensional subspaces
associated with 
1; : : : ; 
m, and is orthogonal on each of these subspaces. �

Let us now describe all such maximally symmetric excess measures associated
with the generator C D diag.�1; : : : ; �d /. The symmetry group G is S �H where
S D O.d1/ � � � � � O.dm/ and H is the one-dimensional group � t D etC , t 2 R.
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Let �0 be a Radon measure on X D Œ0;1/mnf0g such thatˇt .�0/ D et�0, t 2 R,
where ˇt D etS for S D diag.
1; : : : ; 
m/. Let � D �1 � � � � � �m be the uniform
distribution on T D @B1�� � ��@Bm, whereBk is the unit ball in Rdk . The space T is
a .d �m/-dimensional compact manifold. The extremely symmetric excess measure
� in the proposition above has the form � D ˆ.���0/whereˆ W T �X ! Rd nf0g
is defined by

ˆ.!; x/ D .x1!1; : : : ; xm!m/ 2 Rd1C���Cdm :

Let Dp be the unit ball of Rm with the lp-norm for a p 2 Œ1;1�. One may
describe the measure �0 on X in terms of a spectral measure ��p on Œ0;1/m \ @Dp
as the image of the product measure d��p � etdt on .Œ0;1/m \ @Dp/ � R. If ��p is
concentrated in one point � 2 Œ0;1/m\@Dp then � is an elementary excess measure
concentrated on the .d C1�m/-dimensional orbit G � . Only for p D1 there exists
an explicit expression for the density g. The unit ball D1 is the cube .�1; 1/m. As
above define t so that ��t .x/ 2 @D1 for x 2 X:

t D max
1�k�m

.log xk/ � 
k ” maxfx1=e
1t ; : : : ; xm=e

mtg < 1:

Define t D t .w/ D max1�k�m.log kwkk/ � 
k for w 2 Rd n f0g. Then

g.w/D g0.kw1k=e
1t.w/; : : : ; kwmk=e
mt.w//; wD .w1; : : : ; wm/ 2 Rd1C���Cdm :

Proposition 17.21. Let � be an excess measure on Rd nf0gwith symmetries � t .�/ D
et�, t 2 R, where � t D diag.e�1t ; : : : ; e�d t / with 0 < �1 � � � � � �d . Suppose � has
maximal symmetry. Let Q� t D et zC . Then Q� t .�/ D et� for t 2 R, if and only if zC with
respect to the decomposition Rd D Rd1 � � � � � Rdm has block diagonal form with
blocks zCk D 
k CAk where Ak is skew symmetric for k D 1; : : : ; m, and the 
i are
the distinct diagonal elements.

Proof. We may regard the Rdk as subspaces of Rd . By the proposition above Rdk is
invariant under e�t
k Q� t , and the restriction e�t
k Q� t

k
D et. zCk�
k/ is a one-parameter

group in O.dk/. Hence zCk � 
k is skew-symmetric. See Example 18.69. �

The density of � is determined by its restriction to the .d�1/-dimensional surface
S D @.B1�� � ��Bm/, whereBk is the unit ball in Rdk , or its restriction on � t .S/. The
symmetry imposes the condition that the density is constant on T D @B1�� � ��@Bm,
and on the sets @r1B1 � � � � � @rmBm. The compact manifold T is a subset of S , but
its dimension is d �m.

What do typical densities look like? Let � have a continuous density g of maximal
symmetry.

If �1 < � � � < �d , then the typical density is determined by d regularly varying
functions. A typical density is a continuous function of the form

f .z/ D h0.r1.jz1j/; : : : ; rd .jzd j//; z D .z1; : : : ; zd / 2 Rd
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where h0 is a continuous function which agrees with cg outside some ball rB – to
ensure that f is bounded. (We are only interested in the behaviour of f far out.) The
rk W Œ0;1/! Œ0;1/, for k D 1; : : : ; d , are homeomorphisms of the halfline Œ0;1/
onto itself which vary regularly with exponent one in infinity:

rk.cntn/=rk.tn/! c; tn !1; cn ! c > 0:

The inverse functions zk D r k have the same properties.
Let ' W Rd ! Œ0;1/ be a continuous function such that f' < rg D Er is a

centered ellipsoid for r > 0. Assume f' D rg D @Er for r > 0, and f' D 0g D f0g.
We shall say that ' lies in R.d/ if moreover

Ecnrn � cErn ; rn !1; cn ! c > 0:

For d D 1 the ellipsoids Er are intervals .�z.r/; z.r//, where z D ' as above
is a homeomorphism from Œ0;1/ onto itself which varies regularly in infinity with
exponent one.

If �1 D � � � D �d D � , then g.w/ D c=kwkdC1=� , and typical densities have
the form f .z/ D h0.'.z//, with ' 2 R.d/, and h0 W Œ0;1/! .0;1/ a continuous
function which agrees with the function c=rdC1=� for r � r0 for some r0 > 0.

In general the sequence �1; : : : ; �d containsdk entries
k , with0 < 
1 < � � � < 
m,
and typical densities are continuous functions f on Rd of the form

f .z/ D h0.'1.z1/; : : : ; 'm.zm//; z D .z1; : : : ; zm/ 2 Rd1C���Cdm

with 'k 2 R.dk/ for k D 1; : : : ; m, and h0 a continuous function which agrees with
g0 on Œ0;1/m n rB for some r > 0.

Proposition 17.22. Let � be an excess measure on Rd n f0g such that � t .�/ D et�,
t 2 R, where � t D diag.et�1 ; : : : ; et�d / with 0 < �1 � � � � � �d . Assume � has
maximal symmetry and a continuous density g. Let ˇ W Œ0;1/ ! A vary like � t .
There exists a probability distribution � on Rd with typical density f such that
etˇ.t/�1.�/! � weakly on "Bc for all " > 0.

Proof. By the Spectral Decomposition Theorem, Theorem 18.18, we may choose
orthogonal affine coordinates such that ˇ.t/ � ˇ1.t/˝ � � � ˝ ˇm.t/, t !1, where
ˇk W Œ0;1/ ! GL.dk/ is continuous, varies like e�k tI for k D 1; : : : ; m, and such
that the function 'k 2 R.dk/ has level sets f'k < e�k tg D ˇk.t/.B/. Now check
that

etnf .ˇ1.tn/wn1; : : : ; ˇm.tn/wnm/! g.w/;

tn !1; .wn1; : : : ; wnm/! w 2 Rd1C���Cdm :

Weak convergence follows as in Section 16.5. �
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For exceedances over horizontal thresholds distributions of maximal symmetry
may be handled in the same way. For vertical translations maximal symmetry is
cylinder symmetry and typical densities are determined by a positive function g� on
.0;1/, specified by the circle symmetric spectral measure, which satisfies (15.21),
and a homogeneous-elliptic function in HE0, which reflects the normalization, as
described in Section 15.2.

The symmetry of the excess measure may be less than the symmetry allowed by
the generator. If the generator C D diag.�1; : : : ; �d / is real diagonal with m distinct
diagonal entries 
1; : : : ; 
m with multiplicities d1; : : : ; dm as above, then one may
replace the uniform distribution d� on the manifold T D @B1 � � � � � @Bm by some
other distribution, say q.�1; : : : ; �m/d�.�1; : : : ; �m/. This determines the excess
measure. Assume g0 on Œ0;1/m n f0g and q on T are continuous and positive. Then
so is the density g of the excess measure �. Any probability distribution � 2 D1.�/
has the form d� D fd� where f is a typical density and � a roughening of Lebesgue
measure. The typical density f may be expressed in terms of the symmetric typical
density, the function q and a continuous curve

R1 ˝ � � � ˝Rm W Œ0;1/! O.d1/ � � � � � O.dm/

which varies like the identity, as in the case of scalar symmetries in Section 17.2.
This description of typical densities reflects the decomposition of the normalization
curve given by the Spectral Decomposition Theorem. Similar techniques apply when
the generator of the excess measure has a complex diagonal Jordan form.

17.6* Stable distributions andprocesses. For very heavy tails sample sums behave
like sample extremes. In any direction one term will predominate. Given a sequence
of independent observations Z1; Z2; : : : from such a heavy tailed distribution one
may form the partial sums Sn D Z1 C � � � C Zn. If these can be normalized to
converge in distribution to a non-degenerate vector W

˛�1n .Sn/) W;

with ˛n.w/ D Anw C an, then W is said to have a stable or operator stable dis-
tribution. The distribution of W is infinitely divisible and there is a Lévy process
S W Œ0;1/! Rd such that S.1/ D W . This Lévy process is stable in the sense that
all vectors S.t/ are of the same type. The most famous example of a stable distribu-
tion is the Gaussian distribution. The associated stable process is Brownian motion.
Here we shall only consider stable distributions with heavy tails. For the general case
see MS.

Lemma 17.23. Let Nn be an n-point sample cloud on Rd with mean measure
�n D nd�n, and let N0 be a Poisson point process with mean measure the Radon
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measure �0 on O D Rd n f0g. Suppose �n ! �0 weakly on "Bc for all " > 0. Set

Wn D
Z
O

w.dNn � �d�n/; n � 1; (17.16)

where � is continuous on Rd and 1B � � � 12B . If for each " > 0 there exists r > 0
such that Z

rB

kwk2d�n < "; n � n";
then the integral (17.16) defines a random vector W0 for n D 0, and Wn) W0.

Proof. Vague convergence implies
R
rB
kwk2d�0 � ". HenceW0 is well defined, see

Section 2.6. Weak convergence on "Bc for all " > 0 impliesZ
rBc

w.dNn � �.w/d�n/)
Z
rBc

w.dN0 � �.w/d�0/

whenever �0.@rB/ D 0. (By Skorohod’s Representation Theorem we may assume
Nn ! N0 weakly on rBc almost surely. This implies almost-sure convergence of
the integrals

R
rBc wdNn !

R
rBc wdN0.) Now observe that the vectors

Wn.r/ D
Z
rBnf0g

w.dNn � d�n/; n � 0

are centered, and that var kWn.r/k �
R
rBnf0g kwk2d�n. (Equality holds for n D 0

and var.
R
'dN/ � R

'2d� holds for any sample cloud with mean measure � and
any bounded function since var.'.Z// � E'.Z/2.) Now apply Lemma 4.10. �

Heavy tails imply light poles. If � has a spherically symmetric density h.w/ D
1=kwkdC1=� and � is large then the level sets fh > e�ng are balls which grow fast
for n ! 1 since the density decreases slowly. For n ! �1 the size of the ball
decreases fast and hence the pole is light. Instead of balls we shall use the ellipsoids
En D ˛n.B/ below, but the thrust of the argument is the same. Eigenvalues of the
generator in < > 1=2 ensure that the pole is so light that the integral of r2 over the
unit ball converges.

Proposition 17.24. Let Z 2 D1.�/ where � is an excess measure with expansion
group � t . Suppose the eigenvalues of the generator C lie in the open halfplane
< > 1=2. Then

R kwk2 ^ 1d� is finite and the stochastic integral

W D
Z

Rdnf0g
w.dN � �.w/d�/

is well defined for the Poisson point process N with mean measure � and any con-
tinuous compensator � between 1B and 12B . Let Z1; Z2; : : : be independent copies
ofZ. The partial sumsZ1C� � �CZn, properly normalized, converge in distribution
to W .
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Proof. Let et˛�1t .�/! � weakly on "Bc for t !1, and assume that the ellipsoids
Et D ˛t .B/ are increasing and cl.Es/ßEt for 0 � s < t , and that ˛�1n ˛nC1 D
�n ! � . Choose coordinates such that �.B/ � e�0B for some �0 D 1=2C ı > 1=2.
(Choose a complex Jordan form with " > 0 close to zero below the diagonal instead
of 1.) Then eventually �n.B/ � e�B with � D .1C ı/=2, and more generally there
exists t0 such that

e�Et � e�sEt�s; 0 � s � t; t � t0:
(If f is increasing on Œ0;1/ and f .nC 1/ > f .n/C a for n � n0 with 0 < a < c
then cC f .t/ > scC f .t � s/ for t � t0.) Since et�.Ect /! �.Bc/ we also have a
constant A such that

�.Ect / � Ae�t ; t � 0:
The measure �t D et˛�1t .�/ satisfies

�t .e
�s�Bc/ D et�.e�s�Ect / � et�.Ect�s�1/ � AesC1; s � 0:

For s � t the inequality is trivial since �t .Rd / D et . HenceZ
e�m�Bc

r2d�t �
X
n>m

e�2n�e2��t .e�n�Bc/ � e2�Ae
X
n>m

e�nı D O.e�mı/:

Now apply the lemma above to the sample clouds with mean measure �tn for tn D
logn. �

The converse is less simple. Convergence of the sample clouds implies con-
vergence of their sums to the sum of the limiting Poisson point process provided
r2 ^ 1d�n converges weakly. It is less obvious that convergence of the sums implies
convergence of the summands.

For maxima the converse implication was proved in Section 7. In general maxima
behave badly. Even the simple equation a _ x D b may fail to have a solution.
However a max-stable df H determines the df of the mean measure by the equation
H D e�R. Convergence of maxima F nn ! G entails convergence of the sample
clouds by the asymptotics

n.1 � Fn/ � �n logFn ! logG:

See Theorem 7.3. For sums one may use characteristic functions to show that the
relation between the finite measure kwk2 ^ 1d�.w/ and the distribution of the cor-
responding id vector is a homeomorphism. Moreover sums of large sample clouds
may be approximated well by sums of Poisson point processes by the lemma above.
See Kallenberg [2002] or MS for details.
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17.7* Elliptic thresholds. Exceedances over elliptic thresholds suggests that one
should be looking at the asymptotic behaviour of ZE

c
n , where ZE

c
denotes the

vector Z conditioned to lie in the complement of the ellipsoid E, and E1ßE2ß � � � is
an increasing sequence of open ellipsoids. Do there exist ˛n such that

Wn WD ˛�1n .ZE
c
n /) W; En D ˛n.B/; pn D PfZ 2 Ecng ! 0C; (17.17)

where W lives on the complement of B , and has a non-degenerate distribution? We
allow affine normalizations; the ellipsoids need not be centered.

Using exceedances over horizontal thresholds as our guide, it is clear how one
should proceed. Show that the limit distribution has the tail property: There are many
ellipsoids E � B such that W Ec

is of the same type as W . Exhibit a one-parameter
group � t , t 2 R, such that the tail property holds for all ellipsoids � t .E/, t > 0. This
yields a Representation Theorem. For the Extension Theorem we choose a sequence
1 < k1 < k2 < � � � such that pkn

=pknC1
! 2 say, and construct a continuous curve

ˇ W Œ0;1/ ! A which varies like � t such that Ekn
D ˇ.tn/.B/ for a sequence tn

with tnC1 � tn ! log 2.
We need some conditions on the ellipsoids En and the probabilities pn. We

assume pnC1 � pn. In our analysis we shall encounter three problems:

1) The distribution �0 of the limit vector W may live on @B . Such a distribution
need not be degenerate. It will be shown that in that case the vector Z has light tails.

2) The one-parameter group � t , t 2 R, exists, but � need not be linear, and if it is
linear it need not be an expansion. Even if one assumes cl.En/ßEnC1 for all n � 1,
in the limit one only obtains the weaker inclusionBß� t .B/ for t > 0, or equivalently
cl.B/ß� t .cl.B//. In order to ensure that the � t are expansions, one has to impose a
condition on the rate of increase of the ellipsoids En.

If � is not an expansion, the tail property may fail to hold. We shall derive a
different representation. The limit distribution may be instable. On replacing the
ellipsoids En by ellipsoids Fn � En, and ˛n by ˇn � ˛n such that ˇn.B/ D Fn,
one may obtain a different limit distribution.

3) If we want to embed ˛n in a curve which varies like � t , we need the symmetries
of the limit measure �0 to be orthogonal.

Let us now first look at the solutions to the inclusion Bß�.B/ for affine transfor-
mations � . An example of such a transformation � is: blow up the unit ball by a factor
two from a point z0 in B , or a point z0 2 @B . A rotation is also possible, or, in R3, a
rotation in the horizontal plane, and a linear expansion in the vertical direction.

Recall that Q is a linear expansion if the eigenvalues lie outside the unit circle
in C. The map � W w 7! Q.w � z0/C z0 then is an affine expansion with center z0.

Proposition 17.25. Suppose �.B/ � B for an affine transformation � . There are
two possibilities: � is an affine expansion with center z0 2 cl.B/, or � is linear and
has an eigenvalue on the unit circle. In the latter case Rd D L0CL1 where L0 and
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L1 are invariant, and L0 ? L1. On L0 � is an orthogonal transformation; on L1 a
linear expansion.

The proof is given below. We need a lemma.

Lemma 17.26. Suppose Rd D L0 ˚ L1 is the direct sum of two proper linear
subspaces. Let r0B0 be the intersection of the ballD D pCB withL0. IfDßrB0C
L1 for all r > r0, then p D 0 and L0 ? L1.
Proof. In the plane this is obvious. The general situation may be reduced to d D 2

by restricting to Re0 C Re1 for unit vectors ei 2 Li , i D 0; 1. �

Proof of Proposition 17.25. If the origin is a fix point of � then � is linear. The
sequence ��n.z/ is bounded for any z 2 B . By looking at the Jordan form of the
matrix of � we see that the translation part is lacking, and hence one may assume
that � is linear and satisfies

Aß�.A/; A D q C C; C D cl.B/:

As in Section 18.9 on orbits, the Jordan form yields a decomposition Rd D L0˚L1,
in invariant subspaces, and � D �0 ˝ �1. Here the eigenvalues of �1 all lie outside
the unit circle in C, and the complex Jordan form of �0 is diagonal with the diagonal
entries on the unit circle. We may write L0 D L00CL01 where L00, the eigenspace
of the eigenvalue one, consists of the fix points of � , and L01 is invariant.

First assumeL00 ¤ f0g. LetA0ßL00 be the projection ofA alongL D L01CL1.
Let p0 2 @A0. Then .p0 CL/\A D fpg for some point p, and �.p/ D p. Thus p
is a fix point, and hence p D p0. So A0 D A\L00. Choose the origin in the center
of A0. Then A0 CL � A and the lemma above implies that q D 0 and L00 ? L. It
remains to prove the proposition when L00 D f0g.

AssumeL0 D L01. Then the origin is the only fix point. We claim thatA contains
the origin. Indeed the averages an D .a C ��1.a/C � � � C �1�n.a//=n lie in A by
convexity, and from the Jordan form of � it is clear that an ! 0. If L0 D f0g we are
done.

So assume L0 ¤ f0g. Let A \ L0 D A0 D p0 C C0, a disk of radius r0 � 0
centered in p0. If r0 D 0 then �.p0/ D p0 by invariance, which implies that
p0 D 0 (since L00 D f0g). If r0 > 0 let U be uniformly distributed on C0. Then
�0.p0CU/ D p0CU in distribution since �0 preserves Lebesgue measure. Taking
expectations, we find �.p0/ D p0 and hence p0 D 0 as above. Let T D r@B0CL1
with r > r0 � 0, andB0 the unit ball inL0. Let z D .z0; z1/ 2 T \A. Then ��n.z/
is bounded. Let w D .w0; w1/ be a limit point. Then w1 D 0, and kw0k D r . This
contradicts kwk � r0 forw 2 A\L0. We conclude that T \A is empty. The lemma
shows that A is centered, and L0 ? L1. �
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Let us briefly consider measures � which satisfy �.�/ D �=q, where �.B/ � B .
Let R.�; q/ D R.�; q;Rd / be the set of all such measures on Rd . First assume
q 2 .0; 1/ and � is an affine expansion with center z0 2 cl.B/. We only consider
non-zero Radon measures on Rd n fz0g. The measure � is infinite on any open
neighbourhood of z0, and finite on the complement of such a neighbourhood. Any
finite measure �� on �.B/nB has a unique extension to a Radon measure � 2 R.�; q/

on Rd n fz0g which lives on D� D S
n�0 �n.B/. It is finite on Bc . If z0 2 B then

D� D Rd ; if z0 2 @B then D� is a proper open subset of Rd . The set D� and its
complement are invariant. Hence �.Bc/ � �.Dc

� / D1 if � charges the complement
of D� .

Example 17.27. Let z0 D .0; 1/ 2 R2, and let �.z/ D 2.z � z0/ C z0 be a scalar
expansion with center z0. Then D� D R � .�1; 1/. Let � live on D� with density
g.w/ D 1=kw � z0k5=2. Then � 2 D.�; q/ for some q < 1, and �.Bc/ is finite,
even though g is not bounded on @B . There exist open disks En ! B such that
�.Ecn/ D1 for all n. ˙

Now suppose � has an eigenvalue on the unit circle. Then � is linear and � D
�0˝ �1 on L0CL1 where �0 is orthogonal on L0, �1 a linear expansion on L1, and
L0 ? L1. Let � 2 R.�; q/. If �0 D id then the restriction of � to fx0g � L1 lies
in R.�1; q; L1/. More precisely for any invariant compact setK0ßL0 the measure �
restricted to K0 � L1, projected onto L1 lies in R.�1; q; L1/. This holds for any
orthogonal �0, provided K0 is invariant, a closed ball in L0, or a closed ring, for
instance. Again set D� D S

�n.B/. Then D� D B0 � L1 where B0 is the unit
ball in L0. Any finite measure on �.B/ n B extends to a unique Radon measure
�1 2 R.�; q/ on D� nL0. This measure is finite on Bc . If � 2 R.�; q/ charges the
complement of D� then �.Bc/ D1.

For q D 1 the situation is different. If � is not orthogonal then for any compact
setK disjoint fromL0 or fz0g, the imagesKn D �n.K/will diverge. They also have
the same mass as K. One may recursively construct a sequence of positive integers
k1 < k2 < � � � such thatKknC1

is disjoint fromK[Kk1
[� � �[Kkn

. IfK is disjoint
from B then �.Bc/ <1 implies �.K/ D 0. In short we have:

The measures � 2 R.�; q/ are Radon measures on Rd nM and live onD� . Here

M D
(
fz0g if � is an affine expansion with center z0;

L0 if � D �0 ˝ �1 where �0 is orthogonal and �1 a linear expansionI
(17.18)

D� D
[
n�0

�n.B/: (17.19)

We now turn to the limit relation (17.17). We begin with an example to show that
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affine transformations are needed in (17.17), even when the symmetries of the limit
measure are linear.

Example 17.28. Let the measure � have density

g.u/=v2; u 2 R; v 2 R n f0g
where g is a probability density on R. Then � is a Radon measure on the complement
O of the horizontal axis, and an excess measure for the weak expansions � t .u; v/ D
.u; etv/. The image, �.B/, of the open unit disk contains B but does not contain the
closure of B . We shall assume that g is continuous on Œ�1; 1� and vanishes outside
this interval. Then �.Bc/ is finite. There is a vector Z D .X; Y / 2 D1.�/ with
a continuous strictly positive density f for which affine normalizations may not be
replaced by linear normalizations.

Let M and L be continuous functions on Œ0;1/ such that L2 D L CM and
L1 D L � M are positive and increasing, and vary slowly in infinity. Let Y be
standard Cauchy, and for Y D y � 0 (and for Y D �y) let X have density

fy.x/ D
(
c.y/g..x �M.y//=L.y//; �L1.y/ � x � L2.y/;
e�x2=2=

p
2�; jx �M.y/j > L.y/:

Let q > 0. Define the rectangle R D .�1; 1/ � .�q; q/ and set

Rt D .�L1.et /; L2.et // � .�qet ; qet / D ˛t .R/;
˛t .u; v/ D .M.et /C L.et /u; etv/:

Then PfZ 62 Rtg � PfjY j � etg � .2=q�/e�t and .�=2/et˛�1t .�/ ! � vaguely
on O . The high risk scenarios ZR

c
t normalized by ˛t converge weakly to a vector

with distribution 1Rcd�=�.Rc/. With some extra effort ˛�1t .ZE
c
t / may be shown

to converge to a vector on Bc for the ellipses Et D ˛t .B/, and one may make
f continuous and strictly positive. If M.t/=L.t/ ! q 2 Œ�1; 1� one may choose
.0; q/ as the new origin and use linear normalizations; if there is no limit, linear
normalization is not possible. ˙

Lemma 17.29. Suppose �n ! �0 weakly on Rd . Let Dn be open convex sets,
Dn ! D with D open and non-empty. Suppose d
n D 1Dc

n
d�n ! d
 weakly.

Then 
 lives onDc , and d
 D d�0 on U D int.Dc/.

Proof. The measure 
 lives on Dc since
R
'd�n ! 0 for any continuous ' with

compact support inD. Vague convergence 
n ! 1Ud�0 holds onU since
R
'd
n !R

U
'd�0 for any continuous ' with compact support contained in U . �

We are interested in the asymptotic behaviour of the high risk scenarios ZE
c
n

where En D ˛n.B/ are increasing ellipsoids. Let � be the distribution of Z, �0
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the non-degenerate distribution of W , and set �n D ˛�1n .�/=pn. The basic limit
relation (17.17) states that 1Bcd�n=pn ! �0 weakly on Rd .

Introduce the setƒ of all points .�; q/ 2 A�.0; 1� for which there exist sequences
kn < mn such that

�n WD ˛�1kn
˛mn
! �; qn WD pmn

=pkn
! q; mn > kn !1:

Suppose .�; q/ 2 ƒ. Then

�n.�mn
/ D �kn

=qn on Rd : (17.20)

Set Dn D �n.B/ and D D �.B/. Then Dn ! D, and Dn and D contain B . One
finds

1Bcd�kn
=qn ! �0=q weakly on Rd ;

1Dc
n
d�kn

=qn D �n.1Bcd�mn
/! �.d�0/ weakly on Rd :

Lemma 17.29 with 
 D �0=q � �.�0/ gives

�.d�0/ D d�0=q on int.Dc/;

�.d�0/ � d�0=q on @D:

Hence �0.�.K// D q�0.K/ for compact K disjoint from cl.B/ and �0.�.K// �
q�0.K/ for compact Kß@B . The measure 
 D 
.�; q/ lives on @B . For compact
sets K disjoint from B:

�0.�.K// D q.�0.K/C 
.K//; KßBc ; 
 D 
.�; q/: (17.21)

The probability measure �0 above satisfies the relation �0.�.K// D q�0.K/

apart from the defect 
 on @B . Outside the closed unit ball the probability measure
�0 behaves like the measure � 2 R.�; q/. We first show that any � with .�; 1/ 2 ƒ
is orthogonal.

Proposition 17.30. If .�; 1/ 2 ƒ then � is orthogonal, and �.�0/ D �0.
Proof. Choose K disjoint from B [M and compact. Then K1 D �.K/ is disjoint
from D [M , and hence K1 is disjoint from cl.B/[M , and �0.�n.K// D �0.K1/
for all n � 1. If � is not orthogonal then by the argument above the sets �n.K/
diverge, �0.K1/ D 0, and by (17.21) �0.K/ D 0. So �0 lives on M . Since �0 is
non-degenerate M D L0 D Rd and � D �0, and is orthogonal. This proves that �
is orthogonal. Then (17.21) with K D @B D �.K/ gives 
.@B/ D 0, and hence
�0.�.K// D �0.K/ for all compact sets KßBc . �

Without conditions one can get any limit.
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Example 17.31. Let � be a Radon measure on Rd n f0g such that �.Bc/ D 1. We
shall construct a vector Z with probability measure � on Rd such that

˛�1n .�/=cn ! � vaguely on Rd n f0g:
Here cn are positive constants which satisfy cnC1 � cn ! 0. Moreover the ellipsoids
En D ˛n.B/ satisfy E1ßE2ß � � � and pn D �.Ecn/ � pnC1 ! 0.

Let �n � �, �n ! � vaguely, and �n.Bc/ ! 1. We assume that �n lives on
Rn D f1=pn � kzk � png with mass �n.Rn/ D rn � rnC1 > 0. Let Z=.2n/Š
have distribution�n=rn conditional onZ 2 Sn WD f.2n�1/Š � kzk < .2nC1/Šg, and
let �.Sn/ D an � anC1. Set En D ˛n.B/ and ˛n.w/ D .2m/Šw. Set cn D an=rn.
Then ˛�1n .�/=cn D �n on Rn. ˙

We impose two regularity conditions on En D ˛n.B/ and pn D �.Ecn/:
1) pnC1 � pn > 0, with pn WD �.Ecn/! 0;

2) There exists a constant r0 > 1 such that

EnC1ßEr0n D ˛n.r0B/: (17.22)

IfE is centered thenEr D rE, otherwiseEr is the ellipsoidE expanded by a factor r
from its center. Write ˛n D ˛1ı2 : : : ın. The second condition is equivalent to

Bßın.B/ßr0B; n � 1
since EnC1 D ˛n.ınC1.B//. The condition is satisfied if EnC1 � En. It ensures
that the sequence .ın/ is relatively compact in A.

We shall now describe how one may obtain a point .�; q/ 2 ƒ with q ¤ 1. We
shall construct a point in ƒ such that q � 1=2 and such that �.cl.B// intersects
2Bc if q > 1=2. Let mn > n be the minimal index such that Emn

does not fit
in ˛n.2B/ or pmn

=pn < 1=2. The corresponding sequence .�n; qn/ is relatively
compact. Choose a subsequence with limit .�; q/ say. Then q � 1=2. If q > 1=2

then �.clB/ intersects 2Bc , and hence q < 1 by Proposition 17.30. In the same way
for any r > 1 and q0 2 .0; 1/ one may construct a sequence mn � n such that the
corresponding sequence .�n; qn/ is relatively compact and all limit points .�; q/ have
the property q D q0, or q > q0 and �.clB/ intersects rBc . This proves

Proposition 17.32. There is a sequence .�n; qn/ 2 ƒ with qn < 1 and .�n; qn/ !
.�; 1/ 2 ƒ.

Corollary 17.33. Successive ellipsoids are asymptotically equal.

Proof. Let ın WD ˛�1n ˛nC1 ! id. Then ˛�1n .EnC1/ D ın.B/! B is equivalent to
EnC1 � En. The sequence .ın/ is relatively compact. It suffices to prove that limit
points are orthogonal transformations. So suppose ın ! � . Then pnC1=pn ! 1.
Hence .�; 1/ 2 ƒ. Now apply Proposition 17.30. �
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Proposition 17.34. Suppose .�; q/ 2 ƒ with q < 1. If �.B/ D B then �0.@B/ D 1.
Proof. Rings fr0 � kzk � r1g with 1 < r0 < r1 are invariant under � . The rela-
tion (17.21) gives �0.R/ D q�0.R/, hence �0.R/ D 0, and �0fkzk > 1g D 0. �

Let us now first look at the case where �0 lives on @B .

Proposition 17.35. If W lives on @B then Z has thin tails. There is a sequence of
ellipsoids Fn D Ekn

such that FnC1 � Fn and PfZ 2 F cnC1g=PfZ 2 F cn g ! 0. In
particular EkZkn <1 for all n � 1.
Proof. If .�; q/ 2 ƒ and �.B/ D E ¤ B then (17.21) gives �0.Rd n cl.B// �
q�0.@B n @E/ > 0 since �0 is non-degenerate and @B \ @E lies in a subspace. So
.�; q/ 2 ƒ implies �.B/ D B . Let q0 2 .0; 1/ and let r > 1 be small. As above
choose mn > n minimal so that Emn

does not fit in ˛n.rB/ or pmn
=pn < q0. Let

.�; q/ be a limit point of the associated sequence .�n; qn/. Since �.B/ D B for

.�; q/ 2 ƒ we conclude that q D q0 and qn < q0 eventually. This holds for any
r > 1 and any q0 2 .0; 1/. �

Example 17.36. LetZ have densityf .z/ D ce�nD.z/wherenD is the gauge function
of a bounded convex open set DßRd containing the origin. The constant may be
computed, 1=c D dŠjDj. Let ˛r.w/ D rw for r > 0. Then ˛�1r .ZrD

c
/ ) W

for r ! 1 where W lives on @D with density g.r�/ / rd with respect to the
uniform distribution on @B since PfW 2 C g D jC \ Dj=jDj for any cone C .
So ellipsoids are not needed here. Now suppose D D B is the open unit disk
in R2. The limit vector W D .U; V / is uniformly distributed on the unit circle
if ˛n.u; v/ D rn.u; v/ with rn D pn. Let ˇn.u; v/ D .rnu; .rn C a/v/. Then
ˇn � ˛n since ˛�1n ˇn.u; v/ D .u; .1 C a=rn/v/ ! .u; v/. For a > 0 the ellipses
En D ˇn.B/ are slightly elongated in the vertical direction. The normalized high risk
scenarios converge, ˇ�1n .ZE

c
n / ) W 0, but the limit vector is no longer uniformly

distributed over the circle. A simple computation gives the densityg.u; v/ D cae�av2

on fu2 C v2 D 1g. The reason for the instability of the limit relation becomes clear
if one looks at the mean measure �n of the normalized sample clouds. The density
of �n goes to infinity uniformly and monotonically on any compact subset of D. ˙

Proposition 17.37. Suppose .�; q/ 2 ƒ, q < 1, and �0.@B/ < 1. Then �0 lives on
D� [ .M \ @B/.
Proof. Let U be the complement of cl.D� /. Then U is invariant under � since D�
is, and U \ cl.B/ D ;. Hence �0.U / D q�0.U / which gives �0.U / D 0. The
boundary @D1 is invariant under � , and �0.@D� n cl.B// D q.@D� n cl.B// gives
�0.D� [ cl.B// D 1. Finally observe that D� contains B and @B nM . �
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We shall now show that the support S0 of the limit distribution �0 determines
the kind of transformations � for which .�; q/ 2 ƒ, with q < 1. Define the linear
subspace L

L D
\
f� D 0g; �.S0/ is bounded; (17.23)

the intersection of the hyperplanes f� D 0g for which �.S0/ is bounded. If we project
�0 along L we obtain a probability measure with bounded support. If L D Rd

then � is an affine expansion; if L ¤ Rd then � has an eigenvalue on the unit circle,
� D �0 ˝ �1 on Rd D L0 C L1 and L D L1. We shall write S� for the support of
the Radon measure � D �� on Rd nM� which satisfies �.�/ D �=q and agrees with
�0 outside cl.B/.

Proposition 17.38. Let .�; q/ 2 ƒ with q < 1. If � is an affine expansion, then �.S/
is unbounded for every non-zero linear functional � .

Proof. Let K � B be compact. Then S0 n K D S� n K. If the non-zero linear
functional � is bounded on this set, then S�ßf� D �z0g by Proposition 16.10, and
�0 � � on Rd n fz0g implies S0ßf� D �z0g. So �0 is degenerate. �

Similarly one shows:

Proposition 17.39. Suppose .�; q/ 2 ƒ and q < 1. Let L ¤ Rd . Then � D �0˝ �1
on L0 C L1 and L1 D L.

The support of �0 determines the structure of the symmetries � , and hence the
subspaces L0 and L1 if � has an eigenvalue on the unit circle. The measure �0 on
the complement of the closed unit ball determines the Radon measure �.

Proposition 17.40. If �0.@B/ < 1 then �0..@B/ nM/ D 0.
Proof. Let .�; q/ 2 ƒ, and q < 1. LetA D .@B/nM , and suppose �0.A/ D p > 0.
Then the sets An D �n.A/ are disjoint and �0.A1/ D p1 � qp, and �0.AnC1/ D
qnp gives p � 1=q � 1. Now choose a sequence .�n; qn/ 2 ƒ such that qn < 1

and qn ! 1. If L ¤ Rd then M D L? does not depend on n, and we are done. If
L D Rd the �n are affine expansions with centers zn 2 cl.B/. If zn 2 B infinitely
often then �0.@B/ D 0. If �0.@B/ > 0 then there exists a point z0 2 @B such that
�0.@B n fz0g/ D 0 and �n has center z0 eventually. �

Our next example shows that �0.@B/ 2 .0; 1/ is possible.

Example 17.41. Let Y have a standard Cauchy distribution, and let Z have dis-
tribution � , where � is a mixture of the distribution of the vector .0; 0; Y / and
the uniform distribution on the unit ball B in R3. Let En D ˛n.B/ where ˛n D
diag.1 � "n; 1 � "n; n/. If "n D 1=n then ˛�1n .ZE

c
n / ) W where W D .0; 0; V /

and V has density 1=2v2 on R n .�1; 1/. If "n D c=n2=3 with c > 0, then the limit
distribution is non-degenerate: it is a mixture of the distribution of .0; 0; V / above
and the uniform distribution on the unit circle in the horizontal coordinate plane. ˙
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What do the limit laws look like? There are two situations. If �W is bounded for
a non-zero linear functional � then there is a linear subspaceM D L0 determined by
the support ofW , as described above, such that � D �0˝�1 for .�; q/ 2 ƒwhere �0
is an orthogonal transformation on L0 and �1 a linear expansion on L1 D L?0 . If
�W is unbounded for all � ¤ 0 then � is an affine expansion with center z0 2 cl.B/,
and M D fz0g. In principle z0 depends on � .

In general �0 D 
0 C �0, where d
0 D 1@Bd�0 lives on M \ @B , �.
0/ D 
0,
and �0 lives on Bc and satisfies

�0.�.K// D q�0.K/; K � Bc compact, .�; q/ 2 ƒ: (17.24)

The measure 
0 may change when one replaces the normalizations ˛n by normaliza-
tions ˇn � ˛n.

Theorem 17.42 (Representation). Let Z be a random vector in Rd with distribu-
tion � . Let E1ßE2ß � � � be open ellipsoids. Assume (17.17) holds, where W has a
non-degenerate distribution �0 on Bc . Let (17.22) hold, and let pnC1 � pn.

1) If kW k D 1 a.s. then EkZkn is finite for all n � 1;
2) If PfkW k > 1g is positive, there exists a one-parameter group of affine trans-

formations � t , t 2 R such that � t .B/ � B for t > 0, and a Radon measure
� on Rd n M , which lives on D1 D S

�n.B/, such that �0.M/ D �0.@B/ D
�0.M \ @B/, and

d�0 D d� on .B [M/c ; � t .�/ D et�; t 2 R;

and such that one of the following holds.
2a) � t are expansions with center z0 2 cl.B/, andM D fz0g.
2b)There are proper invariant linear subspacesL0 andL1, such that � t D � t0˝� t1

where � t0 are orthogonal linear transformations on L0 D M , and � t1 is a linear
expansion group on L1 DM?.

Proof. We have to construct a one-parameter group � t , t 2 R, such that B � Et D
� t .B/ for t > 0, and � t .d�0/ D etd�0 onEct . Let us first construct the ellipsoidsEt
for t > 0. Let .�n; qn/ 2 ƒ such that qmn

n ! 1=e for a sequence mn ! 1, and
set �n D �

mn
n , and En D �n.B/. We claim that the sequence .En/ is bounded. For

any ellipsoid E and any unit functional � define S� .E/ D fc1 � � � c2g to be the
smallest closed slice containing E, and set ı0.E/ D inf� �0.S� .E/c/. Note that the
inf is achieved in some point �0. We concentrate on the situation where the �n are
affine expansions with center zn 2 cl.B/. If �0 is degenerate it lives on a hyperplane
through z0, and �0 is degenerate. Hence ı0.B/ is positive, and ı0.En/! ı0.B/=e.
First suppose zn ! z0 2 B . If the diameter of En diverges, there exist directions �n
such that the slice S�n

.En/ contains a centered ball rnB with rn ! 1, and hence
ı0.En/! 0. If z0 2 @B we replace B by 2B and consider the limit of the high risk
scenarios Z˛n.2B/

c
.



294 IV Thresholds

By a diagonal procedure we may extract a subsequence so that � Œmnt�
n .B/! Et

for all t > 0, whereEt , t � 0, is an increasing sequence of ellipsoids, and�0.Et /c D
et�0.B

c/. The setsEct play the role here of the horizontal halfspaces in Section 14.8.
There exist ˇr , r > 0, such that ˇr.Et / D EtCr for all t � 0, and ˇr.d�0/ D
er.d�0/ on Ecr . Indeed for any r > 0 there may exist many such ˇr . Quotients
˛ D ˇ�1r ˇ0r mapB into itself and leave�0 invariant. We may now use Lemma 18.79
to construct the generator of the one-parameter group � t as in Theorem 14.7. �

With the sequence of high risk scenariosZE
c
n we have associated an excess mea-

sure � on Rd nM , extending�0, and a one-parameter group of affine transformations
� t , t 2 R, which satisfy� t .�/ D et� and� t .B/ � B for t > 0. Let S denote the com-
pact group of affine transformations 
 which satisfy 
.�/ D �. See Theorem 16.11.
We introduce three conditions:

1) �0.@B/ D 0;
2) any excess measure �1 which agrees with � on Bc coincides with �;
3) S is a group of orthogonal transformations: 
.B/ D B if 
.�/ D �.
The first condition holds if we replace B by a slightly larger ball rB . The sec-

ond condition is discussed in Sections 18.10 and 18.11. It ensures that for each pair
.ˇ; e�t / 2 ƒ with t > 0 one may write ˇ D ��t
 for some 
 2 S . The third condi-
tion ensures that the symmetries of �0 are exactly the measure preserving symmetries
of �.

Theorem 17.43 (Extension). Let the assumptions of the previous theorem hold, and
also the first two conditions above. SetM� DM C �B . Then

˛n.�/=pn ! � weakly onM c
� ; � > 0: (17.25)

Moreover there is a continuous curve ˇ W Œ0;1/! A, which varies like � t such that

etˇ.t/�1.�/! � weakly onM c
� ; � > 0; t !1: (17.26)

If the third condition also holds one may choose the curve ˇ such that ˇ.� logpn/ D
˛n
n for a sequence .
n/ in S .

Proof. We first prove that the limit relation (17.25) holds for �=2 if it holds for
�. Choose r so large that 
.B/ßrB for all 
 2 S . Choose b > 0 so large that
��b.M2r/ � M1. Let pkn

=pn ! eb . Then ˇn D ˛�1n ˛kn
is relatively compact.

For simplicity assume convergence, ˇn ! ˇ. Then

˛�1n .�/=pn D ˇn.˛�1kn
.�/=pkn

/.pkn
=pn/! ebˇ.�/ D �

on ˇ.M c
� / D ��b.M c

r�/ � M c
�=2

. This proves (17.25). In the general case we use a
subsequence argument.
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Now choose 1 < k1 < k2 < � � � such that pkn
� e�n. Define ˛kn

D ˛1ı1 : : : ın.
There is a sequence �n 2 S such that ˇ.n/ WD ˛kn

�n satisfies ˇ.n/�1ˇ.nC 1/! � .
Set �n D ��1n�1ın�n, with �0 D id. Then ˛1�1 : : : �n D ˛kn

�n D ˇ.n/, and �n D
ˇ�1n�1ˇn ! � . Interpolation gives a continuous curve ˇ W Œ0;1/! A which varies
like � t . See Section 18.2 for details. Then (17.26) holds since � satisfies � t .�/ D et�.
We shall assume pkn

D e�n. Then tkn
D n and 
kn

D �n. Note that ˇ.tn/.B/ �
En D ˛n.B/. Choose ˇn � ˇ.tn/ such that ˇn.B/ D En. Then ˇ�1n .�/=pn ! �

weakly on M c
� for � > 0, and hence ˇ�1n .ZE

c
n / ) W . Hence ˇn � ˛n
n for a

sequence 
n 2 S by the Convergence of Types Theorem. Replace ˇ.tn/ by ˛n
n and
interpolate to obtain a new continuous curve ˇ, which is asymptotic to the old one
since tnC1 � tn ! 0. �

18 Regular variation and excess measures

This section is a toolbox for the first four sections of the chapter. It contains a short in-
troduction to multivariate regular variation. There are subsections on the Meerschaert
spectral decomposition, on Lie groups, and on the Jordan form for one-parameter
groups of linear and affine transformations and their generators. We develop the gen-
eral theory of excess measures, and discuss symmetry and local symmetry of excess
measures.

We characterize the one-parameter groups for which excess measures exist. As
an introduction we describe the excess measures on the plane. This general theory
extends the theory of excess measures for exceedances over horizontal and elliptical
thresholds developed above.

We close with an example. The final subsection exhibits a probability distribution
on the plane for which exceedances over linear thresholds, exceedances over elliptic
thresholds, and coordinatewise maxima give different pictures of the tail behaviour.

18.1 Regular variation. For the convenience of the reader we insert a brief intro-
duction to multivariate regular variation here.

A function ' W Œ0;1/! R, whose slope tends to a constant � in infinity, satisfies
the relation:

'.tn C sn/ � '.tn/! �s; tn !1; sn ! s; s 2 R: (18.1)

In particular the sequence bn D '.n/ satisfies bnC1 � bn ! �; and, conversely,
for any sequence .bn/ such that bnC1 � bn ! � the continuous piecewise linear
function  with value bn in n D 0; 1; : : : satisfies (18.1).

Proposition 18.1. If ' satisfies (18.1), and agrees with the continuous piecewise
linear function  above in the points t D 0; 1; : : : , then ' �  vanishes in infinity.
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Proof. Suppose tn !1. Set sn D tn � Œtn�. Assume sn ! s 2 Œ0; 1�. Then

'.tn/ �  .tn/ D '.tn/ � '.Œtn�/ �  .tn/C  .Œtn�/! �s � �s D 0:
Conclusion: for any " > 0 eventually j'.t/ �  .t/j < ". �

If ' satisfies (18.1) then '0.t/ D '.t/ � �t locally is close to horizontal for
t ! 1. What about the global behaviour of '0? That may be wild. For any
sequence of reals c0; c1; : : : there exists a function '0 whose slope tends to zero, and
which satisfies '0.tn/ D cn for a sequence of time points 0 D t0 < t1 < � � � . Indeed,
one may (obviously) construct '0 to be linear on the intervals Œtn; tnC1� with slope
1=2n.

If P'.t/ ! � then f .t/ D e'.t/ solves the linear ODE Pf .t/ D �.t/f .t/ with
�.t/! � for t !1; and f also satisfies

f .tn C sn/=f .tn/! e�s; tn !1; sn ! s; s 2 R: (18.2)

Conversely, by Proposition 18.1, any f W Œ0;1/ ! .0;1/ which satisfies (18.2)
is asymptotic to a piecewise C 1 function g which satisfies Pg.t/ D �.t/g.t/, with
�.t/! �, for t !1. A function which satisfies (18.2) will be said to vary like e�t .

If f is measurable, the weaker condition:

f .t C s/=f .t/! e�s; t !1; s 2 R; (18.3)

implies (18.2) by the Van Aardenne–De Bruijn–Korevaar Uniform Convergence The-
orem. The last limit relation is better known in the form

R.xy/=R.x/! y�; x !1; y > 0; (18.4)

where we write x D et , y D es , and R.u/ D f .r/ for u D er . The func-
tion R W Œ1;1/ ! .0;1/ is said to vary regularly in infinity with exponent �. If
R.xy/=R.x/ has a finite limit Q.y/ when x ! 1, for any y > 0, then Q.xy/ D
Q.x/Q.y/. If, moreover, R is measurable, then Q is a power function. Regular
variation thus has two aspects: It describes the asymptotic behaviour of solutions of
linear ODEs; and (in different coordinates) it describes the asymptotic form of a basic
functional relation.

A natural question suggested by the limit relation (18.4) is: What are the minimal
conditions? Does a decreasing functionR, for instance the tail of a df, vary regularly
if the limit relation (18.4) holds for y D 2; 3 and for positive integers x? See Feller
[1971] Section VIII.8 for a very readable answer to this question. Regular variation
is of great importance in asymptotics since it is able to pass the Laplace transform
barrier as was shown by Karamata in 1930. Laplace transforms will not be used in
these lectures. So we shall stick to the simpler expression in (18.3). There is an
extensive literature on regular variation; see for instance Bingham, Goldie & Teugels
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[1989], or Geluk & de Haan [1987], or Jessen & Mikosch [2006]. Aczél [1969] is a
good introduction to functional equations.

We now turn to the multivariate case.

Definition. Let � t D etC , t 2 R, be a one-parameter group of affine transformations.
A function ˛ W Œ0;1/! A varies like � t if

˛.tn/
�1˛.tn C sn/! � s; tn !1; sn ! s; s 2 R: (18.5)

Actually one is not so much interested in the function˛ as in the class of functionsˇ
which are asymptotic to ˛ in infinity in the sense that ˛.t/�1ˇ.t/! id for t !1.
If ˇ varies like � t , and ˛ is asymptotic to ˇ, then (18.5) holds for ˛. This is an easy
exercise. It is also easy to see that the limit �.s/ in (18.5) satisfies the functional
equation �.s1 C s2/ D �.s1/�.s2/, if it exists for each s 2 R.

Definition. If A W Œ1;1/! GL is measurable and

A.xy/A.x/�1 ! yC ; x !1; y > 0;
then A varies regularly with exponent C .

Note the order of the factors on the left. Set ˛.t/ D A�1.et / (or ˛.t/ D AT .et /).
By the multivariate version of the Uniform Convergence Theorem ˛ then varies like
� t D e�tC (or like etC

T
). For a proof of the UCT see Balkema [1973] or Meer-

schaert & Scheffler [2001]. The latter is the standard work on multivariate regular
variation. It may seem confusing to have two names for concepts which are so closely
related. In practice it is convenient to have two approaches to the same fundamental
theory. In the univariate case it is reasonable to describe the normalizations for heavy
tails in terms of regular variation. For distributions in the domain of the exponential
limit law the scaling varies slowly, but the full normalization varies like a group of
translations; see Section 18.3 below. The basic limit relation (18.5) is equivalent to
uniform convergence on bounded s-intervals for t ! 1. So, by the UCT, condi-
tion (18.5) is weaker than the conditions imposed in the definition of regular variation
above.

Definition. A one-parameter group of affine transformations � t , t 2 R, on Rd is a
group of affine transformations which may be represented by matrices of size 1C d
as in (2) in the Preview, as � t D etC . The generator of a Lie group C is any matrix
of size 1C d with top row zero.

For a matrix in Jordan form one can write down the exponential and logarithm by
hand, since the power series break off after a finite number of terms; see (18.22).

Example 18.2. Let � t D etC be a one-parameter group of affine transformations,
with generator C ¤ 0, and let ' W R ! R satisfy the Cauchy equation: '.t C s/ D
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'.t/C '.s/. Then G.t/ D e'.t/C satisfies G.t C s/ D G.t/G.s/. There exist non-
measurable solutions of the Cauchy equation. (Just write R as a vector space over the
rationals Q, choose an (uncountable) base, say 1;

p
2;
p
3; : : : and let ' interchange

two base elements, say 1 and
p
2.) ThenG.t/, t 2 R, is not a one-parameter group. ˙

The parameter t of a curve ˛.t/ which varies like � t D etC may be interpreted
as time. The asymptotic behaviour of ˛.t/ is related to stability of the corresponding
ODE, P� D �C.t/, with C.t/ ! C . See Bellman [1969] and Agrachev & Sachkov
[2004]. In the multivariate situation often it is the set f˛.t/ j t � 0g rather than the
function t ! ˛.t/ which one is interested in. We could declare two curves t 7! ˛.t/

and t 7! ˇ.t/ equivalent if the sets f˛.t/ j t � 0g and fˇ.t/ j t � 0g are equal, or
asymptotically equal. This equivalence relation is rather drastic. We shall assume
that there is a well-behaved time change which transforms the one curve into the
other:

Definition. Suppose ˛ varies like �at , and ˇ like �bt , with a; b > 0. We say that ˛
and ˇ are related by a time change if there is a continuous strictly increasing function
' W Œ0;1/! Œ0;1/ such that

ˇ.t/ D ˛.'.t//; t !1; (18.6)

where ' satisfies (18.1) with � D a=b, and '.0/ D 0.

Regular variation concerns the normalization. Our primary interest is in the excess
measure and limit law. Concentrating our attention on the normalization is like
taking a picture, and instead of showing the photograph, only giving technical details,
like shutter speed, focal distance, light intensity. For different photographs of the
same object these technical details may vary considerably even if the same camera is
used. We can only point out here that statisticians have always been concerned with
normalizations. In a Gaussian world the affine normalizations represent the location
vector and the covariance matrix, the objects of supreme interest. There still is a
considerable gap between the sequence of normalizations which one needs to keep
the edge of the sample cloud in focus, and a continuous curve in A which varies like
the one-parameter group of symmetries of the excess measure, but the relevance of a
limit theory for the normalizations to the study of high risk scenarios should be clear.

In the univariate case regular variation often applies to distribution tails. In the
multivariate case the term regular variation has been used to describe the tail behaviour
of dfs on Œ0;1/d in the domain of attraction of a max-stable distribution, and more
recently for fat-tailed probability distributions on Rd in relation to coordinatewise
extremes. See Resnick [2004], Rootzén & Tajvidi [2006]. A more algebraic approach
was developed in Jurek & Mason [1993]. More recently Meerschaert and Scheffler
in MS have developed a truly geometric general theory of regular variation for finite
measures in the domain of attraction of excess measures on Rd nf0gwith heavy tails.



18 Regular variation and excess measures 299

18.2 Discrete skeletons. If the curve ˛ W Œ0;1/ ! A varies like � t , then �n WD
˛.n/�1˛.nC 1/ ! � , and the sequence ˛.0/; ˛.1/; : : : determines the asymptotic
behaviour of the curve. One recovers the original curve (up to asymptotic equality)
by a simple interpolation formula. The interpolation formula yields a curve which
is continuous and piecewise C 1. Such curves are simple to handle, and will play an
important role in future constructions.

Let ˛n D ˛0�1 : : : �n with �n ! � . Set

˛.t/ D ˛n� t�nnC1; n � t � nC 1; t � 0: (18.7)

Then t 7! ˛.t/ is continuous and varies like � t . The sequence ˇ.n/ will be called a
discrete skeleton for the curve ˇ.

There is a slight technical difficulty with (18.7), as may be seen from the two
examples below.

Example 18.3. There is a sequence of 2 by 2 matrices �n ! � such that � t , t 2 R,
is a continuous one-parameter group in GL.2/, but the �n do not even have a square
root. One may take �n diagonal with determinant det �n D 1. ˙

Example 18.4. A matrix� does not determine the group� t , t 2 R. IfRt is the rotation
over the angle t in the plane, and ˛ maps the disk B onto the ellipse E D ˛.B/, then
the matrices � t D ˛ BRt� B ˛�1 map E onto itself, and � D �I whatever ˛. ˙

The group � t D etC , t 2 R, is determined by its generator C , not by � . So
let ˛n D ˛0�1 : : : �n, with �n ! � D eC . There are two questions. Does there
exist a continuous curve ˛ W Œ0;1/! A which varies like etC , such that ˛.n/ D ˛n
eventually? If ˇ W Œ0;1/ ! A varies like etC , and ˇn � ˛n does it follow that
˛.t/�1ˇ.t/! I for t !1?

Proposition 18.5. Suppose ˛n D ˛0�1 : : : �n where �n � ernC for a sequence
rn 2 Œ1=M;M� for someM > 1. Set sn D r1 C � � � C rn. There exists a continuous
˛ W Œ0;1/! A which varies like � t D etC such that ˛n D ˛.sn/ eventually.

Proof. Choose " 2 .0; 1=M/ such that k"Ck < 1=2. Set D D "C and ıt D etD .
Then kı � Ik < 1. (This follows from e1=2 < 2.) Hence ın ! ı implies that
Dn D log ın is well defined by its power series for n � n0 (as soon as kın�Ik < 1),
and Dn ! D.

Define ˛.snC t / D ˛n� t for 0 � t � rnC1 � ", and set ˇn D ˛.snC1 � "/. Then

ˇ�1n ˛nC1 D �"��rnC1˛�1n ˛nC1 D ı��rnC1�nC1 DW ın ! ı

since �nC1 � � rnC1 is given. For n � n0 write ın D eDn and close the gap between
ˇn and ˛nC1 by defining

˛.snC1 � "C t "/ D ˇnetDn ; 0 � t � 1; n � n0:
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Finally redefine ˛.0/ D ˛n0
��sn0 and ˛.s/ D ˛.0/� s . The curve ˛ W Œ0;1/ ! A

is continuous and piecewise C 1, with derivative P̨ .t/ D ˛.t/C outside the intervals
Œsn � "; sn�, n > n0. On the interior of these intervals P̨ .t/ D ˛.t/Cn�1 where
Cn D "�1Dn ! C . �

Proposition 18.6. Suppose ˛ and ˇ both vary like � t , and ˛.sn/ � ˇ.sn/ for a
sequence sn !1 which has bounded increments snC1� sn. Then ˛.t/�1ˇ.t/! id
for t !1.

Proof. It suffices to prove the result for a subsequence, which we may assume in-
creasing with increments which satisfy 1 � snC1 � sn � M for some M > 1. Now
proceed as in Proposition 18.1. �

18.3* Regular variation in AC. What do excess measures on the real line look
like? There are two kinds of halflines: upper and lower halflines. By a symmetry
argument it suffices to determine all excess measures which are finite on a halfline
Œj0;1/.

In (6.8) we listed three classes of excess measures in their simplest form. One
may translate these measures, scale them, or multiply them by a constant to extend
the class. This does not yet yield all excess measures with an upper halfline of finite
positive mass.

So let us start with the simpler problem of determining all one-parameter groups
of affine transformations � t W v 7! a.t/v C b.t/ on R. We may restrict attention to
positive affine transformations, � 2 AC. (Similarly in the multivariate situation the
linear part of � t has positive determinant.) Each � 2 AC has the form �.v/ D avCb
with a > 0, and determines a unique one-parameter group. If a D 1, then �
is a translation over b, and � t is a translation over tb; for a ¤ 1 one may write
�.v/ D a.v � c/ C c, with .1 � a/c D b. Then � is a scaling with center c, and
� t .v/ D at .v � c/ C c. Write a D e� . Use (2) in the Preview to represent these
groups � t as matrix groups with matrices of size two. The derivative in t D 0 yields
the generator C since etC D I C tC CO.t2/ for t ! 0:

1

t

��
1 0

bt 1

�
�
�
1 0

0 1

��
!
�
0 0

b 0

�
;

1

t

��
1 0

c � e�c e� t

�
�
�
1 0

0 1

��
!
�
0 0

�c� �

�
:

The lower right entry � in C is the Pareto parameter of the excess measure, and of
the associated GPD G� in (5) in the Preview. The lower left entry has no geometric
significance. It depends on the coordinates, like the center c. One may choose
coordinates so that C has Jordan form. It then is simple to write down the expression
for � t D etC .
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If � is an excess measure and � t .�/D et�, and �Œj0;1/D 1, then �Œ� s.j0/;1/D
e�s , and hence

�.j0/ > j0:

So start with a positive affine transformation � and a real j0 such that �.j0/ > j0.
The orbit

.j�; j �/ D f� t .j0/ j t 2 Rg (18.8)

is an unbounded open interval: R if � is a translation v 7! v C b; .c;1/ if � is an
expansion with center c; .�1; c/ if � is a contraction with center c.

Proposition 18.7. Given a positive affine transformation � and a real j0 such that
�.j0/ > j0, there is a unique excess measure � on .j�; j �/ such that � t .�/ D et�

and �Œj0;1/ D 1.
Proof. Define R W .j�; j �/ ! .0;1/ by R.� t .j0// D e�t . This defines � on
.j�; j �/ by R.v/ D �Œv;1/ for v 2 .j�; j �/, and � t .�/ D et .�/ holds since
R.� t .v// D R.� t� s.j0// D e�t�.v/ for v D � s.j0/. �

Do we now have all excess measures � which are finite and positive on some
halfline Œj0;1/? No! One easily checks that 1=v2 is the density of an excess
measure � on R n f0g. Excess measures may live on more than one orbit! In the
univariate case we shall restrict attention to excess measures which live on an open
interval, and satisfy �Œj0;1/ D 1 for some j0 2 R. The excess measure then is
determined uniquely by the symmetry group, and j0.

We now want to extend the correspondence between one-parameter groups of
transformations � t and excess measures � to a correspondence between curves which
vary like � t and probability distributions in the domain of �. We shall not distinguish
curves which are asymptotic, or dfs which are tail-equivalent. We start by selecting
a well-behaved curve.

Suppose ˛n D ˛0�1 : : : �n where �n ! � . Assume �.j0/ > j0. Then �n.j0/ >
j0 for n � n0, and hence ˛nC1.j0/ > ˛n.j0/ for n � n0. Define ˛.t/ by interpo-
lation, as in (18.7): ˛.t/ D ˛n�

t�n
nC1 for n � t � n C 1, n � n0. The inequality

�n.j0/ > j0 implies that t 7! � tn.j0/ is increasing on the orbit of �n generated by
j0. Hence t 7! ˛.t/.j0/ is increasing for t � n0. We have the following result:

Proposition 18.8. Suppose ˛n D ˛0�1 : : : �n where �n ! � for a positive affine
transformation � . Let �.j0/ > j0. Then ˛n.j0/ is eventually increasing. Set
lim ˛n.j0/ D y1 � 1, and let y0 < y1. There is a continuous curve ˛ W Œ0;1/!
AC, which varies like � t , such that ˛.n/ D ˛n eventually, and such that

t 7! y.t/ D ˛.t/.j0/; t � 0 (18.9)

is a strictly increasing continuous map from Œ0;1/ onto Œy0; y1/.
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The curve ˛ W Œ0;1/ ! AC above varies like � t . Let �.j0/ > j0, and let �
denote the excess measure on the orbit .j�; j �/ of j0 associated with � t and j0. We
shall construct a continuous df F which satisfies

et˛.t/�1.dF /! � weakly on Œv;1/; v > j�; t !1: (18.10)

Proposition 18.9. Given˛, � and j0 as above, define the dfF on the interval Œy0; y1/
by F.y.t// D 1 � e�t with y.t/ as in (18.9), and let R be the tail function of the
excess measure � determined by � and j0 in Proposition 18.7. Then T D 1 � F
satisfies

T .˛.t/.v//=T .˛.t/.j0// D etT .˛.t/.v//! R.v/; v 2 .j�; j �/; t !1:

Proof. Write v D � s.j0/. Let tn !1. For n � n0 there exists a unique sn such that
˛.tn/.v/ D ˛.tn C sn/.j0/. (For r > s the limit relation ˛.tn/�1.˛.tn C r/.j0//!

 r.j0/ > v implies ˛.tn/.v/ < y.tnCr/ eventually. Similarly ˛.tn/.v/ > y.tnCq/
for q < s. By the Intermediate Value Theorem there exists sn 2 .q; r/ for which
equality holds. Since t 7! y.t/ is strictly increasing the value of sn is unique.) Now
observe that

etnT .˛.tn C sn/.j0// D e�sn ! e�sR.j0/ D R.� s.j0// D R.v/

by definition of T , s and R. �

If ˇ W Œ0;1/! AC varies like � t , then ˇ.t/ � ˛.t/ for t !1, if we define ˛ by
interpolation as above with ˛n D ˇ.n/. Let tn !1, and vn ! v 2 .j�; j �/. Then
v0n WD ˛.tn/

�1ˇ.tn/.vn/ ! v. Hence v0n D ˛.ın/.vn/ for a sequence ın ! 0, and
ˇ.tn/.vn/ D ˛.sn/.vn/ if we choose sn D tn � ın. In particular ˇ.tn/.j0/ ! y1.
The proposition thus gives the following result:

Theorem 18.10. Let � be the excess measure on .j�; j �/ associated with the group
� t in AC, and the point j0. Thus � t .�/ D et� for t 2 R, .j�; j �/ is the orbit of j0
defined in (18.8), �.j0/ > j0, and �Œj0;1/ D 1. Let ˇ W Œ0;1/! AC vary like � t .
There exists a df F0 such that 1 � F0.ˇ.t/.j0// � e�t for t !1. Any probability
distribution � with df F tail asymptotic to F0 satisfies:

etnˇ.tn/
�1.�/! � weakly on Œv;1/; tn !1; v > j�:

We shall now prove the converse. A df F 2 DC.�/ determines a curve in AC.
We need to introduce the inverse function to the von Mises function  introduced in
Section 6.
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If satisfies (6.4), the inverse function j D   exists, isC 2 on a neighbourhood
of  .y1/ D1, and satisfies

A.t/ WD j 0.t/ D 1

 0.j.t//
D a.j.t// > 0;

j 00.t/
j 0.t/

D �  00

. 0/2
.j.t// D a0.j.t//! 0; t !1:

(18.11)

By the Intermediate Value Theorem

A.tn C sn/
A.tn/

! 1;
j.tn C sn/ � j.tn/

A.tn/
! s; tn !1; sn ! s 2 R: (18.12)

These relations are well-known from…-variation, the second-order theory of regular
variation developed by de Haan [1970]. Set ˇ.t/.v/ D j.t/C A.t/v. Then (18.12)
gives

ˇ.tn/
�1ˇ.tn C sn/.v/ D j.tn C sn/C A.tn C sn/v � j.tn/

A.tn/
! s C v DW 
 s.v/

for tn !1 and sn ! s 2 R.

Theorem 18.11. Let F 2 DC.�/. Let � t D etC where C is a generator with lower
right entry � , and let �.j0/ > j0. Let � be the excess measure on .j�; j �/ associated
with C and j0. There exists a continuous curve ˛ W Œ0;1/! AC which varies like
� t such that (18.10) holds.

Proof. Choose coordinates such that � lives on .�1; 0/, R, or .0;1/, according as
� < 0, � D 0, or � > 0; and j0 D sign.�/, � t .v/ D e�v for � ¤ 0, and � t .v/ D vCt
for � D 0. Write T .y/ D 1 � F.y/.

First suppose � > 0. Then T varies regularly with exponent �� where � D 1=� .
We may choose T0 continuous and strictly decreasing on Œ0;1/ with T0.0/ D 1,
such that T0.y/ � T .y/ for y ! 1. Define y.t/ by T0.y.t// D e�t , and set
˛.t/.v/ D y.t/v. Then

y.tn C sn/=y.tn/ D T �10 .e�tnCsn/=T �10 .e�tn/! es� ; tn !1; sn ! s

since T �10 varies regularly with exponent �� . Hence ˛ varies like � t . A similar
argument holds for � < 0. The upper endpoint of the df F is finite, and one may
choose coordinates so that it is the origin. For � D 0one may assume that1�F � e� 
where e� satisfies the von Mises condition, and the proof is given above. �

In the univariate case a description of the domains of attraction in terms of curves
of positive affine transformations which vary like a group of affine transformations –
translations, or expansions or contractions with a given center – may seem like an
exercise in abstraction. In the multivariate case regular variation is a natural approach
to the asymptotics of exceedances.
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18.4 The Meerschaert spectral decomposition. The Meerschaert Spectral De-
composition Theorem, SDT, treats the case where the diagonal elements of the real
Jordan form are not all equal. The SDT is the counterpart in regular variation of
Oseledec’s Theorem in the theory of dynamical systems. We shall discuss the theo-
rem and some of its implications. For the proof we refer to Section 16.9, and to MS.
The results in this section may be found in MS, Section 4.3. We shall discuss the
application of the theorem to exceedances over horizontal thresholds, and give a sim-
ple extension for affine transformations. The SDT is a result on multivariate regular
variation in GL or A; its application is not limited to heavy tailed distributions.

It will be convenient to assume that the probability distribution of our random
vector lives on a d -dimensional linear space L, on which as yet there are no coordi-
nates. We shall write L.Rd ; L/ for the space of all invertible linear maps from Rd

to L. A function A W Œ0;1/! L.Rd ; L/ varies like � t D etC if

A.tn/
�1A.tn C sn/! � s D esC ; tn !1; sn ! s; s 2 R: (18.13)

For the moment � t , t 2 R, is a one-parameter group of linear transformations on Rd .
Affine transformations are treated in Theorem 18.18.

We first discuss the case where � t D etC are diagonal linear transformations,
C D diag.�1; : : : ; �d /, with �1 < � � � < �d . In that case it is possible to choose the
normalizations to be diagonal too, in appropriate coordinates.

Proposition 18.12. Suppose A W Œ0;1/ ! L.Rd ; L/ satisfies (18.13), where C D
diag.�1; : : : ; �d / with �1 < � � � < �d . There exists T 2 L.Rd ; L/, and diagonal
matrices

B.t/ D diag.e'1.t/; : : : ; e'd .t// � T �1A.t/; t !1; (18.14)

where the 'k W Œ0;1/! R are continuous, piecewise C 1 functions, which satisfy

P'k.t/! �k; t !1; k D 1; : : : ; d:
IfL is an inner product space one may choose the coordinate mapT to be an isometry.

Proof. This is a special case of the SDT below. �

Example 18.13. Let � be a probability distribution on the d -dimensional linear
space L. Assume

et˛.t/�1.�/! � weakly on "Bc ; t !1; " > 0;
where ˛ W Œ0;1/! L.Rd ; L/ varies like � t D diag.et�1 ; : : : ; et�d /. We assume

0 < �1 < � � � < �d :
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Then � is an excess measure on Rd n f0g with symmetries � t D etC . The linear
isomorphism T W Rd ! L from the proposition above defines coordinates on L. Let
Z D .Z1; : : : ; Zd / be the random vector on Rd with distribution T �1.�/. LetK be
the open cube K D .�1; 1/d , and for t � 0 let Rt be the rectangle

Rt D .�b1.t/; b1.t// � � � � � .�bd .t/; bd .t// D B.t/.K/; bk.t/ D e'k.t/:

Zt denotes the vector Z conditioned to lie outside Rt . Normalize the components:

Wt D .Zt1=b1.t/; : : : ; Ztd=bd .t// 2 Kc :
Then Wt ) W for t !1, where W has distribution 1cKd�=�.K

c/. ˙
If the generator C of the linear group � t is in real Jordan form, the diago-

nal elements of C denote the expansion rate in the corresponding directions. Let

1 < � � � < 
m denote the distinct diagonal elements of the generator, with positive
multiplicities d1; : : : ; dm. Then one may write

Rd D Rd1 � � � � � Rdm ; � t D � t1 ˝ � � � ˝ � tm;
where � t

k
is a one-parameter group on Rdk . The eigenvalues of � t

k
all lie on the circle

of radius r t
k
D et
k in C. If � is an excess measure such that � t .�/ D et� then

the marginals �k on Rdk satisfy � t
k
.�k/ D et�k . The tail behaviour of this marginal

excess measure is determined by the exponent 
k . For " > 0

r�" 	 r
k�k.rB
c/	 r"; r !1:

The SDT gives similar tail bounds for probability distributions in the domain D1.�/.
Let us introduce some notation. Given functionsfk W Xk ! Yk fork D 1; : : : ; m,

one defines the function f D f1 ˝ � � � ˝ fm from the product X D X1 � � � � �Xm

to the product Y D Y1 � � � � � Ym by

.f1 ˝ � � � ˝ fm/.x1; : : : ; xm/ D .f1.x1/; : : : ; fm.xm// 2 Y; .x1; : : : ; xm/ 2 X:

IfL is ad -dimensional linear space,L D L1C� � �CLm, whereLk is a linear subspace
of dimension dk , and d1C� � �Cdm D d , thenL is isomorphic toL1� � � ��Lm, and
we shall use the same notation for linear maps. Thus if Ak W Rdk ! Lk is a linear
map for k D 1; : : : ; m, we write A D A1˝ � � � ˝Am for the linear map which maps
.w1; : : : ; wm/ 2 Rd1C���Cdm into A1w1 C � � � C Amwm 2 L.

Theorem 18.14 (Meerschaert Spectral Decomposition). LetA W Œ0;1/! L.Rd ; L/
vary like � t , see (18.13). Assume � t D � t1 ˝ � � � ˝ � tm where � t

k
is a one-parameter

group of linear transformations on Rdk , all eigenvalues of �k lie on the circle of
radius rk D e
k in C, r1 < � � � < rm and d1 C � � � C dm D d . There exist linear
subspaces LkßL of dimension dk for k D 1; : : : ; m, which span L, and continuous
curves Bk W Œ0;1/! L.Rdk ; Lk/ which vary like � t

k
, such that

B.t/ D B1.t/˝ � � � ˝ Bm.t/ � A.t/; t !1: (18.15)
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Proof. See Meerschaert & Scheffler [2001], Theorem 4.3.10, and Corollary 4.3.12.
�

The SDT allows one to transfer the spectral decomposition of the one-parameter
group � t D etC , t 2 R, to linear normalization curves B.t/ which vary like � t . The
theorem thus allows us to restrict attention to curves A W Œ0;1/! L.Rd ; L/ which
vary like � t , where the � t are linear transformations which grow at the same rate in
all directions, in the sense that all eigenvalues of � t lie on a fixed circle with radius
r t D et� in C.

The SDT becomes more transparent if one regards A.t/ as linear isomorphisms
from one linear spaceL0 to another linear spaceL. In the setting of high risk scenarios
L0 is the space on which the normalized vectors live, the normalized sample clouds,
and the excess measure. On L0 we use the coordinate w. The z-space L is the
domain of the original random vector Z, the sample clouds fZ1; : : : ; Zng, and the
high risk scenarios ZH and ZE

c
. The one-parameter symmetry group � t , t 2 R, of

the excess measure acts on L0; the generator C of this group determines the spectral
decomposition

L0 D L01C � � �CL0m; dim.L0k/ D dk; d1C � � �C dm D d D dim.L/: (18.16)

The subspaces L0
k

are invariant under � t , and the eigenvalues of the restriction � t
k

lie on a circle of radius r t
k
D et
k with r1 < � � � < rm. The SDT gives a similar

decomposition for z-space L D L1 C � � � C Lm, with dim.Lk/ D dk D dim.L0
k
/.

Moreover one may replace the original normalization curve A.t/, t � 0, by a curve
B.t/ D B1.t/˝ � � � ˝ Bm.t/, t � 0, where Bk.t/ W L0k ! Lk varies like � t

k
. This

decomposition of B.t/ reflects the decomposition � t D � t1 ˝ � � � ˝ � tm.
However there is a crucial difference between the decomposition of L0 and of L.

The decomposition (18.16) of L0 is unique, as is clear by writing C and � t D etC in
Jordan form. The decomposition of L reflects the rate of decrease of the tails of the
distribution � of the random vectorZ in the different directions. This decomposition
is not unique, as we saw in Section17.4. The convention r1 < � � � < rm for rk D e
k

implies that the tails of � become heavier as the index k increases. The subspaceLm
of the heaviest tails is unique, and so are the subspaces

Mk D LkC1 C � � � C Lm; k D 0; : : : ; m � 1; (18.17)

and the dual subspaces MC
k
D f� j �Mk D 0g. The subspaces Mk in this decreas-

ing sequence have a simple intrinsic characterization in terms of the original curve
A W Œ0;1/! L.L0; L/.

The rvs �Z for which � does not vanish on Lm all have the same tail exponent.
These tails need not be comparable. The decomposition here differs from the one in
Section 17.4, where tail exponents were allowed to be equal.
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Let us first discuss uniqueness of the curve B.t/ D B1.t/˝ � � � ˝ Bm.t/, t � 0.
Let Q be a linear transformation on L. Set B 0.t/ D QB.t/. Then:

1) The curve B 0 varies like � t since B 0.t/�1B 0.t C s/ D B.t/�1B.t C s/. The
factors Q�1 and Q cancel.

2) B 0.t/ D B 01.t/˝� � �˝B 0m.t/ where B 0
k
.t/ D QkBk.t/, andQ D Q1˝� � �˝

Qm maps L1 C � � � C Lm onto E1 C � � � C Em with Ek D Q.Lk/ because Q is a
linear isomorphism.

Conclusion: One may replace B.t/ by B 0.t/ D QB.t/ in the SDT provided B 0.t/ is
asymptotic to B.t/ for t !1.

Proposition 18.15. Let A.t/ and B.t/ be as in the SDT. Let L DM0 �M1 � � � � �
Mm D f0g be the linear subspaces in (18.17). Let E1; : : : ; Em be linear subspaces,
such thatMk D EkC1 C � � � CEm and

dim.Ek/ D dk D dim.L0k/ D dim.Mk�1/ � dim.Mk/; k D 1; : : : ; m:
There exists a curve of invertible linear maps A0.t/ D A01.t/˝ � � � ˝ A0m.t/, t � 0,
such that A0.t/ � A.t/ for t ! 1, and such that A0

k
.t/ W L0

k
! Ek varies like � t

k

for k D 1; : : : ; m.
For any such curveA0 W Œ0;1/! L.L0; L/ there exists a linear transformationQ

on L such thatQ.Lk/ D Ek and A0.t/ � B 0.t/ D QB.t/ for t !1.

Proof. Recall from linear algebra that one may identify the linear space M D L0C
M0 withL0�M0 ifM is the direct sum ofL0 andM0, i.e. if dim.L0/Cdim.L0/ D
dim.M/. IfE is a subspace ofM such thatM is the direct sum ofE andM0, then one
may identify E with the graph of a linear map F W L0 ! M0. The correspondence
betweenE and F is one-to-one. Hence withEk we may associate a linear map from
Lk to EkßMk�1:

wk 7! wk CQkC1;kwk C � � � CQmkwk; Qjk W Lk ! Lj :

Any linear transformation Q on L determines a matrix .Qij /, where Qij is a linear
map from Lj to Li . Assume Qi i is the identity on Li , Qij D 0 for i < j , and Qij
for i > j is determined by the decomposition L D E1 C � � � C Em as above. Then
B 0.t/ D QB.t/ D B 01.t/˝ � � � ˝B 0m.t/ where B 0

k
.t/ W L0

k
! Ek varies like � t

k
. We

claim that B 0.t/ � B.t/ for t !1.
Given the spectral radii r1 < � � � < rm of � , choose constants qk < rk < sk such

that
q1 < r1 < s1 < q2 < r2 < s2 < � � � < sm�1 < qm < rm < sm:

There exists t0 � 0 such that

kBk.t/k < stk kB�1k k � 1=qtk; t � t0; k D 1; : : : ; m:
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Then B�1.t/B 0.t/ D .Skj .t// where Skj .t/ D B�1
k
.t/QkjBj .t/. Hence .Skj .t//

is lower diagonal, Skk.t/ is the identity for k D 1; : : : ; m, and for t � t0, k > j

kSkj .t/k � kBk.t/�1kkQkj kkBj .t/k �M.sj =qk/t ! 0; t !1:
Hence B.t/�1B 0.t/! id for t !1.

So we may take A0 D B 0 D QB in the proposition. This proves existence.
Conversely, if A0 has the desired form then A0 is asymptotic to A, and hence to B by
the SDT, and to B 0 D QB by the argument above. �

Corollary18.16. In aEuclidean spaceLonemaychoose the subspacesLk in the SDT
to be orthogonal. Under this extra condition the decomposition L D L1C � � � CLm
is unique.

The spacesMk and their dualsMC
k
D f� j �.Mk/ D 0g have a simple character-

ization in terms of the curve A.t/, t � 0 in the SDT.

Proposition 18.17. Let 
k < c < 
kC1, where we set 
0 D �1 and 
mC1 D 1.
Then

�.Mk/ D 0 ” �t WD e�ct�A.t/! 0; t !1:
If � 62MC

k
, then k�tk ! 1.

Proof. We may assume c D 0 by a simple transformation: replace 
k by 
k � c, and
A.t/ by e�ctA.t/. We shall assume that the subspaces Lj are orthogonal, see above,
and define N0 D Mk and N1 D N?0 to be the subspace of all vectors orthogonal to
N0. We write � D .�0; �1/ where �i vanishes on N1�i for i D 0; 1. Set �t D �B.t/.
This is a linear functional on Rd . Asymptotic equality A.t/ � B.t/ for t ! 1
implies

k�tk D k�tA.t/�1B.t/k � k�tk:
So we may replace �t by �t . The ellipsoid Et D B.t/.B/ has the form Et D
fQ0t C Q1t < 1g, where Qit is a quadratic form on Ni . Since kBi .t/k ! 0 for
LißN1 and kBi .t/�1k ! 0 forLißN0 the ellipsoidE0t D fQ0t < 1g onN0 contains
the ball rB \ N0 eventually for any r > 1, and the ellipsoid E1t D fQ1t < 1g on
N0 is contained in the "-ball "B \ N0 eventually for any " > 0. If �0 ¤ 0 then
�0t D �0B.t/ satisfies �0t .B/ D �0.E0t / � r�0.B/, and hence k�0tk ! 1, which
gives k�tk ! 1. If �0 D 0, then �t .B/ D �1.E1t / � "�1.B/, and hence �1 ! 0,
and � ! 0. �

Asymptotic equality A.t/ � B.t/ implies that the ellipsoids Ft D A.t/.B/ and
Et D B.t/.B/ are asymptotic. This not only means that the volumes are asymptotic,
jFt j � jEt j. By (18) in the Preview it also implies

k1Et
� 1Ft

k1 D o.jEt j/; t !1:
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In particular for any " > 0 eventually e�"EtßFtße"Et . The ellipsoids Ft also
converge to the linear subspace N0 in the sense that for any compact set KßN0 and
any " > 0 eventually KßFtß.N0 C "B/.

We now turn to affine transformations on Rd . These may be regarded as linear
transformations on R1Cd by adding a virtual zeroth coordinate, as in (2) in the Preview.
However it is not clear that this coordinate is preserved by the matrices Bk in the
decomposition. Hence we write affine transformations as w 7! aC Aw, where a is
a vector in L, and A an invertible linear map from Rd to L.

Theorem 18.18 (Affine Spectral Decomposition). Let � t D � t1˝� � �˝� tm, t 2 R, be a
one-parameter groupof affine transformations onRd D Rd1C���Cdm . Write� t

k
.wk/ D

qk.t/ C Qt
k
wk for wk 2 Rdk , where Qk is an invertible linear transformation on

Rdk . We assume that the eigenvalues of Qk all lie on the circle of radius rk in C,
where 0 < r1 < � � � < rm.

Let L be a d -dimensional linear space, and let ˛.t/, t � 0, be affine transforma-
tions:

˛.t/.w/ D a.t/C A.t/w; ˛.t/ W Rd ! L;

where A.t/ are invertible linear maps, and a.t/ vectors in L. Assume

˛.tn/
�1˛.tn C sn/! � s; tn !1; sn ! s; s 2 R:

Then one may write L D L1 C � � � C Lm as the sum of linear subspaces Lk of
dimension dk , and there exist invertible affine maps ˇk.t/, t � 0,

ˇk.t/.wk/ D bk.t/C Bk.t/wk; ˇk.t/ W Rdk ! Lk;

with bk.t/ 2 Lk , and Bk.t/ invertible linear maps, such that

ˇ.t/ WD ˇ1.t/˝ � � � ˝ ˇm.t/ � ˛.t/; t !1:
If L is an inner product space, one may choose the linear subspaces Lk orthogonal.
Suppose qk D 0 for rk ¤ 1. For rk > 1 the maps ˇk.t/ may then be chosen linear,
bk.t/ 
 0, and for rk < 1 one may choose bk.t/ 
 pk for some point pk 2 Lk .
Proof. The curve A W Œ0;1/! L.Rd ; L/ varies like Qt , t 2 R, where Q D Q1 ˝
� � � ˝ Qm is the linear part of � . By Theorem 18.14 there exists a decomposition
L D L1 C � � � C Lm and Bk W Œ0;1/ ! L.Rdk ; Lk/ such that A.t/ � B.t/ D
B1.t/ ˝ � � � ˝ Bm.t/ for t ! 1. By the remark following the theorem we may
choose the subspaces Lk to be orthogonal. Set Ň.t/.w/ D a.t/ C B.t/w. Then
Ň.t/ � ˛.t/ since ˛.t/�1 Ň.t/.w/ D A.t/�1B.t/w ! w for t ! 1. Hence Ň

varies like � t . Write a.t/ D a1.t/C � � �C am.t/ with ak.t/ 2 Lk , and Ňk.t/.wk/ D
ak.t/C Bk.t/wk . Regular variation of Ň,

Ň.tn/�1 Ň.tn C sn/.w/! � s.w/; tn !1; sn ! s; s 2 R
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implies that Ňk W Œ0;1/ ! L.Rdk ; Lk/ varies like � t
k

for k D 1; : : : ; m. Now
suppose qk D 0 for rk ¤ 1. If rk > 1 then � t

k
, t 2 R, is a linear expansion group,

and Ňk.t/ � Bk.t/ for t !1 by Lemma 16.13; for rk < 1 the eigenvalues of �k lie
inside the unit circle in C, and there exists a vector pk 2 Lk such that Ňk.t/ � ˇk.t/
with ˇk.t/.w/ D pk C Bk.t/w by Lemma 15.15. �

It is possible to choose the origin in L such that the ˇk.t/ are linear maps for
rk ¤ 1. If the linear part of � has no eigenvalues on the unit circle, then one may
choose a new origin in Rd and in L such that � t is a group of linear transformations,
and such that ˛.t/ � A.t/, where A.t/ is the linear part of ˛.t/ in these coordinates.
If � has an eigenvalue on the unit circle in C, it may not be possible to replace the
affine transformations ˛.t/ by linear transformations, even if � is linear, as is shown
by Example 17.28.

The SDT is a basic tool in the analysis of D1.�/. In MS the domain D1.�/ is
characterized as the set of probability measures which vary regularly with exponentC ,
where C is the generator of the one-parameter group of symmetries of �.

We now turn to the domain Dh.�/. Let us first show that the vertical coordi-
nate � may be incorporated in a coordinate system such that the linear subspaces
Mk in (18.17) are coordinate spaces. Let e1; : : : ; ed be a basis for L such that
ed1C���CdkC1; : : : ; ed is a basis of Mk for k D 0; : : : ; m � 1, and, equivalently, the
coordinates �1; : : : ; �d1C���Cdk

span MC
k

.

Lemma 18.19. Let � D c1�1 C � � � C cj �j be a linear functional with cj ¤ 0. Then
one may replace �j above by � to obtain a new coordinate basis � 01; : : : ; � 0d . This
basis also satisfies

MC
k

is spanned by � 01; : : : ; � 0d1C���Cdk
; 0 � k < m:

Proof. For each i the elements �1; : : : ; �i and � 01; : : : ; � 0i span the same space. �

Let � 2 D1.�/, where � t .�/ D et�, with �t D etC a linear expansion group.
Let 
1 < � � � < 
m be the distinct diagonal elements of the real Jordan form of C ,
with multiplicities d1; : : : ; dm. Both z-space and w-space have a decomposition
Rd D Rd1 � � � � � Rdm , such that

� t D � t1 ˝ � � � ˝ � tm W Rd1 � � � � � Rdm ! Rd1 � � � � � Rdm

etˇ.t/�1.�/! � weakly on "Bc ; t !1; " > 0
ˇ.t/ D ˇ1.t/˝ � � � ˝ ˇm.t/ W Rd1 � � � � � Rdm ! Rd1 � � � � � Rdm ;

where ˇk.t/ varies like � t
k
D etCk on Rdk . Here Ck is in real Jordan form, with all

dk diagonal entries equal to 
k . Let �k and �k denote the corresponding projections
of � and � on Rdk . Suppose the vector Z D .X; Y / 2 RhC1 has distribution � .
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Let F be the df of the vertical component Y . We are interested in conditions which
ensure

1) 1 � F.y/ varies regularly in1 with exponent �� < 0;

2) R.y/ D F.�y/C 1 � F.y/ varies regularly in1 with exponent �� < 0;

3) F.�y/=R.y/! p 2 Œ0; 1� for y !1;

4) Z 2 Dh.�/.

By the lemma above we may choose the vertical coordinate � to be one of the
coordinates in the decomposition above, Y D �.Z/, and � D �j . With this coordinate
is associated a rate of decrease 
k . By Proposition 18.17

ycR.y/! 0; y !1; c < 1=
k;

!1; y !1; c > 1=
k :

Proposition 18.20. If Ck D 
kI and � is full, then 2) holds with � D 1=
k . If
in addition �kf� � 1g > 0 for every unit functional � on Rdk , then 1) holds with
� D 1=
k . If dk D 1 then ˇk.t/wk D bk.t/wk for a non-zero real bk.t/, and �k is
a measure on R n f0g. Assume bk.t/ is positive eventually, and �kŒ1;1/ > 0. Then
1), 2), 3) and 4) hold.

Proof. The first two statements follow from Proposition 17.12. The last statement
holds since � t , t 2 R, is a one-parameter group in Ah, ˇ.t/ 2 Ah, for t � 0, ˇ.t/
varies like � t , and the limit measure � does not vanish on fv � 1gßRd . �

If the eigenvalues of � t all lie on the circle with radius r t , the Jordan form may
have entries below the diagonal, indicating a shear component, or blocks of size two,
indicating a rotational component. The distribution tail of the vertical component Y ,
or of jY j, need not vary regularly in these cases. However there exist bounds in terms
of R-O variation, see MS, Theorem 6.1.32 and Definition 5.3.12.

The condition .X; Y / 2 D1 implies that the convex hulls of the sample clouds
may be normalized to converge, and 	 D 
 D Rd . In particular horizontal half-
spaces which do not contain the origin are steady.

Example 18.21. Suppose Z D .X; Y / 2 R3 lies in the domain Dh.�/, where �
is an excess measure with symmetries � t W .u1; u2; v/ 7! .e�tu1; etu2; v C t /. Let
J0 be a horizontal halfspace such that �.J0/ is positive and finite. One may choose
coordinates .Z1; Z2; Y / with

Z1 D a0 C a1X1 C a2X2 C aY; Z2 D b1X1 C b2X2 C bY
such that ˛.t/�1.ZH.t//) W for t !1 where W has distribution 1J0

d�=�.J0/,
and where the ˛.t/ 2 Ah are diagonal,

˛.t/.u1; u2; v/ D .e�'1.t/u1; e
'2.t/u2; b.t/C c.t/v/;

P'i .t/! 0; Pb.t/ D c.t/; Pc.t/=c.t/! 0:
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Here H.t/ are horizontal halfspaces fy � y.t/g such that PfY � y.t/g � e�t . ˙

18.5 Limit theorywith regular variation. We now return to the basic limit relation:

�t WD et˛.t/�1.�/! � vaguely on O; t !1: (18.18)

Here � is a probability distribution on Rd , and � a Radon measure on the open setO .
We assume that O is maximal and that ˛ W Œ0;1/! A varies like � t D etC .

We shall prove that the limit measure satisfies the basic symmetry relation � t .�/ D
et�, that O is invariant under � t , and that this also holds for the intrusion cone 	
and the convergence cone 
 , introduced in Section 5, and the corresponding sets of
halfspaces. We begin with a simple lemma.

Lemma 18.22. If �n ! � vaguely on O , and ˇn ! ˇ in A, then ˇn.�n/ ! ˇ.�/

on ˇ.O/.

Proof. Let  be a continuous function on ˇ.O/ with compact support K. Let U
be a neighbourhood of ˇ�1.K/, whose closure is a compact subset of O . Then
'n D  Bˇn is a continuous function with support contained inU for n � n0. HenceR
 dˇn.�/ D

R
'nd�!

R
'd� D R  dˇ.�/. �

Proposition 18.23. The limit measure is symmetric, and O is invariant.

Proof. Let s 2 R. Let rn D tn C sn with sn ! s and tn !1. Then (18.18) gives

˛.tn/
�1˛.tn C sn/�tnCsn D ern˛.tn/�1.�/ D esn�tn : (18.19)

By regular variation ˛.tn/�1˛.rn/ ! � s . Let n ! 1 in (18.19) to obtain the
symmetry:

� s.�/ D es�; s 2 R:

The left side converges on � s.O/. Hence so does the right side. By maximality
� s.O/ßO . Similarly ��s.O/ßO , which gives Oß� s.O/. �

A variation of this argument gives the powerful Extension Lemma.

Lemma 18.24 (Extension Lemma). Let ˛ W Œ0;1/ ! A vary like � t , and let � be
a Radon measure on the open set OßRd such that � t .�/ D et� for t 2 R, and
� t .O/ D O . Let � be a probability measure on Rd , and U0ßO open. If

�t WD et˛.t/�1.�/! � vaguely on U0; t !1;
then vague convergence holds on U DSs2R �

s.U0/.
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Proof. In view of Proposition 5.16 it suffices to prove that vague convergence holds
onUs D ��s.U0/ for each s 2 R. So let W Rd ! Œ0; 1� be continuous with compact
support KßUs . Let tn ! 1, sn ! s. First observe that � s.K/ is a compact set in
U0. Hence � s.K/ßV ßK1ßU0 for some open set V and compactK1. If ın ! � s then
ın.K/ßV eventually, 'n D  B ın !  B � s , and 0 � 'n � 1K1

for n � n0 impliesZ
'nd�tnCsn !

Z
 B � sd�: (18.20)

Now observe that (18.19) holds. For ın D ˛.tn/�1˛.tn C sn/ this givesZ
'nd�tnCsn D esn

Z
 d�tn :

The limit (18.20) then yields convergence to
R
 B � s.d�/ D es R  d�. �

We do not need the full force of (18.18). Suppose this limit relation only holds
for a sequence which diverges to infinity. If the sequence contains the integers nŠ
and nŠ C 1 then (18.19) with tn D nŠ and rn D nŠ C 1 implies that �.�/ D e�. If
the sequence also contains the numbers nŠC log 2 then � log2.�/ D 2�. It follows by
Theorem 18.28 that � s.�/ D es� for all s in the closed additive group generated by 1
and log 2. Since log 2 is irrational this equation then holds for all s 2 R, and hence �
is an excess measure.

Proposition 18.25. If (18.18) holds for a sequence tn !1, and tnC1�tn is bounded,
and if � s.�/ D es� for all s 2 R, then (18.18) holds for t !1.

Proof. Let rn ! 1. We shall show that (18.18) holds for a subsequence of .rn/.
So assume rn D tkn

C sn where sn ! s � 0. Use (18.19) to write �rn D
esn˛.rn/

�1˛.tkn
/�tkn

. Lemma 18.22, applied to the sequence ˛.rn/�1˛.tkn
/ !

��s , allows us to take the limit on the right. Hence �rn ! es��s.�/. By the
symmetry assumption the right side equals �. �

If the halfspaceJ0ßO has finite measure, then so has � s.J0/ for all s 2 R. Thus the
set H0 of all halfspacesJ ßO of finite mass is invariant under the affine transformations
� t , t 2 R. Recall that a halfspace J0ßO is sturdy if J0 is interior point of H0;
equivalently for any sequence Jn ! J0, eventually JnßO and �.Jn/ < 1. The
directions of sturdy halfspaces form an open cone 	 in the dual space, the intrusion
cone. Let � s.w/ D a.s/C A.s/w. Then ��s maps the halfspace H D f� � cg into
��s.H/ D f�A.s/ � c � �a.s/g since

z 2 ��s.H/ ” � s.z/ 2 H ” �A.s/z C �a.s/ � c:
Both the intrusion cone,	, and H	, the set of sturdy halfspaces, are invariant under
� t , t 2 R.
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Example 18.26. Suppose 	 contains the functional �0 D .1; 1; 1/. If the � t are
scalar expansions all one can say is that	 contains all functionals � sufficiently close
to �0 since the intrusion cone is open. If � t D .et ; e2t ; e3t / then 	 contains the
orbit f.r; r2; r3/ j r > 0g and hence by convexity all � D .a; b; c/ 2 .0;1/3 with
b2 < ac. The same holds for the convergence cone. ˙

Proposition 18.27. Suppose (18.18) holds. The convergence cone 
 , and the set H


are invariant under the transformations � t .

Proof. Let sn ! s, tn ! 1, and set rn D tn C sn, and ˇn D ˛.tn/
�1˛.rn/.

Then ˇn ! � s , and ˇn.�rn/ D esn�tn by (18.19). Now suppose J 2 H
 and
�.@J / D 0. Then �tn.Jn/! �.J / for any sequence Jn ! J . Choose Jn such that
ˇ�1n .Jn/ D ��s.J /. Then

�rn.�
�s.J // D �rn.ˇ�1n .Jn// D esn�tn.Jn/! es�.J / D �.��s.J //:

Hence �t .��s.J // ! �.��s.J // for t ! 1 holds for any J 2 H
 for which
�.@J / D 0. Since��s.H
/ is open in H it follows that��s.H
/ßH
 by maximality
of H
 . Equality follows as above. �

18.6 Symmetries. We shall now embark on an investigation of excess measures.
For a measure � on Rd there is a maximal open set O on which � is a Radon

measure. The set O consists of all points z 2 Rd which have a neighbourhood on
which � is finite. If ˛ is a symmetry of � then ˛.O/ D O . Recall that ˛ is a symmetry
of � if there is a constant c.˛/ > 0 such that ˛.�/ D c.˛/�.

Theorem 18.28. Let � be a Radon measure on an open set OßRd . The set G of
symmetries of � is a closed subgroup of A. For ˛ 2 G let c.˛/ > 0 be the constant
such that ˛.�/ D c.˛/�. The map c W G ! .0;1/ is a continuous homomorphism
into the multiplicative group of positive reals.

Proof. It is clear that ˛�1 is a symmetry if ˛ is, and that ˛ˇ is a symmetry if ˛
and ˇ are symmetries. So G is a group. It is also clear that c.˛�1/ D 1=c.˛/ and
c.˛ˇ/ D c.˛/c.ˇ/. It remains to show that G is closed and c continuous. So let
˛n 2 G converge to ˛0 2 A. We shall assume that the open set O is maximal.
We claim that ˛0.O/ D O . Above we saw that ˛n.O/ D O by maximality of O .
Let U D w C rB be a small open ball in O . The images En D ˛n.U / are open
ellipsoids, and E0 is contained in the union E1 [ E2 [ : : : . Hence E0ßO . This
proves ˛0.O/ßO . Similarly ˛�10 .O/ßO . Together this gives ˛0.O/ D O . Now let
' � 0 be continuous with compact support K contained in O , and

R
'd� D q > 0.

Let K1ßO be a compact neighbourhood of K. Then

c.˛n/

Z
'd� D

Z
'd˛n.�/ D

Z
' B ˛�1n d�!

Z
' B ˛�10 d� D

Z
'd˛0.�/:
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The sequence c.˛n/ is bounded eventually (by �.˛0.K1//max j'j=q), and hence has
a finite limit. This also holds for the sequence c.˛�1n / D 1=c.˛n/. So the limit c.˛0/
is positive, and does not depend on '. This shows that ˛0 is a symmetry. Hence G is
closed. The relation c.˛n/! c.˛0/ shows that c is continuous. �

The set S of measure preserving symmetries is a closed normal subgroup of G

since it is the kernel of the continuous homomorphism ˛ 7! c.˛/. If � is an excess
measure, and � t .�/ D et� for t 2 R, then any symmetry ˛ has the form

˛ D � t
 D 
 0� t ; t D log c.˛/; 
; 
 0 2 S :

The one-parameter group � t , t 2 R, is not unique, unless the group S of measure
preserving symmetries is discrete. We need some elementary Lie group theory to
understand the situation.

A one-parameter group ˛t D etA is determined by its generator,

A D lim
t!0

˛t � id

t
;

where we use the representation (2) in the Preview if the transformations ˛t are non-
linear. Let g be the set of generatorsA of all one-parameter groups˛t D etA for which
there exists a constant c D c.˛/ > 0 such that ˛t .�/ D ct� for t 2 R. The set g is a
linear space. It is called the Lie algebra of the group G . Actually g is determined by
the connected component of the group G which contains the identity. The component
of the identity is a normal subgroup, G0, which is both open and closed in G . Any
sequence ˛n in G which converges to the identity will lie in G0 eventually, and has
the form ˛n D eAn , n � n0, for a null-sequence An in g. Section 18.13 gives more
details.

The homomorphism ˛ 7! c.˛/ on G corresponds to a linear functional � on g:

c.eA/ D e�.A/; A 2 g:

The kernel s D f� D 0gßg of � is the Lie algebra of the group S of measure preserving
transformations. The � 2 G which satisfy (9) in the Preview are determined by a
hyperplane in the Lie algebra g:

� t D etC ; C 2 f� D 1gßg:

Example 18.29. If � is Lebesgue measure on .0;1/3 then G0 is the group of positive
diagonal matrices, and G is the group of matrices of size three with one positive entry
in each row and column, and six zeros. There is a discrete group of six measure
preserving transformations, which permute the axes. The group S is not compact.
The Lie algebra g of G consists of all diagonal matrices; �� is the trace. So C is a
generator for � if C is diagonal, and the diagonal sum is �1. ˙



316 IV Thresholds

Let C generate the group � t which satisfies � t .�/ D et�, and let 
 D eS be a
measure preserving transformation. The three transformations

eSCC ; 
�; �
 I 
 D eS ; � D eC ; S 2 f� D 0g; C 2 f� D 1g
map � into e�. In non-commutative groups the three may be distinct. Meerschaert
& Veeh [1993] give a thorough analysis of symmetry groups for excess measures
associated with linear expansion groups.

Definition. An excess measure � is an XS-measure if the group of symmetries G is so
large that G .J0/ is a neighbourhood of J0, and if � lives on an orbit of the component
of the identity of G .

Examples are the multivariate GPDs, but also Lebesguemeasure on .0;1/d , or on
a cone fv > kukg. Balkema [2006] contains further examples. Such XS-measures �
have the tail property of the univariate exponential distribution in an excessive degree.
For all halfspaces J close to J0 the high risk scenarios d�J D 1Jd�=�.J / have the
same shape.

18.7* Invariant sets and hyperplanes. With an excess measure are associated an
open set OßRd , a one-parameter group of affine transformations � t D etC , and a
halfspace J0 of finite positive mass. Here we shall prove that �.@J0/ D 0. We first
show that invariant sets have mass zero or infinite.

Definition. A set E is invariant under � t , t 2 R, if

� t .E/ D E; t 2 R: (18.21)

Any invariant set is a union of orbits 
z D f� t .z/ j t 2 Rg.
Proposition 18.30. If E is invariant, then so is its closure cl.E/, its interior int.E/,
the convex hull, the cone, and the affine subspace generated by E.

Proof. Suppose zn ! z 2 cl.E/. Then � t .zn/ ! � t .z/. Hence � t .z/ 2 cl.E/.
If U ßE is an open neighbourhood of z then � t .U /ßE is an open neighbourhood of
� t .z/. If z D p0z0C� � �Cpmzm with pi � 0, p0C� � �Cpm D 1, and zi 2 E, then
� t .z/ D p0� t .z0/C � � � Cpm� t .zm/. Similar arguments show that the cone and the
affine hull generated by E are invariant. �

Invariant Borel sets have mass zero or infinite since

�.E/ D �.� t .E// D e�t�.E/:
We shall now derive a similar result for affine subspaces. In particular this ensures
that �.@J0/ D 0 for any halfspace J0 of finite mass.

First we prove that any affine subspace contains a maximal invariant affine sub-
space.
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Lemma 18.31. For a given affine subspace A let A0 be the union of all orbits 
ßA.
Then A0 is an affine subspace. It may be empty.

Proof. If z1 and z2 are distinct points in A0, and z is a point on the line L through z1
and z2 then � t .z/ is a point on the line � t .L/ through � t .z1/ and � t .z2/. Hence A0
is closed for lines. �

Proposition 18.32. Let� be a
 -finitemeasure on Rd , and � t , t 2 R, a one-parameter
group of affine transformations such that � t .�/ D et� for t 2 R. Then any affine
subspace A contains an invariant affine subspace A0 such that �.A n A0/ D 0.

Proof. Let A0 be maximal. For z 2 A n A0 there exists t > 0 such that � s.z/ 62 A
for 0 < jsj < t . Choose t D t .z/ maximal. We shall see below that z 7! t .z/ is
measurable. Hence An D ft > 1=ng is a Borel set. Suppose �.Am/ D c > 0 for
somem � 1. The sets � t .Am/, 0 � t < 1=m, are disjoint Borel sets, each with mass
�.� t .Am// > c=e. This is not possible for a finite or 
 -finite measure. �

For any EßRd define

tE .z/ D inffs > 0 j � s.z/ � z 2 Eg; z 2 Rd :

The function z 7! tE .z/ is a first entrance time and is universally measurable if E is
a Borel set. We only need a special case.

Lemma 18.33. If E is open or closed then z 7! tE .z/ is measurable.

Proof. If E is open one may restrict s in the definition of tE to the positive rationals
and tE is the infimum of functions q1Eq

with q > 0 rational. IfEßRd nf0g is compact
then tE D sup tEn

where En is the open 1=n-neighbourhood of E. If EßRd n f0g is
closed then tE D inf tEn

where En D E \ f1=n � kzk � ng is compact. Finally
observe that tE is measurable for E D f0g since by the Jordan representation of the
generator C for s > 0

� s.z/ D z ” z 2 E�1
C � � � CE�m

where E� is the eigenspace of C for the eigenvalue � 2 C, and �1; : : : ; �m are the
eigenvalues on the imaginary axis for which �s=2�i is an integer. �

Corollary 18.34. Excess measures do not charge the boundary of halfspaces of finite
mass.
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18.8 Excess measures on the plane. One can explicitly write down all excess mea-
sures on R2, and with some extra effort, on Rd , for d > 2. First choose a symmetry
group � t D etC , t 2 R, of affine transformations on the plane. The generator C
may be represented by a matrix C of size 3 with top row zero. If the group contains
no translation component, one may choose the origin so that the transformations � t

are linear, and C is a matrix of size 2. We give the matrices in their Jordan form.
There are two classes of translations (of order one and two), and four classes of linear
transformations: diagonal, scalar, shear, and rotation. The generators are0@0 0 0

1 0 0

0 0 �

1A ;
0@0 0 0

1 0 0

0 1 0

1A ; �
� 0

0 �

�
;

�
� 0

0 �

�
;

�
� 0

1 �

�
;

�
� �

�� �

�
:

The parameters �;�; � are real, � < �, and � ¤ 0. Depending on the sign of � and
� there are 3C 1C 5C 3C 3C 3 D 18 qualitatively different groups.

Invariant sets have mass zero or infinite, as we saw above. Compact invariant
sets have measure zero since � is a Radon measure. It follows that there is no excess
measure for pure rotations (� D 0), or for the trivial group: scalar transformations
with � D 0. (All disks have measure zero.)

The simplest invariant sets are orbits:


z D f� t .z/ j t 2 Rg:
Many orbits are graphs. They are of the form

x D y2=2; x D e�y ; y D x�=�; y D cx; y D x log x:

Only the spiral orbits associated with rotations do not have this simple structure. The
image of the measure e�tdt on R under the map t 7! � t .z/ is an elementary excess
measure �z on the orbit 
z which satisfies � t .�z/ D et�z , at least if the orbit is not
compact. If the orbit is curved then �z is full. Only for pure translations (� D 0),
pure shears (� D 0), and scalar transformations, there are no curved orbits, and the
support of a full excess measure has to contain at least two orbits.

For rotations with � < 0, the orbits are spirals, and the complement of any disk
rB has infinite measure for �z . All halfplanes have infinite measure. This yields a
third group for which there is no excess measure. For the remaining 15 groups excess
measures exist.

In these lectures we have concentrated on two kinds of excess measures. Those
for which there exists a halfspace J0 of finite measure such that � t .J0/ßJ0 for t > 0;
and those which are symmetric for expansions (linear groups whose generator have
only eigenvalues with positive real part). Of the fifteen one-parameter groups which
admit an excess measure only the group of pure shears, � D 0, is not of one of these
two kinds.
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Example 18.35 (Pure shears: � t .u; v/ D .u; v C tu/). Orbits are the vertical lines
fu D cg with c ¤ 0, and the points on the vertical axis. Any excess measure is a
mixture of excess measures �c on the orbit through .c; 0/, c ¤ 0. For c > 0 the
excess measure �c is normalized by �cfv � 0g D 1. Then

�c.J1/ D e�1=c ; J1 D fv � 1g;
and in general �cfv � bg D e�b=c , so that we have �c.H/ D 1 for any halfplane
H D fv � b C aug. Similarly excess measures with mass to the left of the vertical
axis give infinite mass to v � b C au. To have a halfplane with finite positive mass
the excess measure has to live on one side of the vertical axis. We assume that it lives
on the right. Then one may write

� D
Z
�cd�.c/

for some measure � on .0;1/. Note that � has a density if � has:

d�.u/ D m.u/du ” d�.u; v/ D e�v=uum.u/dudv:
(For m D 1.a;b/ with 0 < a < b both sides give mass .b � a/e�c to fv � cug.) In
general

M.s/ WD �.Js/ D
Z
e�s=cd�.c/; Js D fv � sg:

We see thatM is a Laplace transform (of the image Q� of � under the map c 7! 1=c).
In particular there exists s0 2 Œ�1;1�, the abscissa of convergence, such that the
integral is finite for s > s0 and infinite for s < s0. If s0 is finite one may choose the
origin in .0; s0/. The functionM then is analytic on< > 0, and 0 is a singular point.
The measure � is a Radon measure on O D R2 n f.0; v/ j v � 0g. All halfplanes
HßO have finite mass. If s0 D1 there are no halfplanes of finite mass; if s0 D �1
then � is a Radon measure on R2, all halfplanes v � auCb with a; b 2 R have finite
mass, and are sturdy. ˙

Given the one-parameter group one would like to couple mixtures of elementary
excess measures to halfspaces of finite mass. If �.H0/ is finite then so is �.Ht /

for Ht D � t .H/. Then � is finite for all halfspaces contained in a finite union
Ht1 [ � � � [Htn , and also for all halfspaces HßO with direction � 2 	. For pure
shears, and excess measures on the right halfplane, there is only one such family
of halfspaces, H D fy � c C bxg, b 2 R, c > c0, where c0 is the abscissa of
convergence. In general the situation is less simple.

Example 18.36 (Hyperbolic Orbits). Let � be an excess measure which lives on
.0;1/2with symmetries� t W .u; v/ 7! .e�tu; etv/. The generator isC D diag.�1;1/.
The orbits in .0;1/2 are hyperbolas. Let �c be the measure on 
c D fuv D cg
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which projects onto Lebesgue measure on the positive horizontal axis. If � D �c
then O D R2 and the intrusion cone 	 is the open left halfplane.

In general the excess measure � on .0;1/2 is a mixture of elementary measures:
� D R

�cd�.c/ for a measure � on .0;1/. There are four classes of halfplanes,
represented by

fu � 1g; fv � 1g; fv � uC 1g; fuC v � 1g:
A simple computation gives �fu � 1g D �.0;1/, �fv � 1g D R

cd�.c/, and
�fv � u C 1g is finite if and only if

R
.c ^ pc/d�.c/ is finite. The fourth class

of halfplanes, Hab D fau C bv � 1g with a; b > 0, is different. If � is a Radon
measure on .0;1/ and�.0; 1/ is finite, then � is a Radon measure on R2 and �.Hab/
is finite. However � need not be a Radon measure on .0;1/. Suppose � has density
1=jc � 1j. Then �.U / D 1 for every open set U which intersects the orbit 
1.
Now � is a Radon measure on O D R2 n 
1. Halfplanes HabßO satisfy ab > 1=4.
Halfplanes of finite mass cannot see the measure � inside the convex region bounded
by the hyperbola 
1. So halfplanes cannot distinguish measures which agree with �
outside this convex region. Moreover the halfplaneHßO cuts off compact sets from
the orbits 
c , 0 < c < 1. As t varies, the halfplane � t .H/ will see both more and
less of the orbits it intersects. The basic assumption of the recipe still applies in this
situation. The mean measure �.� t .H// D e�t�.H/ increases as t decreases. ˙

18.9 Orbits. We now turn to excess measures on open subsets of Rd . Understanding
the structure of the orbits of the one-parameter group � t in A.d/ makes it possible
to describe excess measures as mixtures of elementary excess measures on orbits,
thus revealing the product structure. One factor is the exponential measure on R, the
other a spectral measure on a disjoint union of affine and quadratic subsets. We shall
characterize the one-parameter groups for which excess measures exist.

There are two kinds of affine one-parameter groups, those which contain a transla-
tion component, and linear groups. The generatorC is a matrix of size 1Cd with top
row zero. We assume that it has Jordan form. If C10 D 1 then � t maps the horizontal
coordinate plane f�1 D 0g into the horizontal hyperplane f�1 D tg. If C10 D 0 then
� t D etC are linear transformations, and one may take C to have size d .

If there is a translation component the map

ˆ W .u; t/ 7! � t .u; 0/; Rh � R! L D Rd

is a homeomorphism. It maps vertical lines into orbits. A Radon measure � on an
open invariant setOßLwhich satisfies � t .�/ D et� is the image underˆ of a product
measure ��.du/e�tdt on RhC1. If �.HC/ D 1 then the spectral measure �� is a
probability measure.

Henceforth we assume that � t D etC are linear transformations on the linear
space L D Rd , and that C is a matrix of size d in complex Jordan form. We shall
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identify complex numbers with submatrices of size two in the usual way, see (18.25).
For unbounded orbits 
p D f� t .p/ j t 2 Rg there is a measure �p on 
p which
satisfies � t .�p/ D et�p , and �pf� t .p/ j t � 0g D 1. This measure is the image
of the measure e�tdt on R under the map t 7! � t .p/. We claim that it is a Radon
measure on the open setLnL00, whereL00 is the linear space containing the bounded
orbits. We shall prove that any excess measure is a mixture of such elementary excess
measures �p .

One might try to write excess measures as mixtures of such elementary measures
with regard to a mixing measure on the space U of unbounded orbits, the quotient
space

U D .L n L00/= � :
Here the points p and q are equivalent, p � q, if both lie on the same orbit. Open
sets in U correspond to invariant open sets in L n L00. Unfortunately the quotient
space U need not be Hausdorff.

Example 18.37. Let C D diag.�1; 1/. Orbits are hyperbolas or half-axes. The two
positive half-axes do not have disjoint invariant neighbourhoods. ˙

Let us now first see what orbits look like. Orbits, or rather the functions � t .z/,
t 2 R, are solutions of linear ODEs, Px D Cx, see Hirsch & Smale [1974]. We are
interested in the sets 
z , rather than the dynamics. The generators C and rC with
r > 0 give the same orbits, traversed at different speeds; the orbits of �C are the
orbits of C traversed in the inverse direction. The matrix C in complex Jordan form
falls apart into blocks Cm

�
D J C �I of size m with �’s on the diagonal and ones

below. The matrices etC have the same decomposition with blocks etC
m
� D e�tetJ .

For m D 4 the matrices are

etJ D

0BB@
1 0 0 0

t 1 0 0

t2=2 t 1 0

t3=3Š t2=2 t 1

1CCA ; J D

0BB@
0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0

1CCA : (18.22)

The behaviour of the orbit is determined by its projections on the corresponding
m-dimensional invariant subspaces. If � is not real we identify the m-dimensional
complex subspace with a 2m-dimensional real subspace in the usual way.

In order to get insight in the behaviour of orbits, we write

L D Rd D Rdr ˚Cdc D LC ˚ L0 ˚ L�
p D .x; z/ D .pC; p0; p�/
d D dr C 2dc D dC C d0 C d�;

where dC, d0 and d� are the real dimensions of the invariant subspaces LC, L0 and
L� corresponding to eigenvalues in < > 0, < D 0 and < < 0.
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Suppose C D Cm
�
D J C �I as above. First assume � lies on the imaginary

axis. The orbit 
p diverges in both directions, k� t .p/k ! 1 for t ! 1 and for
t ! �1, unless p lies on the vertical axis, in which case 
p is a point or a circle.
If <� > 0 then � t .p/ runs from the origin to infinity for p ¤ 0 as t increases; if
<� < 0, it runs from infinity to the origin.

The decomposition of C into blocks Cm
�

makes it possible to describe the orbits.
The orbit 
p is bounded if and only if p 2 L00, where L00ßL0 is the subspace
spanned by the eigenvectors with eigenvalues on the imaginary axis. If the orbit is
unbounded then k� t .p/k ! 1 for t ! 1 or for t ! �1. The orbit diverges in
both directions if and only if pC and p� both are non-zero, or if p0 2 L0 n L00.
Now suppose f� t .p/ j t !1g is bounded, and k� t .p/k ! 1 for t ! �1. Then
pC D 0, p� ¤ 0, and p0 2 L00. If moreover p0 2 ker.C / then � t .p/ converges for
t !1; otherwise the limit points form a torus in L00, the closure of 
p0

.
If � t .z/ D z for some t ¤ 0, but not for all, then the orbit is (homeomorphic to)

a circle, if � t .z/ ¤ z for all t ¤ 0 the orbit is (homeomorphic to) a line. An orbit
may be bounded but not compact. Think of a line wound around a torus. The set of
fix points is a linear space. It is the kernel of the generator C . From the description
above we see:

Proposition 18.38. The union of the bounded orbits is a linear subspace L00. This
subspace L00 is spanned by the eigenvectors whose eigenvalues lie on the imaginary
axis.

Proposition 18.39. Unbounded orbits are closed in L n L00.
Proposition 18.40. The following statements are equivalent:

1) All orbits are bounded;

2) C is diagonal with entries on the imaginary axis;

3) if � is a Radon measure on an open set and � t .�/ D et�, t 2 R, then � D 0.
Proof. In view of the discussion above it suffices to show that symmetric Radon
measures � on an open setOßL vanish. LetK be a compact subset ofO . Choose an
open neighbourhood ofK whose closure is a compact subsetK1 ofO . Then �.K1/ D
c1 is finite. By 2) the � t lie in the compact group O of orthogonal transformations.
Hence there is a sequence tn !1 such that � tn ! I . It follows that ��tn.K/ßK1
eventually. Hence

etn�.K/ D �.��tn.K// � �.K1/ D c1; n � n0:
We conclude that �.K/ D 0. �

If � is a Radon measure onL such that � t .�/ D et� for t 2 R, then the restriction
of � to any invariant linear subspace will have the same properties. In particular the
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restriction to L00 is the zero measure. We shall now give a decomposition of L (and
�) by an increasing sequence of linear subspaces which allows us to write excess
measures � as mixtures of elementary measures �z somewhat in the same way this
was done when � t had a translation component.

Proposition 18.41. There is an increasing sequence L00 D M0ß : : : ßMm D L of
invariant linear subspaces, and a set SßL n M0 with the following properties for
k D 1; : : : ; m:

1) the set Sk WD S \ .Mk nMk�1/ is closed inMk nMk�1;
2) the mapˆk W .z; t/ 7! � t .z/ is a homeomorphism fromSk�R ontoMknMk�1;
3) if � is a Radon measure on the open setOßL such that � t .�/ D et� for t 2 R,

then �.M0/ D 0, and there exist Radon measures ��
k

on O \ Sk such that

ˆk.d�
�
ke
�tdt/ D 1MknMk�1

d�; k D 1; : : : ; m:

Proof. The construction of the subspaces proceeds by induction, starting withMm�1.
If there are unbounded orbits, there is a proper invariant linear subspaceMßL D Rd ,
and a closed subset S of L nM such that all orbits in L nM are unbounded and
intersect S in a unique point. Only the first coordinate x1 D �1.x/ or the first two
coordinates will play a role in the construction. One may write S D S0 �M , where
S0 is a quadratic surface of real dimension 0, 1 or 3 in the one- or two-dimensional
space R or R2, or C or C2, depending on whether the corresponding eigenvalue is
real or complex.

Suppose C has a real non-zero eigenvalue � . Assume C11 D � . Remember
that C has Jordan form. It may have ones below the diagonal. Since �1� t D e� t�1,
the map � t changes the value of the first coordinate x1 by a factor e� t . So take
M D f�1 D 0g and S D fj�1j D 1g. Then S0 is the point pair f�1; 1gßR. Each orbit
in L nM intersects S in a unique point.

Suppose C has an eigenvalue ! which does not lie on the imaginary or the real
axis. AssumeC11 D !. Then �1� t D e!t�1, where �1 is the first complex coordinate.
The map � t changes the value of the first (complex) coordinate z1 by a factor e!t .
So take M D f�1 D 0g, and S D fj�1j D 1g. Then S0 is the unit circle in C. Since
<! ¤ 0 the map t 7! je!t j from R to .0;1/ is a homeomorphism and for any vector
z 2 L nM there is one value of t 2 R such that je!tzj D 1.

Now assume all eigenvalues of C lie on the imaginary axis. If C is complex
diagonal then L D L00 and we are done. So assume C21 D 1. First suppose
C11 D C22 D 0. Then �1� t D �1 and �2� t D �2Ct�1. The linear map � t transforms
the first two coordinates .x1; x2/ into .x1; x2 C tx1/. So take M D f�1 D 0g and
S D f�2 D 0g nM . Then S0 is the horizontal axis in R2, with the origin removed.
For any vector x 2 L nM there is a unique t 2 R such that x2 C tx1 D 0.
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The first coordinate traverses a circle,
the second the spiral above:

t 7! eit .1C i t/:

Finally assumeC11 D C22 D ic with c ¤ 0.
Then �1� t D eict�1 and �2� t D eict .�2 C t�1/.
So � t transforms the first two complex coor-
dinates .z1; z2/ into eict .z1; z2 C tz1/. As t
varies, the second coordinate of the image point
eict .z2 C tz1/ moves along the line z2 C Rz1
with constant speed, and at the same time is ro-
tated around the origin (see figure). The first co-
ordinate traverses a circle, the second the spiral above:
t 7! eit .1C i t/. The first coordinate just moves
at constant speed around the circle with radius
jz1j. On the orbit in C2 there is a unique point
.w1; w2/with minimal norm. This is at the value
of t which minimizes z2 C tz1. We shall not
compute the coordinates w1 and w2, but only remark that from plane geometry it is
clear that w1 is perpendicular to w2. So .w1; w2/ lies on the complex-homogeneous
three-dimensional real quadratic surface u1u2 C v1v2 D 0 in R4 where we identify
wk D uk C ivk 2 C with the vector .uk; vk/ 2 R2. We set M D f�1 D 0g and
S0 D fu1u2 C v1v2 D 0g n f.0; 0; 0; 0/g.

In the construction first use up the non-zero real eigenvalues, and then the complex
eigenvalues which do not lie on the imaginary axis. If these have been depleted, we
are left with a linear subspace on which all eigenvalues of C lie on the imaginary
axis. If C is diagonal, we are done; if not we may use one of the last two procedures
to decrease the dimension. �

We can now determine the one-parameter groups for which excess measures exist.

Theorem 18.42. Excess measures exist for the one-parameter group � t D etC ,
t 2 R, if the group has a translation component, C10 D 1 in the Jordan form, or if the
group is linear and C has a real eigenvalue � < 0, or an eigenvalue � 2 f< > 0g,
or if the Jordan form has a diagonal submatrix

�
0 0
1 0

�
, and only in these cases.

Proof. In the cases mentioned in the theorem one may construct a measure �z living
on the orbit 
z which is finite on a halfspace J0 defined in terms of the first or first
two coordinates. To obtain a measure that is full one may take a finite mixture of
such elementary measures. If the condition is not fulfilled then C is linear. We may
assume that all eigenvalues have the form � D � C i' with ' ¤ 0 and � � 0, and
we may assume that Rd D Cdc with dc D d=2. It suffices to show that for any
elementary measure �z and any halfspace J the mass �z.J / is zero or infinite. Since
�z.@J0/ D 0 it suffices to show that �zf� > j0g D 1 whenever 
z intersects the
open halfspace f� > j0g. We may take j0 2 f�1; 0; 1g.

Let � be the measure on R with density e�t . We have to show that T \ .�1; 0�
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has infinite �-mass whenever

T D ft 2 R j <'.t/ > j0g
is non-empty, where

'.t/ D ei'1te�1tP1.t/C � � � C ei'mte�mtPm.t/:

Here thePk are complex polynomials, and �k � 0, 'k ¤ 0, and the complex numbers
�k C i'k are distinct. First assume all �k vanish, and the polynomials are constants,
Pk D ck ¤ 0. The function ' is periodic or almost periodic. It is bounded and so is
its derivative. For any interval Œs1; s2�, and " > 0, t0 > 1, there exists t > t0 such that
j'.s � t /� '.s/j < " for s1 � s � s2. For T non-empty there exists ı > 0 such that
T \ .�1; 0� contains infinitely many intervals of length > ı. If there are �k < 0,
let � be the minimal value. We may restrict attention to the terms with �k D � . Set

T D ft 2 R j <.ei'1tc1 C � � � C ei'mtcm/ > j0e
�� tg:

Observe that the right side vanishes for t ! �1. Hence the argument above applies
here too. Similarly if the polynomials are non-constant with degrees g1; : : : ; gm, we
may neglect all powers tq with q < g D maxfg1; : : : ; gmg. �

For exceedances over horizontal thresholds or ellipsoids there is a simple descrip-
tion of the orbits by means of a homeomorphismˆ from the product X �R onto the
natural domain of the excess measure:

ˆ W .x; t/ D � t .x/; x 2 X;

where X is the horizontal coordinate plane or the unit sphere in appropriate coordi-
nates. The excess measure � is the image of the product measure ��.dx/ � e�tdt .
In general such a representation holds locally.

Lemma 18.43 (Local Sections). Let � t D etC , t 2 R, be a one-parameter group of
affine transformations on Rd , p a point in Rd , and � a non-zero linear functional.
LetM be the hyperplane f� D cg containing p. Define

ˆ.z; t/ D � t .z/; z 2M; t 2 R:

If the derivative �Cp of the function t 7! �� t .p/ in t D 0 does not vanish there
exists ı > 0 such that ˆ restricted to D � .�ı; ı/ is a diffeomorphism. Here the set
D DM \ .p C ıB/ is the open disk inM of radius ı, centered in p.

Proof. Introduce coordinates such that p D 0 and � the vertical coordinate. ThenM
is the horizontal coordinate plane, and we may write ˆ.x; t/ D � t .x; 0/, x 2 Rh. In
these coordinates

ˆ0.0; 0/ D
�
I q

0 s

�
; s D �Cp ¤ 0:

Now apply the Inverse Function Theorem. �
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In case the orbit 
p is unbounded it is natural to wonder whether one can take the
diskD in the lemma so small thatˆmaps the full open cylinderD �R onto an open
tube around the orbit 
p , and that this map is a diffeomorphism.

If � is not linear (in any coordinates) then one may choose D to be a horizontal
coordinate plane in the Jordan coordinates. Proposition 18.41 above exhibits such
diffeomorphismsˆ withD D fj�j D 1g a pair of hyperplanes or a cylinder for a real
or complex eigenfunctional � whose eigenvalue does not lie on the imaginary axis.
In general such a cylinder D � R need not exist. The example below presents an
orbit 
0 of a one-parameter group of affine transformations which preserve Lebesgue
measure. The orbit is unbounded, k� t .0/k ! 1 both for t ! �1 and for t !1.
The images �n.ıB/ intersect the unit ball infinitely often, no matter how small one
takes ı > 0.

Example 18.44. It is simpler to use a group of linear transformations and a point
p ¤ 0. Let d D 4, and C D J , � t D etJ as in (18.22). Points on the vertical
axis are fix points; for other points the orbits diverge. Take p D .0; 0; 1; 1/, and
zn D .12=n2;�6=n; 1; 1/. Then �n.zn/ D .12=n2; 6=n; 1; 1/. ˙

18.10* Uniqueness of extensions. If we know the one-parameter group of symme-
tries of the excess measure �, then � is determined by the spectral measure. Suppose
that � has a density g. If � is an excess measure for exceedances over horizontal
thresholds, it suffices to know g on a horizontal hyperplane; if � is an excess measure
for exceedances over elliptic thresholds, it suffices to know g on the unit sphere. The
extension follows by (14) in the Preview.

If the symmetry group is not given, the situation is less simple. In this section we
consider the following situation: We are given a Radon measure � on an open set U
in Rd , an affine transformation � , and a constant C > 1 such that

�.�/ D C� on U1 D �.U /ßU:
The sequenceUk D �k.U /, k 2 Z, is decreasing. For n � 1 the measures �n.�/

and C n� agree on Un. For �m � 0 one may define �m D Cm��m.�/ on U�m.
This measure agrees with �j on U�j for j D 0; : : : ; m. As in Section 14.4 there is a
unique measure � on O DSUk , the � -extension of � which satisfies

�.�/ D C�; 1Ud� D d�:
So the Radon measure� onU above has a unique extension to a Radon measure �

on an open set O , which satisfies �.�/ D �. A problem arises if there is a second
affine transformation ˛ with the same properties as � . Do the two extensions agree?

In the simplest case � is an excess measure on Rd n f0g with a continuous density
and symmetries � t .�/ D et�. Let � be the restriction of � to the complement U of a
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compact setK, and let ˛.K/ � K, and ˛.�/ D C� on ˛.U /. If the ˛-extension of�
agrees with � then ˛ D � t
 for t D logC and an appropriate measure preserving
transformation 
 of �. In particular ˛ will be linear. It is an open problem whether
the ˛-extension agrees with �. A similar problem was encountered in Section 14.4
and left unresolved. In this section and the next we present some partial results.

Suppose ˛ and � are affine transformation, and �.B/ D ˛.B/. This does not
imply �2.B/ D ˛2.B/, nor ��1.B/ D ˛�1.B/. If � is the uniform distribution
on B , then �.�/ D ˛.�/ does not imply �2.�/ D ˛2.�/ or ��1.�/ D ˛�1.�/.
Example 18.45. Take � D diag.1; 2/ and ˛ D �R where R is a rotation over
�=2 counterclockwise. Then �2.B/ is a vertically elongated ellipse, ˛2.B/ D 2B;
��1.B/ is a horizontal ellipse, ˛�1.B/ is this ellipse rotated over �=2. ˙

We begin by showing that for a compact setK with non-empty interior the equal-
ities ˛k.K/ D �k.K/, k � 1, imply the same equality for all k 2 Z. We need an
algebraic result.

Proposition 18.46. Let � 2 A, and let G be a subgroup of A such that �G��1 D G .
If 
n WD ˛�n�n 2 G for n � 1, then this holds for all n 2 Z.

Proof. First note that


�1 D ˛��1 D �.��1˛/��1 D �
�11 ��1 2 G :

Now suppose 
�m 2 G . Then


�m�1 D ˛mC1��m�1 D �.��1˛/.˛m��m/��1 D �
�11 
�m��1 2 G :

By induction the result holds for all m � 0. �

Corollary 18.47. Let G be a compact subgroup of A. If ˛�n�n 2 G for n � 1, then
also for n � 0. Moreover G contains a compact subgroup K such that �K��1 DK ,
and ˛�k�k 2K , k 2 Z.

Proof. Let H be the algebraic group generated by the elements 
n D ˛�n�n, n � 1.
The elements

��1
n� D .��1˛/.˛�n�1�nC1/ D 
�11 
nC1
lie in H and generate ��1H� . So ��1H�ßH . This relation then also holds if
we replace H by its closure, the compact group K , say. Proposition 18.83 gives
��1K� D K . Hence also �K��1 D K . The proposition above, applied to K ,
gives ˛�k�k 2K for k 2 Z. �

Theorem 18.48. Let � be a finite non-degenerate measure on HC. Let ˛; � 2 Ah,
and suppose ˛.HC/ D �.HC/ D H1ßHC, and ˛.�/ D �.�/ D C� on H1 for
some C > 1. Then ˛k.HC/ D �k.HC/ WD HkßHk�1 for k 2 Z, and there exists
a Radon measure � on the open set O D S

kHk such that ˛.�/ D �.�/ D C� and
1HC

d� D d�.
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Proof. Write Hk D Rh � Œck;1/. Then C > 1 implies c1 > c0 D 0. Write
Q̨ .v/ D avC c1, Q�.v/ D cvC c1 with a; c > 0, and setM.t/ D Q�Œt;1/. Here Q� is
the vertical component of�, and Q̨ and Q� describe the effect of ˛ and � on the vertical
coordinate. Then M. Q̨n.0// D M. Q�n.0// D 1=C n. The asymptotic behaviour
of M determines the value of a and c. In particular a D c, as some reflection will
show. Hence Q̨ D Q� and Q̨k.0/ D Q� t .0/ D ck implies ˛k.HC/ D �k.HC/ for
k 2 Z. Let G be the compact group of those 
 2 A which preserve � and map
HC onto itself. See Theorem 18.75. Then ˛n.HC/ D �n.HC/ for n � 1 together
with ˛.�/ D �.�/ D C� implies ˛n.�/ D �n.�/ for n � 1 by induction. Hence
˛�n�n 2 G for n � 1. Corollary 18.47 gives this relation for n 2 Z. Hence
�m D Cm˛�m.�/ D Cm��m.�/ on H�m for m � 1, and the � - and ˛-extensions
of � agree. �

Suppose � is a finite non-degenerate measure on U D Kc , whereK is a compact
set with non-empty interior. Let˛; � 2 A mapK onto the same compact setK1 � K.

Proposition 18.49. Let �; ˛; � and U;K;K1 be as above. Let C > 1. Suppose
˛.�/ D �.�/ D C� onKc1 . If ˛n.K/ D �n.K/ for n � 1, then ˛k.K/ D �k.K/ D
KkßKkC1 for k 2 Z. There exists an affine subspaceM such that

T
Kk DM \K.

There exists a unique Radon measure � onM c such that

˛.�/ D �.�/ D C�; 1Ud� D d�:
We may choose the origin in a point p 2 K such that ˛ and � are linear, andM is a
linear subspace.

Proof. First observe that 
n WD ˛�n�n lies in the compact group of affine transfor-
mations mapping K onto itself for n D 1; 2; : : : , and that 
n.�/ D �. The compact
group K generated by 
1; 
2; : : : contains the elements 
k D ˛�k�k for k 2 Z,
and �K��1 D K by Corollary 18.47). As above the extension � is unique. As in
Section 17.7 the intersection

T
Kk has the form K \M for an affine subspace M .

�

Theorem 18.50 (Uniqueness Theorem). Let � be a Radon measure on Rd n f0g
and � a linear expansion such that �.�/ D C� for some constant C > 1. Let F be
a convex compact set such that �.F c/ is finite. Let ˛ 2 A such that F ß˛.F / and
˛.1F cd�/ D Cd� holds on the complement of ˛.F /. If ˛ is linear then ˛.�/ D C�.
If the convex hull of the support of � is the whole space Rd then ˛ is linear.

Proof. LetU D U."/ be the union of all open halfspaces of mass ". We choose " > 0
so small thatF lies in the complementK ofU . LetKn be the complement ofU."=C n/
for n � 0. ThenKßK1 andKn D ˛n.K/ D �n.K/ and ˛.�/ D �.�/ D c� onKc1 .
Now apply the previous proposition. If ˛ is linear the same argument applies with
U."/ the union of all sets fj�j > 1g of mass ". �
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18.11* Local symmetries. An excess measure may be more symmetric in some
points than others. The local symmetry enables us to show that excess measures for
expansions agree if they agree on large enough open sets.

If� is a non-zero finite measure on the open setU , and �1 and �2 are multivariate
GPD measures which agree with � on U then �1 D �2, unless �1 D �2 D �1. This
is obvious. The densities are analytic functions. If they agree on the set U they agree
everywhere. If the Pareto parameter is�1 then the GPD measure has a density which
is constant on some open paraboloid P . If � is uniformly distributed on U , all one
can say is that P contains U . In this section we derive two uniqueness results for
excess measures.

Example 18.51. Let � onO D C�Rnf0g be the sum of a measure on the open cone
C D fjzj < vgwith density 1=.jzj2Cv2/2, and a measure �0 on the spiral .etCit ; et /
on the boundary of C , which satisfies �0fv � cg D 1=c for c > 0. Then � is an
excess measure for the group of linear expansions � t .z; v/ D et .eitz; v/. On C the
local symmetry group consists of the affine transformations with determinant˙1; off
cl.C / the local symmetry group consists of all affine transformations; on the spiral it
consists of the linear transformations � t , and elsewhere on @C n f0g it is the linear
group generated by the rotations in the horizontal plane and scalar expansions. ˙

From the example we see that for each w 2 O in the support of � there exists
a neighbourhood U and a collection of symmetries ˛ such that ˛.�/ D ‚.˛/� on
U \ ˛.U /. Let Gw denote this group of symmetries. Observe that‚ W Gw ! .0;1/
is a homomorphism. If � vanishes on a neighbourhood of w, then Gw D A, but‚ is
not defined.

We shall restrict attention to symmetries ˛ close to id for which ˛t also is a
symmetry for jt j � 1. Hence it is more convenient to work with the Lie algebra
gw and the linear map � W gw ! R corresponding to the homomorphism ‚. See
Section 18.13 for details.

Definition. Let � be a Radon measure on the open set OßRd . For each w 2 O in
the support of � define .gw ; �w/. Here gw is a Lie algebra, a subalgebra of the Lie
algebra a of the group of all affine transformations, and �w W gw ! R is a linear
functional on gw which vanishes on the Lie bracket, �w.ŒA;B�/ D 0 for A;B 2 gw .
If there exists an open neighbourhood U D wC "B of w and an open ball W D ıB
in gw such that

˛.�/ D e�.A/� on U \ ˛.U /; ˛ D eA; A 2 W;
then .gw ; �w/ is called a local symmetry of � in w; if gw is maximal, it is called the
local symmetry.

It is not obvious that local symmetries may be described in terms of Lie algebras.
Let us say a few words to clarify the matter.
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For simplicity assume � has a smooth positive density g, and ˛t D etA and
ˇt D etB preserve the density locally, say on the open set U ßRd . One may regard
A and B as vector fields on U . Then g.˛t .z// D g.z/ for z 2 U , if t > 0 and
˛s.z/ 2 U , 0 � s � t . In terms of the vector field A this means that Ag D 0

on U . Similarly Bg D 0. It follows that Xg D 0 for all X 2 RA C RB . So
the vector fields which preserve g around a point w form a linear space. Now define
�.t/ D ˛tˇt˛�tˇ�t . Let z 2 U , and assumeU contains the elements˛t1ˇt2˛s1ˇs2z
for �ı � si ; ti � ı, i D 1; 2. Then g is constant on the curve t 7! �.t/.z/. By
continuity this implies that .ŒA;B�g/.z/ D 0. We conclude that the generators of
the local one-parameter groups which preserve the density form a Lie algebra. If
g.˛ti .z// D e�i tg.z/ locally, then

.Aig/.z/ D lim
t!0

g.˛ti .z// � g.z/
t

D lim
t!0

e�i t � 1
t

g.z/ D �ig.z/;

and Xg D �.X/g where � is the linear function with value �i in Ai . Note that
ŒA; B�g vanishes since g.�.t/.z// D g.z/ – the positive factors cancel. It remains to
show that these identities for the vector fields allow one to choose " > 0 and ı > 0

so small that

g.˛/ D e�.A/g on U0 \ ˛.U0/; ˛ D eA; A 2 ıB; U0 D w C "B: (18.23)

Choose " > 0 so small that U contains the compact closure K of U0 D w C "B .
Let r > ", and ˛n ! id in A. Then ˛n.K/ßw C rB eventually. So there exists
ı > 0 such that eA.K/ßU for all A 2 ıBßgw . (Even for all A 2 ıBßa.) For
z 2 U0 and kAk < ı the curve t 7! z.t/ D etA.z/, 0 � t � 1, lies in U , and
hence .Ag/.z.t// D dg.z.t//=dt D cg.z.t// with c D e�.A/ gives g.etA.z// D
et�.A/g.z/, and g.˛.z// D e�.A/g.z/. We have established (18.23). The group
structure of local symmetries given here is the Frobenius Theorem. See Varadarajan
[1974] for details.

The flow z 7! zt D etC z, t 2 R, on Rd induces a flow of measures � 7! �t .
This is clear if � is the point mass in a point z0, or a mixture of such point masses.
In general for a flow on O one may define for any function ' W O ! R the function
't by 't .z/ D '.zt /. For functions with compact support we define �t' D �'t ,
in the same way in which one sets T .�/' D R

'.T /d� D E'.T .Z// if � is the
distribution of Z and T any measurable map. The flow is measure preserving if
�t D � for all t 2 R. For smooth functions ' with compact support we may
interchange integral and derivative, and find �C' D 0. The flow is symmetric if
�t D e�t�, or equivalently�C D �� for the vector fieldC . As above the generators
of the local symmetries form a Lie algebra in each point w 2 O in the support of �.

Example 18.52. It may be impossible to extend local symmetries to global symme-
tries. Let � on O D C n f0g have density g.rei'/ D e'=r3 for 0 � ' < 2� , r > 0.
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Then � is an excess measure: � t .�/ D et� for � t W w 7! etw. The local symmetry
.gw ; �w/ is the two-dimensional Lie algebra gw with generators

I D
�
1 0

0 1

�
; J D

�
0 �1
1 0

�
and the linear map �.I / D �.J / D 1 for almost allw 2 C. The associated Lie group
G consists of the maps w 7! zw, z 2 C n f0g. The set O is open, connected, and
invariant under G ; but G is not the symmetry group of �. ˙

We shall now give a simple, more positive extension result.

Lemma 18.53. Let � be a Radon measure on the open set OßRd . Let a > 0, and
˛ 2 A. Suppose for each w 2 O there exists an open neighbourhood Uw such that

˛.Uw/ßO; ˛.1Uw
d�/ D a1˛.Uw/d�: (18.24)

Then ˛.O/ßO , and ˛.�/ D a� on ˛.O/.

Proof. If two measures are defined and equal on the sets ˛.Uw/ they coincide on the
union ˛.O/. �

Corollary 18.54. Let ı > 0 and � 2 R. Suppose (18.24) holds on Uw for ˛ D � t ,
jt j < ı, with a.t/ D e�t for each w 2 O . Then � t .O/ D O for jt j < ı, and
� t .�/ D e�t� on O . These relations then also hold for t 2 R.

Proposition 18.55. Let � be a Radon measure on the open set OßRd . Let O be
invariant under the one-parameter group � t D etC , t 2 R. Suppose C 2 gw for
each w 2 O in the support of �, and �w.C / D �0 for some constant �0 2 R. Then
� t .�/ D e�0t�, t 2 R.

Proof. The invariant points of the one-parameter group form an affine subspace M0

in Rd , which may be empty. For w 2 O nM0, by Lemma 18.43 there exists ı > 0,
a centered open ball D in Rh, a smooth map ˆ W D � R ! O , and an affine map
'0 W Rh ! Rd , such that '0.Rh/ is a hyperplane, '0.0/ D w, and such that

ˆ.x; t/ D � t .'0.x//; x 2 Rh; t 2 R

restricted to D � .�ı; ı/ is a diffeomorphism onto an open neighbourhood U of w.
There is a measure d� D d�0 � e��0tdt on D � R such that the image of � on
D � .�ı; ı/ under ˆ is � on U . The restriction of ˆ to D � .t � ı; t C ı/ is a
diffeomorphism onto an open subset U t of O for each t 2 R, and the image of �
on D � .t � ı; t C ı/ is the measure � on U t . (Let C be a compact disk in D, and
suppose the relations hold for � restricted to C � Œ0; s/. The local symmetry in the
points w 2 ˆ.C � fsg/ allows one to increase s slightly.) The restriction �0 of � to
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the open set ˆ.D � R/ need not be the image of � since ˆ need not be injective,
even if the orbit through w is unbounded, as we saw in Example 18.44. However
� t .�0/ D e�0t�0 holds for t 2 .�ı; ı/ since the equality holds on slices U t . Hence
� t .�0/ D e�0t�0 holds for all t . This relation then also holds for � on O . If �0 ¤ 0
then � vanishes on M0; if �0 D 0 then � may be an arbitrary Radon measure on
M0 \O . �

Example 18.56. Let � have density g on O D R2 n f0g, where g.u; v/ D u2 C v2
for u; v > 0, g D 1 on .�1; 0/2, and g vanishes elsewhere. Here the exponent �
depends on w. There is local symmetry, but no global symmetry, even though O is
connected. ˙

If � is an excess measure, the local symmetry is constant along orbits of the global
symmetry. If gßa is a Lie algebra, and ˛ 2 A, then g0 D ˛g˛�1 is a Lie algebra. If
� is a linear functional on g which vanishes on Œg;g�, then � 0 W ˛C˛�1 7! �.C / is a
linear functional on g0 which vanishes on Œg0;g0� since ˛AB˛�1 D ˛A˛�1˛B˛�1.

Proposition 18.57. If ˛ D eA for some A 2 g then g0 D g and � 0 D � .
Proof. The Lie groups G and G 0 D ˛G˛�1 coincide for ˛ 2 G . Locally one may
define ‚.eC / D e�C for C 2 g. Then ‚.ˇ�/ D ‚.ˇ/‚.�/ for ˇ and � close to
id. In particular ‚.˛t� s˛t / D ‚.� s/ for � s D esC , jt j � ı, jsj < ıC ; and hence
�.˛tC˛�t / D �.C / for jt j � ı. By iteration

�.˛tC˛�t / D �.˛sCn˛�s/ D �.Cn/ D �.C /; t � 0; t D nı C s; 0 � s < ı
where C0 D C and Cn D ˛ıCn�1˛�ı for n � 1. �

Corollary 18.58. Let � be a Radon measure on the open setOßRd , and � t , t 2 R, a
one-parameter group of affine transformations such that � t .O/ D O , and � t .�/ D
eqt� for all t 2 R. Then

.g� t .w/; �� t .w// D .gw ; �w/; w 2 O; t 2 R:

Theorem 18.59. Suppose � on Rd n f0g is an excess measure for the linear expan-
sions � t , and �0 on Rd n fw0g is an excess measure for the affine expansions � t0 with
centerw0. LetU be a bounded open set containing the origin. Suppose eachw 2 @U
has a neighbourhood Uw on which �0 agrees with �. Then w0 D 0 and �0 D �.
Proof. Let � t D etC and � t0 D etC0 . Then C and C0 lie in gw for all w ¤ 0 by the
proposition above. Observe that w0 62 @U since �0.w0 C "B/ D 1 for all " > 0

and �.w0 C "B/ is finite for " < kw0k. From Lemma 18.43 it follows that w0 ¤ 0
implies that � is finite on a neighbourhood of the origin. Contradiction. So w0 D 0,
and O D Rd n f0g is invariant under � t0. Apply Proposition 18.55 to � and � t0, and
conclude that � and �0 both are excess measures for � t0. Since for each w ¤ 0 the
orbit � t0.w/ intersects @U , the measures � and �0 agree on a neighbourhood ofw. �
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We now turn to exceedances over horizontal thresholds. We restrict attention to
excess measures � which vanish off their natural domain Rh � .j�; j �/, where the
interval .j�; j �/ is the domain of the vertical component Q� of �. The symmetry group
of Q� is a one-parameter group of positive affine transformations on R, and .j�; j �/
is an orbit of this group. There exists a point j0 2 .j�; j �/ such that the restriction
of Q� to Œj0; j �/ is a probability measure. This probability measure is a GPD, and the
shape parameter � of the GPD is the Pareto parameter of �.

Theorem 18.60. Let � be a finite non-zero measure on the horizontal slice
U D fa < v < bg. Let �1 and �2 be excess measures for exceedances over
horizontal thresholds on their natural domain. Suppose �1 and �2 agree with �
on U . If �1 ¤ �2 then � D �1, and one may choose the vertical axis so that � is a
product measure on Rh � .a; b/.
Proof. If �1 and �2 agree on U then the vertical components Q�1 and Q�2 have the
same density on .a; b/. The logarithm of the density is an analytic function on the
subinterval where the density is positive. Hence Q�1 D Q�2 unless �1 D �2 D �1.
If Q�1 D Q�2, the domains agree, and the argument of the previous theorem implies
that �1 and �2 agree on a neighbourhood of every point w in their common domain
Rh � .j�; j �/. If � D �1 then the vertical component of � is uniformly distributed
over an interval .a; c/with c � b. If c < b then c D j �1 D j �2 , Q�1 D Q�2, and �1 D �2
by the argument above. If Q� is uniformly distributed over .a; b/ then j �1 ¤ j �2 is
possible. However if � is not a product measure then one may compute j � from the
conditional distribution of � given v, for v 2 .a; b/. Bring the generator C of �1
into Jordan form, and reduce dimension to d D 2 or 3 by a suitable projection. If
there are eigenvalues outside the imaginary axis, or if the complex Jordan form is not
diagonal then the corresponding projection of � on Rq � .a; b/ will reveal j �1 . So
too if there is a non-zero eigenvalue and � is not symmetric. �

The criteria above have been developed for excess measures with extra symmetry.
If� is a finite measure on an open setU , and the local symmetry inw 2 U is .gw ; �w/
where gw D RC is a one-dimensional Lie algebra, then two excess measures which
agree with � on U will have the same symmetry group � t D etC and agree on the
invariant open set

O D
[
t2R

� t .U /; � t D etC :

18.12 Jordan form and spectral decompositions. Any square matrix may be writ-
ten in a simple form, either as a diagonal matrix, or with some ones added just below
the diagonal.

Let � t D etC be a group of linear transformations on Rd . Assume C is in
Jordan form. If all eigenvalues of the generator C are real then on a suitable basis C
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has diagonal block form with blocks Cm
�
D �I C J of size m � 1 where � is an

eigenvalue, I the identity matrix and J the matrix with ones just below the diagonal
and zeros elsewhere: Jij D 1 if i D j C 1 and zero else. The matrix J maps the
base vector ei into eiC1 for i D 1; : : : ; m� 1 and em into the zero vector. Hence J q

maps ei into eiCq for i D 1; : : : ; m � q, and maps the remaining base vectors into
the zero vector. In particular Jm D 0. So the power series expansion gives

et.�ICJ/ D e�t .I C tJ C t2J 2=2C � � � C thJ h=hŠ/; h D m � 1:
There are as many blocks for the eigenvalue � as there are independent eigenvectors
for �. If there are complex eigenvalues then one has a complex matrix of this form,
and since the non-real eigenvalues come in pairs one may replace the complex block
�I CJ of size q with � D �C i�, � > 0, by a real block of size 2q by replacing each
complex entry z D x C iy by a 2 by 2 real matrix

z D x C iy  !
�
x y

�y x

�
: (18.25)

It is often simpler to regardC as a map from Rdr˚Cdc into itself, wheredrC2dc D d .
The eigenvalues of � t are the complex numbers e�k t where �k D �k C i�k are the
eigenvalues of the generator C . Hence the absolute value of the eigenvalues of
� t D etC are determined by the diagonal entries �k in the real Jordan form of the
generator C . Let �1 < � � � < �q be the distinct diagonal elements in the real Jordan
form of the generator, with multiplicities d1; : : : ; dq . Then all eigenvalues of � lie
on one of the q circles of radius rk D e�k in C. The Jordan spectral decomposition
writes

� t .w/ D .�1 ˝ � � � ˝ �q/t .w/ D .� t1.w1/; : : : ; � tq.wq//;
w D .w1; : : : ; wq/ 2 Rd1 � � � � � Rdq

(18.26)

where �k has all its eigenvalues on the circle of radius rk in C. See MS Sections 2.1
and 2.2 for details.

The reader will not miss much if he envisages the Jordan matrix to be diagonal with
all eigenvalues real. Jordan blocks with ones below the diagonal are rare. If one picks
a matrix according to a probability measure with a density on Rd

2
Jordan matrices

with ones below the diagonal form a null event; see Hirsch & Smale [1974]. Matrices
with non-real eigenvalues do occur with positive probability. Non-real eigenvalues
translate into rotations and spirals in the distribution of the excess measure.

For the result below we need to know how Jordan bases are constructed. We
shall assume that C is nilpotent: C d D 0. The general case may be reduced to this
situation.

A Jordan basis for a nilpotent matrix C is a basis eij , 1 � j � ji , i 2 I , where
for each i 2 I the vectors ei1; : : : ; eiji

form a chain. Here a chain is a finite sequence
of non-zero vectors a1; : : : ; ak such that Ca1 D 0 and Cai D ai�1 for i D 2; : : : ; k.
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For a nilpotent matrixC a Jordan base may be constructed easily. First observe that
ker.C / contains a decreasing sequence of linear subspacesKm D ker.C /\ im.Cm/,
m D 0; : : : ; m0. Choose a base for Km0

, extend to a base for Km0�1, and proceed
until we have a base gi , i 2 I , for ker.C /. This base contains subsets which form
a base for Km, m D 0; : : : ; m0. For each vector gi now choose a maximal chain
gi1; : : : ; gimi

with gi1 D gi and Cgij D gi;j�1 for j D 2; : : : ; mi . The collection
of all these vectors gij is a Jordan base.

Proof. It suffices to prove independence. So assumeX
i

�igij0
D
X
j<j0

X
i

�ijgij

where one of the�ís is non-zero. ApplyC j0�1 to both sides. This gives
P
i �igi D 0.

Contradiction. �

Proposition 18.61. Let C be nilpotent and let a1; : : : ; ak be a chain. There is a
Jordan basis for C which contains this chain.

Proof. Since Ca1 D 0 one may incorporate a1 as element gk 2 K1 of the base .gi /
of ker.C /. Extend the chain .aj / to a maximal chain gk1; : : : ; gkmk

. Incorporate
this chain in the Jordan base .gij /. �

For an invariant subspace one may choose a Jordan basis which extends to a Jordan
basis for the whole space.

Proposition 18.62. Let C W Rd ! Rd be linear. Let L be a linear subspace of Cd

such that C.L/ßL. There is a Jordan basis for C such that a subset is a Jordan basis
for the restriction CL of C to L.

Proof. If F0 is the kernel of C d then F0\L is the kernel of C dL . The same argument
applies to C � � for each eigenvalue �. So the decomposition of Cd into linear
subspaces F� corresponding to the eigenvalues � of C induces a decomposition
of L into linear subspaces F� \ L corresponding to the eigenvalues of CL. Hence
we may assume that C is nilpotent. Let K be the kernel of C . Then K \ L is
the kernel of CL. For the kernel K there is a decreasing sequence of subspaces
K D K0 � � � � � Km D f0g. Similarly K \ L D E0 � � � � � Eq D f0g. We claim
that there is a basis of K such that for each Ki and each Ej a subset is basis of this
subspace. This follows from the lemma below. �

Lemma18.63. Leta1; : : : ; ad and b1; : : : ; bd be bases of the linear spaceM . LetAm
be the linear subspace spanned by a1; : : : ; am, and define Bm similarly for m D
0; : : : ; d . There is a basis e1; : : : ; ed which for each m contains a subset which is
basis for Am, and a subset which is basis for Bm.
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Proof. By induction on the dimension d . The result is trivial for d D 1; 2. Suppose
the desired property P holds for dimension less than d . Let M have dimension d .
If a1 and b1 are linearly dependent, choose e1 D a1 and letM1 be the quotient space
M=E with E D Ce1. Then a2; : : : ; ad and b2; : : : ; bd yield bases .a0i / and .b0i /
forM1. By hypothesis there is a basis e02; : : : ; e0d ofM1 with the property P . Choose
ei 2 M which map into e0i . The basis e1; : : : ; ed of M has the desired property P .
If a1 and b1 are independent we have to be more careful in our construction. Let
e1 D a1 and e2 D b1, and letM2 be the quotient spaceM=E whereE D Ce1CCe2.
Suppose b1 2 Ak with k > 1minimal, and a1 2 Bq with q > 1minimal. The vectors
a2; : : : ; ak�1; akC1; : : : ; ad are independent moduloE, since together with e1 and e2
they span Cd . Similarly the vectors b2; : : : ; bq�1; bqC1; : : : ; bd yields a basis with
vectors b0i for M2. Let B 0m be the subspace of M2 spanned by b01; : : : ; b0m. Then
B 01 D f0g and B 0q D B 0q�1. Since P holds in M2 there is a basis e03; : : : ; e0d for M2

with subsets spanning B 0m, and A0m. Let ei 2M map into e0i 2M2 for i D 3; : : : ; d .
Supposem � k andA0m is spanned by e03; : : : ; e0m. ThenAm is spanned by e1; : : : ; em.
Similarly form < k, letA0m be spanned by e03; : : : ; e0mC1. ThenAm is contained in the
span of e1; : : : ; emC1. Successively replace e3; : : : ; ek by Nei D ei C ˇie2 so that am
is a linear combination of e1; Ne3; : : : ; NemC1. Then each subspace Am is spanned by a
subset of Ne1; : : : ; Ned , with Nei as above for 3 � i � k, and Nei D ei else. This remains
true if we replace Nei by Nei C ˛ie1 for i � 3, and arbitrary ˛i . We may choose the ˛i
so that each of the subspaces Bm is spanned by a subset of these new vectors. �

18.13 Lie groups and Lie algebras. This section is an overview of Lie groups for
excess measures rather than an introduction to Lie groups.

With certain linear subspaces of the d2-dimensional linear space of all real ma-
trices of size d one may associate a group of linear transformations on Rd . Loosely
speaking the exponential function maps the linear subspace into the group. The lin-
ear subspace is called a Lie algebra, g; the associated group a Lie group, G . For
one-dimensional linear subspaces, g D RC , the situation is simple. The associated
Lie group G is the one-parameter group generated by C . Actually a one-parameter
group � t D etC , t 2 R, is a homomorphism from R into GL, rather than a group. The
map t 7! etC is a homomorphism from g to G but need not be an isomorphism. The
group G may be compact. Think of the group of rotations in the plane. The image G

need not be a closed subset in the space GL of all invertible linear transformations
on Rd . The image G D eg may spiral around on a torus in GL.

Example 18.64. The one-parameter group � t D etC in C2 D R4 with generator
C D diag.ai; bi/, with ab ¤ 0 and i D p�1, is dense in the two-dimensional torus

T D fdiag.e'i ; e i / j 0 � '; < 2�g;
unless there exists t ¤ 0 such that � t D I . Then at and bt both are zero modulo 2� .
This happens only if a=b is rational. ˙
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Theorem 18.65. If G D f� t D etC j t 2 Rg is a one-parameter group of affine
transformations, and � an excess measure, such that (9) in the Preview holds, then G

is a closed non-compact subgroup of the group A and the map exp W g D RC ! G

is an isomorphism.

Proof. If G is compact C has a basis of complex eigenvectors with eigenvalues on
the imaginary axis, and there is no excess measure. So too if G is not closed in A.
Section 18.9 gives details. �

By (2) in the Preview the group of affine transformations on Rd is a closed group
of linear transformations on R1Cd . So we may restrict attention to linear groups. The
operator norm on the space of all matrices of size d is defined by kAk D maxfkAxk j
kxk D 1g, where kxk is a norm on Rd . The inequality kABk � kAkkBk holds, and
ensures that power series f W X 7! P

cnX
n converge uniformly on kXk � r with

kf .X/k �P jcnjrn provided the sum on the right is finite. In particularX 7! expX
converges uniformly on bounded subsets of the space of all matrices of size d , and
X 7! logX converges uniformly on compact subsets of the open unit ball I C B
around the identity. The exponential function is non-linear, so the proper setting for
studying these maps is differential geometry. Indeed the relation between differential
geometry and Lie groups is very close. Lie groups give rise to many fundamental
concepts in differential geometry.

In the general theory a Lie group is a manifold associated with a Lie algebra.
This makes it possible to construct universal covering groups associated with any Lie
algebra. In our approach differential geometry does not play a role; our Lie groups
are subgroups of A.d/ßGL.1C d/, not necessarily closed.

Definition. A Lie algebra g is a linear space of matrices of fixed size which is closed
for the Lie bracket:

A;B 2 g) ŒA; B� WD AB � BA 2 g:

The Lie group G associated with g is the smallest group of matrices containing exp.g/.
It is a subgroup of GL but need not be closed.

Let us start with some concrete examples.

Example 18.66. If h is a linear space of matrices, with basisX1; : : : ; Xm, and if these
matrices commute, XiXj D XjXi for 1 � i < j � m, then h is a Lie algebra since
ŒA; B� D 0 for A;B 2 h. The map exp is a homomorphism from h to H D exp.h/
since eACB D eAeB if A and B commute, as one sees by writing out the power
series. The set H is a commutative connected group. Such a group is known to be
isomorphic to the product of a vector space and a torus. ˙

In general a Lie algebra is not commutative and eACB ¤ eAeB . Let us consider
the Lie group associated with the vector space m of all matrices of size d , which
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obviously is a Lie algebra. The map sign det from the group GL to the group f˙1g
is a continuous homomorphism. The kernel is the set GLC of linear transformations
of positive determinant. It is both open and closed as subset of GL. The group GLC
also is the Lie group associated with the Lie algebra m of all matrices of size d . In
general it is not the image of m under the exponential map. Details are given below.

Example 18.67. Let m be the linear space of all matrices of size d , and let M

be the group of matrices of size d with positive determinant. Then exp maps m
into M. The power series log.I C X/ D X � X2=2 C � � � maps the open ball
I C B onto a set U ßm, and has inverse exp, as may be seen by writing out the
power series for exp(log(I+X)). See Curtis [1979] for details. The map log yields an
analytic homeomorphism between the open neighbourhood I C B of the identity I
in the group GL of all linear transformations on Rd and an open neighbourhood U
of the origin in the d2-dimensional linear space m by Brouwer’s Theorem on the
invariance of domains, see Dugundji [1966]. (The Inverse Mapping Theorem will
give a diffeomorphism from some open ball IC"B onto an open neighbourhood of the
origin in m.) We may identify GL with the set fdet ¤ 0g in m. We claim that for each
matrixX with detX > 0 there is a continuous curve in GLC linkingX to the identity.
(Assume X has Jordan form. If there are ones below the diagonal in the complex
Jordan form we may continuously alter these into zeros; the diagonal elements may
be continuously altered to lie on the unit circle by changing their absolute value; the
elements on the unit circle may be altered into ones. We end up with a real diagonal
matrix with ones and minus ones. Any pair of minus ones may be altered into a pair
of ones by a rotation. So we end up with the identity if the determinant of the original
matrix was positive.) Conclusion: A group which contains the ball I C "B for some
" > 0 contains all matrices with positive determinant. ˙

Example 18.68. If d D 2 then the image em contains the matrices�I and diag.1; 2/,
but not their product diag.�1;�2/. There is no one-parameter group � t D etC

such that � D diag.�1;�2/. A straightforward calculation shows that the equation
X2 D diag.�1;�2/ has no solution. ˙

In order to see what is happening here, one may reduce the dimension and look
at matrices with zero trace: the sum of the two diagonal elements vanishes. This
yields a three-dimensional group, SL.2/. For a readable analysis of this group, see
Duistermaat & Kolk [2000]. Even in the simple situation of matrices of size two a
full description is quite complex.

Matrix multiplication is notorious for non-commutativity. A geometric example
is given by the group SO.3/ of all rotations in R3.

Example 18.69. Take a match box in mind. Let ˛1 denote a rotation of 90 degrees
around the x-axis, and ˛2 a rotation of 90 degrees around the y-axis. Then ˛�11 ˛2˛1
results in a 90 degrees rotation around the z-axis. Since rotations only involve the
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coordinates perpendicular to the axis, one may write down the matrices for rotations
around the vertical axis, and the generator

� t D etC D
0@cos t � sin t 0

sin t cos t 0

0 0 0

1A ; C D P�.0/ D
0@0 �1 0

1 0 0

0 0 0

1A :
In any dimension a one-parameter group of rotations R.t/ D etE satisfies

RT .t/R.t/ D I ) ET CE D 0
by taking derivatives in t D 0. (Check that taking the transpose commutes with
powers: .AT /n D .An/T , and hence .eA/T D e.AT /.) We conclude that the generator
of a one-parameter subgroup of SO.d/ is anti-symmetric. The converse also holds
since the implication above also goes in the other direction. In principle we can now
determine in any dimension d the subgroup of SO.d/ generated by two given one-
parameter rotation groups with linearly independent generators A and B . Extend the
set fA;Bg to a basis for the Lie algebra by adding Lie brackets until one obtains a set
of independent matrices X1; : : : ; Xm with the property that all Lie brackets ŒXi ; Xj �,
1 � i < j � m, are linear combinations of X1; : : : ; Xm. By Example 18.64 the Lie
group associated with such a Lie algebra need not be a closed subgroup of SO.d/;
the map exp may curl up the m-dimensional Lie algebra to fit into the compact set
SO.d/. ˙

A good way to measure non-commutativity is by looking at the product

'.t/ D ˛tˇt˛�tˇ�t ; ˛t D etA; ˇt D etB ; t 2 R:

A second order Taylor expansion gives

.I C At C � � � /.I C Bt C � � � /.I � At C � � � /.I � Bt C � � � /
D I C ABt2 � BAt2 CO.t3/; t ! 0

and hence .'.t/ � I /=t2 ! AB � BA D ŒA; B�. It is clear now why Lie algebras
should be closed for the Lie bracket. If etA and etB lie in G then etŒA;B� 2 G since

� Œtn�n ! etŒA;B�; �n D '.1=
p
n/ 2 G : (18.27)

Example 18.70. Let ˛t and ˇt be rotations in R3. Choose coordinates so that the
x-axis is the rotation axis of ˛t , and the horizontal plane contains the rotation axis
of ˇt . The generators are:

A D
0@0 0 0

0 0 a

0 �a 0

1A ; B D
0@ 0 0 c

0 0 b

�c �b 0

1A ) ŒA; B� D
0@ 0 ac 0

�ac 0 0

0 0 0

1A :
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IfA andB are linearly independent then ac ¤ 0. The three-dimensional group SO.3/
of rotations in R3 with determinantC1 contains no two-dimensional subgroups. ˙
Example 18.71. AC is the group of positive affine transformations on the real
line. Generators are matrices of size two with top row zero. The group AC is
non-commutative:
�

0 0

0 1

�
;

�
0 0

1 0

��
D
�
0 0

1 0

�
�
�
0 0

0 0

�
D
�
0 0

1 0

�
:

Write this as ŒA; B� D B . Then eAty D ˛ty D ety and eBty D ˇty D y C t .
Check that

'.t/y D ˛tˇt˛�tˇ�ty D et .e�t .y � t /C t / D y C .et � 1/t;
and hence .'.t/ � id/=t2 ! B , as in (18.27). ˙

A two-dimensional non-commutative Lie algebra has a basis X1; X2. Set Y WD
ŒX1; X2� D aX1C bX2. We may assume b ¤ 0. SetX D X1=b. ThenX and Y are
independent, and ŒX; Y � D Y . So any non-commutative two-dimensional Lie algebra
is isomorphic to the Lie algebra of the group of positive affine transformations on the
reals.

These examples should give an idea of the relation between Lie groups and Lie
algebras. The theory of Lie algebras helps to understand a rather tricky issue for
densities of limit high risk scenarios or excess measures in dimensiond > 3. Suppose
the density g is continuous and invariant under two one-parameter groups � ti D etCi ,
t 2 R, i D 0; 1. Then g is constant along orbits of these two groups, and also along
any continuous path which consists of a finite number of arcs from these orbits:

g.z/ D g.z0/; z D �.z0/; � D � tk1 � sk0 � tk�1

1 : : : �
s1
0 :

The Lie algebra g generated by C0 and C1 may have dimension m > 2. This will be
the case if the Lie bracket ŒC0; C1� is linearly independent of the elementsC0 andC1.
It may be shown that any Lie algebra g generates a Lie group G , which locally has the
dimension of the Lie algebra, by the Campbell–Hausdorff formula. The dimension
of the closure of G may be larger still. Even though the group G is generated by two
one-parameter subgroups, the orbits of G will typically bem-dimensional manifolds.
The algebra forces a continuous density which is constant along the curves � ti .z0/,
t 2 R, i D 0; 1, to be constant on the set G z0.

On compact groups and their orbits one may define the uniform distribution.
A random affine transformation U is uniformly distributed on the closed group G ßA

if PfU 2 G g D 1, and if �.U / D U in distribution for each � 2 G . The distribution
of U is called the Haar measure on G . If M D G z is an orbit of G then the vector
Z D Uz is uniformly distributed onM in the sense that �.Z/ D �.Uz/ D �.U /z D
Uz D Z in law for each � 2 G .
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Theorem 18.72. Let G ßA be a compact group. There exists a unique probability
measure � on G , the Haar measure, such that �.�/ D � for all � 2 G .

Proof. See Halmos [1950]. �

The importance of orthogonal groups becomes clear from the theorem below.

Lemma 18.73. Suppose Z is a random vector and � an affine transformation such
that �.Z/ D Z in law. If Z is standardized, then � is orthogonal.

Proof. Let �.z/ D b C Az. Then b D E.b C AZ/ D EZ D 0, hence AAT D
EAZZTAT D EZZT D I . �

Theorem 18.74. A compact subgroup of A is a closed subgroup of the group O of
orthogonal linear transformations in appropriate coordinates.

Proof. Let U be uniformly distributed on the compact group G , and let Z0 be uni-
formly distributed over the d C 1 points 0; e1; : : : ; ed , where e1; : : : ; ed are inde-
pendent vectors in Rd . Set Z D UZ0. Then Z has compact support, Z is non-
degenerate, and �.Z/ D Z in law for each � 2 G . Choose coordinates such that Z
is standardized, and apply the lemma above. �

Theorem 18.75. If � is a finite measure and full, the symmetry group is compact.

Proof. First note that symmetries are measure preserving. We may assume that
�.Rd / D 1. Let Zn have distribution � for n D 1; 2; : : : . The symmetry group G

is a closed subgroup of A, hence locally compact. If G is not compact, there is
a sequence .�n/ which diverges. Trivially �n.Zn/ ) Z and Zn ) Z. By the
Convergence of Types Theorem (Theorem 1 in the Preview), the sequence .�n/ is
relatively compact. �

The converse problem of constructing a probability measure for a given compact
group of symmetries is discussed in Meerschaert & Veeh [1995].

Excess measures are defined in terms of one-parameter groups of affine trans-
formations. It is possible that the actual symmetry group of the excess measure � is
larger. In that case there is a non-trivial group S of measure preserving symmetries.
The group S is a closed normal subgroup of the closed symmetry group G since
it is the kernel of a continuous homomorphism to .0;1/, see Theorem 18.28. The
group S for excess measures for linear expansions is compact by Theorem 16.11. For
excess measures associated with exceedances over horizontal thresholds the group S

need not be compact.

Example 18.76. In the case of Lebesgue measure on the paraboloid y > x21 C x22
in R3 the symmetry group G has dimension m D 4. The measure preserving sym-
metries form a three-dimensional subgroup S , isomorphic to the group of affine
Euclidean transformations on the plane. ˙
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What does the theory of Lie groups tell us about closed subgroups G of GL? If
there is an open set in GL which contains exactly one element of G , then G is discrete
and each element is an isolated element of G . In particular there exists " > 0 such
that .I C "B/\G D fI g. If G is not discrete it contains a non-trivial Lie group. The
proof is simple:

Proposition 18.77. A closed subgroup of the general linear group is discrete or it
contains a one-parameter subgroup.

Proof. Suppose there is a sequence ˛n 2 G which converges to I with ˛n ¤ I .
Write ˛n D eAn with An D log.˛n/ for k˛n � Ik < 1. Then An ! 0. Choose
integers mn ! 1 such that kmnAnk ! 1. By taking an appropriate subsequence
we may assume thatCn D mnAn ! C . Then kCk D 1. Let t 2 R. Set kn D Œtmn�.
Then knAn ! tC and eknAn ! etC . Since G is closed, and contains the elements
˛
kn
n D eknAn , it contains the limit etC . �

The matrixC is a generator of a Lie group for the closed subgroup G if G contains
the elements etC for t 2 R. This is the case if there is a sequence ˛n D eAn 2 G

and a sequence of integers mn !1 such that mnAn ! C . Let g denote the set of
generators. It is not difficult to show that

1) A;B 2 g implies AC B 2 g;
2) If˛t D etA 2 G for all t 2 R, and alsoˇt D etB , then log.˛tˇt˛�tˇ�t /=t2 !

ŒA; B� for t ! 0.
It follows from 1) that g is a linear space, and from 2) that it is a Lie algebra.

Moreover, locally, the closed Lie group G is the image under the exponential map of
an open centered ball in g:

Proposition 18.78. There exists " > 0 such that log.�/ 2 g for � 2 G , k� � Ik < ".
The result follows from the more technical statement in the lemma below.

Lemma 18.79. Let L be a linear space of matrices M , and G a group of matrices
which contains the matrices eM , M 2 L. Let �n 2 G , �n ! I , and suppose
Cn D log �n 62 L. Then there exists a subsequence �kn

, a null sequence Bn 2 L, a
sequence rn !1, and a matrix A 62 L such that

.e�Bn�kn
/Œrnt� ! etA; t 2 R:

Proof. Let a D kAk and b D kBk. Then eACB � eBeA D O.ab/ for a; b ! 0

by comparing the power series expansions. Hence e�BeACB D eA CQ with Q D
O.ab/. Differentiability of the power series for log around X D I in eA gives
log.e�BeACB/ D ACQ0withQ0 D O.ab/. WriteCn D AnCBnwithAn ? L. Set
sn D 1=an. Then ksnAnk D 1. So there is a convergent subsequence: skn

Akn
! A.

The bound above implies skn
t log.e�Bkn eAknCBkn /! tA. �
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Let G0 be the connected component of the identity in the closed group G . By
definition G0 is the set of all � 2 G which may be linked to the identity by a continuous
curve in G . Each such � is a finite product of elements ˛k D eAk with Ak 2 g and
k˛k � Ik < ".
Proposition 18.80. Let G be a closed subgroup of GL, and G0 the connected com-
ponent of the identity. The set G0 is a group. It is closed in GL. It is open in G . It is
a normal subgroup of G .

Proof. If �.t/ is a curve connecting id to ˛, then ˇ�.t/ connects ˇ to ˇ˛. Hence one
can reach ˇ˛ if one can reach ˛ and ˇ. So G0 is a group. If W D I C "B satisfies
W \ G0 D W \ G then this also holds for ˛W for any ˛ 2 G0. So G0 is open in G .
Hence so are the left cosets, and so is the complement G nG0 as a union of left cosets.
So G0 is closed in G , and since G is closed in GL, the set G0 is closed in GL. Two
elements ˛ and ˛0 lie in the same left coset, if and only if they may be connected. If
˛0 2 ˛G0, and ˇ0 2 ˇG0 then ˛0ˇ0 may be connected to ˛ˇ, and hence ˛0ˇ0 2 ˛ˇG0.
So G0 is the kernel of the quotient map ˛ 7! ˛G0, which is a homomorphism. �

Corollary 18.81. G0 is the Lie group generated by g.

So closed subgroups of A and GL have a simple structure. They fall apart into
a finite or countable collection of copies of a connected closed group G0, which is a
manifold modelled on the Lie algebra g.

Example 18.82. The group Ah
0 of all affine transformations which mapHC onto itself

consists of two connected parts diffeomorphic to Rh � Rh � GLC.h/ � .0;1/. ˙

A closed group may be isomorphic to a proper closed subgroup of itself: The
group 2Z of even integers is isomorphic to Z. For compact groups in A this is not
possible.

Proposition 18.83. If G is a closed subgroup of A with finitely many connected
components, and H a closed subgroup of G , isomorphic to G , then H D G .

Proof. First assume G is connected. Then so is H , and the Lie algebra h is a linear
subspace of g, and with the same dimension as g (and H and G ). So h D g and
H D G since each element of G is a finite product of elements in eh. In general the
isomorphism preserves the number of components. So H fills out G . �

We conclude with a few words on homomorphisms. Excess measures use contin-
uous homomorphisms‚ W G ! .0;1/. Such homomorphisms correspond to certain
linear functions on the Lie algebra g.

Proposition18.84. ForaLie groupG withLie algebraga continuous homomorphism
‚ W G ! .0;1/ has the form ‚.etA/ D et�A for a linear function � W g! R.
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Proof. Define �.A/ D log‚.eA/. Then �.tA/ D t�.A/ since this holds for t D �1,
t D 1=m, and in general for t 2 Q. Set Cn D log.eA=nCB=n/. The power series of
the exponential function gives n.eA=nCB=n�I /! ACB , and hence nCn ! ACB .
This gives

�AC �B D log‚.eA/C log‚.eB/ D n log.‚.eA=neB=n// D n log‚.eCn/

D n�.Cn/ D �.nCn/! �.AC B/:
Hence �AC �B D �.AC B/. The equality holds for arbitrary A and B in g. �

Corollary 18.85. If �.A/ D log‚.eA/ then �.ŒA;B�/ D 0 for A;B 2 g.

Proof. Set '.t/ D etAetBe�tAe�tB . Then ‚'.t/ D 1. Set Cn D log'.1=
p
n/

for n � n0. Then �.Cn/ D 0, hence �.nCn/ D 0 and nCn ! ŒA; B� gives
�ŒA;B� D 0. �

The results above also hold if‚ is only defined on a neighbourhood of the identity.

Proposition 18.86. Let A 2 g have complex diagonal Jordan form with diagonal
entries on the imaginary axis. If ‚ W G ! .0;1/ is a continuous homomorphism
then �A D 0.
Proof. The closure H of the one-parameter group etA, t 2 R, is a compact group.
Hence ‚.H / is a compact subgroup of .0;1/. This implies ‚.H / D f1g. �

Our description of Lie groups is ambivalent. Symmetry groups of excess measures
are closed. So for our purpose it is natural to think of a Lie group as a connected
closed subgroup of GL or A. In the general theory one prefers to think of a Lie group
as a manifold modeled on a Lie algebra. The exposition given above for the closed
subgroups of GL is in the spirit of von Neumann [1929]. A simple introduction to
matrix Lie groups is Curtis [1979]. More advanced texts on Lie groups are Bump
[2004], Duistermaat & Kolk [2000] and Varadarajan [1974]. Lorente & Gruber
[1972] gives a good impression of the complexity of the system of multidimensional
subgroups of GL.d/ for d � 6; Winternitz [2004] describes the subgroups of SL.3/.

18.14 An example. In these notes three methods for handling extremes of multi-
variate samples have been developed. In each case one looks at exceedances. In
each case there is a class of convex open sets which determines which points of the
sample are to be termed extreme. Extreme points fall outside some convex set from
this class. The convex sets are open halfspaces, open ellipsoids, and translates of the
open negative orthant. The edge of the normalized sample cloud is described by a
limiting Poisson point process. The mean measure of this Poisson point process is
the excess measure. There are situations where all three approaches may be applied.
Do the three approaches then yield the same excess measure?
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A distribution may lie in the domain of attraction of many different excess mea-
sures. In the example below, high risk scenarios on halfspaces converge for every
direction. The limit distribution depends on the direction; but not continuously. In
addition to these directional limit laws for exceedances over linear thresholds, there
is a limit law for exceedances over elliptic thresholds, a limit law for exceedances
over translates of the negative orthant, and one for coordinatewise maxima. In our
example the corresponding excess measures are different in each case.

We shall construct a probability distribution � on the plane, and excess measures
�i on open sets Oi for i D 0; : : : ; m, with the same scalar expansions:

� t .�i / D et�i ; � t W w 7! etw; t 2 R; i D 0; : : : ; m; (18.28)

such that for i D 0; : : : ; m
.et=t i /��t .�/! �i vaguely on Oi ; t !1; (18.29)

and such that for any halfplane J D fauC bv � 1g, a2 C b2 D 1, the scaled high
risk scenarios converge:

ZHr=r ) W J ; Hr D rJ; r !1;
where W J is a vector on J with density gJ . Convergence Jn ! J does not imply
W Jn ) W J . It is possible that J1 and J2 intersect and

PfW J2 2 J1g > 0; PfW J1 2 J2g D 0: (18.30)

Example 18.87. Let C1 � � � � � Cm be a strictly decreasing finite sequence of
proper closed cones (sectors) in R2. We assume that C1 \ Œ0;1/2 D f.0; 0/g. Set
C0 D R2 and CmC1 D f.0; 0/g. Let g0 be a continuous positive function on R,
periodic modulo 2� . The density (in polar coordinates)

g.r; '/ D g0.'/=r3; r > 0; ' 2 Œ0; 2�/
determines excess measures�k , with densitiesgk D g1CknCkC1

, which satisfy (18.28).
The probability distribution � of Z has density f , which, outside some large disk,
has the form

f .r; '/ D .log r/kg.r; '/ on Ck n CkC1; k D 0; : : : ; m:
It follows that (18.29) holds on Oi D C ciC1, and that W J has density

gJ D g1CknCkC1
=�k.J /;

where k D kJ is the maximal index for which J intersects Ck . The two probabilities
in (18.30) are positive only if kJ1

D kJ2
, and then �k.J1/gJ1 D �k.J2/g

J2 . The
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integer-valued function J 7! kJ is not continuous, hence neither is the map from J

to the distribution of W J .
The vector Z has heavy tails. The asymptotics for exceedances over elliptic

thresholds focuses on the global behaviour, and will see only the heaviest tails. The
excess measure is d�1 D 1Cm

d�m on Rd n f0g. The vector Z conditioned to
lie outside the ball rB converges for r ! 1 in distribution to a vector W with
distribution 1Bcd�1=�1.Bc/:

Zr=r ) W; r !1:
For componentwise maxima one looks at the sample points outside translates of

the negative quadrant. For heavy tails it is customary to replace the vector Z by
ZC D .X _ 0; Y _ 0/ on Œ0;1/2. The part of � in .�1; 0�2 does not contribute.
The asymptotic behaviour is determined by the conesCj which extend into the second
or fourth quadrant. The limiting excess measure for exceedances over translates of
the negative quadrant will be denoted by �Q. This measure lives on

X D Œ�1;1/2 n Œ�1; 0�2:
The measure �Q and the exponent measure �_ on Œ0;1�2 n f0g of the max-stable
limit distribution are related: �_ is the image of �Q under the non-linear projection
z 7! zC. These limit measures are determined by the asymptotics for exceedances
over horizontal and vertical thresholds. IfC1 lies in .�1; 0�2 then�Q is the restriction
of � to X. The exponent measure �_ charges the positive quadrant and the two
boundary halflines. If C1 extends into the second or fourth quadrant then �_ lives on
the boundary of the positive quadrant, and, under appropriate diagonal normalization,
the sample maxima converge to a limit vector with iid components, with Fréchet
distribution e�1=v1=�

on Œ0;1/. The excess measure �Q shows greater variety. It is
the restriction of �j to X if Cj extends into both the second and fourth quadrant and
CjC1ß.�1; 0�2; otherwise it lives on two positive halflines, one vertical the other
horizontal, one in zero the other in �1. If �Q charges f�1g � .0;1/ this just
means that for any " > 0 for points Wnk D .Unk; Vnk/ in the normalized sample
with Vnk > " the horizontal coordinate Unk tends to lie far out on the negative axis
for large n. ˙

The example is rather artificial. Even in the simple case of heavy tails and a
limit measure with scalar symmetries, the conditions for convergence in the case of
Dh.�/, D_.�/ and D1.�/ are so different that in general a probability distribution
will typically lie in only one of these domains. This is clear if one looks at the nor-
malizations which are allowed in the different situations. The class of normalizations
is largest for D1. The normalizations for D1 need not preserve the coordinate axes
nor the “horizontal” plane. The normalizations for Dh preserve the “horizontal”
plane; those for D_ preserve the coordinate axes. On the other hand D1 looks at
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the global asymptotics, and hence convergence may be destroyed by perturbations of
the distribution in directions which are not noticed in Dh or D_.

Now suppose the vector Z has non-negative components and heavy tails. Then
Z 2 D_.�/ implies Z 2 D1.�/. If the d marginal tails Ti D 1 � Fi are equal,
then exceedances over linear thresholds will converge for all directions � 2 Œ0;1/d .
In general convergence of exceedances over linear thresholds for one direction does
not imply convergence for any other direction. If Ti=T1 fails to have a positive finite
limit in1 for one of the coordinates, then convergence over linear thresholds with
direction � 2 .0;1/d will fail too. We refer to Section 15.4 for a discussion on the
relation between the domains D_.�/ and Dh.�/.

One of our aims in writing these notes has been to clarify the relation between the
different domains of attraction.



V Open problems

The reader will have noticed that there is considerable variation in the size of the
individual lectures. For standard topics we have presented the basic material and
given references for further reading. Where the material is new we have not hesitated
to include less basic results. This may sometimes give the impression that the road
splits into many smaller paths that wander off without a definite goal. That impression
is not incorrect. In writing a book one has to decide what to include. Our aim was
to give an impression of the state of the theory at this moment. By diminishing the
number of examples and technical results we could have reduced the size of the book
by a hundred pages. However, the book, like most books in mathematics, is not
intended to be read, except for the Introduction, the Preview, and the introductory
pages of the chapters and of some of the longer sections. It is directed at probabilists,
statisticians and risk analysts who want to see whether particular problems with
which they are confronted can be clarified, and perhaps even solved by using a more
geometric approach. Such a person wants to know what results are available on a
specific topic, say heavy tails with scalar symmetries and non-scalar normalizations.
To find out she will have to read the introductory pages of Section 16, skim through
the remainder of that section, and then zoom in on Subsection 17.2.

You are served a Preview, which opens up a new vision on multivariate extremes,
and an Introduction, which, in a lighter vein, describes the relevance of this theory
to financial mathematics and insurance and risk analysis. The main course is a novel
theory of multivariate Generalized Pareto Distributions. Side dishes are a limit theory
for exceedances over linear thresholds, and an extension of the classic univariate
theory of exceedances for heavy tailed distributions to the multivariate setting. As a
bonus the reader gets a nice introduction to Poisson point processes on open subsets
of Euclidean space, and to univariate and coordinatewise multivariate extreme value
theory. On top of that we offer you an introduction to univariate and multivariate
regular variation, including the Meerschaert Spectral Decomposition Theorem, to
Lie groups of affine transformations and the Jordan form in linear algebra, and to
multivariate stable distributions and Lévy processes. We zoom in on a number of
special situations which may be of particular interest to risk theory: light tails in
all directions, or only in one particular direction, heavy tails with the same rate of
decrease in all directions, or with different rates of decrease.

As the topics become more specific, the presentation becomes more technical.
This can not be avoided. It is hoped that the detailed subdivision of the material, the
use of starred subsections to indicate non-main stream material, the many examples
illustrating unexpected behaviour, the extensive index, and the back-references in the
bibliography will help to open up the book to the serious investigator.
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The foregoing chapters gave a description of work in progress. There we told
what we know about high risk scenarios; in this chapter we talk about what we do
not know. We shall discuss open problems in the analysis of high risk scenarios, both
from the probabilistic background of the models, and in the statistical analysis of data
in terms of these models.

The numbers at the end of each item refer to sections which contain relevant
material.

19 The stochastic model

1) Are the multivariate GPDs the only limit laws for high risk scenarios? One
can show that these are the only limit laws in dimension d D 2, and the
only cylinder symmetric limit laws for any dimension. The proofs are rather
algebraic. [13.1]

2) An XS-measure is an excess measure �, with halfspace J0 of unit mass, whose
symmetry group G is so large that G .J0/ is open in H . Examples are the
multivariate GPDs, and Lebesgue measure on the quadratic cone fv > kukg or
on .0;1/d . Also the heavy-tailed densities 1Qc .u; v/=.vCuT u=2/.dC1/=2C�
with� > 0 andQ D fv � �uT u=2g. These measures have the tail property to
an extreme degree. Determine the class of all XS-measures, and their domains
of attraction. There are seven classes of cylinder symmetric XS-measures, see
Balkema [2006]. [12.2; 14.1]

3) The domain of the heavy tailed multivariate GPDs. Let � have density
1=kwkdC1=� with � > 0. Then Z 2 D1.�/ implies Z 2 D.�/ by a two-
step conditioning, first on the complement of an ellipsoid, then on a halfspace
supporting this ellipsoid. Does the inclusion D.�/ßD1.�/ hold? [12.1; 17.2]

4) Do unimodal densities describe the global behaviour of distributions in the
domain of the Gauss-exponential law? Suppose � lies in the domain of attrac-
tion of the Gauss-exponential law. Does there exist a density f 2 U0 which
converges with the same normalizations as � , such that d� D fd� where �
is a roughening of Lebesgue measure for f ? The measure � determines the
normalizations ˛H . So we may use (8.11) to determine the asymptotic value
of f in the point z D ˛H .0/. The function f B ˛H=f .z/ will be close to
w 7! e�.uT u=2Cv/ on bounded sets. This suggests that it might be possible
to construct a continuous function f in U0 by pasting pieces of the Gauss-
exponential density together. [11.4]
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5) Rates of convergence. How does the rate of convergence behave with increasing
dimension?

High risk limit laws do not lie in their own domain of attraction. However there
are simple spherical distributions in the domain of attraction of the multivariate
GPDs. The standard Gauss distribution lies in the Gauss-exponential domain,
the spherical Student distributions lie in the domains of the heavy tailed limits,
and the spherical beta distributions lie in the domains of the bounded limit vec-
tors. For these classical densities one may compute the L1 distance ı between
the density of the normalized high risk scenario and of the limit vector. Choose
the optimal normalization. The number ı then depends on the dimension d , on
the risk level p, and on the shape parameter � 2 Œ�1=2h;1/. The dependence
on the dimension is not crucial. For � D 0 there is no dependence on d . With
hindsight, this is not surprising, since the horizontal coordinate already has the
correct limit distribution. [8.3]

6) The domain of the bounded multivariate GPDs. Describe D.�/ where � is
Lebesgue measure on the paraboloid v < �uT u=2. [12.2]

7) Many of our results are on L1 convergence of densities, rather than weak
convergence of probability measures. What is the bonus for this stronger form
of convergence? [9.4; 10.3]

8) Skeletons for densities in the Gauss-exponential domain. Let f D e�' 2
D.0/ be unimodal. The increasing sequence of bounded convex sets f' < ng
determines the asymptotic behaviour of f in the same way in which a df
F 2 DC.0/ is determined by a sequence yn " y1 for which 1�F.yn/ � e�n.
Such a sequence is a discrete skeleton.

In the multivariate case the sets f' < n C 1g \ Hn, where Hn are half-
spaces supporting the level set f' < ng, are asymptotically parabolical caps.
For any decreasing sequence of such halfspaces Hn, the hyperplanes @Hn
are asymptotically equidistant. Are these conditions sufficient to ensure f 2
D.0/?

In the univariate setting a sequence of positive reals a0; a1; : : : with
anC1=an ! 1 determines a skeleton .yn/for given y0 by the relation yn D
yn�1 C an. Hence up to asymptotic equality (and a translation) the sequence
.an/ determines the tail of a df in the domain of the exponential limit law. In
the multivariate setting a similar constructive approach to the domain of the
Gauss-exponential limit law might be developed using skeletons consisting of
increasing sequences of bounded open strictly convex sets On containing the
origin, and having aC 1 boundary@On, as in the definition of U0 in Section 10.1.

In particular this approach might enable us to answer the following questions:
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i) Given a sequence of rotund sets Dn does there exist a function f 2 U0 and
increasing sequences kn !1 and rn !1 such that ff > e�kng D rnDn?

ii) Given an increasing sequence of balls Bn D zn C rnB with center zn and
radius rn > kznk, what conditions on the centers zn and radii rn ensure that
there exists a function f 2 U0 such that all level sets ff > cg are balls, and
ff > e�ng D Bn?

iii) Does there exist an f 2 U0 such that ff > 0g is an open simplex, an open
paraboloid, or some other given open convex set? [9.4; 11.4]

9) How close can the distribution get to the exponent measure in the theory of
max-stable distributions? Let R be the df of an exponent measure � 2MSE .
Does there exist a copula C such that

C.e C z/ D 1 �R.z/; e D .1; : : : ; 1/; z 2 .�1; 0�d ; kzk < "‹

10) For � ! 0C the heavy tailed multivariate GPD on HC with shape parameter
� (properly normalized) tends to the Gauss-exponential distribution. For the
domains of attraction there seems to be a discontinuity in � D 0C. Nice
densities in the domain of the Gauss-exponential law have rotund level sets,
but in the domain of the multivariate Euclidean Pareto distribution the level
sets ff > cg are elliptic for c ! 0C. For heavy tails the distribution has to
satisfy a structural condition (asymptotically elliptic distribution); for light tails
the condition is a local smoothness condition (continuously varying positive
curvature). What happens for � > 0 and small? Are the asymptotics based on
� D 0 valid as a reasonable approximation in this situation? [13.1]

11) For heavy tailed distributions a similar discontinuity in the domains D1.�/
occurs. Take a spectral measure with a fixed non-constant density on the unit
circle. Let �n be the excess measure with this spectral measure and with
generator Cn D diag.1; 1 C 1=n/. In the limit the generator is scalar and
distributions in D1.�/ may be twisted. [16.1; 18.4; 17.2]

12) Suppose �1 and �2 are full measures on Rd , ˛1 and ˛2 affine transformations,
and C1; C2 > 1 such that ˛i .�i / D Ci�i for i D 1; 2. If �1 and �2 agree
outside some bounded set, does this imply that �1 D �2? [18.10]

13) What can one say about the convex hull Cn of the sample cloud Nn from a
distribution in the Gauss-exponential domain? If the distribution has a density
Lf with f 2 U0 andL flat for f then the convex hull locally may be described
by the convex hull of the Poisson point processM with intensity e�.uT u=2Cv/.
The convex hull ofM is roughly parabolic. What can one say about the global
behaviour of the convex hulls Cn?
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Define the core setsKn for a distribution � as the intersection of all halfspaces
H of mass �.H/ � 1� 1=n. How much does the convex hull Cn differ from
the core set? How many points of the sample cloudNn fall outside the core set
Kn? In any boundary point p 2 @Kn one may introduce coordinates so that p
is the origin and n� is close to the Gauss-exponential measure �. So one can
measure how far out the points of Nn outside the core set are. What can one
say about the fluctuations in this landscape? Global peaks are simple. What
about the valleys?

There are some results for spherically symmetric distributions. It would be
interesting to see whether these hold when the condition of spherical symmetry
is relaxed. A clear exposition of the basic ideas in the bivariate situation is given
in Nagaev [1995]. The results in Hueter [1999] are very general; the proofs
rather sketchy. See Finch & Hueter [2004] for more references. [11.5; 5.7]

14) The relation to coordinatewise extreme value theory. For heavy tails the relation
between coordinatewise extremes and exceedances over elliptic thresholds is
clear. For light tails there are many dark areas. In particular the domains of
exponent measures with exponential marginals have received no attention in
these notes. [Preview; 15.3; 15.4; 17.3]

15) If the vector Z has exponentially thin tails, the moment generating function
M exists, and one may use exponential tilting to emphasize the measure in
certain directions, replacing d� by d�� .z/ D e�zd�.z/=M.�/. Not much
is known about the limit theory in this situation. See Barndorff-Nielsen &
Klüppelberg [1999] and Wiedmann [1997] for multivariate Gaussian limits,
and Balkema, Klüppelberg & Resnick [2001] and Nagaev & Zaigraev [2000]
for more general limit distributions. We defined a scenario as a change of
measure. So the Esscher transform�� may be treated as a high risk scenario. If
one allows � to diverge in any direction the basic theory is similar to that for high
risk scenarios: finite-dimensional families of limit laws with large symmetry
groups. Note though that these scenarios are only defined for distributions �
with thin tails. [15.2]

16) What happens if one conditions on orthants Œz;1/, z 2 Rd , rather than half-
spaces, and assumes that PfZ � zg ! 0? See Balkema & Qi [1998].

17) Roughening Lebesgue measure should not affect weak convergence. L1 con-
vergence on HC is preserved if we multiply f 2 U0 by a flat function.
In Balkema & Embrechts [2004] it is shown that weak convergence is preserved
if we roughen Lebesgue measure, provided the density is rotund-exponential.
Does this also hold for densities in U0? [10]
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18) Suppose f 2 U0 and L is flat for f . Is Lf asymptotic to an element h 2 U0?
[10.1]

19) It is simple to generate random vectors from the uniformdistribution on a rotund
set. By viewing rotund-exponential densities as mixtures of scaled copies of
such distributions, random vectors from rotund-exponential densities may be
simulated in a two-step procedure. How does one efficiently simulate high risk
scenarios from such a density? [9.2]

20) Suppose our sample comes from a unimodal density in the domain of the
Gauss-exponential law. We have estimated a number of rotund level sets, say
at the levels c, c=2 and c=4. How do we fill in the tails? For rotund-exponential
densities the level sets are scaled copies of a fixed rotund set, and this is no
problem. We then only have to estimate a univariate tail. But if the shape of
the level sets changes, or the barycenter of the sets, it is not clear what the next
level set (at level c=8, say) should look like. [11.4]

21) How much variation is possible in the tails in different directions for unimodal
densities in the domain of the Gauss-exponential high risk limit law? [11.4]

22) Pancheva [1985] and Mohan & Ravi [1992] have looked at convergence of
non-negative random variables under power norming:

U D ebXa

with a > 0 and b 2 R. This corresponds to positive affine normalizations of the
logarithm ofX . For exceedances over horizontal thresholds of random vectors
Z D .X; Y / 2 RhC1 one may perform such power scaling surreptitiously
by an initial non-linear transformation zZ D .X; logY /. In how far does this
procedure allow us to generalize the limit theory for heavy tails developed in
Section 16?

23) A measure � on an open set OßRd is sign-invariant if �O D O and if

�.�/ D � where �.w/ D �w:
If � is sign-invariant then so is T .�/ for any linear transformation T . If � is a
Radon measure on O D Rd n f0g then �o D .�C �.�//=2 is sign-invariant. A
measure �� on the unit sphere @B in Rd is standard if it is a probability measure
with zero expectation and covariance matrix I=d . The uniform distribution on
@B is standard. Suppose � is an excess measure for scalar expansions. Then so
is T .�/ for any linear transformation T . Can one choose T so that the spectral
measure of .T�/o is standard? [16.1]
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24) Describe the behaviour of the convex hullCn of an n-point sample cloud from a
density f D Le� BnD as in Theorem 9.1 withL flat. Do there exist constants
cn > 0 such that Cn=cn ! D a.s.? [11.1]

25) There exists an elegant theory of weak convergence for increasing functions
on an open interval and for multivariate dfs. Develop a similar theory for
multivariate unimodal distributions. [10.1]

26) In R1 one may define a standard Gaussian distribution, a Gauss-exponential
distribution and a Gauss-exponential point process. Develop the correspond-
ing infinite-dimensional theory of GPDs. (For � < 0 there is no infinite-
dimensional theory because of the bound � � �2=.d � 1/.) [13.1]

27) Develop a high risk theory for exceedances beyond cones or cylinders (rather
than ellipsoids, or halfspaces). [18.8; 17.7; 16]

28) We have concentrated on symmetry groups with simple generators, multiples of
the identity or diagonal matrices. In these cases there is a basis of eigenvectors
in Rd . Complex eigenvalues may be represented as rotations in real coor-
dinates. Generators which do not have a basis of complex eigenvectors have
non-zero off-diagonal elements in their Jordan form. In dimension d D 2 such
generators yield a group of shear transformations along the one-dimensional
eigenspace. An investigation of the domain of attraction for shear expansions
in R2 would be of interest. [17]

29) Regular variation. Suppose ˇ W Œ0;1/! A is continuous and varies like etC .
How much information do we need to reconstruct the curve ˇ up to asymptotic
equality? If the generator C is given it suffices to know the sequence ˇ.n/. If
the � t are linear expansions it suffices to know the linear part of ˇ.t/; if the
� t are translations in R, and ˇ.t/.v/ D a.t/v C b.t/, it suffices to know the
function t 7! b.t/, or the curve f.b.t/; a.t// j t � 0g as a subset of R2. [18.1;
15.5]

30) Regular variation. Suppose ˛t .w/ D AtwC at varies like � t , and � is linear.
It may be possible to replace ˛ by ˇ � ˛ where ˇ is linear. This is the case
if � is a linear expansion (with all eigenvalues outside the unit circle in C). In
that case A�1t ˛t ! id. If all eigenvalues of � lie inside the unit circle then
at ! a and ˛t � ˇt where ˇt .w/ D At .w � a/C a.

Take a geometric point of view, and think of � t , t 2 R, as a one-parameter
group of affine transformations on Rd , and of ˛t as maps from Rd to the d -
dimensional affine space L. The vectors Z and the high risk scenarios ZH

live on L. They are normalized by affine maps ˛�1 W L ! Rd . Under what
conditions can one choose coordinates in L, and ˇ � ˛, so that in these
coordinates the ˇ.t/ belong to the same subgroup as the � t? [18.4; 18.1]
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31) Meerschaert & Scheffler [2001], Theorem 6.1.19, give a Convergence of Types
Theorem for excess measures for exceedances over elliptic thresholds. Does
there exist a similar result for exceedances over horizontal thresholds? [Pre-
view]

32) Give a geometric description of the curve of ellipsoids, t 7! Et D ˛.t/.B/,
where ˛ varies like � t . For scalar expansion groups, � t .w/ D e� tw, there is a
simple criterium, (19) in the Preview for regular variation of ellipsoids. [17.2]

33) Consider a continuous density f .x; y/ D fy.x/ Qf .y/ in the domain Dh.�/

of the Gauss-exponential measure � with the property that the conditional
densities fy are Gaussian. Such a typical density may be constructed, starting
from a sequence bn D b0C a1C � � �C an with anC1 � an > 0, a sequence of
centered ellipsoids En � En�1, and a sequence of vectors �n D �0 C �1 C
� � �C�n in Rh where 'nC1�'n D o.En=an/ for 'n D �n=an. What conditions
on the sequence .an; En; �n/ will ensure that the convex hulls converge? For
what measures� is the limit relation preserved, and convergence of the convex
hulls, if we replace fd� by fd�? [15.2; 16.7]

34) Typical densities exist for exceedances over horizontal thresholds, exceedances
over elliptic thresholds, and for exceedances beyond translates of the negative
orthant, as for coordinatewise maxima. Now replace horizontal thresholds by
thresholds that are asymptotically parallel. In algebraic terms this means that
ˇ W Œ0;1/ ! A is a continuous curve which varies like � t in Ah. We drop
the condition that ˇ.t/ 2 Ah. We seem to run into difficulties here if we try to
construct typical densities. [18.8]

35) Explore tail self-similar limit laws. Here one replaces the one-parameter group
of symmetries in the definition of an excess measure by a single symmetry
relation: �.�/ D a� for some a > 1. Obviously this implies �k.�/ D ak� for
all k 2 Z. The theory is simple (as long as there is only one symmetry), and
for distributions in the domain of attraction of a tail self-similar distribution the
recipe in the Preview will work. All one has to do is replace the spectral measure
by a period of the tail self-similar distribution. Regular variation reduces to the
study of sequences ˛n D ˛0�1 : : : �n with �n ! � . In the univariate situation
the measure � with mass 1=2nC1 in the points n 2 Z restricted to Œ0;1/
yields a geometric distribution. Such measures occur as exponent measures
for maxima when one considers subsequences, the maximum of rn independent
observations, where rnC1=rn ! 2. There is a well-developed theory in the
univariate case, but there are few applications. See Pancheva [1992] for basic
results on max-semistability, Temido & Canto e Castro [2002] for extension
to stationary sequences, and van den Brandhof [2008] for a nice application.
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The corresponding theory for sums of random vectors has been developed in
MS, Section 6.2 and 7.1. [14.4]

36) Develop the theory of regular variation and excess measures on infinite-dimen-
sional linear spaces. See Hult & Lindskog [2006]. [18.1; 18.7]

37) If � is an excess measure on Rd n f0g for linear expansions, can one choose
coordinates such that the unit ball B is adapted and also invariant under the
linear transformations which preserve �? [16.2]

20 The statistical analysis

The statistician in extreme value theory is faced with three interrelated problems:

1) she is only interested in the tail behaviour of the distribution;

2) she has to estimate an infinite measure;

3) this measure � has a continuous non-compact group of symmetries.

Let us briefly discuss each of these three points:

1) Since she is only interested in the asymptotic behaviour of the tail – she may
be asked to use the sample to estimate probabilities of regions which lie outside the
convex hull of the sample cloud – the statistician starts by throwing away at least 90%
of the sample, in the univariate case all points below a certain threshold. The crucial
question then becomes: How does one determine the threshold? In the univariate
case the threshold is a real number, but in the multivariate case the situation is more
complex. In general she deletes all sample points in a convex set: a halfspace, a lower
orthant, or an ellipsoid.

This procedure raises a more basic issue. Should the statistician give equal weight
to all points in the sample? By deleting a number of sample points the answer is clearly
no. Do there exist convincing arguments for giving each of the remaining sample
points the same weight? There is a variance-bias argument: The statistical advantage
of an increase in sampling diversity if the sample point just above the threshold were
to share some of its mass with the sample point just below the threshold may outweigh
the slight decrease in dependability.

2) In the theory of coordinatewise maxima the statistician has to estimate the ex-
ponent measure; in the theory of exceedances she has to estimate the excess measure.
These measures are infinite Radon measures � on open subsets OßŒ�1;1/d .

For the exponent measure there are two approaches. She may estimate the df
R.z/ D �.Œ�1; z�c/, or she may estimate the measure � itself in its upper end-
point together with the 2d � 2 lower dimensional marginals. See Proposition 7.9. In
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the case of exceedances over horizontal thresholds it suffices to estimate the prob-
ability measure d�J D 1Jd�=�.J / where J is a suitable horizontal halfspace; for
exceedances over elliptic thresholds the recipe is similar. For the measures associated
with multivariate GPDs the situation is different.

3) The infinite Radon measure � on O above has a one-parameter group of sym-
metries:

� t .�/ D et�; t 2 R: (20.1)

There exists a base set AßO , a finite measure �� on a Borel set A0ß@A, and a home-
omorphism T W O ! A0 � R such that as in Section 18.9

1) T .�/ D �� � e�tdt is a product measure on A0 � R;

2) orbits map into vertical lines: T .� t .z// D .T .z/; t/, z 2 A0;

3) A is the inverse image of the halfspace A0 � Œ0;1/.
The measure �� is called the spectral measure. Since one may replace the Radon

measure � by a positive multiple of itself, one may assume that the spectral measure ��
is a probability measure, the distribution of a vector U �. Given the one-parameter
group � t , t 2 R, and the section A0, the spectral measure determines the infinite
Radon measure �. For exceedances over horizontal thresholds the base set A is the
horizontal halfspace J0 andA0 the bounding horizontal hyperplane. For exceedances
over ellipsoids A is the complement of the unit ball and A0 the unit sphere – in
appropriate coordinates. The spectral measure depends on the choice of coordinates.
For the exponent measures associated with coordinatewise maxima of heavy-tailed
vectors several base sets have been suggested: The complement of a cube, a ball, or
a simplex. There is no canonical choice.

Excess measures (the Radon measures associated with exceedances) have the
advantage over exponent measures (associated with maxima) that the limit distribution
coincides with the excess measure on the halfspace J0 on which it lives.

The limit distribution for exceedances over horizontal or elliptic thresholds lies
in its own domain of attraction. If the sample comes from the limit distribution,
and she knows the generator of the stability group � t , t 2 R, she may project the
sample points onto a horizontal hyperplane (or an elliptic boundary) along orbits of
the stability group, to obtain a sample from the spectral measure ��. Essentially she
is in the situation where one has to estimate a spherically symmetric density. The
representationW D �T .U �; 0/ transforms the data pointsWi into pairs .U �i ; Ti /with
independent components. Since the variable T is standard exponential it suffices to
estimate the distribution �� of U �.

For high-dimensional data sets the reduction of the dimension from d to h is not
impressive. The real gain is that U � may have any distribution on Rh (as long as the
distribution of W is non-degenerate).

If the underlying distribution is not the limit distribution, but lies in the domain
of attraction, then the statistician faces the same problems as in the univariate case.
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In addition she has to determine the form of the generator of the stability group, see
Section 14.9, and the values of the parameters in these matrices. Finally she has to
estimate the spectral distribution. It is not clear whether these tasks may be carried
out successively, if she wants good estimates.

Estimating the multivariate GPDs is a different matter. On the one hand she may
consider exceedances over thresholds in a particular direction. The spectral measure
then is known up to a finite number of parameters, so that the statistician is in the
classical situation of a finite-dimensional parameter space. On the other hand she
may consider convergence of the high risk scenarios in all directions. Spherical
distributions are replaced by distributions based on the gauge function of a rotund
set. Between the local and the global approach there is a range of questions which the
statistician may have to decide. Assume the spectral measure is Gaussian. Possible
questions are: Is convergence robust under slight changes in the direction of the
halfspace? For which halfspaces does the Gauss-exponential limit still apply? Does
the convex hull of the normalized sample cloud converge to the convex hull of the
limiting Gauss-exponential point process? See Example 9.14.

We now list a number of concrete problems which the statistician may encounter
in applying the limit theory for high risk scenarios as sketched in Chapters III and IV.
As before the square brackets at the end refer to relevant subsections in the text.

1) Exhibit real life data sets which fit the theory. [8.5]

2) Provide synthetic data sets for a given rotund-exponential density. [9]

3) How does one associate a rotund set with a sample cloud? A bivariate sample
cloud may give a clear visual impression of an underlying spherical or elliptic
distribution, but it may also suggest that the level sets are egg-shaped rather
than elliptic. How does one construct the egg? [9.2]

4) Choice of the threshold. In the theory of extremes we want to estimate the mean
measure of the limiting Poisson point process. This measure satisfies certain
symmetry relations. Suppose it is a mixture of one-dimensional Lebesgue
measure on rays. Let A denote the set above the threshold. The statistician
restricts the sample to this set. With each of the k points x in the subsample
she associates a multiple c.x/=k of Lebesgue measure on the ray through
x where 1=c.x/ is the length of the interval which A cuts off from the ray.
What conditions on A will ensure that this positive linear combination of one-
dimensional Lebesgue measures converges to � in probability? [7.4]

5) There is a growing expertise on the statistical analysis of distributions in the
domain of max-stable distributions. The results mentioned in the literature
should be applicable to the theory for exceedances over horizontal thresholds.
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As an example we mention sample copulas. These describe the relative rank of
the coordinates of the points in the sample cloud, see Section 7.3. For samples
from a df in the domain of a max-stable law one may form the sample copula –
an n-point subset of f1; : : : ; ngd which projects onto f1; : : : ; ng in each of the d
coordinates. Together with the univariate marginal samples the sample copula
determines the original sample. In the limit the normalized sample cloud from
a distribution in the domain of a max-stable law with standard exponential
marginals on .�1; 0/ converges to a Poisson point process with standard
Poisson marginals on .�1; 0/, a so-called Poisson copula. The associated
sample copulas shifted to the negative orthant converge to the corresponding
simple point process on f: : : ;�2;�1g. How much information is lost by using
the sample copula to estimate the copula of the max-stable limit law? This
problem has recently been solved (under some extra conditions). The loss
does not vanish in the limit, but is of the same order of magnitude as the
statistical error due to sampling. Both may be described by a Gaussian process
based on a common Wiener process. See Einmahl, de Haan & Li [2006]. [7.5]

6) For a multivariate thin tailed distribution how does one decide that the level
sets are rotund, but not elliptical? [9.2]

7) For a heavy-tailed distribution how does one decide that the tails in all directions
have the same exponent? [16.1]

8) How does one choose the origin for heavy tailed distributions? Suppose the
distribution is a mixture of a Cauchy distribution, spherically symmetric around
an unknown point �0, and an unknown asymmetric light tailed or bounded dis-
tribution. How does one determine �0? For the asymptotics it does not matter
where one chooses the origin; for finite samples it does make a difference. In
the univariate case the average of the upper and lower quartile might be a good
estimate. Is there a general procedure for distributions with balanced heavy
tails? [16.1]

9) How does one choose the coordinates? In the heavy-tailed situation one can
perform an initial affine coordinate transformation to change the elliptic cloud
into a spherical cloud. Now cut out all sample points within a ball of radius r0,
leaving only a fraction of the original sample. Project this subsample radially
(or rather along orbits) onto the unit sphere and check whether the sample of
unit vectors is centered and has a covariance matrix which is a multiple of the
identity. If not, how does one improve on the initial affine transformation?
[16.1; 8.5]

10) How does one test for unimodality? And how does one estimate the unimodal
density? [10.1]
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11) If the excess measure � is heavy tailed and symmetric for scalar expansions
there are three models for the domain of attraction, depending on the normaliza-
tions allowed: scalar normalizations, diagonal matrices or arbitrary matrices.
For extremes one starts by throwing away the central points, thus reducing the
sample size by a factor ten. So the simple model of scalar expansions should do
unless one has a huge data set. What is the advantage of the larger models? [17]

12) How does one handle contamination? A contamination of � may be defined
as a mixture of two probability measures .1 � p/� C p Q� with 0 < p 	 1,
where Q� is more heavy tailed than � . In particular � may live on a cone and
Q� on the complement, or � may have exponential tails, whereas Q� has heavy
tails in certain directions.

In the univariate case sea level distributions determined by storms, currents and
tides may be contaminated by tsunamis, or by flood waves caused by meteorite
impacts. Life time distributions may be contaminated by pandemics or wars.
Credit risk distributions may be contaminated by economic breakdown due to
political revolutions. In the multivariate case we refer to Example 9.14, and
the discussion in Subsection 15.4. In robust statistics contamination is seen in
outliers. The task of the statistician is to detect and delete such anomalies in
the sample. In risk theory outliers have to be treated with extreme care. Do we
deal with errors which may cause some jitter but have no long term effect, or
do the outliers indicate real risks? In the latter case one may try to incorporate
the outliers in the basic model, or stick to the light tailed model, and embed that
in a larger model in which shocks (earthquakes, wars and system breakdowns)
are also taken into account. See Nešlehová, Embrechts & Chavez-Demoulin
[2006] and Dell’Aquila & Embrechts [2006]. [15.3]
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Page numbers in bold face lead to the formal definition.

WD; dD; �; 
; 	; ), 38
A, 15
AC, 184, 186, 300
Ah, 36, 184
C , 84
c.E/, convex hull, 38
cl.E/, closure, 38
DC, 37, 101, 121
D1, 37, 233, 346
Dh, 37, 185, 192, 346
DOS , 37
D", 37, 120,
D_, 37, 113, 346
D^, 222
D.0/, 135
D.�/, 176, 186
D.W /, 126
	, 88
@ W H ! @, 132
@ W zn ! @, 132
F , 84, 92

 , 90
GL.d/, 15
H , 84
Hƒ, 88
H�, 82
H .�/, 88
HE0, 216
int.E/, interior, 38
M", 104
MSE , 117
N , 67
o.Et /: xt D, 227
P , 72
R, 76

RE , 33, 135, 136,
U, 148
U0, 148

adapted, 236, 251, 256, 268, 356
admissible, 199
affine

expansion, 285
function, 84, 85
transformation, 15

Ansatz, 14, 24, 125, 231
asymptotic

affine transformations, 16
convex sets, 23
functions, 132
measures, 209
tail continuity, 104

atom of a measure, 44
atom of a partition, 46, 250

balance, 230, 265, 272, 275, 359
theorem, 265

Basel guidelines, 4
basic inequality, 159
beta density, spherical, 135, 178
Beurling slowly varying, 108
binomial distribution, 56
bivariate mean measure, 52
bland, 13, 124
box, coordinate, 273

CAT, 28, 36, 112, 199
Cauchy distribution, 17, 30
Cauchy equation, 297
chain, 334, 335
compact group, 294, 340, 341
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compact support, 76
compact, relatively, 76
compensated Poisson point process, 97
completely steady, 218, 219
component of the identity, 343
componentwise maxima, 110, 121, 264

346, see also coordinatewise
extremes

condition on the boundary, 125, 186
cone, 84, 218, 222

convergence, 32, 89,90, 94, 185, 200,
312, 314

intrusion, 32, 88, 94, 200, 312, 313,
320

proper, 84
consistency theorem, 96
contamination, 224, 360
convergence

convex sets, 85
direction, 92
in distribution, 69, 79
of densities, 152
of point process, 69, 78
of types theorem, 14, 355

convex, 84
hull, 38, 82, 83, 93, 118, 225, 243
hulls, convergence of, 83, 94
set, adapted, 236
sets, convergence of, 85
support, 132, 220

coordinate affine transformations, 28, 36,
112, see also CAT

coordinate box, 273
coordinatewise extremes, 110, 111, 224,

273, 346, see also
componentwise maxima

copula, 115, 116, 218
convergence theorem, 122
Poisson, 117, 359
sample, 359

counting measure, 76

covariance, 51, 55, 130, 137, 198, 207,
298, 353, 359

CTT, 14

DAX, 130
decomposition

spectral, 22, 38, 258, 275, 333
theorem, 118

decreasing, 87
degenerate distribution, 14
Delta Project, 2
density

power family, 134
Weibull, 33, 135

dependency, 122
dependogram, 116
diffuse, 44
direction, 85

of convergence, 92
discrete skeleton, 223, 299, 350
distribution

Cauchy, 17
degenerate, 14
Euclidean Pareto, 131, 171
exponential, 101, 117
extreme value, 101
Fréchet, 346
Gauss, 29, 126, 217, 350
Gauss-exponential, 127
generalized Pareto, see GPD
Gumbel, 29, 101, 103, 114, 115
high risk, 124
hyperbolic, 161
max-stable, 101
non-degenerate, 14
parabolic power, 135
Pareto, 198
Pascal, 188
point process, 49, 50, 63, 65, 66, 67
stable, 282
Student, 5, 29, 171
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uniform, see uniform distribution
divergence of a sequence, 132
domain, 21

attraction, 21, 113
elliptic attraction, 190, 233, 240
exceedance, 25, 101, 211
high risk, 126
horizontal, 184
max-stable

affine norming, 113
monotone norming, 120

double-exponential, see Gumbel

egg-shaped, 136
elliptic

attraction, 233, 240
distribution, 178
threshold, 25, 37, 38, 234, 285

elliptical models, 5
enumeration of the points, 46
Esscher transform, 211
Euclidean Pareto, 23, 24, 131, 135, 171,

172, 176, 235, 255, 267, 351
exceedance, 101

domain, 21
elliptic threshold, 25, 38, 231, 234,

285
horizontal threshold, 17, 21, 183
univariate, 101

excess function, 166
excess measure, 19, 102, 179, 195, 198,

204, 235, 294, 295, 301, 318,
323, 344

elementary, 318
for expansions, 238

exchangeable, 49
expansion, 235, 236, 236

affine, 285
group, 236
linear, 233, 285

scalar, 221, 222, 266, 268, 277, 278,
345,

exponent measure, 103, 111, 180, 218,
224, 346

exponential
family: natural, 211
law, 101
marginals, 117
polar coordinates, 238

extension, 326
extension lemma, 312
extension theorem, 192, 294
extreme value, 101
extreme value theory, 2, 19

fiber bundle, 142
fixed points, 59
flat, 106, 159, 167, 171, 254
flimsy, 185
Fréchet distribution, 346

Galambos, theorem, 122
gauge function, 138, 265
Gauss distribution, 29, 126, 217, 350
Gauss-exponential, 23, 83, 135, 146,

349–351, 353–355
Gaussian space, 97
Gaussian field, 97
generalized inverse, 115
generator of a Lie group, 196, 199, 202,

297, 342
geometric extreme value theory, 27
geometry, 161, 253

Riemann, 163
global behaviour, 146, 233
GPD, 17, 101, 176, 186, 196, 205, 333,

349–351, 354, 358
Greenspan Uncertainty Principle, 7
Grigelionis, 57, 81
group

compact, 294, 340, 341
Lie, 315, 336, 337
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one-parameter, 19, 297, 336
orthogonal, 341

Gumbel
distribution, 29, 101, 103, 114, 115
marginals, 115, 121

Haan, de Haan–Resnick theorem, 113
Haar measure, 340, 341
halfspace, 84
halfspace

horizontal, 17, 36
heavy tails, 28, 130, 170, 222, 230, 263,

275,347
high risk

distribution, 124
limit distribution, 126
limit vector, 126
scenario, 17, 31, 35, 38, 123, 124,

142, 183, 220, 231, 263
homogeneous-elliptic, 216
horizontal, 183

halfspace, 17, 36
threshold, 18, 21, 25, 37, 183, 204,

211, 341, 355
hull, convex, 38, 83, 86, 93, 118, 225, 243
hyperbolic distribution, 161

increasing partitions, 46
independence, 26, 51, 118, 180
initial position, 140
initial transformation, 141
instability, 291
integral, stochastic, 45
interpolation, 256, 299
intrusion cone, 32, 88, 94, 200, 312, 313,

320
invariant, 195, 316

Janossi density, 53
Jordan form, 21, 196, 198, 203, 204, 228,

235, 237, 262, 268, 278, 297,
304, 318, 320, 333

Jordan spectral decomposition, 334

Keesten, 267

Laplace transform, 63, 64, 201, 296, 319
lcscH space, 70
Lebesgue measure, 21, 83, 88, 112, 117,

129, 167, 174, 175, 179, 193,
218–220, 222, 315, 316, 341,
349, 350, 358

level set, 15, 24, 134, 136, 235, 278, 351,
353

Lévy process, 54, 282
max-, 112

Lie algebra, 315, 330, 331, 336, 337
Lie bracket, 337
Lie group, 315, 336, 337
light upper tail, 28
linear expansion, 233, 285

group, 233, 240, 278
local limit law, 175
local scale, 253
local symmetry, 329
Lorentz group, 176
loss, 123
loss integral, 97, 99
lower endpoint, 111

marked point process, 44, 62, 146, 185
master sequence, 108
max-id, 100, 111
max-Lévy process, 112
max-stable, 101, 112, 113, 114–119, 222,

284
maximum, componentwise, 110, 121
mean measure, 18, 20, 45, 96

bivariate, 52
Meerschaert spectral decomposition, 305
Mises, von Mises condition, 105, 136
Mises, von Mises function, 105, 206, 217,

302
mixture, 43
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Möbius band, 142
Möbius transform, 118
model function, 108
monotone transformation, 104

multivariate, 119
multivariate

GPD, 176
monotone transformations, 119
slow variation, 157

needle, 83
non-degenerate, 126

distribution, 14
non-life insurance, 230

one-parameter group, 19, 21, 297, 324,
336, 340

operational risk, 5
operator stable, 34, 282
orbit, 200, 316, 320
order statistics, 103
orthogonal group, 341

parabolic
power laws, 175

parabolic cap, 129, 350
parabolic power laws, 135
paraboloid, 21, 83, 129, 174
Pareto, 101

Euclidean, 171
generalized, 101

distribution, see GPD
multivariate GPD, 176
parameter, 37, 176, 186, 300

Pareto distribution, 198
partition, 46

separating points, 46
Pascal distribution, 188
Peaks Over Thresholds, 19
point process, 41, 44, 47

convergence, 69, 78
distribution, 49, 50, 63, 65, 66, 67

marked, 44, 62, 146, 185
simple, 67

Poisson copula, 117, 359
Poisson mixture, 48
Poisson point process, 48, 50, 102

compensated, 52
inverse map, 58
map, 58

polar coordinates, 172, 234, 235, 238
portfolio, 124
positive-homogeneous, 92, 117, 161, 265,

266
power family, 134
power laws, 101
Prohorov theorem, 73
projection, 198

theorem, 179, 180
proper cone, 84

quantile, 124
quantitative risk management, 1
quasiconvex, 134
quotients, convergence of, 143, 247

Radon measure, 19, 43, 76
rain shower, 41
random .counting/ measure, 44
random set, 44
regular variation, 22, 101, 295, 296, 300,

312
relatively compact, 76
representation, 115

Skorohod, 73, 74, 93
theorem, 196, 293

residual life times, 101
risk, 13, 110, 183

high, 123
level, 123
theory, 123

rotund, 33, 138, 174, 353
rotund-exponential, 33, 135, 136, 353
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roughening of Lebesgue measure, 107,
168, 247, 252, 270, 349

sample cloud, 43, 44, 81, 146
mixture, 44

sample copula, 359
scalar normalization, 226, 264,

see also expansion, scalar
scalar symmetry, 268
scale function, 105
scenario analysis, 30
scenario, high risk, 17, 31, 35, 38, 123,

124, 142, 220, 263
SDT, 34, 199, 258, 304, 305
self-neglecting, 108
self-similar, 188, 355
separation theorem, 86
sequence, divergence of, 132
shape of distribution, 14
shear, 140, 237, 257, 311, 318, 319, 354
sign-invariant, 353
simple point process, 44, 68
skeleton, discrete, 223, 299, 350
Skorohod representation theorem, 73, 74,

93
slow variation, 157
small set property, 46
spectral

decomposition, 22, 38, 258, 275, 333
theorem, see SDT
theorem, affine, 309
theorem, discrete, 262

distribution, 196
measure, 20, 26, 38, 99, 196, 203,

238, 357
probability measure, 34
stability, 203

spherical
beta density, 135, 178
distribution, 178
Student, 29, 135, 350

symmetry, 126, 180, 216, 352
stability relation, 113
stable distribution, 282
stable process, 55, 282
standard distribution, 353
state space, 70

point process, 47
steady, 95, 185, 200

completely, 218, 219
stress testing, 30
structure theorem, 178
Student distribution, 5, 29, 171
sturdy, 185, 200

completely, 201
measure, 88

subspace theorem, 75
superposition, 56
support, 92, 140

compact, 76
function, 92
process, 92

symmetry, 127, 271, 314, 333
excess measure, 179, 193
group, 179, 301, 341
local, 329
maximal, 278
paraboloid, 129
scalar, 268
spherical, 180

tail property, 19, 27, 349
tail self-similar, 188, 355
theorem

asymptotic invariance, 133
balance, 265
basic inequality, 159
consistency, 96
continuity, 75
continuous mapping, 73
convergence of convex hulls, 94
convergence of types, 14, 355
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copula convergence, 122
decomposition, 118
extension, 192, 294
extension lemma, 312
Galambos, 122
geometric invariance, 131
Grigelionis, 57
Haan, de Haan–Resnick, 113
high risk probabilities, 134
local section lemma, 325
Meerschaert spectral decomposition,

305
polar representation, 242
power families, 134
Prohorov, 73
projection, 179, 180, 199
representation, 115, 196, 293
separation, 86, 87
Skorohod’s representation, 73, 74, 93
spectral decomposition, 22,258, 277,

305
affine, 309
discrete, 262

structure, 178
subspace, 75
uniqueness, 328
weak convergence, 77

thinned point process, 62
threshold

elliptic, 25, 37, 38, 234, 285
horizontal, 18, 37, 183

tight, 69, 73, 78, 79, 90
time change, 247, 254, 298
transformation

affine, 15
coordinatewise affine, see CAT
monotone, 104
multivariate monotone, 119

twisting, 256, 269, 270
type of distribution, 14
type, convergence theorem, 14, 355

typical, 206
density, 23, 235, 245, 252, 254, 255,

278, 280, 355
distribution, 205, 206, 209, 243

uniform distribution, 14, 42, 114, 117,
119, 129, 174, 206, 212, 213,
215, 279, 292, 340, 353

spherical, 128
unimodal, 15, 24, 38, 145–147, 157, 278,

349, 350, 353, 359
distribution, 134, 137, 147, 354
function, 134

uniqueness theorem, 328
univariate, 100, 301
upper endpoint, 111
upper halfspace, 18, 125

vague convergence, 76, 83, 225, 244, 247
Value-at-Risk, 3
VaR, 123
variance, see covariance
variation, regular, 22, 101, 295, 296, 300,

312
vary

like, 22, 207, 297
regularly, 24, 38, 234, 296

at infinity, 234
with exponent, 297

slowly, 157, 223
vertex, 29, 82, 175, 176, 218, 221
vertical component, 36, 185
vertical translation, 209, 211
volatility, 130

weak convergence, 72, 74, 77, 147, 192,
208

weakly, 73, 74, 89
Weibull density, 33, 135

XS-measure, 316, 349

zero-one point process, 44, 56
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