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Foreword

These lecture notes describe a way of looking at extremes in a multivariate setting. We
shall introduce a continuous one-parameter family of multivariate generalized Pareto
distributions that describe the asymptotic behaviour of exceedances over linear thresh-
olds. The one-dimensional theory has proved to be important in insurance, finance
and risk management. It has also been applied in quality control and meteorology.
The multivariate limit theory presented here is developed with similar applications in
mind. Apart from looking at the asymptotics of the conditional distributions given the
exceedance over a linear threshold — the so-called high risk scenarios — one may look
at the behaviour of the sample cloud in the given direction. The theory then presents a
geometric description of the multivariate extremes in terms of limiting Poisson point
processes.

Our terminology distinguishes between extreme value theory and the limit theory
for coordinatewise maxima. Not all extreme values are coordinatewise extremes! In
the univariate theory there is a simple relation between the asymptotics of extremes
and of exceedances. One of the aims of this book is to elucidate the relation between
maxima and exceedances in the multivariate setting. Both exceedances over linear
and elliptic thresholds will be treated. A complete classification of the limit laws is
given, and in certain instances a full description of the domains of attraction. Our
approach will be geometrical. Symmetry will play an important role.

The charm of the limit theory for coordinatewise maxima is its close relationship
with multivariate distribution functions. The univariate marginals allow a quick check
to see whether a multivariate limit is feasible and what its marginals will look like.
Linear and even non-linear monotone transformations of the coordinates are easily
accommodated in the theory. Multivariate distribution functions provide a simple
characterization of the max-stable limit distributions and of their domains of attrac-
tion. Weak convergence to the max-stable distribution function has almost magical
consequences. In the case of greatest practical interest, positive vectors with heavy
tailed marginal distribution functions, it entails convergence of the normalized sample
clouds and their convex hulls.

Distribution functions are absent in our approach. They are so closely linked to
coordinatewise maxima that they do not accommodate any other interpretation of
extremes. Moreover, distribution functions obscure an issue which is of paramount
importance in the analysis of samples, the convergence of the normalized sample
cloud to a limiting Poisson point process. Probability measures and their densities
on R? provide an alternative approach which is fruitful both in developing the theory
and in handling applications. The theory presented here may be regarded as a useful
complement to the multivariate theory of coordinatewise maxima.
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Introduction

Browsing quickly through the almost 400 pages that follow, it will become immedi-
ately clear that this book seems to have been written by mathematicians for mathe-
maticians. And yet, the title has the catchy “High Risk Scenarios” in it. Is this once
again a cheap way of introducing finance related words in a book title so as to sell
more copies? The obvious answer from our, the authors’ point of view, must be no.
This rather long introduction will present our case of defense: though the book is
indeed written by mathematicians for a mathematically inclined readership, at the
same time it grew out of a deeper concern that quantitative risk management (QRM)
is facing problems where new mathematical theory is increasingly called for. It will
be difficult to force the final product you are holding in your hands into some specific
corner or school. From a mathematical point of view, techniques and results from
such diverse fields as stochastics (probability and statistics), analysis, geometry and
algebra appear side by side with concepts from modern mathematical finance and
insurance, especially through the language of portfolio theory. At the same time,
risk is such a broad concept that it is very much hoped that our work will eventu-
ally have applications well beyond the financial industry to areas such as reliability
engineering, biostatistics, environmental modelling, to name just a few.

The key ingredients in most of the theory we present relate to the concepts of
risk, extremes, loss modelling and scenarios. These concepts are to be situated within
a complex random environment where we typically interpret complexity as high-
dimensional. The theory we present is essentially a one-period theory, as so often en-
countered in QRM. Dynamic models, where time as a parameter is explicitly present,
are not really to be found in the pages that follow. This does not mean that such a
link cannot be made; we put ourselves however in the situation where a risk manager
is judging the riskiness of a complex system over a given, fixed time horizon. Un-
der various assumptions of the random factors that influence the performance of the
system the risk manager has to judge today how the system will perform by the end
of the given period. At this point, this no doubt sounds somewhat vague, but later in
this introduction we give some more precise examples where we feel that the theory
as presented may eventually find natural applications.

A first question we would like to address is

“Why we two?”

There are several reasons, some of which we briefly like to mention, especially as
they reflect not only our collaboration but also the way QRM as a field of research
and applications is developing. Both being born in towns slightly below or above sea
level, Amsterdam and Antwerp, risk was always a natural aspect of our lives. For the
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second author this became very explicit as his date of birth, February 3, 1953, was
only two days after the disastrous flooding in Holland. In the night of January 31
to February 1, 1953, several 100 km of dykes along the Dutch coast were breached
in a severe storm. The resulting flooding killed 1836 people, 72 000 people needed
to be evacuated, nearly 50 000 houses and farms and over 200 000 ha of land were
flooded. A local newspaper, De Yssel- en Lekstreek, on February 6, 1953 ran aheadline
“Springtij en orkaan veroorzaken nationale ramp. Nederland in grote watersnood”".
The words of the Dutch writer Marsman from 1938 came back to mind: “En in
alle gewesten, wordt de stem van het water, met zijn eeuwige rampen, gevreesd en
gehoord.”” As a consequence, the Delta Project came into being with a clear aim to
build up a long-lasting coastal protection through an elaborate system of dykes and
sluices. Though these defense systems could never guarantee 100% safety for the
population at risk, a safety margin of 1in 10 000 years for the so-called Randstad (the
larger area of land around Amsterdam and Rotterdam) was agreed upon. Given these
safety requirements, dyke heights were calculated, e.g. 5.14 m above NAP (Normaal
Amsterdams Peil). A combination of environmental, socioeconomic, engineering
and statistical considerations led to the final decision taken for the dyke and sluice
constructions. For the Dutch population, the words of Andries Vierlingh from the
book Tractaet van Dyckagie (1578) “De meeste salicheyt hangt aen de hooghte van
eenen dyck™ summarized the feeling of the day. From a stochastic modelling point
of view, the methodology entering the solution of problems encountered in the Delta
Project is very much related to the analysis of extremes. Several research projects
related to the modelling of extremal events emerged, examples of which include our
PhD theses Balkema [1973] and Embrechts [1979]. Indirectly, events and discussions
involving risk and extremes have brought us together over many years.

By now, the stochastic modelling of extremes, commonly referred to as Ex-
treme Value Theory (EVT), has become a most important field of research, with
numerous key contributors all over the world. Excellent textbooks on the subject
of EVT exist or are currently being written. Moreover, a specialized journal solely
devoted to the stochastic theory of extremes is available (Extremes). Whereas the first
author (Balkema) continued working on fundamental results in the realm of heavy
tailed phenomena, the second author (Embrechts) became involved more in areas
related to finance, banking, insurance and risk management. Banking and finance
have their own tales of extremes. So much so that Alan Greenspan in a presentation
to the Joint Central Bank Research Conference in Washington D.C. in 1995 stated
(see Greenspan [1996]):

“From the point of view of the risk manager, inappropriate use of the
normal distribution can lead to an understatement of risk, which must be

1“Spring tide and hurricane cause a national disaster. The Netherlands in severe water peril.”
2“And in every direction, one hears and fears the voice of the water with its eternal perils.”
3“Most of the happiness depends on the height of a dyke.”
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balanced against the significant advantage of simplification. From the
central bank’s corner, the consequences are even more serious because
we often need to concentrate on the left tail of the distribution in formu-
lating lender-of-last resort policies. Improving the characterization of
the distribution of extreme values is of paramount concern.”

Also telling is the following statement taken from Business Week in September 1998,
in the wake of the LTCM hedge fund crisis:

“Extreme, synchronized rises and falls in financial markets occur infre-
quently but they do occur. The problem with the models is that they did
not assign a high enough chance of occurrence to the scenario in which
many things go wrong at the same time — the “perfect storm’ scenario.”

Around the late nineties, we started discussions on issues in QRM for which fur-
ther methodological work was needed. One aim was to develop tools which could
be used to model markets under extreme stress scenarios. The more mathematical
consequence of these discussions you are holding in your hands.

It soon became clear to us that the combination of extremes and high dimensions,
in the context of scenario testing, would become increasingly important. So let us
turn to the question

“Why in the first part of the title High Risk Scenarios and Extremes?”

The above mentioned Delta Project and QRM have some obvious methodological
similarities. Indeed protecting the coastal region of a country from sea surges through
a system of dykes and sluices can be compared with protecting the financial system
(or bank customers, insurance policy holders) from adverse market movements
through the setting of a sufficiently high level of regulatory risk capital or reserve.
In the case of banking, this is done through the guidelines of the Basel Committee
on Banking Supervision. For the insurance industry, a combination of international
guidelines currently under discussion around Solvency 2 and numerous so-called lo-
cal statutory guidelines have been set up. The concept of dyke height in the Delta
Project translates into the notion of risk measure, in particular into the widely used
notion of Value-at-Risk (VaR). For instance, for a given portfolio, a 99% 10-day VaR
of one million euro means that the probability of incurring a portfolio loss of one
million euro or more by the end of a two-week (10 trading days) period is 1%. The
10000 year return period in the dyke case is to be compared with the 99% confidence
level in the VaR case. Both sea surges and market movements are complicated func-
tions of numerous interdependent random variables and stochastic processes. Equally
important are the differences. The prime one is the fact that the construction of a dyke
concerns the modelling of natural (physical, environmental) processes, whereas fi-
nance (banking) is very much about the modelling of social phenomena. Natural
events may enter as triggering events for extreme market movements but are seldom
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a key modelling ingredient. An example where a natural event caused more than
just a stir for the bank involved was the Kobe earthquake and its implications for
the downfall of Barings Bank; see Boyle & Boyle [2001]. For the life insurance
industry, stress events with major consequences are pandemics for instance. Also
relevant are considerations concerning longevity and of course market movements,
especially related to interest rates. Moving to the non-life insurance and reinsurance
industry, we encounter increasingly the relevance of the modelling of extreme natural
phenomena like storms, floods and earthquakes. In between we have for instance acts
of terrorism like the September 11 attack. The “perfect storm scenario” where many
things go wrong at the same time is exemplified through the stock market decline
after the New Economy hype, followed by a longer period of low interest rates which
caused considerable problems for the European life insurance industry. This period of
economic stress was further confounded by increasing energy prices and accounting
scandals.

In order to highlight more precisely the reasons behind writing these lectures, we
will restrict our attention below to the case of banking. Through the Basel guide-
lines, very specific QRM needs face that branch of the financial industry. For a broad
discussion of concepts, techniques and tools from QRM, see McNeil, Frey & Em-
brechts [2005] and the references therein. Besides the regulatory side of banking
supervision, we will also refer to the example of portfolio theory. Here relevant refer-
ences are for instance Korn [1997] and Fernholz [2002]. Under the Basel guidelines
(www.bis.org/bcbs) for market risk banks calculate VaR; this involves a holding pe-
riod of 10 days at the 99% confidence level for regulatory (risk) capital purposes and
1 day 95% VaR for setting the bank’s internal trading limits. Banks and regulators
are well aware of the limitations of the models and data used so that, besides the
inclusion of a so-called multiplier in the capital charge formula, banks complement
their VaR reporting with so-called stress scenarios. These may include larger jumps
in key market factors like interest rates, volatility, exchange rates, etc. The resulting
question is of the “what if”-type. What happens to the bank’s market position if
such an extreme move occurs. Other stress scenarios may include running the bank’s
trading book through some important historical events like the 1987 crash, the 1998
LTCM case or September 11. Reduced to their simplest, but still relevant form, the
above stress scenarios can be formalized as follows. Suppose that the market (to be
interpreted within the CAPM-framework, say; see Cochrane [2001]) moves strongly
against the holder of a particular portfolio. Given that information, what can be said
about risk measurement features of that portfolio. Another relevant question in the
same vein is as follows. Suppose that a given (smaller) portfolio moves against the
holder’s interest and breaches a given risk management (VaR) limit. How can one
correct some (say as few as possible) positions in that portfolio so that the limit is not
breached anymore. For us, motivating publications dealing with this type of problem
are for instance Liithi & Studer [1997], Studer [1997] and Studer & Liithi [1997].
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The high-dimensionality within our theory is related to the number of assets in the
portfolio under consideration. Of course, in many applications in finance, dimension
reduction techniques can be used in order to reduce the number of assets to an effective
dimensionality which often is much lower and indeed more tractable. The decision to
be made by the risk manager is to what extent important information may have been
lost in that process. But even after a successful dimension reduction, an effective
dimensionality between five and ten, say, still poses considerable problems for the
application of standard EVT techniques. By the nature of the problem extreme
observations are rare. The curse of dimensionality very quickly further complicates
the issue.

In recent years, several researchers have come up with high-dimensional (mar-
ket) models which aim at a stochastic description of macro-economic phenomena.
When we restrict ourselves to the continuous case, the multivariate normal distribu-
tion sticks out as the benchmark model par excellence. Besides the computational
advantages for the calculation of various relevant QRM quantities such as risk mea-
sures and capital allocation weights, it also serves as an input to the construction of
more elaborate models. For instance the widely used Student t model can be obtained
as a random mixture of multivariate normals. Various other examples of this type can
be worked out leading to the class of elliptical distributions as variance mixture nor-
mals, or beyond in the case of mean-variance mixture models. Chapter 3 in McNeil,
Frey & Embrechts [2005] contains a detailed discussion of elliptical distributions; a
nice summary with emphasis on applications to finance is Bingham & Kiesel [2002].
A useful set of results going back to the early development of QRM leads to the
conclusion that within the class of elliptical models, standard questions asked con-
cerning risk measurement and capital allocation are well understood and behave much
as in the exact multivariate normal case. For a concrete statement of these results,
see Embrechts, McNeil & Straumann [2002]. A meta-theorem, however, says that
as soon as one deviates from this class of elliptical models, QRM becomes much
more complicated. It also quickly becomes context- and application-dependent. For
instance, in the elliptical world, VaR as a risk measure is subadditive meaning that
the VaR of a sum of risks is bounded above by the sum of the individual VaRs. This
property is often compared to the notion of diversification, and has a lot to do with
some of the issues we discuss in our book. As an example we briefly touch upon the
current important debate on the modelling of operational risk under the Advanced
Measurement Approach (AMA) which is based on the Loss Distribution Approach
(LDA); once more, for detailed references and further particulars on the background,
we refer to McNeil, Frey & Embrechts [2005]. For our purposes it suffices to realize
that, beyond the well-known risk categories for market and credit risk, under the new
Basel Committee guidelines (so-called Basel II), banks also have to reserve (i.e. allo-
cate regulatory risk capital) for operational risk. According to Basel 11, Operational
Risk is defined as the risk of loss resulting from inadequate or failed internal pro-
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cesses, people or systems or from external events. This definition includes legal risk,
but excludes strategic and reputational risk; for details on the regulatory framework,
see www.bis.org/bcbs/. Under the LDA, banks are typically structured into eight
business lines and seven risk categories based on the type of operational loss. An
example is corporate finance (business line) and internal fraud (risk type). Depend-
ing on the approach followed, one has either a 7-, 8-, or 56-dimensional problem to
model. Moreover, an operational risk capital charge is calculated on a yearly basis
using VaR at the 99.9% level. Hence one has to model a 1 in 1000 year event. This
by every account is extreme. The high dimensionality of 56, or for some banks even
higher, is obvious. The subadditivity question stated above is highly relevant; indeed
a bank can add up VaRs business line-wise, risk type-wise or across any relevant
subdivision of the 8 x 7 loss matrix. A final crucial point concerns the reduction
of these sums of VaRs taking “diversification effects” into account. This may (and
typically does) result in a rather intricate analysis where concepts like risk measure
coherence (see Artzner et al. [1999]), EVT and copulas (non-linear dependence) enter
in a fundamental way. Does the multivariate extreme value theory as it is presented
on the pages that follow yield solutions to the AMA-LDA discussion above? The
reader will not find ready-made models for this discussion. However, the operational
risk issue briefly outlined above makes it clear that higher dimensional models are
called for, within which questions on extremal events are of paramount importance.
We definitely provide a novel approach for handling such questions in the future.
Admittedly, as the theory is written down so far, it still needs a considerable amount
of work before concrete practical consequences emerge. This situation is of course
familiar from many (if not all) methodological developments. Besides the references
above, the reader who is in particular interested in the operational risk example,
may consult Chavez-Demoulin, Embrechts & NeS§lehova [2006] and Neslehov4, Em-
brechts & Chavez-Demoulin [2006]. From information on operational risk losses
available so far, one faces models that are skew and (very) heavy-tailed. Indeed, it is
the non-repetitive (low-frequency) but high-severity losses that are of main concern.
This immediately rules out the class of elliptical distributions. Some of the models
discussed in our book will come closer to relevant alternatives. We are not claim-
ing that the theory presented will, in a not too distant future, come up with a useful
56-dimensional model for operational risk. What we are saying, however, is that the
theory will yield a better understanding of quantitative questions asked concerning
extremal events for high-dimensional loss portfolios.

Mathematicians are well advised to show humbleness when it comes to model
formulation involving uncertainty, especially in the field of economics. In a speech
entitled “Monetary Policy Under Uncertainty” delivered in August 2003 in Jackson
Hole, Wyoming, Alan Greenspan started with the following important sentence: “Un-
certainty is not just an important feature of the monetary policy landscape; it is the
defining characteristic of that landscape.” He then continued with some sentences
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which are occasionally referred to, for instance by John Mauldin, as The Greenspan
Uncertainty Principle:

“Despite the extensive efforts to capture and quantify these key macro-
economic relationships, our knowledge about many of the important
linkages is far from complete and in all likelihood will always remain
so. Every model, no matter how detailed and how well designed con-
ceptually and empirically, is a vastly simplified representation of the
world that we experience with all its intricacies on a day-to-day basis.
Consequently, even with large advances in computational capabilities
and greater comprehension of economic linkages, our knowledge base
is barely able to keep pace with the ever-increasing complexity of our
global economy.”

And further,

“Our problem is not the complexity of our models but the far greater
complexity of a world economy whose underlying linkages appear to be
in a continual state of flux... In summary then, monetary policy based on
risk management appears to be the most useful regime by which to con-
duct policy. The increasingly intricate economic and financial linkages
in our global economy, in my judgment, compel such a conclusion.”

For many questions in practice, and in particular for questions related to the economy
at large, there is no such thing as the model. Complementary to the quotes above,
one can say that so often the road towards finding a model is far more important than
the resulting model itself. We hope that the reader studying the theory presented in
this book will enjoy the trip more than the goals reached so far. We have already
discussed some of the places we will visit on the way.

One of the advantages of modern technology is the ease with which all sorts of in-
formation on a particular word or concept can be found. We could not resist googling
“High Risk-Scenarios”. Needless to say that we did not check all 11 300 000 entries
which we obtained in 0.34 seconds. It is somewhat disturbing, or one should perhaps
say sobering, that our book will add just one extra entry to the above list. The more
correct search, keeping the three words linked as in the title of our book, yielded
a massive reduction to an almost manageable 717. Besides the obvious connec-
tions with the economic and QRM literature, other fields entering included terrorism,
complex real-time systems, environmental and meteorological disasters, biosecurity,
medicine, public health, chemistry, ecology, fire and aviation, Petri nets or software
development. Looking at some of these applications it becomes clear that there is
no common understanding of the terminology. From a linguistic point of view, one
could perhaps query the difference between “High-Risk Scenario” and “High Risk-
Scenario”. Rather than doing so, we have opted for the non-hyphenated version. In
its full length “High Risk Scenarios and Extremes” presents a novel mathematical
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theory for the analysis of extremes in multi-dimensional space. Especially the econo-
metric literature is full of attempts to describe such models. Relevant for our purposes
are papers like Pesaran, Schuermann & Weiner [2004], Pesaran & Zaffaroni [2004],
Dees et al. [2007], and in particular the synthesis paper Pesaran & Smith [2006] on
the so-called global modelling approach. From a more mathematical finance point
of view, Platen [2001] and Platen [2006], and Fergusson & Platen [2006] describe
models to which we hope our theory will eventually be applicable. Further relevant
publications in this context are Banner, Fernholz & Karatzas [2006] and Fernholz
[2002].

In the preceding paragraphs, we explained some of our motivations behind the first
part of the title: “High Risk Scenarios and Extremes”. The next, more mathematical
question is

“Why the second part of the title, A Geometric Approach?”

A full answer to this question will become clear as the reader progresses through the
pages that follow. There are various approaches possible towards a multivariate theory
of extremes, most of these being coordinatewise theories. This means that, starting
from a univariate EVT, a multivariate version is developed which looks at coordinate
maxima and their weak limit laws under appropriate scaling. Then the key question
to address concerns the dependence between the components of the nondegenerate
limit. In the pages that follow, we will explain that, from a mathematical point of
view, a more geometrical, coordinate-free approach towards the stochastic modelling
is not only mathematically attractive, but also very natural from an applied point of
view. For this, first recall the portfolio link stated above. A portfolio is merely a linear
combination of underlying risk factors X1, ..., Xy with weights wy, ..., wy. Here
X; stands for the future, one-period value of some underlying financial instrument.
The hopefully rare event that the value of the portfolio

d
V(w) = Zw,‘Xi

i=1

is low can be expressed as {V(w) < g} where ¢ is some value determined by risk
management considerations. A value below ¢ should only happen with a very small
probability. Now, of course, the event {Z,d:l wi X; < q} has an immediate geo-
metric interpretation as the vector (X1, ..., Xz) hitting a halfspace determined by
the portfolio weights (wy,...,wy) at the critical level ¢. Furthermore, depending
on the type of position one holds, the signs of the individual w;’s will be different:
in portfolio language, one moves from a long to a short position. Further, the world
of financial derivatives allows for the construction of portfolios, the possible values
of which lie in specific subspaces of R?. The first implication is that one would like
to have a broad theory that yields the description of rare events over a wide range
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of portfolio positions. The geometry enters naturally through the description of this
rare event set as a halfspace. A natural question then to ask is what do we know
about the stochastic behaviour of (X1, ..., X4) given that such a rare event has oc-
curred? Thus a theory is needed which yields results on the conditional distribution
of a random vector (the risk factors) given that a linear combination of these factors
(a portfolio position or market index) surpasses a high (rare) value.

The interpretation of high or rare value depends on the kind of position taken,
hence in the first instance, the theory should allow for resulting halfspaces to drift to
infinity in a general (non-preferred) direction. This kind of isotropic limit nevertheless
yields a rich theory covering many of the standard examples in finance and insurance.

At the same time, however, one also needs to consider theories for multivari-
ate extremes where the rare event or high risk scenario corresponds to a “drifting
off” to infinity in one specific direction. This of course is the case when one is
interested in one particular portfolio with fixed weights over the holding period (in-
vestment horizon) of the portfolio. Another example concerns the operational risk
problem discussed above. Here the one-year losses correspond to random variables
Ly,...,Lg where, depending on the approach used, d can stand for eight business
lines, seven loss types or fifty-six combinations of these. Under Basel 11, banks have
to come up with a risk measure for the total loss L; + --- + L4 and hence a natural
question to ask is the limiting behaviour of the conditional distribution of the vector
(L1,...,Lg) given that Ly + --- 4+ Ly is large. This is an example where one is in-
terested in the conditional behaviour of the risk factors (L1, ..., Lg) in the direction
given by the vector (1, ..., 1). The mathematics entering the theory of multivariate
extremes in a particular direction in R¢ is different from the “isotropic” theory men-
tioned above and translates into different invariance properties of classes of limit laws
under appropriate transformations. Examples of research papers where the interplay
between geometrical thinking and the discussion of multivariate rare events are to be
found include for instance Hult & Lindskog [2002] and Lindskog [2004]. The latter
PhD thesis also contains a nice summary of the various approaches available to the
multivariate theory of regular variation and its applications to multivariate extreme
value theory. Besides the various references on this topic presented later in the text,
we also like to mention Fougeres [2004] and Coles & Tawn [1991]. The necessary
statistical theory is nicely summarized in Coles [2001].

Perhaps an extra remark on the use of geometric arguments, mainly linked to
invariance properties and symmetry arguments is in order. It is no doubt that one
of the great achievements of 19th century and early 20th century mathematics is the
introduction of abstract tools which contribute in an essential way to the solution of
applied problems. Key examples include the development of Galois Theory for the
solution of polynomial equations or Lie groups for the study of differential equations.
By now both theories have become fundamental for our understanding of natural
phenomena like symmetry in crystals, structures of complex molecules or quantum
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behaviour in physics. For a very readable, non-technical account, see for instance,
Ronan [2006]. We strongly believe that geometric concepts will have an important
role to play in future applications to Quantitative Risk Management.

By now, we made it clearer why we have written this text; the motivation comes
definitely from the corner of QRM in the realm of mainly banking and to some
extent insurance. An alternative title could have been “Stress testing methodology
for multivariate portfolios”, though such a title would have needed a more concrete
set of tools for immediate use in the hands of the (financial) portfolio manager. We
are not yet at that level. On the other hand, the book presents a theory which can
contribute to the discussion of stress testing methodology as requested, for instance,gp
in statements of the type

“Banks that use the internal models approach for meeting market risk
capital requirements must have in place a rigorous and comprehensive
stress testing program. Stress testing to identify events or influences that
could greatly impact banks is a key component of a bank’s assessment
of its capital position.”

taken from Basel Committee on Banking Supervision [2005]. Over the years, numer-
ous applications of EVT methodology to this question of stress testing within QRM
have been worked out. Several examples are presented in McNeil, Frey & Embrechts
[2005] and the references therein; further references beyond these include Bensalah
[2002], Kupiec [1998] and Longin [2000]. There is an enormous literature on this
topic, and we very much hope that academics and practitioners contributing to and
interested in this ever-growing field will value our contribution and indeed help in
bringing the theory presented in this book to full fruition through real applications.
One of the first tasks needed would be to come up with a set of QRM questions which
can be cast in our geometric approach to high risk stress scenarios. Our experience
so far has shown that such real applications can only be achieved through a close col-
laboration between academics and practitioners. The former have to be willing (and
more importantly, capable) to reformulate new mathematical theory into a language
which makes such a discussion possible. The latter have to be convinced that several
of the current quantitative questions asked in QRM do require new methodological
tools. In that spirit, the question

“For whom have we written this book?”

should in the first instance be answered by: “For researchers interested in understand-
ing the mathematics of multivariate extremes.” The ultimate answer should be “For
researchers and practitioners in QRM who have a keen interest in understanding the
extreme behaviour of multivariate stochastic systems under stress”. A key example
of such a system would be a financial market. At the same time, the theory pre-
sented here is not only coordinate-free, but also application-free. As a consequence,
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we expect that the book may appeal to a wider audience of “extreme value adepts”.
One of the consequences of modern society with its increasing technological skills
and information technology possibilities is that throughout all parts of science, large
amounts of data are increasingly becoming available. This implies that also more
information on rare events is being gathered. At the same time, society cares (or at
least worries) about the potential impact of such events and the necessary steps to
be taken in order to prevent the negative consequences. Also at this wider level, our
book offers a contribution to the furthering of our understanding of the underlying
methodological problems and issues.

It definitely was our initial intention to write a text where (new) theory and (ex-
isting) practice would go more hand in hand. A quick browse through the pages that
follow clearly shows that theory has won and applications are yet to come. This of
course is not new to scientific development and its percolation through the porous
sponge of real applications. The more mathematically oriented reader will hopefully
find the results interesting; it is also hoped that she will take up some of the scientific
challenges and carry them to the next stage of solution. The more applied reader,
we very much hope, will be able to sail the rough seas of mathematical results like a
surfer who wants to stay near the crest of the wave and not be pulled down into the
depths of the turbulent water below. That reader will ideally guide the former into
areas relevant for real applications. We are looking forward to discuss with both.






Preview

The Preview presents a tour along the main results of these lecture notes. Itintroduces
concepts and notation that will be used throughout the book. It should help the reader
to follow the thrust of the ideas developed in the individual lectures, and to determine
which lectures are of sufficient interest to merit a closer look.

A recipe

The question addressed in these lectures is simple: Given a multivariate sample cloud,
what can one say about the underlying distribution in a region containing only one or
two points of the sample?

Typically the region is a halfspace, and one is concerned about the eventuality
of future data points lying far out in the region. We shall use the terminology of
financial mathematics and speak of loss and risk. The data cloud could just as well
contain data of insurance claims, or data from quality control, biomedical research,
or meteorology. In all cases one is interested in the extremal behaviour at the edge
of the sample cloud, and one may use the concepts of risk and loss. In a multivariate
setting risk and loss may be formalized as functions which increase as one moves
further out into the halfspace.

In first instance the answer to the question above is: “Nothing”. There are too few
points to perform a statistical analysis. However some reflection suggests that one
could use the whole sample to fit a distribution, say a Gaussian density, and use the
tails of this density to determine the conditional distribution on the given halfspace.
In financial mathematics nowadays one is very much aware of the dangers of this
approach. The Gaussian distribution gives a good fit for the daily log returns, but not
in the tails. So the proper recipe should be: Fit a distribution to the data, and check
that the tails fit too. If one can find a distribution, Gaussian say, or elliptic Student,
that satisfies these criteria, then this solves the problem, and we are done. In that case
there is no need to read further.

What happens if the data cloud looks as if it may derive from a normal distribution,
but has heavy tails? There is a convex central black region surrounded by a halo of
isolated points. The cloud does not exhibit any striking directional irregularities.
Such data sets have been termed bland by John Tukey. Only statistical analysis is
able to elicit information from bland clouds.

Rather than fitting a distribution to the whole cloud, we shall concentrate on the
tails. We assume some regularity at infinity. In finite points regularity is expressed
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by the existence and continuity of a positive density at those points. Locally the
distribution will then look like the uniform distribution; under proper scaling the
sample cloud will converge vaguely to the standard Poisson point process on R¥ as
the number of points in the sample increases. We want to perform a similar analysis at
infinity. Of course, in a multivariate setting there are many ways in which halfspaces
may diverge. This problem is inherent to multivariate extremes. In order to obtain
useful results, we have to introduce some regularity in the model setup.

Ansatz. Conditional distributions on halfspaces with relatively large overlap asymp-
totically have the same shape.

Let us make the content of the Ansatz more precise.

Definition. Two probability distributions (or random vectors Z and W) have the
same shape or are of the same trype if they are non-degenerate, and if there exists an
affine transformation o such that Z is distributed like o(W). A random vector Z
has a degenerate distribution if it lives on a hyperplane, equivalently, if there exists a
linear functional £ # 0 and a real constant ¢ such that £Z = c a.s.

For instance, all Gaussian densities have the same shape. Shape (or type) is a
geometric concept. Given a non-degenerate Gaussian distribution on R¢ one can find
coordinates such that in these coordinates the distribution is standard Gaussian with
density

e_(w12+...+w§)/2/(2n,)d/2’ w = (wl, ey wd) € |Rd.

A basic theorem in this setting is the Convergence of Types Theorem (CTT). It
allows us to speak of a sequence of vectors as being asymptotically Gaussian. We
write Z, = Z if the distribution functions (dfs) of Z, converge weakly to the
distribution function (df) of Z.

Theorem 1 (Convergence of Types). If Z,, = Z and W,, = W, where W,, and Z,,
are of the same type for each n, then the limit vectors, if non-degenerate, are of the
same type.

Proof. See Fisz [1954] or Billingsley [1966]. U

At first sight the CTT may look rather innocuous. In many applied probability
questions involving limit theorems it works like a magic hat from which new models
may be pulled: In the univariate setting the Central Limit Problem for partial sums
yields the stable distributions; the Extreme Value Problem for partial maxima yields
the extreme value distributions. See Embrechts, Kliippelberg & Mikosch [1997],
Chapters 2 and 3. In the multivariate setting, in Chapter II below, the CTT yields the
well-known multivariate max-stable laws; in Chapter III the CTT yields a continuous
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one-parameter family of limit laws; and in Chapter IV the CTT yields two semi-
parametric families of high risk limit laws, one for exceedances over (horizontal)
linear thresholds, one for exceedances over elliptic thresholds.

Let us try to give the intuition behind the CTT in the case of a Gaussian limit.

A sequence of random vectors Z, is asymptotically normal if there exist affine
normalizations «,, such that

Wy =0, (Zn) = W,

where W is standard normal. The validity of the term asymptotic normality would
seem to derive from geometric insight. In geometric terms one may try to associate
with each Z, an ellipsoid E}, that is transformed into the unit ball B by the normaliza-
tion. These ellipsoids E, = «,(B) may be related to the expectation and covariance
of Z, (if these exist and converge), or to certain convex level sets of the density of
Z, (if the density exists and is unimodal). Perhaps the correct intuition is that large
sample clouds from distributions that are asymptotically Gaussian are asymptotically
elliptic, and that affine transformations that map the elliptic sample clouds into spher-
ical sample clouds may be used to normalize the distributions. The normalizations are
thus determined geometrically. The same geometric intuition forms the background
to these lectures. Instead of convergence of the whole sample cloud we now assume
convergence at the edge. Since we want to keep sight of individual sample points,
we assume convergence to a point process.

Affine transformations are needed to pull back the distributions as the halfspaces
diverge. Let us say a few words about the space A = +A(d) of affine transformations
on R?. Recall that an affine transformation has the form

whz=oa(w)=Aw +a, (1)
where «a is a vector in [Rd, and A an invertible matrix of size d. The inverse is
2 w=al(z) =AYz —a).

The set s is a group since ! € o, and the composition of two affine transformations
is an affine transformation:

w > (ef)(w) = a(Bf(w)) = A(Bw + b) +a.

Convergence «,, — « means a, — a and A, — A componentwise, or, equivalently,
op(w) — o(w) for all w € RY, or for w = 0,e1,...,eq, Where eq,...,e4 are
linearly independent vectors. From linear algebra it is known that 4 — A~! is
continuous on the group GL(d) of invertible matrices of size d. Hence a — o~ ! is
continuous. Obviously («, 8) = «f is continuous. So 4 is a topological group. It
is even a Lie group. It is possible to see #4(d) as a subgroup of GL(1 4 d) by writing

c(w)=Aw+a =z (clz 91)(11)):((1—1—1/110):(;)' )
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This representation makes it possible to apply standard results from linear algebra
when working with affine transformations. We usually write Z for the random vector
with components Z; and

W=a12)=A4"YZ—-a) 3)

for the normalized vector. Now assume «,; Y(Z,) = W where W is non-degenerate.
The normalizations «;, are not unique. They may be replaced by normalizations S,
which are asymptotic to oy,:

Bn~ oy = a; By —id, 4)

where id stands for the identity transformation. Asymptotic equality is an equivalence
relation for sequences in .

Warning. If o, — id thena,, ! — id. However a, ~ f8, does notimply o, ! ~ 1,
not even in dimension d = 1. Here is a simple counterexample:

Example 2. Let X,, be uniformly distributed on the interval (1,7 + 1). Properly
normalized, the X, converge in distribution to a rv U which is uniformly distributed
on the interval (0, 1). Indeed (X, — 1)/n = U; butalso X,,/n = U. Seta,(u) =
nu + 1 and B,(u) = nu. Then B, 'a,(u) — u but a,B,'(x) = x + 1. So
oy ~ By does not imply ;! ~ B, 1. Indeed, asymptotic equality means that the
normalized variables o, ' (X,,) and f;, 1 (X,,) are close, not the approximations c, (U)

and B, (U). O

After this digression on shape, geometry and affine transformations, let us return
now to the basic question of determining the distribution on a halfspace containing
only a few (or no) points of the sample, and to our Ansatz that high risk scenarios
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on halfspaces with relatively large overlap have distributions with approximately the
same shape. Here a high risk scenario of a random vector Z for a given halfspace H
is just the vector Z conditioned to lie in H. For halfspaces far out this corresponds
to our interpretation of a rare or extreme event. The reader may wonder whether the
Ansatz implies that all high risk scenarios asymptotically have the same shape. Note
that the condition of a relatively large overlap is different for light tails and for heavy
tails. For a Gaussian distribution the directions of two halfspaces far out have to be
close to have a relatively large overlap; for a spherical Cauchy distribution there is
considerable overlap even if the directions of the halfspaces are orthogonal. See the
figure above.

In the univariate case the condition that high risk scenarios, properly normalized,
converge leads to a one-parameter family of limit shapes, the generalized Pareto
distributions. These GPDs may be standardized to form a continuous one-parameter
family, indexed by € R:

G.(v) =1—(1+w);"", v=>o0. (5)

By continuity Gy is the standard exponential df. The associated univariate limit theory
has been applied in many fields. It is our aim to develop a corresponding theory in
the multivariate setting.

We shall denote the high risk scenario for Z associated with the halfspace H by
zZH, By definition, Z H lives on H, and for any Borel set £

P{zH c E}=P{Zc ENH}/P{Z c H}.

Halfspaces are assumed to be closed, and P{Z € H} is assumed positive.

One may impose the condition that the high risk scenarios Z, properly nor-
malized, converge for any sequence of halfspaces H, under the sole restriction that
P{Z € H,} is positive and vanishes for n — co. This assumption is quite strong.
It presupposes a high degree of directional homogeneity in the halo of the sample
cloud. In order to understand multivariate tail behaviour, a thorough analysis of the
consequences of this strong assumption seems like a good starting point. This analy-
sis is given in Chapter III, the heart of the book. As an illustration we exhibit below
the three plane projections of a data cloud in R3, consisting of the log-returns of three
stocks on the Dutch stock exchange AEX over the period from 2-2-04 until 31-12-05.
The data were kindly made available by Newtrade Research.

One may also start with the weaker assumption that the high risk scenarios con-
verge for halfspaces which diverge in a certain direction. This is done in Chapter IV
for horizontal halfspaces. The Ansatz now holds only for horizontal halfspaces. Write
z = (x, y) where y is the vertical component of z and x the s-dimensional horizontal
part, with h = d — 1. Similarly write Z = (X,Y) € R?*!. High risk scenarios for
horizontal halfspaces HY = R" x [y, o0) correspond to exceedances over horizontal
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thresholds. Let a(y) be affine transformations mapping Hy = {y > 0}, the upper
halfspace, onto H”. The vectors W, = a(y)~"(Z#") live on H,. Now suppose
that the «(y) yield a limit vector:

W, = o[(y)_l(ZHy) =W, P{Y =y} —>0. (6)

Assume the limit is non-degenerate. What can one say about its distribution? It is not
difficult to see that «(y) maps horizontal halfspaces into horizontal halfspaces, and
that this implies that the high risk scenarios ¥ [:°) of the vertical coordinate, with
the corresponding normalization, converge to the vertical coordinate V' of the limit
vector, W = (U, V). By the univariate theory the vertical coordinate of the limit
vector has a GPD, see (5).

One may prove more. Suppose (6) holds. Let Z;, Z,, ... be independent obser-
vations from the distribution = of Z. Choose y, so that P{Y > y,} ~ 1/n. Set
on = a(y,) where a(y)"'(ZH") = W as above. Then the normalized sample
clouds converge in distribution to a Poisson point process:

Ny = (o, Y (Zy), ..., (Zn)} = No. (7)

The mean measures of the sample clouds N,, converge weakly to the mean measure
p of the limiting Poisson point process Ny on all horizontal halfspaces J on which p
is finite:
Pn = na;l(n) — p weaklyon J, p(J) < oco. (®)
The restriction of p to H is a probability measure, the distribution of W.
The equivalence of the two limit relations (6) and (7) is the Extension Theorem

in Section 14.6. It is a central result. The first limit relation is analytical. It raises
questions such as:

1) What limit laws are possible?

2) For a given limit law, what conditions on the distribution of Z will yield
convergence?
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The second relation is more geometric. Here one may ask:

1) Does convergence in (8) also hold for halfspaces J which are close to horizon-
tal?

2) Will the convex hull of the normalized sample cloud converge to the convex
hull of Ny?

For the novice to the application of point process methodology to extreme value
problems this all may seem to go a bit too fast. Modern extreme value theory with
its applications to more involved problems in risk management, however, needs this
level of abstraction. See McNeil, Frey & Embrechts [2005] for a good discussion
of these issues. In the one-dimensional case one already needs such a theory for
understanding the Peaks Over Thresholds method based on (5), or the limit behaviour
of several order statistics, as will be seen in Section 6.4. So bear with us and try to
follow the general scheme.

The vector W in (6) is the limit of high risk scenarios for horizontal halfspaces. It
follows that the high risk scenarios W # ” all have the same shape. This result follows
from the trivial fact that a high risk scenario of a high risk scenario is again a high risk
scenario, at least for horizontal halfspaces. In the univariate setting, the exponential
distribution, the uniform distribution and the Pareto distributions all have the fail
property: Any tail of the distribution is of the same type as the whole distribution. In
fact this tail property characterizes the class of GPDs. It may also explain why these
distributions play such an important role in applications in insurance and risk theory.
In the multivariate setting the tail property is best formulated in terms of the infinite
measure p in (8): There exists a one-parameter group”* of affine transformations y*,
t € R, such that

Yi(p)=¢e'p, teRr. )

These equations form the basis of the theory developed in the lectures below. The
equations are simple. They succinctly express the stability inherent in the limit law
in terms of symmetries of the associated infinite measure. The stability allows us to
tackle our basic problem of describing the distribution tail on a halfspace that contains
few sample points.

Definition. A measure on an open set in R is a Radon measure if it is finite for
compact subsets. An excess measure is a Radon measure p on an open set in R¢ that
satisfies (9) and gives mass p(Jy) = 1 to some halfspace Jy.

Excess measures play a central role in this book. They are infinite, but have
a simple probabilistic interpretation in terms of point processes. The significance
of point processes for extreme value theory has been clear since the appearance of

4One-parameter groups of matrices should not frighten a reader who has had some experience with finite
state Markov chains in continuous time or with linear differential equations in R? of the form x = Ax.
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the book Resnick [1987]. In our more geometric theory the excess measure is the
mean measure of the Poisson point process which describes the behaviour of the
sample cloud, properly normalized, at its edge, as the number of data points tends to
infinity. An example should make clear how excess measures may be used to tackle
our problem of too few sample points.

Example 3. Suppose !, t € R, is the group of vertical translations, y’: (u,v)
(u,v+1) on "1, A measure p of the form dp(u, v) = dp* (u)e™"dv will satisfy (9)
for any probability measure p* on R”. The halfspace Jo = H. has mass one and
p is an excess measure. Conversely one may show that any excess measure with
the symmetries y’ above has the form dp(u, v) = dp*(u)e ’dv if one imposes the
condition that p(Hy) = 1. O

The probability measure p* in the example above is called the spectral measure.
The product form of the excess measure in the example makes it possible to estimate
the spectral measure even if the upper halfspace contains few points. One simply
chooses a larger horizontal halfspace, containing more points. Something similar
may be done for any excess measure for exceedances over horizontal thresholds.
We shall not go into details here. Suffice it to say that such an excess measure is
determined by its symmetry group y’, t € R, and a probability measure p* on the
horizontal coordinate plane R”. The spectral measure p* may be interpreted as the
conditional distribution of U given V' = 0 for the limit vector W = (U, V') on Hy
in (6). The exponential distribution on the vertical axis enters the picture via the
Representation Theorem for the limit vector:

w =yT(U*,0), (10)

where the vector U* in R” has distribution p*, and T is standard exponential, in-
dependent of U*. This decomposition of W reflects the symmetry of the excess
measure expressed in (9). It enables one to build probability distributions on half-
spaces H far out, and then to estimate probabilities P{Z < E} for EBH, and
expectations E@(Z ) for loss functions ¢: H — [0, c0). Here is the recipe. As-
sume a;ll (ZH) = W, where W lives on a halfspace Jo, and has a non-degenerate
distribution that extends to an excess measure p, and where H = a g (Jy) are half-
spaces such that P{Z € H} — 0.

Recipe. Replace ZH by oy (W) and compute P{ag (W) € E} = plag' (E))/p(Jo)
and the integral Eo(ag (W)) = fJO poagdp/p(Joy) interms of the excess measure.
Given the symmetry group and the normalization ag one only needs to know the
spectral measure p* to compute these quantities. The spectral measure may be
estimated from data points lower down in the sample cloud. O

The spectral measure is dispensable. It is the symmetries in (9) that do the job.
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These allow us to replace a halfspace containing few observations by a halfspace
containing many observations, and on which the distribution has the same shape”.

Given the recipe, it is clear what one should do to develop the underlying theory:
determine the one-parameter groups y' in 4(d), and for each determine the excess
measures (if any) and their domains of attraction. This is done in Section 18.8 for
d = 2. For linear transformations the program has been executed by Meerschaert
and Scheffler in their book Meerschaert & Scheffler [2001] on limit laws for sums of
independent random vectors. Let us give a summary of the theory in MS.

We may restrict attention to one-parameter matrix groups by (2). Such one-
parameter groups are simple to handle. The group y’, ¢ € R, is determined by its
generator C. One may write y* = e’C, where the right hand side is defined by its
power series. There is a one-to-one correspondence between matrices C of size d and
one-parameter groups of linear transformations on R?. If one chooses coordinates
such that C has Jordan form, one may write down the matrices for ¢’ by hand for
any dimension d. See Section 18.12 for details. Now we have to choose p. Let p
be a Radon measure on an open set OBR? that satisfies y*(p) = e’p, t € R. For an
excess measure there still has to be a halfspace Jy of mass one.

Example 4. Lebesgue measure on RY satisfies (9) with y' = diag(d}, ... ,ag) for
any diagonal matrix with a; > 0, and a; ...ay = 1/e. However there are no half-
spaces of measure one. There are, if one restricts the measure to an orthant, or a
paraboloid. O

If y* for t > 0 maps the horizontal halfspace Jo onto a proper subset of itself,
then any probability measure p* on R” may act as spectral measure for a measure p
that satisfies (9) and gives mass one to Jy. Similarly, if the y* for ¢ > 0 are linear
expansions, and the image of the open unit ball B = {||w| < 1} contains the closed
unit ball, a probability measure p* on the sphere 0B = {||jw|| = 1} will generate a
measure p on R4 \ {0} that satisfies (9), and gives mass one to the complement of the
ball B. In the second case there are many halfspaces of finite mass: p(J) is finite
for any halfspace J that does not contain the origin. Constructing excess measures
is not difficult!

Given the excess measure p, the halfspace J of mass one, and the one-parameter
group ¥’ in (9), we still have to determine the domain of attraction. Recall that Z
lies in the domain of attraction of W if (6) holds. We write Z € D"(W), and call
D" (W) or D" (p) the domain of W or p for exceedances over horizontal thresholds.
Let Z € D"(p) have distribution 7. The basic limit relation (8) for horizontal

3Coles and Tawn, in their response to the discussion of their paper Coles & Tawn [1994] write: “Anderson
points out that our point process model is simply a mechanism for relating the probabilistic structure within
the range of the observed data to regions of greater extremity. This, of course, is true, and is a principle
which, in one guise or another, forms the foundation of all extreme value theory.”
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halfspaces J may be reformulated as
e'B(t) Y(m) = p weaklyon J, p(J) < oo. (11)

The B(¢) belong to the group A" of affine transformations mapping horizontal half-
spaces into horizontal halfspaces. One may choose §: [0, 00) — A" to be continu-
ous, and to vary like y':

B(tn)  B(tn + 50) = ¥, 1y — 00, 5, — 5, s €R. (12)

In a slightly different terminology this states that 8 varies regularly with index C,
where C is the generator of the symmetry group y’. Section 18.1 contains a brief
introduction to multivariate regular variation. Regular variation of linear transforma-
tions is treated in more detail in Chapter 4 of Meerschaert & Scheffler [2001]. The
central result, the Meerschaert Spectral Decomposition Theorem, states that one may
restrict attention to one-parameter groups ¥’ for which all complex eigenvalues of y
have the same absolute value. See Section 18.4 for details.

Does one really need the theory of multivariate regular variation to handle high
risk scenarios?

There are good reasons for using regular variation to study multivariate extremes.
We list four:

1) The theory is basic. Nothing essential is lost if one assumes #,, = n and s, = 1
in (12). In the final resort, regular variation is about sequences of the form:

Bm)=BO)Y1...Vn, VYn—>Y. (13)

One gets back the original curve §, or a curve asymptotic to the original curve, by
interpolation. Details are given in Section 18.2.

2) The theory contains a number of deep results that clarify important issues in
applications. We give two examples of questions that may be resolved by the Meer-
schaert Spectral Decomposition Theorem, the fundamental result in the multivariate
theory of regular variation.

i) Suppose y*, ¢ € R, is a group of linear transformations. Is it possible to choose
the origin in z-space and normalizations B(t) ~ B(¢), mapping w into z, that are
linear in the new coordinates?

ii) Suppose the symmetries y*, ¢ € R, in appropriate coordinates in w-space,
are diagonal. Is it possible to choose coordinates in z-space and normalizations
B(t) € GL, asymptotic to B(z) for t — oo, that are diagonal in the new coordinates?

The answer to 1) is “Yes” if y is an expansion, or a contraction ; see Lemmas 15.15
and 16.13 below. This result explains why univariate extreme value theory is so
much simpler for heavy tails than for distributions in the domain of the Gumbel law.
Univariate linear normalizations are non-zero scalars! The answer to ii) is “Yes” if
the diagonal entries in y are distinct.
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3) Regular variation enables us to construct simple continuous densities in the
domain of attraction of excess measures with continuous densities. By the transfor-
mation theorem the density g of the excess measure in (9) satisfies

') =gw)/q". q=eldetA], y'(w)=b(t)+Aw. (14)

For y! € A" one also has the decomposition

g, v) = g )& (v), 15)

where g is the density of a univariate GPD, see (5), and the conditional densities g,
all have the shape of the density g* of the spectral measure p*.

Example 5. The Gauss-exponential density e " */2¢=? /(27r)"/2 determines an ex-

cess measure p on R**!. Vertical translations y* : (1, v) — (u, v+1) are symmetries.
The spectral density is standard Gaussian. For any curve §: [0, c0) — A" that varies
like ! there exists a vector Z = (X, Y) with distribution 7, and continuous density

fGxy) = ) f ) (16)

such that e’ 8(t)"!(w) — p weakly on all horizontal halfspaces. The density f
satisfies

fE@)) | itugpy
S (B(12)(0))
The density f of Y satisfies the von Mises condition for the univariate Gumbel

domain, see Section 6.6; the conditional densities f, of X given Y = y in (16) are
Gaussian. O

t, — 00, W, — (U,v) € RAHL 17)

A continuous density f as above will be called a typical density for g* and S.

4) Multivariate regular variation has a strong geometric component. This is par-
ticularly clear if the excess measure is symmetric in a geometric sense. Let p = p; be
a Euclidean Pareto measure on R? \ {0}. These measures are spherically symmetric
with densities ¢/||w|¢**, where A = 1/t > 0 describes the decay rate of the tails,
and ¢ = ¢; > 0 may be chosen so that p(Jo) = 1 for the halfspace Jo = R" x[1, c0).

Definition. Bounded convex sets F}, and E}, of positive volume are asymptotic if
Fy~ Eyn < |FyN Ey| ~ |FyU Ep|. (18)
Here | A| denotes the volume of the set A.

Exercise 6. The reader is invited to investigate what a sequence of centered ellipses E,
in the plane looks like if E,,+1 ~ E,, and if the area | E,| is constant. O
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Example 7. Start with a sequence of open centered ellipsoids Ey, E1, ... such that
E,+1 ~ 2E,. Also assume E, contains the closure of E,_; forn > 1. Forc > 1 one
may use interpolation to construct a unimodal function f with elliptic level sets such
that { f > 1/c"} = E, forn > 1, and such that { f = 1} is the closure of Eqy. For
¢ > 24 the function f is integrable, say [ fdx = C < oo. Suppose the ellipsoids

E@) ={f > 1/c'} vary regularly:
E(ty +s,) ~2°E(ty), t, — 00, s, — 5, s € R. (19)

The probability distribution 7z with density f/C lies in the domain of the Euclidean
Pareto excess measure p;, where ¢ = 2¢+1/7_One may choose linear transformations
B(t), depending continuously on ¢ > 0, such that 8(¢)(B) = E(t¢), and such that §
varies like y*: w > 2'w. Then

¢ B(t) () — pr weaklyon RY \ ¢B, t — 0o, £ > 0.
Details are given in Section 16. O

The reader will notice that densities occupy a central position in our discussions.
In the multivariate situation densities are simple to handle. Densities are geomet-
ric: sample clouds tend to evoke densities rather than distribution functions. If the
underlying distribution has a singular part, this will be reflected in irregularities in
the sample cloud. Such irregularities, if they persist towards the boundary, call for
a different statistical analysis. In the theory of coordinatewise maxima dfs play an
all-important role. Densities have been considered too, see de Haan & Omey [1984]
or de Haan & Resnick [1987], but on the whole they have been treated as stepchildren.
In our more geometric approach densities are a basic ingredient for understanding
asymptotic behaviour. From our point of view the general element in the domain of
attraction of an excess measure with a continuous density is a perturbation of a prob-
ability distribution with a typical density. From a naive point of view we just zoom
in on the part of the sample cloud where the vertical coordinate is maximal, adapting
our focus as the number of sample points increases. Under this changing focus the
density with which we drape the sample cloud should converge to the density of the
limiting excess measure.

Proper normalization is essential for handling asymptotic behaviour and limit
laws in probability theory. The geometric approach allows us to ignore numerical
details, and concentrate on the main issues. Let us recapitulate: In order to estimate
the distribution on a halfspace containing few sample points one needs some form
of stability. The stability is formulated in our Ansatz: High risk scenarios far out in
a given direction have the same shape. If one assumes a limit law, then there is an
excess measure. The symmetries of the excess measure make it possible to estimate
the distribution on halfspaces far out by our recipe above. The symmetries also impose
conditions on the normalizations. These conditions have a simple formulation in terms
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of regular variation. One may choose the normalizing curve § in (11) to vary like y*.
Roughly speaking, the group of symmetries y* of the excess measure enforces regular
variation on the normalizations.

The four arguments above should convince the reader that regular variation is not
only a powerful, but also a natural tool for investigating the asymptotic behaviour of
distributions in the domain of attraction of excess measures.

In these notes we take an informal approach to regular variation, dictated by its
applications to extremes. Attention is focussed on three situations:

1) for coordinatewise extremes the symmetries y* and the normalizations o, are
coordinatewise affine transformations (CATS);

2) for exceedances over horizontal thresholds the symmetries ¥’ and normaliza-
tions «, belong to the group 4A”: they map horizontal halfspaces into horizontal
halfspaces;

3) for exceedances over elliptic thresholds the symmetries y?, t > 0, are linear
expansions, and so are the renormalizations o, Yo, i1.

The theory of coordinatewise extremes is well known, and there exist many good
expositions. Our treatment in Chapter II is limited to essentials. Exceedances are
treated in Chapter IV. Exceedances over horizontal thresholds describe high risk
scenarios associated with a given direction; exceedances over elliptic thresholds may
be handled by linear expansions. The theory developed in MS is particularly well
suited to exceedances over elliptic thresholds. Arguments for using elliptic thresholds
for heavy tailed distributions are given in Section 16.1. The basic limit relation (8)
now reads

na;l(n) — p weaklyon B¢, &> 0, (20)

where B is the open unit ball, and «;, are linear expansions. If (20) holds we say
that 7 lies in the domain of p for exceedances over elliptic thresholds, and write
m € D*®(p). Example 7 is exemplary. It treats an excess measure on R? \ {0}
with a spectral measure p* which is uniformly distributed over the unit sphere, and a
symmetry group of scalar expansions

Yi(w) =e"w, teRk. 1)

If we allow p* to have any distribution on the unit sphere dB, but assume the
normalizations f(¢) to be scalar, then the ellipsoids B(z)(B) are balls. The limit
relation for the high risk scenarios simplifies:

Z"r=> W, r— oo, (22)

where Z" is the vector Z conditioned to lie outside the open ball r B. In this situation it
is natural to use polar coordinates and write Z = R{ with R = || Z||. The distribution
of (¢, R/r), conditional on R > r, converges to a product measure dp* X dG on
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0B x [1, 00), where p* is the spectral measure, and G a Pareto distribution on [1, 00)
with density A/r*T1, 1 = 1/1. The spectral measure gives an idea of the directions
in which the data extremes cluster; the parameter 7 in (21) describes the decay rate
of the tails.

Here we have another example of the close relation between symmetry and inde-
pendence! In this model it is again obvious how to estimate the distribution of the
high risk scenarios Z” for values of r so large that only one or two sample points fall
in the complement of the ball 7B.

Asymptotic independence is not the subject of these lectures. Our theory is based
on concepts like scale invariance, self-similarity and symmetry. It is geometric and
local. Independence is a global analytic assumption. It allows one to draw far-
reaching conclusions about extremes, but the techniques are different from those
developed here.

So far we have assumed convergence of a one-parameter family of high risk
scenarios indexed by horizontal halfspaces H”, ¥ 1 oo, Or by an increasing family
of ellipsoids E; = «;(B). These situations yield alimit measure with a one-parameter
family of symmetries, the excess measure described in (9). Let us now return to high
risk scenarios Z# where the halfspaces H are allowed to diverge in any direction.
For simplicity assume Z has a density. Assume convergence of the normalized high
risk scenarios to a non-degenerate vector W on H: For each halfspace H of positive
mass there exists an affine transformation oy mapping H4 onto H such that

ag (ZH)y=> W, P{ZeH}—O0. (23)

The limit describes the tail asymptotics in every direction. In Section 13 we shall
exhibit a continuous one-dimensional family of excess measures p;, T > —2/h,
h = d — 1, corresponding to the multivariate GPDs. The densities, standardized to
have a simple form, and without norming constant, are

h
go(u,v) = e~ tu'u/2) w = (u,v) € R"*1,
| ’ t=0, Jo={v =0}
w # 0,

. =1 d+/1’
ge(w) = 1/]jw] T=1/A>0, Jo={v>1}

v<—ulu/2,

(T A—1
g v) = (v mwt U/ 2 a) <0, Jo=tv > 1.

The reader may recognize the Gauss-exponential and the Euclidean Pareto excess
measure from the examples above. In all cases the vertical coordinate of the high risk
limit distribution determined by the restriction of p; to Jy has a univariate GPD, with
Pareto parameter 7, see (5). For t < 0,1 = 1, the excess measure p, is Lebesgue
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measure on the paraboloid {v < —uTu/2}. For t = —2/h the excess measure
is singular. The symmetry of the excess measures p;, T > —2/h, is impressive.
Instead of the one-parameter group y’, ¢ € R, in (9) there now is a symmetry group
of dimension 2,4,7,... ford = 2,3,4,.... Many halfspaces have finite mass. The
probability distributions dp’ = 1;dp/p(J) associated with such halfspaces all have
the same shape. The measure p has the tail property to an excessive degree. The
domains of attraction, £ (7), of the measures p, are investigated in Chapter III.

Before giving a detailed description of the contents of the various chapters we still
want to consider two topics: the relation to the multivariate theory of coordinatewise
maxima, and the range where the theory will apply.

How do coordinatewise maxima fit in?

The subject of this book may be described as geometric extreme value theory since
we are looking at the behaviour of the extreme points of sample clouds as the number
of data points increases without bound. We are concerned with the convex hull, but
also with the points of the cloud below the surface. Since we are zooming in at the
scale of individual sample points, the limit, if we assume convergence, has to be a
Poisson point process whose mean measure is finite and positive on some halfspace.
Such limits were first considered by Eddy [1980].

The geometric approach and the analytic, coordinatewise approach are comple-
mentary. The geometric theory is interested in linear combinations of coordinates,
the analytic theory in maxima of coordinates. There is a difference in interpretation.
In the geometric theory for exceedances over horizontal or elliptic thresholds there
is one variate (the vertical, or the radial) that measures risk, and an /-dimensional
ancillary vector; in the analytic theory all d coordinates play an equal role. The
geometric approach looks at exceedances, the analytic approach at maxima. In the
univariate situation the two theories are equivalent. In higher dimensions the relation
between extremes and exceedances is most clearly seen in the behaviour of sample
clouds, and the limiting Poisson point process. In the geometric approach the mean
measure of the limit process is called an excess measure, in the analytic approach, it
is called an exponent measure; but actually these two terms denote the same® object.

One might say that the theory of coordinatewise maxima is concerned with high
risk scenarios on sets that are not halfspaces, but complements of shifted negative
orthants. Instead of divergent sequences of halfspaces H, one considers sets of the
form

[—o0, oo)d \ [-00,a,), ap € IRd, (24)

where the points a, increase towards the upper endpoint of the df. Since the com-
plement of a shifted negative orthant contains many halfspaces, convergence of the
coordinatewise maxima implies convergence of high risk scenarios on many half-

 Exponent measures may give mass to hyperplanes at —oo; excess measures live on open subsets of
R¥. The differences will be discussed more fully at various points in these lectures.
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spaces. Below we formulate a result that expresses these ideas. One has to distinguish
between heavy and light tails. The upper tail of a df F on R is light if

t"(1—F(t)) >0, t—o0,m=12,.... (25)

It is heavy if there exists an integer m > 1 such that (1 — F(t)) — oo fort — oco.

If all components have heavy upper tails the relation between coordinate maxima
and exceedances is simple. One assumes that Z has non-negative components. The
exponent measure lives on [0, 00)?\{0}. Itis an excess measure, whose symmetries y*
are linear diagonal expansions for ¢t > 0. The max-stable limit G = lim F" o «,,
has the form G = e~ R, where R is the distribution function of the excess measure.
So the df G determines the mean measure, and hence the distribution, of the Poisson
point process describing the asymptotic behaviour of the sample clouds. The normal-
izations «,, are diagonal matrices. Weak convergence F”" o o, — G implies weak
convergence na;, ' (dF) — dR on the complement of any &-ball ¢ B centered in the
origin.

Vectors whose components have light upper tails have exponent measures that
may charge planes and lines at —oo. The normalizations are CATs, coordinate affine
transformations, z; = a;jw; + b;, i = 1,...,d. Let us show how coordinatewise
extremes for light tails fit in.

Proposition 8. Let Z have df F with marginals F; having light upper tails. Sup-
pose Z lies in the domain of attraction DY (p) for coordinatewise maxima: There
exist CATs o, such that

F™ (o (w)) = G(w) = e R® yeakly,

R(w) = p([—o0, oo)d \ [Foo,w)), we RY. (26)

Choose q € R? such that Hi(¢;) < 1fori = 1,...,d, and set a, = a,(q) and

Q = [—00,00)4 \ [-00, q). Then Otn_l(Z(_‘x”“”)C) = W, where W has distribution

lodp/p(Q). Let J = {§ > cIBRY with £ € (0,00)4. If P{W € R?} is positive,
then

a, ' (zHy = W, H, =a(J)), (27)

where WY has distribution 1 5dp/p(J).

Proof. Relation (26) is standard; see Theorem 7.3. In the limit relation (27) the
crucial point is that the condition P{W € R¢} > 0 ensures that p(J ) is positive. This
implies

P{Z € Hp}/P{Z & (—00.an)} — p(J)/p(Q).

For JBQ the result follows by a simple conditioning argument. The general case
follows by the symmetry of p. O
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What happens if P{W € R} = 0 in the proposition above?

The figure below suggests that a more geometric approach which zooms in on a
boundary point of the sample rather than on the max-vertex may be useful in certain
situations.

6 -
4 W=(U.,V)
S
27
0]
0,
o
727
[ [ [ [ [
-2 0 2 4 6

The rectangle R around the point P contains more information about the edge of this 10 000
point sample from the normal distribution than the square S around the max-vertex W = (U, V).

The standard normal distribution on the plane lies in the domain DY (p) of the max-
stable df exp —(e™ + e~?) (independent Gumbel marginals). In order to describe
the coordinatewise maximum, the sample cloud is enclosed in a coordinate rectangle.
The coordinatewise maximum is the upper right hand corner of the rectangle, the
max-vertex. Now the scaling is crucial. For a heavy tailed distribution, a spherical
Student distribution for instance, the scaling preserves the origin, which remains in
the picture. For the light tailed Gaussian distributions, however, the normalization
zooms in on a small (empty) square around the max-vertex. It fails even to see the
shape of the sample cloud. As a result all bivariate Gaussian densities with standard
normal marginals yield the same bivariate extreme asymptotics.
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Let us now say a few words on the applicability of the theory presented in this
book.

Our approach to risk is that of an observer, rather than a risk manager. Given a
multivariate data set describing the past behaviour, and a loss function, our aim is to
describe the tail behaviour of the distribution underlying the data set. Such a descrip-
tion enables one to construct large synthetic samples, and to study the behaviour of
the associated random losses. This procedure is known as stress testing and scenario
analysis. We are not concerned with the problem of changing the parameters of the
underlying distribution, redirecting the dynamics which produced the data set, or
altering the loss function by a suitable form of risk transfer. These issues are treated
in McNeil, Frey & Embrechts [2005] for financial risk; and for risk in the realm of
reliability engineering in Bedford & Cooke [2001].

Einstein showed that the erratic movement of pollen grains suspended in a drop of
water, as observed by Brown at the beginning of the 19th century, could be described
by smooth probability distributions exhibiting a large degree of symmetry. Complex
dynamical systems may give rise to symmetric probability distributions. Symmetries
in a data set may reflect regularities inherent in the dynamical system which produces
the data. If so, the symmetries are likely to persist. The validity of our model
depends on this persistence of the symmetry. For Brownian motion as a model for
the movement of pollen grains, Einstein [1906] imposed a bound of 10~7 seconds
for applicability. So too, in financial or meteorological or biological applications the
symmetry will break down at a certain level.

To fix ideas let us posit an ultimate probability pg in the range 10™°° to 10729,
Halfspaces with probabilities below this value have no reality for risk management.
Replacing the conditional distribution on such a halfspace by any other distribution
does not influence the policy of the risk manager. This means that the endless variety
of the ever slower pirouettes performed by the sequence of ellipses E, in Exercise 6
above, forms part of the mathematical theory, but has no bearing on risk management,
since the probabilities P{Z € Ej, } lie below the threshold value py after a few hundred
terms. By the same argument the existence of moments falls outside the range of
realistic risk theory. (Convergence of integrals is determined by the behaviour of the
distribution on invisible halfspaces.) This collateral result is not as disturbing as it may
seem on first sight. For heavy tails the value of the exponent where the moment first
fails to exist, is a convenient measure of risk, but for a realist the difference between
a Gaussian distribution and a Cauchy distribution is established by the behaviour of
samples of size a hundred. She is not interested in the tail behaviour at risk levels
10~°°. The assumption of an ultimate probability pg also has advantages. It provides

7A finite universe does not preclude a model with infinite upper tail for spatial variables. String theory
tells us that four-dimensional space-time may break down at magnitudes of 10739 meters to reveal six
hidden dimensions curled up into compact sets. This does not mean that models with continuous densities
for spatial or temporal quantities are invalid.
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us with the liberty to choose the behaviour of the distribution on invisible halfspaces
to suit our fancy. We find it convenient to assume convergence of high risk scenarios.

Having said this much on applicability, we may now proceed with our proper task,
the mathematical investigation of the consequences of the assumption that high risk
scenarios converge.

Contents

The book consists of twenty lectures, grouped into five chapters. There is a basics
chapter on point processes, a final chapter listing open problems, and in between
there are three chapters covering three different topics: coordinatewise extremes,
multivariate GPDs, and exceedances over thresholds (horizontal and elliptic).

Chapter II treats the basic univariate extreme value theory, and provides an
overview of the theory of coordinatewise maxima. Our focus is on exponent mea-
sures rather than max-stable dfs. The Chapters III and IV form the body of the book.
They present two different views on high risk scenarios. In Chapter III the high
risk scenarios Z# converge to a common limit law, in whatever direction the half-
spaces H diverge. This restricts the class of limit laws. We present a one-parameter
family of limit laws, the multivariate GPDs. It is not known whether other limit laws
exist. Chapter III is a relatively self-contained account of what is known about the
domains of attraction of the multivariate GPDs. The elegant theory of multivariate
GPDs, and their domains of attraction, should be useful in situations where the sam-
ple cloud is bland or where the dimension is high, and where one is interested in
the overall extremal behaviour rather than the asymptotic behaviour in a particular
direction. Such an approach may be of interest to the supervisor or regulator; it al-
lows a diversified view of the extremal behaviour of widely varying positions in the
underlying market. The theory presented in Chapter IV is different. In this chapter
we look at exceedances. For linear thresholds this means that we look at halfspaces
moving off in a given direction. Such a model is of interest to the trader or risk
manager taking directional positions in the underlying market. For simplicity we
assume the thresholds horizontal. For heavy tails, elliptic thresholds are more natural
since there is no difference between the local and the global theory. This is explained
in Section 16.1. Heavy tailed vectors are normalized by linear contractions. The
theory of exceedances presented in Chapter IV has the same structure as the theory
of coordinatewise maxima. The limit laws are known. The excess measure, like the
exponent measure, satisfies a one-parameter group of symmetries. The normaliza-
tions are more complex than the CATs used for coordinatewise extremes, and call
for a geometric approach. The asymptotics may be handled by regular variation.
A complete characterization of the domains of attraction is available for a number of
limit laws. It is presented in Sections 15.2 and 16.7.
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These notes offer probability theory rather than statistics. If one accepts the idea
that excess measures may occur as the mean measure of a limiting Poisson point
process describing the asymptotic behaviour of sample clouds at their edge, then
good estimates of the excess measure and the normalizations allow one to simulate
large samples that may then be used in risk analysis. The task of the probabilist is to
analyse the model. What do excess measures look like? For any given excess measure,
what does the domain of attraction look like? What normalizations are allowed? What
moments will converge? What does the convex hull of the sample cloud look like?
Does it converge? These are some of the questions that will be addressed in the present
text.

Chapter I treats point processes. The first four sections are standard theory:
An intuitive introduction; the Poisson point process as a limit of superpositions of
sparse point processes; the distribution of point processes; and their convergence. In
Section 5 extremes enter the scene. We consider the n-point sample cloud N, from
the probability distribution 7, = «;;!(7r) on R¢, and assume vague convergence
N, = Ny to a Poisson point process Ny. In applications the mean measure p of
the limit process is an infinite Radon measure on an open set O, for instance R¢
or R% \ {0}. We are interested in convergence of the convex hulls of the sample
clouds. That means that we have to determine the halfspaces HB30 on which p is
finite, and on which the mean measures n, converge weakly to p. The class of such
halfspaces determines two open cones in the dual space, the intrusion cone A and the
convergence cone I'. Modulo some minor regularity conditions convex hulls converge
if A isnon-empty, and I' = A. We also discuss loss functions, and approximate their
integrals by sample sums.

Chapter II treats the theory of maxima. It consists of two sections. Section 6 treats
the univariate situation. The domains of attraction for exceedances and maxima coin-
cide. The domain of attraction £ (0) of the exponential law is described in terms of
densities which satisfy a von Mises condition. The section also contains an elemen-
tary proof of Bloom’s basic theorem on self-neglecting functions. The second part,
Section 7, assumes some acquaintance with the theory of coordinatewise extremes.
We concentrate on the domain of max-stable distributions with standard exponential
marginals on (—oo, 0). This allows us to treat exponent measures that charge coor-
dinate planes in —oo. The sample copula yields a simple tool for investigating the
dependency structure. Non-linear normalization of the coordinates provides a direct
link to copula theory.

Chapter III starts with an extensive introductory section treating applications,
examples, and the general asymptotics of high risk scenarios. For coordinatewise
maxima, powers of distribution functions play an important role; in the theory of
high risk scenarios one encounters powers of densities. Unimodal densities (with
convex level sets) seem to reflect quite well the shape of the sample clouds to which
the theory applies. Pointwise convergence of densities often is a first step towards
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the derivation of limit theorems for distributions. We establish simple asymptotic
expressions for excess probabilities, P{Z € H}, in terms of densities.

There is a continuous one-parameter family of multivariate GPDs, indexed by a
shape parameter 7. As in the univariate case the family falls apart in three power
families, corresponding to the sign of the parameter t. Excess measures of the heavy
tailed distributions, corresponding to T > 0, have a spherically symmetric density.
Tails of distributions in D (7) for Tt > 0 may be approximated by tails of elliptic
Student distributions. Distributions in D (t) for ¢ < 0 have bounded support; the
convex hull of the support is egg-shaped. The latter distributions receive only cursory
treatment; their role in risk theory is limited.

Special attention is given to O (0), the domain of the Gauss-exponential law. As
in the univariate setting, the parameter value t = 0 is the most interesting mathe-
matically. Section 9 introduces the class RE of rotund-exponential densities. These
have the form

f(z) e~ ¥onp(2)

where the function e~ satisfies the von Mises condition for the univariate domain of
attraction DT (0). The function np is the gauge function of a rotund set D. Such a set
is egg-shaped: convex, open, and bounded, it contains the origin, and the boundary
is C2 with continuously varying positive definite curvature. One may think of the
gauge function as a norm, generated by the set D, when —D = D. The rotund-
exponential densities extend the class of spherical Weibull densities ce™ 171" | r > 0.
They allow us to treat sample clouds whose central part is egg-shaped rather than
elliptic. Their simple structure should make them tractable for statistical analysis.
The normalizations oy may be written down explicitly in terms of ¥ and D. In
Section 9 we prove pointwise convergence as H diverges:

flaa )/ f@n(0) — e~ WDy — v) e R (28)

in Section 10 we prove L'-convergence of these quotients for unimodal densities.
Section 11 introduces flat functions. Flat functions play the same role in the multi-
variate theory as slowly varying functions do in the univariate theory. Finally it will
be shown that the normalizations induce a Riemannian metric on the convex open set
O = {f > 0}. Conversely, the metric determines the normalizations, and hence the
global structure of distributions in the domain 0 (0).

We mention two results from Section 13 that should give an impression of the
scope and of the limitations of the theory of multivariate GPDs.

e Let A be a linear map from R? onto R™. If the vector Z € R? lies in D(7),
then so does A(Z).

e A vector Z € D(r) with independent components is Gaussian (and T = 0).

Chapter IV treats exceedances over horizontal and elliptic thresholds. The first
two sections treat horizontal thresholds. The first is theoretical. We prove the Exten-
sion Theorem: If the high risk scenarios Z# for horizontal halfspaces H, properly
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normalized, converge in distribution to a non-degenerate limit vector W, then there
is an excess measure p, and the normalized sample clouds converge in distribution to
a Poisson point process Ny with mean measure p weakly on all horizontal halfspaces
on which p is finite. This is the step from (6) to (11) and (12). Next we determine the
limit laws and excess measures for exceedances over horizontal thresholds. Up to a
non-essential multiplicative constant, the excess measure p is determined by its sym-
metry group y*, ¢ € R, and a probability measure pj on R”, the spectral probability
measure, which is the conditional distribution of U given V' = 0, where W = (U, V)
is the high risk limit vector on H... Section 14.9 describes the situation in R>.

A question that is important for applications is: To what extent may one relax
the condition that the halfspaces be horizontal? The excess measure is finite for a
horizontal halfspace Jy by definition. Is it also finite for non-horizontal halfspaces
close to Jo? Does weak convergence no,, () — pin(8) hold on such halfspaces? A
related question is whether the convex hull of the normalized sample cloud converges
to the convex hull of the limiting Poisson point process. The book gives partial
answers to these questions.

A considerable part of Chapter IV is taken up by the analysis of specific examples,
and a discussion of the relation to the limit theory for coordinatewise extremes.
Section 15 investigates the excess measures and domains of attraction for three simple
symmetry groups y’: vertical translations, scalar contractions, and scalar expansions.
For vertical translations a complete description of the domains of attraction is given.

The next two sections of Chapter IV treat heavy tailed distributions normalized by
linear contractions. Here we shall work with elliptic thresholds. Section 16 presents
the basic theory. The introduction to this section gives more information. The main
result is a complete characterization of the domain of attraction D°(p) for excess
measures with a continuous positive density. Section 17 contains examples, and a
more detailed analysis of the domain of attraction in the case of scalar symmetries.
We also give a careful analysis of the relation between limit laws for exceedances
over elliptic thresholds and multivariate regular variation. For very heavy tails sample
sums are determined asymptotically by the extremes, and domains of attraction for
operator stable distributions and for excess measures coincide: D5 (p) = D*®(p).
In this situation excess measures may be interpreted as Lévy measures for multivariate
stable processes without a Gaussian component. The theory for exceedances over
elliptic thresholds coincides with the limit theory for sums of independent vectors
developed in MS. The theory for exceedances may thus provide a simple introduction
to the limit theory for operator stable distributions.

The theoretical results on regular variation in groups and regularly varying mul-
tivariate probability distributions developed by Meerschaert and Scheffler in their
monograph MS are essential for a deeper understanding of the domain D (p). The
Spectral Decomposition Theorem (SDT) clears up the mysterious disparity between
the domains of attraction of excess measures with scalar symmetries and those with
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diagonal non-scalar symmetries. Section 18 contains a brief introduction to the the-
ory of multivariate regular variation, and to the SDT. The second half of this section
treats the general theory of excess measures on R?. Finally Section 18.14 presents an
example that shows that the three approaches to the asymptotics of multivariate sam-
ple extremes developed in these notes — coordinatewise maxima, exceedances over
linear thresholds, and exceedances over elliptic thresholds — may yield conflicting
results.

Chapter V lists some fifty open problems. Together with the hundred examples
scattered throughout the text these serve to enliven the presentation, and to mark the
boundary of our present knowledge. The second part of the chapter describes some
of the difficulties that a statistician may encounter if she decides to apply the theory
to concrete data sets.

We have provided this lengthy introduction because the book does not have a clear
linear structure. It is a collection of essays. Moreover, there is a certain ambiguity
in the subject matter. Basically the book is about high risk scenarios. Chapter III
may be read from this point of view without bothering about point processes. The
reader will then observe that each of the limit laws extends naturally to an infinite
measure, and he will observe that this excess measure has an extraordinary degree of
symmetry. The excess measure is infinite, but has a simple probabilistic interpretation:
The normalizations that are used to obtain a non-degenerate limit law for the high
risk scenarios may be applied to the sample clouds to yield a limiting Poisson point
process. The excess measure is the mean measure of this Poisson point process.
This convergence of sample clouds is the second point of view. From this point of
view it is natural to start with an overview of point processes, Sections 1-5. The
point process approach unifies the univariate theory of extremes and exceedances in
Section 6. Section 7 treats the limit theory for coordinatewise maxima under linear
and non-linear coordinatewise normalizations from the same point of view. A natural
counterpart to the limit theory for high risk scenarios developed in Chapter III is
the limit theory for exceedances over thresholds developed in Chapter IV. The two
sections on horizontal thresholds are only loosely connected, as are the next two
sections on exceedances over elliptic thresholds. In fact it might be more instructive
to start with one of the examples in Section 15 or in Section 17 in order to gain an
impression of this part of the theory, rather than working through the technicalities
leading up to the Extension Theorem in Section 14. Similarly the open problems in
Chapter V should give a good impression of the scope of geometric extreme value
theory, as treated in this monograph. Sections 5 and 18 have a special standing.
They contain background material. Section 5 looks into the question: How does one
describe convergence of sample clouds to a limiting Poisson point process in terms
of halfspaces? Section 18 treats multivariate regular variation and the general theory
of excess measures and their symmetries. It contains subsections on the Meerschaert
Spectral Decomposition Theorem, on Lie groups, and on the Jordan form of a matrix.
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The book treats only a part of extreme value theory. For extremes of stationary
processes, of Gaussian fields, or of time series, the reader may consult Berman [1992],
Davis & Resnick [1986], Dieker [2006], Finkenstiddt & Rootzén [2004] or Leadbetter,
Lindgren & Rootzén [1983], and the references cited therein. For extremes in Markov
sequences see Perfekt [1997]; for exceedances see Smith, Tawn & Coles [1997].
Extremes in function spaces and for stochastic processes are treated in Giné, Hahn &
Vatan [1990], de Haan & Lin [2003] and Hult & Lindskog [2005]. Limit behaviour
of convex hulls has been investigated in Eddy & Gale [1981], Groeneboom [1988],
Brozius & de Haan [1987], Baryshnikov [2000], Briker, Hsing & Bingham [1998],
and Finch & Hueter [2004]. Statistics for coordinatewise extremes are treated in
de Haan & Ferreira [2006]; for heavy tails see Resnick [2006].

Interest in exceedances over linear thresholds is not new. We mention early papers
by de Haan [1985], de Haan & de Ronde [1998], and Coles & Tawn [1994]. The
last two contain nice applications to meteorological data. Exceedances over linear
thresholds seem to fit snugly within the framework of coordinatewise extremes, as
is shown by Proposition 8. It is only by taking a geometric point of view that one
becomes aware of the limitations imposed by the coordinatewise approach, due to
the restriction to CATs in the normalization. The strong emphasis on coordinates in
multivariate extreme value theory so far may also explain why the relevance of the
theory of multivariate regular variation developed in MS has not been realized before.

Notation

Halfspaces are closed, and denoted by H = {{ > c} or J. Horizontal halfspaces
have the form {y > c}, or {n > y}, where 5 is the vertical coordinate. We often
use the decomposition z = (x, y) € Rt into a vertical component y € R and a
horizontal part x € R”. So h = d — 1 is the dimension of the horizontal coordinate
plane {y = 0}.

The set of affine transformations o w — Aw + b on R? is denoted by A4 =
A(d). If the linear part is a diagonal matrix with positive entries we call « a CAT
(coordinatewise affine transformation). CATSs are simple to handle, and they are
the transformations used in coordinatewise extreme value theory. The CATs form a
closed subgroup of 4. So do the translations w +— w + b and the set A" of affine
transformations that map horizontal halfspaces into horizontal halfspaces. For the
closed subgroups of linear transformations, and the compact subgroups of orthogonal
and special orthogonal transformations (with determinant one) we use the standard
notation GL(d), O(d), and SO(d). We write GL, O and SO if the dimension is not
specified.

In general 7 denotes the distribution of a vector Z = (X, Y) in R**!. We assume
that Z lies in the domain of attraction of a limit vector W = (U, V). This means that
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W, =a, 1(ZHn) = W for certain sequences of halfspaces H, where Z denotes
the vector Z conditioned to lie in the halfspace H. We regard o, as transformations
from (u, v)-space to (x, y)-space, and hence use the inverse ;! to normalize. This
corresponds to the usual practice in the univariate case where one subtracts a location
parameter and divides by a scale parameter.

The table below lists the domains of attraction introduced in the text:

DT (r), t€R | (6) | domain of the univariate GPD G,
D(r), t>—-1/2h | (8) | ...of the multivariate GPD 7, for high risk scenarios
DY(p) DNW) | (7) | ... for coordinatewise maxima and minima,
normed by CATs
2t DY C)| 6D | ...... normed by monotone transformations
D"(p) | (14) | ...for exceedances over horizontal thresholds
D>®(p) | (16) | ...for exceedances over elliptic thresholds
D9 (p) | (17) | domain of operator stable vectors with Lévy measure p

Domains of attraction (in brackets the section in which they are introduced).

The argument of O in the table above is the Pareto parameter t, or the excess
measure, exponent measure, or Lévy measure p, or the limit vector W, or the max-
stable copula C. One could add a number of extra parameters, the dimension d, the
generator of the symmetry group, restrictions on the normalizations in the form of
a subgroup (CATs, linear maps, diagonal maps, scalar maps, translations, etc.); one
could specify that convex hulls converge, that densities converge, or that densities be
unimodal. Since the theory is still in flux we restrict the notation to essentials.

We mention three possible sources of confusion:

1) The high risk limit vector W lives on a halfspace Jy. In the limit relation
oel_{l (ZH) = W itis assumed that P{Z € H} is positive — in order to have well-
defined high risk scenarios —, that P{Z € H} — 0 — in order to have an interesting
limit relation —, and that ag (Jo) = H —in order to ensure that the normalized high
risk scenarios Wy = aI_{l (ZH) live on Jy. Often Jy = H., the upper halfspace,
but it may sometimes be convenient to choose some other halfspace, for instance
Jo = {v > jo}with jo = 1or jo = —1, ortoleave the precise form of Jy unspecified.
This confusion already exists in the univariate case where Pareto distributions may
be standardized to live on [0, c0) or on [1, 00).
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2) The spectral measure is a finite measure, which together with the one-parameter
group of symmetries y’, r € R, determines the excess measure. One may take it to
be a probability measure by dividing p by a harmless positive constant. The spectral
measure lives on R” or on the unit sphere. It has the advantage over the excess
measure that it is arbitrary. The spectral measure bears no relation with the spectral
decomposition. The latter concerns the symmetries and the normalizations.

3) Exceedances over elliptic thresholds is an alternative to exceedances over linear
thresholds which is particularly well suited to distributions with heavy tails. Actually,
as explained in Section 16.1, we shall hardly consider high risk scenarios of the form
ZE°. The limit relation aEl (ZE C) = W only occurs in Section 17.7. The really
interesting relation is

e'B(1) 1 (w) = p weakly on eB¢, t — o0, £ > 0.

In the terminology of MS this just says that the probability measure 7 varies regularly
with exponent C, where the one-parameter linear expansion group y’ = ¢’C,t € R,
satisfies y’(p) = e’ p.

A function f > 0 on R is called unimodal if the level sets { f > ¢} are convex
forc > 0.

Limits are often one-sided. If y is the upper endpoint of a distribution on R then
Y — Yoo always means convergence from below. In limits for sequences indexed
by n we implicitly assume n — oo.

B is the open centered Euclidean unit ball, £}, are open ellipsoids.

N, and N are point processes, usually on R?, or on an open set OBR.

d = h+ 11is the dimension of the vectors Z = (X, Y)and W = (U, V) in R"*1.

7 is the Pareto (shape) parameter, p the excess measure, 7 a probability distribu-
tion. The vertical component of the measure p on R?*1 is 5, and & for o € A" is the
univariate affine transformation of the vertical coordinate induced by «.

The abbreviations rv, df and iid are standard in probability theory and statistics.

The relation = denotes equality in distribution; = denotes convergence in distri-
bution, p := P{X, > c} defines p as the probability of a certain event. We use the
notation a, < b, or a, = o(b,) to signify that a,, /b, — 0; a, ~ b, means that
ay/b, — 1 and a, =< b, means that the quotients a, /b, and b, /a, are bounded
eventually. We use int(E) and cl(E) to denote the interior and the closure of a set E,
and c(E) to denote the convex hull.

The basic terminology and notation have been introduced in the Preview. Special
notation could not be avoided completely. One may always consult the Index at the
end of the book. In the text itself the index entry is in bold face or emphasized by
printing it in italics to contrast with the surrounding text. In the case of multiple
entries, the bold face page number in the Index will guide the reader to the formal
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definition. In the Bibliography the numbers in square brackets refer to the pages on
which the item is cited.

The table of contents is detailed. Starred sections may be skipped. They are
technical or treat subjects which are not used in the remainder of the text. There are
a number of sections treating specialized subjects: Sections 2.6 and 17.6 treat Lévy
processes and convergence to operator stable processes: Section 6.7 discusses self-
neglecting functions; Section 5.3 treats halfspaces and convex sets; Section 18.1 gives
a brief introduction to multivariate regular variation; Sections 16.9 and 18.4 discuss
the Spectral Decomposition Theorem; Section 18.8 describes the excess measures on
the plane; Section 18.9 treats orbits of one-parameter groups of affine transformations
on R¥; Section 18.13 treats Lie groups, and Section 18.12 treats the Jordan form, and
the spectral decomposition of one-parameter groups.

EKM and MS denote two books which will be cited frequently. Embrechts, Kliip-
pelberg & Mikosch [1997] contains the fundamental material on which this mono-
graph is built, and is an excellent guide to applications in finance and risk theory.
Meerschaert & Scheffler [2001] contains an in-depth exposition of the analytic theory
of multivariate regular variation for linear transformations, functions, and measures.






I Point Processes

In the geometric theory of multivariate extremes, sample clouds and limiting Poisson
point processes play a prominent role. This chapter provides a basic introduction
to the theory of point processes. We start with a constructive description of a point
process. Then we turn to Poisson point processes as limits for superpositions of a
large number of independent sparse point processes. Essential concepts such as the
distribution of a point process, and convergence in distribution in the vague and weak
topology are treated in Sections 3 and 4. In the last section the theory is applied to a
sequence of sample clouds in R4 converging to a Poisson point process. We discuss
convergence of convex hulls, and of stochastic integrals of loss functions.

This set-up allows us to focus on the more analytic question of weak convergence
of high risk scenarios, suitably normalized, and vague convergence of the associated
Radon measures, in the remaining chapters. Interpretations in terms of point pro-
cesses, convex hulls, stochastic loss integrals, and of the error terms associated with
such integrals, are essential when handling real-life data. Such interpretations will be
pointed out repeatedly in various settings throughout the book. Their validity follows
from the theory developed in this chapter.

Starred sections may be skipped. They are not essential for the theory developed
in Chapters II-IV.

1 An intuitive approach

This section introduces a number of important concepts in a rather intuitive fashion.
Precise definitions will follow later. Impatient readers may follow the bold face page
entries in the index. These lead to the formal definition.

1.1 A brief shower

Example 1.1. Suppose there has been a very brief rain shower. You are on an open
space covered by tiles of one square meter, unit squares. There are only a few drops
on each tile, say an average of ¢ = 5 drops per tile. For any given tile the number of
rain drops on the tile is random. Can one say anything about the distribution of this
random integer, K? Can one describe the configuration of these K drops? Let C be
the circle of radius 1/2 inscribed in the tile. What is the probability that there are no
drops inside the circle, and exactly one drop in each of the four regions outside the
circle?
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We divide the tile into n = 4" congruent squares. Write
K=K +---+ K,

where K; denotes the number of drops in the ith subsquare. It may happen that
one of these subsquares contains two drops or more, but the probability of this event
decreases to zero as m grows, so we shall neglect it and assume K; is zero or one. The
expected number of drops in each of these n subsquares is the same, and hence equals
c¢/n. Let p, denote the probability of a drop in a subsquare. Under the simplifying
assumption of at most one drop per subsquare we find

pn =c/n.

The number of drops in any subsquare is not influenced by the drops which fall outside
this subsquare. We therefore assume the 0-1 variables K; to be independent. Their
sum K then has a binomial distribution

P{K =k} = (Z) Pa=pa)"™*

Cn...(n+1—k)ck . Lok
= n—k(l—pn) (1—c/n) —>Ee .

For n — oo the limit is a Poisson distribution with expectation c. This answers our
first question. The number of rain drops on the tile is Poisson with expectation ¢ = 5.

Given that there falls precisely one rain drop on the tile, by assumption it is
uniformly distributed over the tile. If there are precisely k drops, then each of these
is uniformly distributed over the tile, at least if we order them sequentially in time.
Again it is reasonable to assume independence. So conditionally on K = k the rain
drops on the tile form a sample cloud of k points from the uniform distribution.

Now consider the probability of no drops in-
side the circle C and one drop in each of the
four regions outside the circle. In total there are . o
four drops which have to be divided over four
regions of equal probability p := (1 — /4)/4.
There are 4! ways to arrange this. The probabil-
ity that four independent uniformly distributed
points on the unit square each lie in one of the
corner regions thus is 4! p*. Since P{K = 4} =
e ¢c*/4), the desired probability is

e ¢(pc)* ~ 0.000035, ¢ =5.

Alternatively one may argue that under the assumption of non-interference the number
of drops in the five regions are independent Poisson distributed variables with means
pe (four times) and ¢ — 4 pc (once), yielding the probability (pce™P¢)*e=(€=4P¢) ()
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What we want to do is to construct a mathematical model for the shower, or rather
the trace of the shower on a tile. Let us first try to decide what further examples our
theory should be able to handle.

1.2 Sample cloud mixtures. Suppose we do not look at the trace on one tile, but at
the trace of a brief shower of intensity ¢ on the first quadrant, which we assume to
be divided into tiles. By assumption there is no interference between drops, so the
number of drops on disjoint tiles are independent, as are their positions. The point
process of rain drops on the first quadrant could be constructed from a sequence of
Poisson random integers with expectation ¢, and a sequence of uniform random vari-
ables, all independent. Similarly one could construct a point process with intensity ¢
on the whole plane.

Instead of points on a square one may consider points in a cube — think of raisins
in an Easter bread — and use such cubes to construct a point process of intensity ¢ in
space. One might also consider point processes with a variable intensity — think of
stars in space, or diamonds in the earth. Indeed let ;& be any Radon measure on the
plane. By definition a Radon measure is finite on compact sets. Dissect the plane into
a sequence of tiles 7;, and let du; = 17, dp be the restriction of u to the ith tile. Let
K; be a Poisson random integer with expectation ¢; = u;(R?), and let m; = u; /c;
denote the associated probability measure on the tile. We need only consider tiles of
positive mass. Construct a point process with mean measure u; on the i th tile by first
letting K; choose an integer k, and then distributing k independent random points
from the distribution 7; over the tile. Do this independently for each tile. We thus
obtain a point process with state space R? and mean measure /.

The state space of a point process may be R4, an open subset of R4, or a d -dimen-
sional manifold, with a Radon measure p on the Borel sigma-field. Henceforth we
shall assume that the state space is a separable metric space X/, and i a o-finite
measure on the Borel sigma-field B of X.

(One may throw out the topology altogether and consider o-finite measures on
a measurable space, say (&, &). If the underlying measure is infinite, and without
atoms, and if the o-field is generated by a countable collection of sets and separates
points, then (E, &, i) is isomorphic (as measure space) to the space ([0, 00), 8, 1)
where A is Lebesgue measure on the Borel field 8 on [0, c0). One may embed E in
the halfline [0, c0) to produce an isometry between the Hilbert spaces L2(E, &, i)
and L2([0, 00), B, A) ; see Parthasarathy [1967]. So the most general example of a
Poisson point process ends up as the standard Poisson process on the halfline [0, 00).)

Point processes on [0, c0) occur in many stochastic models. Think of renewal
processes, survival processes, queueing theory, insurance claims, credit losses, or
operational risk losses. Such point processes have the property that the points may
be ordered in a canonical way. This allows one to introduce concepts such as interar-
rival times, compensators and martingales, which do not generalize easily to higher
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dimensions. We do not exclude such point processes from our theory, but typically
our point processes live on open subsets of R¢, with d = 2 or larger. On the other
hand it should be noted that there is no strict division between point processes on the
line and on R¥ since one may add marks to the points on the line. In the opening
example of a brief shower on a tile, one may take a dynamic approach and add a time
coordinate, creating a three-dimensional state space. One could then describe this
point process with points (Xg, Yi, Tx), 1 < k < K, as a marked point process on a
time interval [0, ¢g), the duration of the shower, where Ty is the time when the drop
hits the tile, and the mark for each time point 7} is the vector (X, Yx) denoting the
location of the corresponding drop on the tile. For the corresponding shower on the
first quadrant such a description is not available.

The point process describing a shower with finite mean measure u # 0 is a
mixture of sample clouds from the probability distribution 7 = /| i|. An r-point
sample cloud from a distribution = on X is a sample of n independent observations
X1, ..., Xy from this distribution. Such a sample cloud is a point process (with a
fixed number of points). A mixture of sample clouds from a given distribution 7 is a
sample cloud mixture. Ithas the form X1, ..., Xx where X1, X>, ... are independent
observations from the distribution 7 and K > 0 is a random integer, independent
from the sequence (X,). The mixing distribution py = P{K = k} for the shower
above is Poisson, with mean |it||. As a special case of a sample cloud mixture we
mention the zero-one point process determined by a finite measure p of total mass
p = ||l < 1. With probability 1 — p this point process contains no points. If p
is positive then the probability distribution 7 = u/ p is well defined and determines
the location of the unique point of the 0-1 point process conditional on there being
a point. Such 0-1 point processes crop up naturally if one has a random vector and
restricts attention to a subset of the underlying vector space.

1.3 Random sets and random measures. One may regard a point process in R4
as a random set, locally finite and closed. In this set-up special care has to be taken
of multiple points. A point process is simple if there are almost surely no multiple
points. This will be the case for sample cloud mixtures if the underlying probability
distribution 7 is diffuse (i.e. has no atoms). Stochastic geometry treats random closed
sets in locally compact spaces. The convex hull of a sample cloud in R? is a closed
random set. Random subsets of the lattice Z2 are used in Ising models, infinite particle
systems, percolation theory and image analysis. The theory of point processes may
be regarded as a subtheory of stochastic geometry. It models the distribution of
diamonds (rather than oil fields), the distribution of stars (rather than interstellar gas
clouds), and the distribution of red blood cells (rather than liver tissue).

One may also regard a point process in R< as a random (counting) measure, fi-
nite on compact sets. Sample clouds are essentially the same as empirical processes.
Random (probability) measures are well known from the theory of conditional prob-
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abilities. Point processes are simpler to handle than random measures, but basically
one needs the same set-up. One has to impose the condition that for bounded Borel
sets in the state space X the number of points in this Borel set is a random variable.
One may then define the stochastic integral with respect to a point process N for
non-negative Borel functions f on the state space X as

[ 1an =¥ s = ¥ ko, By = [ 1aan.
xeN

where X;, X»,... is an enumeration of the points of N, using repetition to take
multiplicity into account. The second sum is obviously measurable. Itis less obvious
that there exists an enumeration of the points of N (as a sequence of random elements
in X).

We shall adopt the second point of view in these notes, and treat point processes
as random integer-valued measures.

1.4 The mean measure. The mean measure of a point process plays the same role
as the expectation of a random variable. It always exists, but may be infinite. The
reader should check that it indeed is a measure, non-negative and sigma-additive.

Definition. Let NV be a point process on the separable metric space X. Then
v: B~ EN(B), BBX aBorelset,
is the mean measure of N.

Proposition 1.2. Let N be a point process on the separable metric space X, with
mean measure v, and let f: X — [0, oo] be measurable. Then

[E/de:/fdv.

Proof. This is obvious if f = clg for ¢ € (0,00). Now write f = Y ¢,lg,
with E, measurable and ¢, € (0, 00). This decomposition is always possible. The
monotone convergence theorem gives the desired result. O

Example 1.3. The mean measure may be infinite for many sets. Let i be the standard
normal distribution on R? and let N be the corresponding sample cloud mixture, with
the mixing sequence py = 1/(k + 1)(k +2) = P{N(R?®) = k}, k = 0.1,....
Then N is finite almost surely, but vE is infinite or zero for each Borel set E in the
plane. O

Exercise 1.4. If the mean measure v is infinite, but N is finite on bounded sets, one
may still construct a finite measure v* with the same null sets as v, since v is a sum of
finite measures. (Partition X into bounded Borel sets, then condition on the number
of points in the set.) O
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Exercise 1.5. Suppose N is a point process on the separable metric space X. Let
N B denote the restriction of N to the Borel set B:

NB(Ey=N(BNE), Ec¢€S3.

Show that N 2 is a sample cloud mixture if N is. O

1.5% Enumerating the points. Let X, X5,... be random points in the metric
space X. If d(x, X,) — oo holds a.s. for some x € X, then this holds for ev-
ery x, and the sequence (X},) is the enumeration of a point process N on X which
is finite on bounded Borel sets. Conversely any such point process N on X may
be enumerated (in many ways). We describe one such enumeration. The reader is
invited to construct his own.

Definition. A partition € of a separable metric space X is a countable (finite or
infinite) collection of disjoint non-empty Borel sets Cy, C,, ..., the atoms, which
cover X. A sequence of partitions €, is increasing if each atom of €, is contained
in an atom of €,_1, her mother. The o-algebra generated by €, then contains the
o-algebra generated by €,_;. The increasing sequence (€,) separates points if for
each pair of points x # y in X there exists an index n such that x and y lie in different
atoms of €,.

A standard example is the sequence of cubic partitions of R<. Here €, consists
of the cubes

K=[ky—1)/2" k1/2") x -+ x[(kg —1)/2",kq/2"), kieZ,i=1,...,d.
(1.1)
There are many others. A separable metric space has a countable base, Uy, Ua, .. .,
of bounded open sets. Let €, be the partition generated by the sets Uy, ..., U,. This
sequence of partitions is increasing, and has the small set property:

(SS) foreach z € X and each § > O there exist # > 1 and j > 1 such that
z€CyiBB%(2) := {x € X | d(x,2) < §}. (1.2)

The small set condition (SS) ensures that | J €, generates the Borel o-field on X,
since any open set is the union of the atoms C,; which it contains.

An increasing sequence of partitions €, which separates points of X yields an
enumeration of the points of a point process N on X: With each x € X associate
a unique positive integer sequence ji, jz,... such that x € Cy;, forn = 1,2,....
The address (j,) allows us to order the points of N lexicographically.
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1.6 Definitions. It should now be clear what a point process is. A random measure
N on a separable metric space X with values in the set {0, 1,...,00}. We impose
the condition that small sets almost surely contain only finitely many points of N.
Here small may mean that the closure is compact. It may also mean that the set
is bounded. Or that the mean measure of the set is finite. These concepts do not
coincide. At this moment we shall assume that the state space is a separable metric
space, without being too specific about small sets. This allows us to include point
processes on separable infinite-dimensional Banach spaces, and on arbitrary Borel
sets in R¥. It allows us to construct Poisson point processes whose mean measure is
any given o-finite measure on X. It is only when we consider convergence of point
processes in Section 4, and when we apply the theory to point processes on open
subsets of R¥, that we restrict attention to point processes on locally compact spaces,
whose realizations are Radon measures, with values in {0, 1, ..., co}.

Definition. A point process N on a separable metric space X, the state space, is a
random measure w — N (w) defined on a probability space (2, ¥, P). The following
conditions hold:

1) N(w) is a measure on the Borel o-field B of X for each w € Q;
2) N(w)(E) € {0,1,...,00} for all Borel sets EBX and all w € ;

3) {N(E) = k} is an event for each Borel set EBX and for each integer k =
0,1,...;

4) the space X is covered by a sequence of bounded Borel sets on which N is
finite a.s.

The choice of the sequence of bounded Borel sets depends on the situation. For
Poisson point processes it is natural to choose sets of finite mean measure; for point
processes on separable metric spaces one may choose open balls; if the space is locally
compact, one may choose compact sets.

Basic references are Daley & Vere-Jones [2003] for point processes on separable
metric spaces, finite on bounded sets; Kallenberg [2002], Chapter 14 and Appendix,
for point processes on locally compact separable metric spaces, finite on compact
sets; and Kingman [1993] who concentrates on Poisson point processes, and imposes
minimal conditions. Kallenberg occasionally treats simple point processes as discrete
closed sets. For statistics for point processes, see Reiss [1993], Karr [1991], or
Jacobsen [2006].

Exercise 1.6. Prove that {N(X) = oo} is an event. O
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2 Poisson point processes

Poisson point processes will be used to describe the extremal behaviour of sample
clouds. We begin with a constructive description in terms of sample cloud mixtures.

2.1 Poisson mixtures of sample clouds. Let N be a Poisson mixture of sample
clouds on X with finite mean measure u # 0. So the mixing sequence is e~ “c" /n!
with ¢ = u(X). The underlying distribution for the sample clouds is 7 = u/c. Let
Eo, ..., E, be apartition of X (with E; measurable) and set

Ki=N(E)), K=NX)=Ko+--+ Kwn, ci=uE;i =cp;, pi=mnE;.

Let ko, ..., ks, be non-negative integers with sum k > 0. Then conditional on
N(X) = k the k points of N form a sample cloud from the distribution 7 (by
definition), and hence the number of points in the m + 1 subsets E; of the partition
have a multinomial distribution:

P(Ko = kov.... K = km | N(X) = k) = pko . pkm &1/ (ko! . . . k).
Since P{K = k} = e~°ck/ k! we find
P{Ko =ko.....Km =km} = P(Ko=ko.....Km =km | K = k)P{K =k}
= (k!/ko! ... km)pko .. pkm . em¢ck /!

Z k
=[]e ¢/ /k;t.
Jj=0

This proves

Proposition 2.1. Let N be a Poisson mixture of sample clouds with finite mean
measure |, and let Eq, ..., E,, be disjoint Borel sets. Then the variables

K;i:=N(Ej), j=1,....m
are independent, and Poisson distributed with expectation c; = WE;.

Does the converse hold? Suppose N is a point process on X with finite mean
measure [, and

P{N(E1) = k1,..., N(Em) = km}

m
= HE_ME-/(MEj)k-//k'!, ki=0,i=1,...,m,

j=1
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for all finite sequences of disjoint Borel sets Eq, ..., E;; in X. Does it follow that N
is a Poisson sample cloud mixture?

The real question here is: When do two point processes have the same distribution?
In the next lecture, Section 3, we shall introduce the space of counting measures to
define the distribution of a point process. Here we take a more intuitive approach.

2.2 The distribution of a point process. Raindrops on a tile are not ordered (unless
we see them fall). We have to distinguish between a finite point process and a
finite sequence of points. Configurations of rain drops on the tile are described by
constructing finite partitions of the tile, and counting how many drops each of the
atoms of the partition contains. On a tile it is not hard to devise an enumeration of the
drops — introduce coordinates, and use a lexicographical ordering, like reading a page
of a book. However such an ordering is artificial, and destroys the geometry of the
configuration. When working with point processes, one has to get used to counting
points in sets.

Suppose we have two finite point processes M and N on the separable met-
ric space X. For simplicity assume both have exactly k points. Suppose for any
finite collection of disjoint Borel sets E,..., E, in X and non-negative integers
ki,....km

P{N(E1) =k1,...,N(Ep) =k} = P{M(E) =k1,..., M(Ey) = ki }.
(2.1)
Does it follow that M and N have the same distribution?

Let X = (X1,...,Xx) be an enumeration of N, and ¥ = (Y1,...,Y%) an
enumeration of M. If M = N the finite sequences X and Y need not have the same
distribution. (Think of a finite sample in R, and the corresponding order statistics.)
Introduce a random permutation S, uniformly distributed over the group 8 of all k!
permutations of {1, ..., k}, and independent of X and of Y, and define X l-* = Xs(@)
fori = 1,...,k, and Y* similarly. The starred k-tuples are exchangeable. If they
have the same distribution then (2.1) holds. We shall show the converse: (2.1) implies
that X™* and Y * have the same distribution.

Set

Eo =X \(E1U---UEn), ko=k—(ki+-+kmn).

Consider k-tuples (F1,..., Fy) of sets F; which contain k; copies of E; for j =
0,...,m. There are n = k!/(ko!...ky!) distinct sequences (F1, ..., Fi) of this
kind. By exchangeability the products F; x --- X Fj all have the same probability
with respect to X* and the union U of these n disjoint product sets has the same
probability for X and for X* since the union is invariant under permutations of the
coordinates:

P{X e U} = P{X* € U} = P{N(E1) = k1,.... N(Ep) = k).
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Now observe that there is a one-one correspondence between the distribution of a
k-point point process N on X and the distribution of an exchangeable k-tuple X *
since one may write

N " ko!...km!
P{X; € F1,....X; € Fi} = T[P{N(El) =ki,....N(Epn) = km}.

’ (2.2)
The left side determines the distribution of X*. (Indeed the distribution of a k-tuple
X is determined by the probabilities P{X; € By1,..., Xy € By}, where By, ..., By
are Borel sets in X. If Ey,..., E,, is a partition of X and each Borel set B; is a

union of atoms E;, then the event {X; € Bj,..., Xy € By} is a disjoint union of
events {X; € Fy,..., Xy € F}, with F; € {Eg, ..., En}.)

Conclusion. There is a one-one correspondence between the distribution of k-point
point processes N on X, and the distribution of exchangeable k-tuples X* € X*.
The correspondence is given by (2.2).

2.3 Definition of the Poisson point process. We now have an alternative, analytic
description of Poisson point processes.

Definition. Let  be a o-finite measure. A point process N with mean measure [ is
called a Poisson point process if N(E) is a Poisson random variable with expectation
WE for every measurable set E of finite mass w(E), and if the random variables

N(E1),...,N(En)
are independent whenever the sets E1, ..., E,, have finite mass and are disjoint.

Proposition 2.2. The sum of independent Poisson point processes is a Poisson point
process.

Proof. Let N have mean measure v and let M have mean measure w. By indepen-
dence (N 4+ M)(E) is a Poisson random integer with mean measure (v + ©)(E), and
independence of N(E1),..., M(E,,) implies independence of (N + M)(Ey),...,
(N + M)(En). |

Proposition 2.3. The restriction of a Poisson point process to a measurable set is a
Poisson point process. Restrictions to disjoint sets are independent.

Proof. The first statement follows immediately from the definition. For the second
statement partition each of the sets, and observe that the numbers of points in the
atoms are independent variables. O

Proposition 2.4. If X is covered by an increasing sequence of Borel sets By, and
the point process N on X has the property that each restriction dN B = 1g dN is
a finite Poisson point process, then N is a Poisson point process.
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Proof. Firstobserve that N Bn has finite measure Un whichlives on B, and that i, 41
extends (,. This defines a o-finite measure © on X. For any Borel set E of finite mass
the random variable N (E) is Poisson with expectation p( £) as limit of the increasing
Poisson variables N(E N B,) with expectation (£ N B,). Independence of N(E;)

for disjoint Borel sets E1, ..., Ex of finite mass follows from the independence of
Nin, ..., Ng, for fixed n, with N;, = N(E; N By), and the convergence P{N;, =
mj — c"e”“ /m! with ¢; = u(E;) forn — oo. |

Exercise 2.5. Check that the point process of rain drops on the plane with Radon
measure u defined in terms of a sequence of tiles as described in Section 1 is indeed
the Poisson point process with mean measure [. O

2.4 Variance and covariance. Independence is the most prominent characteristic
of Poisson point processes. In whatever way we cut up the underlying space, the re-
strictions are independent. This independence allows us to establish a simple formula
for the variance of stochastic integrals with respect to Poisson point processes.

Let N be a Poisson point process on the separable metric space X with o-finite
mean measure u. If f is a step function, f = ¢11p, +---+cm1s,,, with B; disjoint
Borel sets of finite measure, then [* fdN is a linear combination of the independent
Poisson variables N (B;), with variance @ (B;), and hence one may write

var ( / de) — EuB0) + oo+ (B = [ fd

Ifo< f, 4 fthenZ, := [ f,dN 1+ Z := [ fdN, and both E(Z,) — E(Z) and
E(Z2) — E(Z?) by monotone convergence. So var(Z,) — E(Z?) — (E(Z))? if
[ fdu is finite. We find

Proposition 2.6. Let N be a Poisson point process with mean measure [, and f a
Borel function. If [ | f |d is finite then

[E/de=/fdu, Var/de=/f2du§oo.

Proof. For real valued f write f = flg + flgc with E = {f > 0}, and use
independence of [ f1gdN and [ flgedN. O

2

The polarization formula, 2ab = (a + b)? — a® — b2, yields the covariance

cov( / fdN, / ng) = / fedu, f.ge @LNL?)(n). (2.3)
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Exercise 2.7. Let N, be the n-point sample cloud from the distribution 7 on X.
Then

[E/de,, = n/fdzr, Var(/den) =n(/f2dn—(/fdn)2). (2.4)

Write [ fdN = f(X1) + -+ + f(X»), and use independence! O

If 1(X) is infinite it is possible that [ f2du is finite while [ fdu = oco. The
variance of [ fdN exists, but the expectation is infinite! This situation may be
handled by introducing the compensated Poisson point process N — p. Partition X
into Borel sets B, of finite measure, and set

Zy = /lendN—/fIBndu=/f13,1d(N—u).

The random variables Z,, are independent and centered, and Y E(Z2) = [ f2du is
finite. Hence the martingale X,, = Z; 4 -+ + Z, converges in L? and almost surely.
We write the limit X as

X:/fd(N—,u), E(X)=0, [EX2=/f2d,,L.

These integrals play a role in the theory of Lévy processes.

2.5* The bivariate mean measure. Let us say a few words about the second order
theory in general. For a point process N on X with points X;, X5, ... define the
bivariate integral for non-negative Borel functions 4 on X2 by

/th(2> =Y h(Xi. X)).
i#j
This determines a measure u(z) on X x X, the bivariate mean measure, by
/hdu(z) = [E/th(2> =Y Eh(X;. X)). (2.5)
i#j
For non-negative real Borel functions f and g on X set (f ® g)(x,y) = f(x)g(y).

Then
/de[ng =/f®ng(2) +/fng.

Assume the mean measure y is o-finite on X, and f and g are integrable. Taking
expectation we find

cov(/de,/ng) +/fdu/gdu =/f®gdu(2) +/fgdu.
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Now restrict to indicator functions of disjoint Borel sets F' and G of finite mean
measure. The formula for the covariance simplifies

cov(N(F), N(G)) = u®(F x G) — u(F)u(G),

var(N(F)) = p®(F x F) + p(F)(1 — p(F)).

Bivariate mean measures may be defined locally by restricting the point process to
small sets.

Let N be a point process on the open set OBR? with finitely many points,
X1,..., Xg. Assumethat (Xq,..., Xg) conditional on K = k has density f on Ok.
Let fi;; denote the bivariate density of (X;, X;) on O? conditional on K = k. The
bivariate Janossi density is defined by

RO =Y pe Y. fui(xy). pe=P{K =k} (2.6)
Kk 1<i#j<k
Proposition 2.8. With the notation and assumptions above,
P{N(dx) = 1,N(dy) = 1} = jo(x.y)dxdy = p?(dxdy)
forx # y, x,y € OBR?.

Proof. We may assume K = k > 1. Let f be the density of X = (X1,..., Xk)
on O, and fij the density of (X;, X;). Set

V =v(X), v(x)=r_r?1éin||xj—xi||, x € Ok,
i#]

Then v is positive a.e. and hence f, = fls>1/sy T f a.e. This also holds for the

bivariate marginals f,;;, and their sum f,,(z) overl <i # j <k. Let Fand G be
Borel sets in O of diameter less than § = 1/2n, and at distance more than § from
each other. Then

{Xi e F,X; € G,V >25)B{X; e F,X; e G; X € (FUG) k #1i,j}
B{X,‘ S F,Xj S G}.

On adding the probabilitiesfor 1 <i # j < k wefindthat P{N(F) = 1, N(G) = 1}
is enclosed between the integral of f,,(z) and f@® = j, over the set F x G in O2.
This yields the first equality. The second follows from (2.5) and the definition of j,.

|

The Janossi densities j, for m > 2 may be defined similarly. See Daley &
Vere-Jones [2003] for details.
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2.6 Lévy processes. Given a Poisson point process on X with mean measure p one
can add a time coordinate, and consider the Poisson point process N on X x [0, 00)
with mean measure dp(x)dt and points (Xg, Tx). If X is a subset of R¥, the spatial
components X of the points in N may be added. Sums for disjoint time slices are
independent by the basic property of Poisson point processes. So if the sums

SO =) AX | Tk <1}, =0,

converge, the process S : [0, 00) — R< has independent increments, and the incre-
ments are stationary since the distribution of N on the time slice (0, s] and (¢, ¢ + 5]
is the same as far as the space coordinate is concerned. By summing (or integrating)
a Poisson point process we obtain a Lévy process. In the theory of Lévy processes
it is often easier to use the “derivative” of the process, the underlying Poisson point
process, then the process itself. A Lévy process may also have a Brownian component
and a drift, but if the jump part generated by the Poisson point process is absent one
will usually call the process a Brownian motion. Since Poisson point processes are
simple, so are Lévy processes, unless one asks hard questions, or has to deal with the
Brownian part.

Definition. A random process X : [0, 00) — R? is a Lévy process if
1) it has independent increments;
2) the increments are stationary;
3) X(0) = 0 almost surely;
4) the sample functions are right-continuous with left-hand limits.

Theorem 2.9. Let p be a Radon measure on O = R \ {0} such that
/xTx A ldp(x) < oo.

Let y: RY — [0, 1] be a Borel function which is one on a neighbourhood of the origin
and vanishes outside a bounded set. Let N be the Poisson point process on O X [0, 00)
with mean measure dp(x)dt. There exists a Lévy process X : [0, 00) — R? such that
fort >0

X(t) = / x(dN — y(x)dp(x))dt a.s.
0x[0,¢]

If we replace x by a different function y with the same properties, then for all ®
outside a null set

X(t,w) = X(t,w) +bt, t>0, bZ/)?—XdP-
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Proof. Choose r > 0 so that y and y are one on r B, where B is the open unit ball.
We split the integral for X into two parts:

Xi(1) = / xdN —19, q= / * 2 ()dp(x).
rB¢x[0,t] rB¢

Xo(?) =/ xdN, dN =dN —dpds.
(rB\{0})x[0,r]

The process X is the sum of a linear drift —t¢ and a step process
Zilis),00) + Z21155,00) + 7+

where (Z,, S,) are the points of N outside 7B ordered sothat S; < S, < ---. The S,
form a Poisson point process on [0, co) with intensity p(rB€), and hence S;,, — coa.s.
The process Xo is an L?-martingale, and E[| Xo(!)[I> = 7 [, 5\ () xTxdp(x) < oo. It
is well-known that there is a version with sample functions which are right-continuous
with left limits. See for instance Kallenberg [2002], Theorem 6.27. Now observe
that both X and X satisfy the four conditions of a Lévy process. So does their sum
since they are independent. Since Xo = Xy we have X (1) — gt = X(t) —qt. O

Without proof we mention

Theorem 2.10. A Lévy process is the sum of a process X as above, a linear drift,
and a centered Brownian motion independent of X .

Proof. See Kallenberg [2002], Theorem 13.4. O

It should be emphasized that the drift term depends on the compensator function .
It is customary to take y = 1p, but sometimes it is convenient to have a continuous
compensator. If [ [|x]| A 1dp(x) is finite, no compensator is needed. The Poisson
point process may go over into white noise, the “derivative” of Brownian motion.
If for instance p, is concentrated on B \ {0}, p, — 0 vaguely on B \ {0} and
f §&&dpy, — c;jfor 1 <i,j <d, then the associated Lévy processes converge to a
Brownian motion W with covariance EW; (t)W;(t) = c¢;jt.

Exercise 2.11. Let dp(x) = 1(g,00)(x)dx/x on R\ {0}. The Lévy process is an
asymmetric stable process of index one. The sample functions have infinitely many
jumps on any interval (s, ) with 0 < s < ¢. The jumps S(¢) — S(t — 0) are positive
and the sum of the jumps over (s,?) is infinite almost surely. On the other hand,
right-continuous functions with left-hand limits are bounded on any interval [0, ¢].
Describe the sample functions. )

Exercise 2.12. If the Lévy measure p is infinite, as in the exercise above, the sequence
of time points 77, T», ... is dense on the time axis [0, 00). Prove that there are no
multiple points: 7; # T; holds almost surely for i # j. Show that any Borel set
EB[0, 00) a.s. contains infinitely many points, or none. O
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2.7 Superpositions of zero-one point processes. Let N be the sum (or superposi-
tion) of 0-1 point processes N, with mean measures i,. Then N has mean measure
i =Y Wp. If the measures u, are small and the processes N, independent, then N
is close to a Poisson point process. The proof is based on an elementary inequality.

Lemma 2.13. Let N be a 0-1 point process with mean measure [i. If the underlying
probability space is sufficiently rich, there exists a Poisson point process M with
mean measure [, such that

P{M # N} < p?, p=llull.

Proof. We may assume that p is positive. Let X1, X5, ... be an iid sequence from
the distribution 7 = p/p. Then N = Zjvﬁl 8x,; where 8y denotes the point mass
in X, and Ny is a 0-1 variable, independent of (X;,) with P{No = 1} = p. Let M be
a Poisson variable independent of (X,,) with expectation p and set M = Zjuzol dx; -
Then P{M = N} = P{My = Ny}. Since

P{My=0}=e¢?>1-p=P{N, =0},

we may choose My such that {My, = 0} D {No = 0}. Then P{M, < 1} =
(1+ p)e™? gives

P{Mo # No}=e ?—(1—p)+(1—(1+ p)e?)=p(l—e?) < p>.

We need some freedom to construct the Poisson variable. On a non-trivial two-
point probability space one can define a non-zero 0-1 point process, but not a non-zero
Poisson point process, on X = {x¢}. |

Proposition 2.14. Let N, be independent 0-1 point processes with mean measures
Un on X. Assume u = Y |, is o-finite. If the underlying probability space is
sufficiently rich, there exists a Poisson point process M with mean measure | such
that

PAM # Ny + No+--} <> uil> 2.7)
Proof. Construct independent Poisson point processes My, M», ... with mean mea-
sures /i1, f2, . .. so that P{M, # N,} < ||un||?, and let M be the sum of the point
processes M,,. O

Here is an application. Large sample clouds locally look like Poisson point pro-
cesses, since the binomial distribution for small values of p looks like a Poisson
distribution. Let N be the n-point sample cloud from the distribution 7 on R¢.
Let O be open with nwt(0O) = ¢ > 0. If the underlying probability space is rich
enough, Proposition 2.14 yields a Poisson point process M on O with mean measure
du = nlodm such that

IP{M;AN}f%.
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In fact one can do better, using Barbour’s Poisson approximation to the binomial
distribution: For independent events A, there is a Poisson variable M such that

P{N # M} <) pr(l—e?)/A. EN =EM,
N=Y 14, pn=P(A). A=) pa.

See Barbour, Holst & Janson [1992]. For Poisson point process approximations to
dependent sums of Bernoulli variables see Barbour & Chryssaphinou [2001]; for
bounds on the Hellinger distance see Falk, Hiisler & Reiss [2004].

Exercise 2.15. N is a 0-1 point process on a sufficiently rich probability space.
There is a Poisson point process M > N such that P{M # N} < p? for p =
PN =1F <1/2. O

The role of the Gaussian distribution for sums of random variables is taken over
by the Poisson point process for sums of independent point processes. The next two
sections are needed to understand the theorem below, a kind of central limit theorem
for point processes.

Theorem 2.16 (Grigelionis, Superposition of Point Processes). Forn = 1,2,...
let Nu1, Npa, ... be independent point processes on the separable metric space X.
Let pu be a measure on X, which is finite on bounded Borel sets. Suppose for each
bounded Borel set E with w(0E) = 0 we have

P{N,;(E) > 0} — 0, n+i— oo,
2 P{Nni(E) > 0} — pu(E), n — oo,
Y i P{Nui(E) > 1} — 0, n— 00.

There exists a Poisson point process M with mean measure [ such that M, =
Y i Nui = M, in the sense that

/(pdNn = /(de

for all bounded ji-a.e. continuous Borel functions ¢ : X — R for which {¢ # 0} is
bounded.

Proof. To follow. See the end of Section 4. O

Here we only want to observe that the boundary of a Borel set E may contain E
(if E has no interior points). However, for open or closed sets, the condition that
W(AE) equals 0 is the rule rather than the exception. Recall that the complement of
a countable set is dense in R.
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Lemma 2.17. Let i be a o-finite measure on the separable metric space X, and
f X — R continuous. Define the open and closed sets

Ot:{f<[}7 th{fft}v t R

The boundaries 00y, t € R, of the open sets are disjoint, as are the boundaries of the
closed sets. There is a countable set ABR such that

M(SO,) = u(aF,) =0, teR \ A.

Proof. Both 00, and 0F; are contained in the closed set { f = ¢}, and these sets are
obviously disjoint. Write u as the sum of a sequence of finite measures u, and define
A as the union of the finite sets A,,, = {t € R | u,{f =t} > 1/mj}. |

2.8 Mappings. Poisson point processes are preserved under measurable mappings,
at least if the image of the mean measure is o-finite again.

Theorem 2.18 (Mapping Theorem). Let X and Y be separable metric spaces, and
y: X — Y ameasurable map. Let N be a Poisson point process on X with points
X1, X2, ..., and o-finite mean measure v. Suppose the image L = y(v) on ¥ is also
o-finite. Then M = y(N), the image process, with points Y; = y(X;), is a Poisson
point process with mean measure (L = y(v).

Proof. We first check that M (B) is Poisson with expectation @ (B) for Borel sets B
in Y of finite mass. Let E = y~!(B). Then u(B) = v(E) and M(B) = N(E).
Hence v(FE) is finite and M(B) = N(E) is Poisson with expectation p(B). Next
observe that independence of the variables M (B;) = N(E;) for By, ..., By, disjoint
Borel sets in ¥ holds since the sets E; = y~!(B;) are disjoint and N is Poisson. [J

Example 2.19. The map y(¢) = (e?™*,e'") maps the halfline [0, o) onto a dense
subset of the torus, S x S, where S is the unit circle in the complex plane. For any
non-empty open set U in the torus, the inverse image is open. It contains infinitely
many intervals of length greater than ¢ for some ¢ > 0. It follows that the image

of the standard Poisson point process N on [0, c0), with points T} < Tp < ---, is
dense in the torus. By the Mapping Theorem y(N) is a Poisson point process on the
torus. O

2.9* Inverse maps. Poisson point processes exhibit an unlimited amount of in-
dependence. If one partitions X into sets C, the restrictions dN¢» = lc,dN
are independent. Conversely suppose one has an increasing sequence of partitions
€, = Cp1,Cy2, ..., and the point process N on X has the property that for each
partition €, the restrictions N Cni NCn2 . are independent. Does it follow that N
is a Poisson point process?
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Example 2.20. Let N = 2N, where Ny # 0 is a Poisson point process. Each point
is doubled! Restrictions to disjoint sets are independent, but N is not Poisson.

We now formulate a partial converse to the mapping theorem.

Theorem 2.21. Let X and ¥Y be separable metric spaces, andlet y : X — Y be Borel
measurable. Let N be a point process on X, whose image M = y(N) is a Poisson
point process on Y, with mean measure which is diffuse and o -finite. For each finite
collection of disjoint bounded Borel sets By, ..., By, in 'Y let the restriction point
processes N1, ... NEm with E; = y~V(B;) be independent. Then N is a Poisson
point process.

Proof. The point process N is a superposition of independent restrictions. One may
use the Superposition Theorem to prove that N is a Poisson point process. We shall
derive it from a more technical result, Proposition 2.25 below, for which we give an
elementary proof. O

Example 2.22. The result above is remarkable. Start with a point process N on R?
with points Z1, Z,, .. .. Suppose the vertical coordinates Y, = y(Z,) form a simple
Poisson point process on the vertical axis. If restrictions of N to disjoint horizontal
slices are independent then the restrictions to disjoint Borel sets in R? are independent
(since N is Poisson by the theorem above).

In the case of the rain shower the assumption of independence for disjoint time
intervals forces the shower to be a Poisson point process. Independence for disjoint
horizontal slices implies independence for disjoint vertical cylinders! This also holds
for a rain shower on the whole plane. Each horizontal slice then contains infinitely
many points. The only condition is that no two drops hit the earth simultaneously,
and at no moment is there a positive probability of a drop hitting the earth. O

The results below are a validation of the heuristic arguments used for the rain
shower in Section 1.1. Recall that we used partitions of the unit square, and argued
that one might assume that eventually all subsquares would contain at most one point.
We also needed the probability of a rain drop in a subsquare to vanish. For the uniform
rain shower on a tile we could write p,, = ¢/n, but we also considered point processes
with varying intensity. Partitions are defined in Section 1.5.

Lemma 2.23. Let M, with points Y1, ..., Yk, be a finite simple point process on Y
without fixed points:

PYi=Y;} =0, i#j; PYi=y}=0, k=1, yelyY. (238

Let €, = (Cpj) be increasing partitions, and suppose | ) €, separates points. Set
Kpj = M(Cyj) and K, = max; Ky;. Then

P{K, > 1} >0, n— oo,
P{K,; >0} =0, n+j— oc.
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Proof. Let M(w) have points y1, ..., yg. There exists anindex J(w) such that these k
points lie in distinct sets in the partition €, for n > J(w). We take J(w) minimal.
Then {K,, > 1} = {J > n}. Since J is finite the first limit relation holds.

Let ¢ > 0. We have to show that P{K,; > 0} > 2¢ occurs only finitely often.
Choose k so large that P{M(¥Y) > k} < ¢, and let M* = M on {M(¥Y) < k} and
M* = 0 elsewhere. So M * has at most k points, say Y7,..., Yx with K < k. Set
K, = M*(Cyj). It suffices to show that P{K,;; > 0} > & holds only finitely often,
or even that

P{Y; € Cy;} > ¢/k (2.9)

holds finitely often for i = 1,..., K. We shall do this for Y;.

For given n there are at most k /¢ sets C,; for which the inequality (2.9) holds
with i = 1. Also note if P{Y; € C} > &/k, then this inequality also holds for the
mother set C’ D C. Suppose p,; = P{Y; € Cy,;} > ¢/k is infinite for infinitely

many C,;. Then there is such a set C; = Cy;, with infinite offspring. One of
the daughters C, = (3, also has infinite offspring. Proceeding thus we find a
sequence of sets C, = Cyj, with p,;, > &/k so that C, is the mother of C, 1.

The events E,, = {Y; € C,} decrease to E, and P(E) > ¢/k. Letwy € E, and
yo = Y1(wo). Then Y1 (w) = yo forall w € E, since | J €, separates points. Hence
P{Y; = yo} = P(E) > &/ k. This contradicts (2.8). |

We will need a simple inequality for sums of independent 0-1 variables.

Lemma 2.24. Let Ly, L,, ... be independent zero-one variables with sum S < oo.
Suppose C > 4. Then P{S > C} < 1/2 implies ES < 2C.

Proof. Assume ES = 2C, decreasing L, if need be. The Bienaymé—Chebyshev
inequality gives

P{S < C} <var(§)/C* =2/C =1/2,
since var(L;) < [EL; implies var(S) < ES. O
Proposition 2.25. Let X and Y be separable metric spaces and y: X — ¥Y a
measurable map. Let N be a point process on X with points X1, X2, ..., which is
finite on By, for an increasing sequence of bounded Borel sets B, which cover X.

Suppose the points Yy = y(Xy) satisfy (2.8). Let €, = (Cy;, j > 0) be increasing
partitions of Y such that \ )€, separates points. If for fixed n the restrictions

NPui,j 200 Dyj=y ! (Cuj)
are independent, then N is a Poisson point process.

Proof. We may assume N is finite by restricting to B,. Then use Proposition 2.4.
Set
Knj = M(an) = N(Dnj)a Ky, = m]?lx Knyj.



2 Poisson point processes 61

By Lemma 2.23

qn = P{K,, > 1} - 0, n — oo,
pnj = P{K,; >0} -0, n+j— oo.

Define 0-1 point processes: N,;"j = NDPw for K,; = 1 and N,;"j = 0 else. For each
index n Lemma 2.13 allows us to choose independent Poisson point processes N,?j
so that P{N,; # N5} < p7;. Set

Ny=Y N¥5. Nl =) N
J J

There is a constant C > 4 such that P{N(X) > C} < 1/2. Lemma 2.24 applied
to L; = Knj A1 withsum S < N(X) gives ) ; pn; = ES <2C. So

Zpﬁj <2Cpn, pn =Injaxpnj — 0,
J

and P{N? # N} < 2Cp, + g» — 0. We may choose a subsequence k, — 00 s0
that
P{N, #N}<1/2", n=12..... N, =N .

Then N, — N almost surely. The N, are Poisson point processes on X. Hence
N, (E)isPoisson forany Borel set E in X, and N, (E1), ..., N, (Ey,) are independent
for disjoint Borel sets Eq, ..., Ey,. This then also holds for N. Hence N is a Poisson
point process on X. U

The next result formalizes the construction of Section 1.1 for simple point pro-
cesses without fixed points. We do not need the rather artificial assumption of an
intensity.

Proposition 2.26. Let N be a point process on Y with points Y1,Y,.... Let €, =
(Cn1,Cha,...), n >0, be an increasing sequence of partitions on ¥ which separate
points. If (2.8) holds, if N(Cy;) is a.s. finite for all j, and if the j random variables
N(Cn1), ..., N(Cyj) are independent for each n and j, then N is a Poisson point
process.

Proof. We may assume N finite by restricting to an atom A € (J€,. With Cyx
associate three random integers, Nyx = N(Cpui), Lok = lqn,,=1}> and My, a
Poisson rv with expectation p,r = P{N,x = 1}, such that P{M,; # L,x} <
pﬁk, see Lemma 2.13. For fixed n one may choose the Poisson variables M,
independent, since the N, are independent by assumption, and hence the L, too.
Since S, = D p Lux < N(X) and P{N(X) > C} < 1/2 for some C > 4,



62 I Point Processes

Lemma 2.24 gives ES,, < 2C. Moreover p,; — 0forn +k — oo by Lemma 2.23.
Hence ) pik — 0, and N(X) = N(A) is Poisson. This holds for each atom A.
Together with the assumed independence this makes N into a Poisson point process;
see relation 4) in Theorem 3.2. O

2.10* Marked point processes. Given a point process N on the separable metric
space X with points X1, X», ..., one may add arandom mark U, to each point X,. In
first instance we assume that (U,) is an iid sequence of uniformly distributed random
variables in U = [0, 1], independent of ¥, where ¥ is a o-field on the underlying
probability space on which the point process N and the points X, are measurable.
One obtains a new point process M with points (X,,, U,). This construction does not
depend on the enumeration. If X, also is an enumeration of the points, say X, = Xp,,
then the corresponding marks U, = Uy, again form an iid sequence of uniform-(0, 1)
distributed random variables, at least if the renumeration is ¥ -measurable. Indeed,
conditional on /; =iy, ..., I, = i, the random variables U/, ..., U, are distributed
like U;,,...,U;,. If K = N(X) is finite with positive probability, condition on
K = k and restrictton < k.

Example 2.27. Consider a point process on [0, 00)? concentrated around the diago-
nal, where the points first are enumerated according to their vertical coordinate, and
later according to their horizontal coordinate. The renumeration sequence ([) is
measurable on the o-field generated by N. We assume some regularity conditions
here: the projections on the two axes should yield simple point processes with finitely
many points on bounded intervals. ¢

Let M be a point process on ¥ with points Y7, Y5, . ... Foreach of these points toss
a coin to decide whether the point is retained or deleted. The tosses are independent.
The resulting point process M © is called the thinned point process. One may think of
a forest in which certain trees are felled. In general the probability for retaining the
tree may depend on the site. So we have a function p: ¥ — [0, 1] which determines
the probability of heads for the coin which is tossed to decide whether a tree at site y
is to remain. Such a thinned point process M is simple to construct. First construct
the marked point process N on X = ¥ x [0, 1] with points (Y, Ux). Restrict to the
set below the graph of p, and project onto Y.

Instead of marks in [0, 1] one may have marks in a separable metric space M.
Let g: ¥ x [0,1] — M be measurable. The map f: (y,u) — (y,g(y,u)) maps
the point process N on ¥ x [0, 1] above, into a point process on ¥ x M, with points
(Y, g(Yn,Uy)). If N on Y x [0, 1] is Poisson with mean measure v, the new point
process is Poisson with mean measure f(v). In the thinning above M = {0, 1}; a
tree is felled if its mark is 0, and g(y,u) = 1 foru < p(y).

Proposition 2.28. Let M be a Poisson point process on ¥ with mean measure |4
and points Y1, Y2, .... Let ¥ be a sigma-field on the underlying probability space
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on which the point process M and the variables Y1,Y>, ... are measurable. Let
Uy, Us,,... be independent uniformly distributed random variables. Assume the
sequence (U,) is independent of ¥. The point process N on' Y x [0, 1] with points
(Y1,U4), (Y2, Us), ... is a Poisson point process with mean measure du(y)du.

Proof. This may seem a good opportunity to apply Proposition 2.25. However it is
simpler to observe that in the case of a finite mean measure ( one may construct
a Poisson point process N* on ¥ x [0, 1] with mean measure © X A as a Poisson
mixture of sample clouds from the probability distribution 77 X A where w7 = u/u(¥).
This is clearly a marked point process. Since the distribution does not depend on
the enumeration, the processes N and N* have the same distribution. For infinite
o -finite mean measures, use Proposition 2.4. O

Marked point processes may be used to compare Poisson point processes on ¥
whose mean measures j; are close. Let du; (dy) = p; (y)du(y) fori = 1,2, where
diw = duy v dus (and hence p; v pp = 1). Define a Poisson point process N
on ¥ x [0, 1] with mean measure du(y)du. Let M; be the projection on ¥ of the
restriction of N to the area below the graph of p;. Then

P{M; # My} < / |p2 — p1ldu = |2 — w1 (2.10)

3 The distribution

3.1 Introduction. To specify the distribution of a random vector X € R4 it does
not suffice to give the distributions of the d components. One has to introduce a
probability measure 7 on the Borel sigma-field of R?. Often the distribution may
be described in terms of a density function. One may always use the d-dimensional
distribution function F to describe the distribution of X, but in the multivariate setting
the df is not very informative about the shape of sample clouds.

There are alternative ways to specify the distribution. One may give the charac-
teristic function (&) = Ee'€X | defined for§ = (&1,...,&;) € R%. Equivalently one
may specify the probability v (H ) for all closed halfspaces H = {£ > c}. For vectors
X with thin tails, the moment generating function (mgf) M (£) = EefX may exist on
a neighbourhood of the origin. The mgf is an analytic function. Its restriction to any
non-empty open set in R? determines the distribution. If the vector has non-negative
components, the Laplace transform exists:

LE) =Ee**, £>0

and if the components are non-negative integers, then one may describe the distri-
bution in terms of the probability generating function. These transforms are related.
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That the probability distribution is uniquely determined by each of these transforms,
is not trivial.

3.2* The Laplace transform. For a point process N on a separable metric space
X the Laplace transform is defined by

L(f) = E(e /74Ny, f>o,

for non-negative Borel functions f on X. The integral [ fd N may be infinite for
certain values of w. We set e~ = 0. The larger the integral [ fd N, the smaller the
Laplace transform £( f).

Let us compute the Laplace transform of the Poisson point process N with mean
measure (. Start with a step function,

f=clp +-+cmlp,, B € Bdisjoint, u(B;) < oo, ¢; > 0.

Then [ fdN = ¢iN(Bi1) + -+ + ¢m N(Bm). This stochastic integral is a sum of
m independent terms X; = ¢; N(B;), where N(B;) has a Poisson distribution with
expectation b; = B;. So let us first compute the Laplace transform of [ gd N with
g=clg,and u(E) = b < o0

£(g) = E(e™/#MN) = Ee™NE) =3 e, = ™) " (be™)" /n!
n n
— e—(l—e_C)M(E) — e—fl—e_gdpb’ Pn = e_bb”/n!.

By independence £( f) is the product of £( f;), with f; = ¢;1p,. The terms in the
exponent add, and

(I1—eDuBy+ -+ (1 —e " )uBy = /(1 —e)du
gives
2(f) = e /0= Ddn, 3.1)

Theorem 3.1. The Laplace transform of the Poisson point process with o -finite mean
measure | is given by (3.1) for Borel functions f: X — [0, 00).

Proof. Any Borel function f > 0 is pointwise limit of an increasing sequence of
integrable step functions f,, > 0. The monotone convergence theorem applied w-wise

gives
/ £,dN — / fdN,

and Lebesgue’s theorem with majorant 1 gives
£(fy) = Ee= [N  Eem /SN — £(1).
On the right (1 —e™/")dp — [(1 — e~/ )dp by monotone convergence. O
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3.3 The distribution. We shall now give a number of equivalent characterizations
of the distribution of a point process N on a separable metric space X. Since we want
to develop the theory for separable metric spaces here, we assume in this subsection:

N(E) is finite for bounded Borel sets E. (3.2)

Let €, = {Cy0,Cn1, ...} be increasing partitions on X for which the small set
condition (SS) holds, see (1.2). Let (Uy,) be bounded open sets which form a basis for
the open sets of X, for instance the set of all open balls B” (a), with center a in some
countable dense set ABX, and radius r € {1,1/2,1/3,...}. Each openset OBX isa
union of such sets U,,. Let N and M be finite point processes on the separable metric
space X, and let By, ..., B, be Borel sets, and f a Borel function on X. Consider
the equalities in distribution

(N(B1), ..., N(Bm)) = (M(B\). ..., M(By)) (3.3)
/ faN < / faMm. (3.4)

Theorem 3.2. Let N and M be point processes on the separable metric space X
which satisfy (3.2). With the notation above the following are equivalent:

1) The first relation holds for bounded Borel sets.
2) The first relation holds for disjoint bounded closed sets.

3) The first relation holds for disjoint sets which are finite unions of sets U, in a
countable base of bounded open sets U1, Us,, .. ..

4) The first relation holds for bounded atoms B; € €, m > 1.

5) The second relation holds for bounded Borel functions which vanish outside a
bounded set.

6) The second relation holds for non-negative Borel step functions with bounded
steps.

7) The second relation holds for non-negative uniformly continuous functions with
bounded support.

8) The second relation holds for non-negative step functions f = cilc, + -+
cmlc, with C; bounded atoms in €, forn > 1.

Proof. Firstassume N and M are finite point processes, and X is bounded. Note that
the first four criteria refer to finite-dimensional distributions of the process N(B), B €
B, the second four to stochastic integrals. There is a simple relation: The multivariate
distribution of (N(B1), ..., N(By,)) is determined by the univariate distributions of
the random variables ¥ = ¢y N(B1) + -+ + ¢ N(By,), where we may restrict the
¢; to be non-negative. (Indeed it suffices to know the distribution of one such linear
combination Y provided the coefficients ¢; are rationally independent.) In particular,
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if (3.3) holds for all non-negative step functions f for a certain class of steps, and
the integrals are finite, it holds for all real valued step functions on this class of steps.
Hence

1) <= 6) and 4) < 7).

The first and fifth conditions are strong, the remaining ones are weak:
1) = 2),3),4), and 5) = 6),7),8).

Some implications are easy:

6) = 5). First note that 1) is equivalent to 1”) where in 1’) we assume the first
relation to hold for disjoint bounded Borel sets B;. Moreover 6) is equivalent to 6'),
where in 6') we assume (3.3) to hold for all real-valued step functions on bounded
Borel sets. Now observe that any Borel function is pointwise limit of a sequence of
step functions on disjoint bounded Borel sets.

3) = 2)If Fy, ..., F,, are disjoint closed sets one may find decreasing sequences
of open sets O,; | F; with Oqy,..., Oy, disjoint. Hence N(Op;) | N(F;) for
n—o0,i =1,...,m,and 3) = 2).

2) = 1) If relation 1) holds for m = 1, then already M and N have the same
mean measure, and determine the same null sets. With N one may associate a finite
measure v* which has the same null sets as the mean measure, and similarly for M,
see Exercise 1.4. For any Borel set E there exists an increasing sequence of bounded
closed sets F,BE such that (v* 4+ u*)(E \ F,;) — 0. Then N(F,) ? N(E) almost
surely, and similarly M(F,) t M(E).

7) = 3) If the B; are disjoint bounded open sets and ¢; > 0 there is a sequence
of uniformly continuous functions f, 1 f =ci1lp, + -+ cm1B,,.

S08), 3),2), 1),5) and 6) are equivalent, as are 4) and 7). It remains to observe that
step-functions on bounded atoms in € are dense in L' (X, 8B, p) where p = p* 4 v*,
see above.

What if X is not bounded, and N and M not finite? Cover X by an increasing
sequence of open balls. The eight conditions are formulated so that they may be
checked for the restrictions of the point processes to a sufficiently large ball. On such
a ball the point processes are finite. O

Definition. Two point processes N and M on the separable metric space X, which
satisfy (3.2) have the same distribution, and we write N L m ,if

d
(N(B1),....N(Bm)) = (M(B1),..., M(Bnm))
holds for any finite sequence of disjoint bounded Borel sets By, ..., By,.

By the theorem above we have at least seven other equivalent definitions for
equality in distribution of two point processes.
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Exercise 3.3. Let N be a point process on the separable metric space X with mean
measure g which is finite on bounded sets. Suppose L£(f) = e~/ 1=e7du for
non-negative bounded continuous functions f on X for which { f > 0} is bounded.
Show that N is a Poisson point process. O

Let N = N (X) be the set of all counting measures £ on X which are finite for
open balls. On the set N, define the sigma-field & generated by the sets

EF:={eeN|EE)=k), k>0, EcB,

where B3 denotes the class of bounded Borel sets in X. If two probability measures
agree on the class of finite intersections of such sets EX in .V, then they agree on the
sigma-field &. A point process N on X (with underlying probability space (2, 4, P))
is a measurable map from (€2, #A) to (N, &). Recall that we assume point processes
to be finite on bounded sets. The distribution of the point process N is the image
(under N) of the probability measure [P. Just as the distribution of a vector X is the
image X (P).

Exercise 3.4. Let N be a point process on X and E a Borel set. Prove that the
restriction N £ is a point process on X. O

Exercise 3.5. Suppose X is the union of an increasing sequence of Borel sets Bj,.
Let N and M be point processes on X. If the restrictions N5 and M 57 have the
same distribution for each n, then N and M have the same distribution. O

In Section 2 we defined the distribution of a finite point process in terms of
exchangeable k-tuples by conditioning on the event {N(X) = k}. This is a use-
ful characterization for constructing point processes. The analytic characterizations
above are effective for checking that two point processes have the same distribution.

3.4*% The distribution of simple point processes. In this subsection point processes
are assumed finite on bounded sets. A point process N on a finite space X =
{1,...,d} is just a random vector X with non-negative integer components. Its
distribution is given by P{N {1} = k1, ..., N{d} = kg4 }. For simple point processes
less information suffices.

Proposition 3.6. Let N be a simple point process on the separable metric space X.
Let |4 be a diffuse measure on X which is finite on open balls. Suppose

P{N(E) =0} = ¢ *®) E ¢ 8 bounded.

Then N is a Poisson point process with mean measure L.
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Recall that a point process with points X, X5, ... is simple if P{X; = X;} =0
fori # j. We shall show that for simple point processes the probabilities

pe = P{N(E) =0}, E € 8B bounded, (3.5)
determine the distribution of N.
Lemma 3.7. Let B, © B. Then pp, | pB.
Proof. {N(B,) =0} | {N(B) = 0}. d

First consider a point process N on a countable set. We do not assume N is
simple.

For any finite set FBE, write pg for the probability that each x € F has positive
mass, and the remaining points of E have no mass. If F' = {x} we write p7, and if
F is empty then pg =: pg. Observe that

PE = Prutxy T PEuy X € E.

since the event of no points in E is divided into two disjoint events according to
whether x has positive mass or no mass. Similarly, for FBE and x ¢ E,

F _ _FU{x} F
PE = PEufxy T PEUGK)

So if we know pg for all n-point sets F and all E D F, we also know pg for all
n + l-pointsets F'and £ D F.

Let R be the ring of sets generated by a countable partition of X/, and § the
sigma-ring. The sets C of the partition will be called atoms. As above for F in R and
FBE € & define p g as the probability that £ \ F contains no points and each of the
atoms C making up F contains at least one point. If we know pg forall E € R, then
we know pg for all E € &, and by the argument above we know pg forall E € &
and all F' € R, FBE. We define p’%, as the probability that £ contains precisely n
atoms of positive mass. This is the sum of the probabilities p g with F'3E containing
precisely n atoms.

Now suppose we have an increasing sequence of partitions €, = (C,;) which
separates points. Let p’;(n) be the probabilities associated with the nth partition.
Let £ € §,,. Then E is a countable union of atoms in €,, and hence £ € &, for
all n > ng. Forn > ng let A’ (n) be the event that £ contains m atoms C € €,
of positive mass. Then A% (n) — {N(E) = m} for n — oo since (€,) separates
points. Hence

pPE(m) — pg = P{N(E) = mj.

Therefore one may derive the probabilities P{N(E) = m} from the probabilities
P{N(E) = 0}.
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Similarly one may determine the probability P{N(Ey) = my,..., N(Ex) = my}
from the probabilities of the events

(N(E\)=0,....N(Ex) =0} = {N(E) =0}, E=E U---UE;

for given k > 2 for all collections of disjoint Ey, . .., E in | €,. (For this one has to
check that pgll ’:::’;’Z Ut} may be computed as above for disjoint subsets E, ..., Eg

of a countable set and for points x ¢ E = E; U---U Ej.) We have shown:

Theorem 3.8. Suppose N and M are simple point processes on X, which satisfy (3.2).
Let €, be an increasing sequence of partitions which separates points. Let R be the
ring generated by | J€,. If

P{N(R) =0} = P{M(R) =0}, ReR,

then N and M have the same distribution. O

4 Convergence

4.1 Introduction. Recall the usual criteria for convergence in distribution for ran-
dom vectors in R?, which is written as X, = X,. In abstract arguments one uses
the definition

Eo(Xn) — Eo(Xo)

for all bounded continuous functions ¢ on R? (or all continuous functions ¢ with
compact support, or all complex functions @g: x > e’$*_ or all indicator func-
tions ¢ = 1g where Q = (—o0, c] is the intersection of closed lower halfspaces
{xi <c¢i},i =1,...,d, whose boundary planes {x; = c¢;} are not charged by the
limit distribution). Often it is convenient to use coordinates: X, = Xj if and only
if all linear combinations of the coordinates converge:

XD 4 b g XD = XY g X

A family of random vectors X (¢) (or their probability distributions) on RY is tight
if for any & > 0 there exists a cube KBR? such that P{X(t) € K} > 1 — ¢ for
all ¢. For this it suffices that the d components X V)(¢), r € T, are tight. In a tight
family X(¢),t € T, each sequence (#,) contains a subsequence (¢, ) such that X (¢, )
converges in distribution.

In this section similar concepts will be developed for point processes.
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4.2 The state space. Henceforth the state space of our point process, a separable
metric space X, is assumed to be locally compact, and the sample functions are
assumed to be integer-valued Radon measures. The theory will be applied to point
processes on R?, or on open subsets of R?. Occasionally on open subsets of [0, c0).

Weak convergence of probability measures is a matter of topology rather than
metric. If the separable metric space X is a subset of a compact metric space ¥
(which is automatically separable), then it is simple to determine whether a sequence
of probability measures , on X converges. Check whether the sequence of reals
[ @dm, converges in R for each continuous function ¢ on ¥. If so, there is a prob-
ability measure p on ¥ such that 7, — p weakly on ¥. Now check whether u
lives on X. If so, then 7, — w weakly on X; if not, the sequence m,, does not
converge on X. For compact metric spaces ¥ the theory of weak convergence is
particularly elegant since the space J(¥) of probability measures on ¥ is itself a
compact metrizable space.

Similarly there is an elegant theory for vague convergence of Radon measures on
locally compact separable metric spaces Z. Here too, it is the topology rather than the
metric which is important. So one should rather speak of lcscH spaces: spaces which
are locally compact, second countable Hausdorff. These are topological spaces with
a countable base of open sets U,, such that each pair of distinct points x, y € Z has
disjoint neighbourhoods U; and U;. The sets U, may be chosen to have compact
closures. These conditions make it possible to introduce a metric on the space. One
may choose the metric d so that the compact sets are precisely the bounded closed
sets. In this metric, for any a € Z, the open balls B"(a) = {x € Z | d(x,a) < n}
cover Z, and are relatively compact. Radon measures on Z are precisely the measures
which are finite on these balls.

Actually it is quite simple to construct a metric on a locally compact separable
metric space such that bounded closed sets are compact. All one needs is a continuous
positive function y on the space, with the property that the sets { y < c} are compact
for ¢ > 0. On an open proper subset O of R, for each point x € O there exists a
maximal » = r(x) > 0 such that B”(x), the open ball of radius r around x, still lies
in 0. The function r measures the distance to the boundary. It is easy to see that this
function is positive on O, and continuous. The function y(x) = || x| + 1/r(x) > 0
has the desired property: it is continuous, and the sets {y < c} are compact. Now
defined(x, y) = ||x—y||+|x(x)—x(»)|. Thisis ametricon O: itis the natural metric
on the graph of y. It agrees with the topology: x, — xo implies d(x,, x¢) — 0, and
conversely. Any closed ball {x | d(x,a) < n} is compact, since it is contained in the
set {x(x) < x(a) +n}.

In most of our applications Z = O is an open set in R?. So Z is a locally compact
separable metric space in the Euclidean norm. Unfortunately in the Euclidean norm
bounded subsets of O need not be relatively compact, unless Z = R?. Typically the
points of the realization N (w) of a point process N on O will cluster at the boundary.
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If O is the open unit ball B, then a point process N with the property that the closure
of N(w) contains the unit sphere dB a.s. is not exceptional!

For point processes on open subsets of R¢, the Euclidean metric is confusing! For
a compact space it makes no difference what metric one uses; for a locally compact
space is does. One may replace the Euclidean metric by a metric d in which bounded
closed sets are compact, as we saw above, but it is simpler to forget about the metric
altogether and use only topological concepts like convergent, closed, open, compact
and continuous.

Itis well-known that any separable metric space X, may be embedded in a compact
metric space Y. One may choose ¥ to be the Hilbert cube [0, 1]°°, with the embedding
x = (¥1,y2,...) where y, = d(x,ay) A 1 for a dense sequence a, in X. Add the
coordinate yo = d(x, ag) where ay is any point in X to embed X in the lcscH space
Z = [0,00) x¥Y. Aset EBX is bounded in X if and only if it is relatively compact in
Z. If (X, d) is complete, the image in Z is the intersection of a decreasing sequence
of open subsets of Z. This follows from a characterization of Polish spaces.

Theorem 4.1. For subsets E of a compact metric space ¥ the following are equiva-
lent:

1) E is Polish;
2) there exists a metric d on E such that (E, d) is complete;
3) E is the intersection of a decreasing sequence of open sets in Y.

Proof. See Kuratowski [1948] I, p. 337. O

In an abstract sense the theory for point processes on separable metric spaces
which are finite on bounded sets is the same as the theory for point processes on IcscH
spaces which are finite on compact sets. As far as convergence is concerned there is
a crucial difference. On an lcscH space it suffices to check that f @d N, converges
in distribution for each continuous function ¢ with compact support. This ensures
that there is a limit process. For separable metric spaces one has to prove existence
separately, for instance by showing that the distributions of the point processes are
tight.

Example 4.2. The space X = R x (0, o) with the Euclidean metric is a subset of
the lcscH space Z = R x [0, o0). Bounded sets in X are relatively compact in Z.
Let N; be the Poisson point process on X, with mean measure e > dxdy and points
(Xk, Yr). The point process N, with points (X, Yz /n) is a Poisson point process
with mean measure ne "’ dxdy on X. On Z there is an a.s. limit process N, with
points (Xg,0). This is the standard Poisson point process on the horizontal axis.
On X the sequence N, does not converge a.s. Does it converge in distribution? Is
there a point process M on X such that [ ¢dN, = [ ¢dM for uniformly continuous
functions ¢ on X with bounded support?
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Such a function ¢ extends to a continuous function ¢ on Z with compact support,

and
/gz)dNn = /gbdN =Y @(X¢.0).
k

If there is a limit point process M on X, then [ ¢pdM = f @dN. Hence M and N
have the same distribution on Z. In particular M is a Poisson point process whose
mean measure u satisfies ufa,b] x (0,1/n] = b —a forb > a,n > 1. Such a
measure does not exist on X. O

Exercise 4.3. Inthe example above X itselfis lcscH. Show that there is a point process
M on X such that [ 9dN, = [ ¢d M for all continuous functions ¢: X — R with
compact support. O

In order to avoid such paradoxes — N, converges if we regard the open upper
halfplane as an IcscH space, but fails to converge if we regard it as a separable metric
space in the Euclidean metric — we henceforth regard point processes as random
integer valued Radon measures on IcscH spaces, with convergence defined in terms
of continuous functions with compact support.

4.3 Weak convergence of probability measures on metric spaces. In this sub-
section we recall some results about convergence in distribution of random elements
in a separable metric space. A number of basic results are given without proof. In
addition we state and prove a few more technical results which will be needed later.

Let £ = £ (X) denote the set of probability distributions on the separable metric
space X with the weakest topology which makes the maps

ni—)/(pdn

continuous for each bounded continuous function ¢ : X — R.

Theorem 4.4. Let X be a separable metric space. Then P is metrizable. If X is
compact then so is P. If X is locally compact or Polish then & is Polish.

It is useful to have a number of equivalent criteria for weak convergence. The
first three conditions below are equivalent by definition. The implications 5)=>3) and
5)=6) are obvious. (The function 1¢ is mg-a.s. continuous precisely if 779 (30) = 0.)
Proposition 4.11 gives 4)=3).
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Theorem and Definition 4.5. Let X be a separable metric space. Let X, be random
elements in X with distribution m,, for n > 0. The following are equivalent:

1) m, — 1o weakly;

2) Xn = Xo;

3) Eo(Xy) — Ep(Xy) for every bounded continuous function ¢ on X;

4) Ep(X,) — E@(Xo) for bounded uniformly continuous functions ¢;

5) Ep(X,) — E@(Xo) for every bounded Borel function ¢ which is mg-a. s.
continuous,

6) 7,(0) — 7 (O) for open sets O with wy(00) = 0;

7) If mo(O) > c for an open set O and ¢ > 0, then 7, (0) > c eventually.

Definition. A family of random elements X;, ¢t € T (or their distributions 7;,¢ € T)
is tight if for each & > 0 there exists a compact set KBX such that 7;(X \ K) < ¢
forallt € T.

Theorem 4.6 (Prohorov). A tight family of probability measures is relatively compact.
If the underlying space is complete, then relatively compact sets in P are tight.

Theorem 4.7 (Continuous Mapping Theorem). Let X, n > 0, be random elements of
the separable metric space X, and f: X — Y a continuous map into the separable
metric space Y. If X, = Xo, then f(X,) = f(Xo). The same result holds if f is
continuous Xo-a.e. on X.

Proof. Let ¢: ¥ — R be bounded and continuous. Thensois{y =¢o f: X — R
if f is continuous. If X,, = X, then Ep(f(X,)) = E¥v(X,) — E¥(Xo) =
Eo(f(Xo)). If f is Xp-a.e. continuous we use criterium 4) in Theorem 4.5. O

Both almost-sure convergence and convergence in probability imply convergence
in distribution. For complete separable metric spaces there is a converse:

Theorem 4.8 (Skorohod’s Representation Theorem). Let X be a complete separable
metric space (or a Borel set of such a space) and let X,, = Xg. There exist random
elements X, n > 0, in X, defined on a common probability space (2, ¥, P), such
that X, is distributed like X, for n > 0, and such that X, — X almost surely.

Proof (Outline). For X = R the result is simple. Let X, have df F;,, with inverse
function ¢, = F,7:(0,1) — R. Choose Q2 to be the unit interval (0, 1) with
Lebesgue measure A on the Borel sets. Then weak convergence, F, — Fy, is
equivalent to weak convergence of the inverse functions, ¢, — ¢, and equivalent
to almost-sure convergence, X, — X, where X, = ¢, on the probability space Q2.
This result also holds if the X, take values in a Borel subset £ of R.

If the X,, assume values in the countable product R’ there exists a countable dense

set SBR such that [P{X,Ei) € S} =O0foreachi € [ and n > 0. So we may regard the
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X, as elements of T/ where T = R \ S is homeomorphic to the set of irrationals, as
is T1. Now apply the above with E = R \ Q.

Finally note that a complete separable metric space is homeomorphic to a Borel
set in R*. |

We also need some more technical results.

Theorem 4.9 (Skorohod’s Representation Theorem, Extension). Let Z,, = (X, Yy),
n > 0, be random elements in the product X, x Y of two complete separable metric
spaces. Suppose X, = Xo. There exist Z, = (X,,Y,) distributed like Z,, and
defined on a common probability space (', ¥', '), such that X, (w) — X(w) for
each w € Q'

Proof. The products X’ = X™No and ¥’ = YNo with Ny = {0,1,2, ...} are Polish.
Hence there exists a regular conditional probability 7wy (dy) for Y = (Yo, Y1,...)
given X = (xo,x1,...). In the previous theorem one may choose 2 = X’, and
one may then restrict  to the set of @ for which X, (w) — Xo(w). Set Q' = Q x
Y'BX' xY', with the probability measure d P’ (w, y) = 7, (dy)d P(w). The canonical
variable Z' = (Zy, Z, .. .) is distributed like (Zy, Z1, ...), and X, (') — X} (®")
forw’ = (w, y), w € Q. O

Lemma 4.10. Let Xo, X1, ... be random elements in X.. Suppose for each ¢ there
exist Yo, Y1, ... such that P{d(X,,Y,) > ¢} < eforn > ngandn = 0, and
Y, = Yy. Then X,, = X,.

Proof. Letg: X — [0, 1] be uniformly continuous. Let ¢ > 0. Choose § € (0, ¢] so
that d(x, y) <8 = |p(x) — ¢(y)| < &. Then

Elo(Xn) —@(Yn)| = P{d(Xn. Yn) = 8} + Elo(Xn) —@(Yn)|lia(x,.v,)<sy < €+8

forn > ng and n = 0. The triangle inequality gives an upper bound 2¢ + 26 + &,
with &, — 0 for E|p(X,) — ¢(Xo)|. |

Definition. Let p, (t1,... be finite measures on the separable metric space X.
Then pu, — po weakly if [ ¢du, — [ @duo for all bounded continuous functions
p: X —>R.

Results about weak convergence of finite measures p, — o follow from the
corresponding results for the probability measures 7, = Uy /s (X), using conver-
gence iy (X) — wo(X). If uo = 0 it suffices that u,(X) — 0. We give three
results on weak convergence of finite measures.

Bounded continuous functions on R¢ need not have a limit for ||x|| — oo. For
weak convergence it suffices to consider functions which have a finite limit.
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Proposition 4.11. Ler X be a subspace of the compact metrizable space Z, and let
Hos [1, - .. be finite measures on X. If [@du, — [@dupe for each continuous
function ¢: Z — R, then f edi, — f @d Lo for all bounded continuous functions
ponX.

Proof. Any measure y on the subspace X is automatically a measure i on Z by
A(E) = u(E N X). By assumption i, — jio weakly on Z. Let ¢, = u,(X) =
in(Z) for n > 0. Weak convergence i, — [, implies ¢, — co. Hence u, — o
weakly if ¢ = 0. Assume ¢y > 0. We may assume that all ¢, are positive. Hence
the probability measures 7, = W,/c, and 7, = fi,/c, are well defined. Weak
convergence 7, — 7o on Z is given. We shall prove weak convergence 7, — o on
X, using condition 4) in Theorem 4.5. Let OB.X be open, and 7 (O) > c. We have
to show that 7,,(O) > ¢ eventually. By definition of subspace O = X N U for an
open set U in Z. Since 7, (U) = 7, (0) it suffices to show that 779(U) > ¢ implies
7, (U) > c eventually. This follows by weak convergence 7, — 7. |

For convergence of real-valued random variables there does not exist a special
theory for positive random variables, or for random variables with values in the
interval [—1,1]. Weak convergence does not depend on the space on which the
random variables live!

Theorem 4.12 (Subspace Theorem). If X is a topological subspace of the separable
metric space ¥, then P (X)) is a topological subspace of P (Y).

Proof. Let Z D ¥ be a compact metric space. Random elements X,, n > 0,
in X are automatically random elements of ¥ and Z. By the proposition above
Ee(X,) — E@(Xo) holds for continuous ¢: Z — R if and only if this holds for
continuous bounded ¢ : X — R,or¢: ¥ — R. O

What can one say about convergence of the integrals | ¢,d ., when the integrands
and the measures both vary with n?

Theorem 4.13 (Continuity Theorem). Let i, — o weakly on X. Let ¢, : X — R,
n > 0, be uniformly bounded Borel functions. Then f ondity, — f @od Lo if there
exists a po-null set E such that ¢, (x,) — @o(xo) forall xg € E€ and each sequence
Xn —> Xo.

Proof. Set T = {tg,t1,...} witht, = 1/n forn > 1 and ty = 0. Define ¢ on
X=X x T by @(x,ty) = ¢u(x). Let ft, on X X {t,} correspond to u, on X.
Then ji, — jio weakly on X', and

/‘pndﬂn = f¢dﬁn —>/(pdﬁ0 =/<.00d/i0,

since ¢ is [lp-a.e. continuous. O
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4.4 Radon measures and vague convergence. In this subsection X is an lcscH
space. Define R = R(X) as the set of all Radon measures p on X;. Such measures
are finite on compact sets. A counting measure on X is a Radon measure p such that
p(C) is an integer for all compact sets C 3X. Convergence of measures is determined
by convergence of certain integrals

/wdpn - /sﬂdpo- “4.1)

A function ¢ : X — R has compact support if the set { f # 0} is relatively compact,
i.e. if the closure of this set is compact.

Definition. Let pg, p1, ... be Radon measures on the IcscH space X.. Then p, — po
vaguely if (4.1) holds for all continuous functions ¢ with compact support.

Example 4.14. For vague convergence it is sufficient that densities converge. Let
fo. fi.... be continuous non-negative functions on the open set OBR?. Suppose
Jn(xn) = fo(xo) whenever x,, — xo. Then f,(x)dx — fo(x)dx vaguely on O.$

Theorem 4.15. The space R of Radon measures on the lcscH space X with the
weakest topology which makes the maps p — f @dp continuous for each continuous
Sfunction ¢ on X with compact support, is Polish. If X is compact then R is lcscH,
and the sets {p € R | p(X) < c} are compact.

Proof. See Parthasarathy [1967] or Kallenberg [2002]. O

On compact metric spaces vague and weak convergence coincide. On locally
compact spaces vague convergence is weaker than weak convergence.

Proposition 4.16. Suppose Lo, |11, ... are finite measures on the lcscH space X,
and (L, — o vaguely. Then ji, — Lo weakly if 1, (X) — po(X).

Proof. By Proposition 4.11 it suffices to prove [ ¢du, — [ ¢dpug for functions ¢
which are continuous on the one-point compactification X U {oo}. Let ¢(c0) = c.
Then ¢ = ¢ + ¢o where ¢ vanishes in co. In particular ¢, = (@9 — 1/n)4+ is
continuous on X and has compact support. Hence (4.1) holds for ¢ + ¢,, for each m.
Since ¢ + ¢, — @ uniformly on X it also holds for ¢. O

Let y be a continuous positive function on X, as in Section 4.2, such that the sets

{x < c} are compact. One may create continuous functions with compact support,
0 < yn 1 1, by setting

n=0Vv@m—y Al 4.2)

Vague convergence p, — po is equivalent to weak convergence of y,,dp, — xmdpo
for each of these functions y,,. This yields a number of equivalent formulations of
vague convergence.
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Proposition 4.17. Let pg, p1, - .. be Radon measures on the lcscH space X;. Equiv-
alent are:

1) pn — po vaguely;
2) (4.1) holds for continuous ¢ > 0 with compact support;

3) (4.1) holds for bounded Borel functions which vanish outside a compact set,
and which are po-a.e. continuous;

4) pn (0) — po(O) for relatively compact open sets with pg(00) = 0.

Proof. The equivalence of these four criteria follows from Theorem 4.5 by the remark
above. O

Proposition 4.18. Let p,, — pg on the lcscH space X, and let OBX be open, and
00(0) > ¢. Then p,(O) > c eventually.

Proof. Since O itself is lcscH there exist continuous functions y, with compact
support, as in (4.2), such that 0 < y, 1 1o. Choose m so large that [ ymdpo > c,
and use [ ymdpn = [ xmdpo. O

Relatively compact sets in R have a simple characterization.

Proposition 4.19. A set EBR is relatively compact if sup{p(C) | p € E} is finite for
CBX compact.

Proof. The measures y,,dp, p € E, with y,, as in (4.2), are bounded, and live on the
compact set X, = {y < m}. By a diagonalisation argument there is a sequence p,
in E such that for each m the sequence y,,dp, converges weakly to a finite measure
Om on X,,. The measures 0, n > m, agree on X,,. Hence they define a Radon
measure o on X, and [ ¢dp, — [ ¢do holds for any continuous ¢ with compact
support, since such a function vanishes off X, for m > my. O

Exercise 4.20. Suppose p, — p vaguely on X. Let OBX be open, and ¥: O —
[0, 00) continuous. Then 1o ¥ dp, — 1o¥dp vaguely on O. O

Both open and closed sets in X are lcscH spaces in their own right. For open sets
convergence is simple by the exercise above. For closed sets we have:

Theorem 4.21 (Weak Convergence). Let p, — po vaguely on the locally compact
separable metric space X. Let F be a closed set in X, and let . F — [1, 00) be
continuous. Assume

po0F) =0, [ wdp, [ wdpo < x. @3)
Then 1 pyrdp, — 1 prdpo weakly. In particular
/ pdpn — / @dpo 4.4)
F F

for po-a.e. continuous ¢ : F — R for which ¢ /v is bounded.
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Proof. Letdu, = 1gp¥dp,. Then pu, — o vaguely on X by 4) in Theorem 4.17
since f'1p is pp-a.e. continuous, and bounded with compact support if f is contin-
uous with compact support. In fact u, — o weakly by (4.3) and Proposition 4.16.
The relation (4.4) follows from 4) in Theorem 4.5. O

Exercise 4.22. Suppose p, — po on X. If p, is a counting measure for n > 1, then
S0 is pg. O

Let us say a few words about the metric on R(X'). The reader may wonder why we
do not define metrics on the Polish spaces & (X) and R(X). The answer is simple:
It is easier to work with pseudometrics. A pseudometric has all the properties of a
metric, except that d(x, y) = 0 does not imply y = x.

The metric d on R(X) is not very intuitive. One starts out with a sequence of
pseudometrics d,, which define the topology, and sets

d(p, p) = max(2™" A dn(i, p))-

If X is compact one uses the pseudometrics d,, (4, p) = | [ ¢ndi — [ @ndp|. Here
(¢n) is a dense sequence in the unit ball of the separable Banach space C(X) of all
continuous functions ¢ : X — R with the sup-norm. If X is locally compact but not
compact we use the metrics d,, on R(X,,), where X, = {y < m} is compact, and
define d,, (i, p) = d,, (xndpt, xndp) with x, defined in (4.2).

Metrizability of R(X) allows us to apply results about weak convergence of
random elements on separable metric spaces to point processes.

4.5 Convergence of point processes. The space N (X)) of all counting measures
on the locally compact separable metric space X is a closed subset of the complete
separable metric space R (X), and hence it is itself a complete separable metric space.
In particular one may apply the results of Subsection 4.3 to the convergence of point
processes N, = N if one restricts attention to point processes on locally compact
separable metric spaces whose realizations are integer-valued Radon measures. We
shall do so henceforth.

Theorem 4.23 (Tightness). A family of point processes Ny, t € T, on a locally
compact separable metric space is tight if for each compact set C the family of
random integers N;(C), t € T, is tight.

Proof. Let y > 0 be continuous such that {y < ¢} is compact for all ¢ > 0. Choose
my 1 oo such that P{N,{y < n} > m,} < 1/2" for all ¢£. The union Ej of these
events for n > k has probability < 1/2%. For any k > 1 the set of Radon measures
p = Ne(w),t €T, we Q\ Ep, is relatively compact by Proposition 4.19 since
oix <n} <m,forn > k. |
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We now turn to convergence in distribution for point processes. We employ a
technique which is widely used to establish convergence in distribution for a sequence
of stochastic processes to a limit X. First show that the sequence is tight, then check
that any limit point of the sequence has to satisfy certain conditions, and finally
observe that Xy is the only process which satisfies these conditions.

Theorem 4.24 (Convergence in Distribution). Let Ny, n > 0, be point processes on
the lcscH space X which are finite on compact sets. The following are equivalent:

1) N, = Ny,

2) [ @dN, = [ @dNy for all continuous ¢ > 0 on X which vanish outside a
compact set;

3) (Ny(01),...,Nuy(Om)) = (No(01),...,No(On)) for relatively compact
open sets O1, ..., Oy with P{Ny(00;) >0} =0fori =1,...,m.

Proof. The implication from 1) to 2) holds by the continuity theorem since v +—
[ ¢dv is continuous on N BR by definition for any continuous function ¢ with com-
pact support. Similarly 1) implies 3). Conversely each of the two conditions 2) and
3) ensures that the family of distributions m;,, n > 1, of N, is tight. By Prohorov’s
theorem, 4.6, any subsequence contains a subsubsequence which converges weakly
to some distribution 7 on . By the argument above each limit point 7 satisfies the
conditions 2) and 3). It remains to observe that 7 is the only distribution which sat-
isfies these conditions: the distributions of [ ¢dN determine the distribution of N,
as do the distributions of the vectors (N(0y), ..., N(O,)), where we restrict the
open sets O; to be finite unions of sets in some countable relatively compact open
base Uy, Us, ..., which we choose so that N(dU;) vanishes a.s. fori = 1,2,..., see
Lemma 2.17. O

Corollary 4.25. Let the Poisson point processes N on X have mean measure p, for
n > 0. If pp = po vaguely, then N,, = Ny vaguely.

Remark 4.26. For a simple limit point process it suffices for condition 3) to hold for
m = 1; see Theorem 3.8.

One may regard a point process as

1) a random element of the separable metric space N, or as

2) arandom process N(f), f € €, (continuous with compact support), or as
3) arandom process N(U), U open and relatively compact.

Each of these interpretations suggests an interpretation of the limit relation
N, = Ny. In the first interpretation we speak of convergence of random elements in
the metric space V; in the second we speak of finite-dimensional convergence of the
marginals N, (f) = No(f), and it turns out that univariate convergence suffices; in
the third interpretation we consider finite-dimensional convergence in the continuity
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points, i.e. in those relatively compact open sets U for which N¢(dU') vanishes almost
surely. By Theorem 4.24 the three interpretations of N,, = Ny are equivalent.

Point processes were introduced as geometric objects — the trace of a shower on a
subset of the plane. How should one envisage convergence N, = Nj in this context?
If the state space X is an open set in R? then the set N of counting measures is a
closed subset of the Polish space R and we may replace convergence in distribution
by almost sure convergence by the Skorohod representation. So assume N,, — Ny
a.s.

First suppose Ny is a finite point process and N,(w) — No(w) weakly. Then
Ky(w) = Ny(w)(X) > k = No(w)(X). So Ky(w) = k forn > ngy. Let
X1, ..., X be the points of No(w), where multiplicity is taken care of by repetition.
The k points of N,(w) for n > ny may be enumerated so that x,,; — x; fori =
1,...,k. Indeed, there are j < k distinct points ai,...,a; in the set {xy,..., Xk},
with multiplicities my,...,m;. Choose § > 0 small so that the j balls B%(a;)
of radius § around a; are disjoint. Then N,(w)(B%(a;)) > m; — 1/2 eventually by
Proposition 4.18. Since there are only k points, and the balls are disjoint, we conclude
that

Np(0)(B¥(ai)) =mi, i=1,....j. n>ni().

To handle vague convergence we need a lemma.

Lemma 4.27. For any point process Ny there exists an increasing sequence of open
relatively compact sets Oy which cover the lcscH space X such that No(00,) = 0
a.s. for each n.

Proof. By Exercise 1.4 there exists a finite measure v* on X such that
V*(E) =0= No(E) =0a.s., E aBorelsetinX. 4.5)

Choose y: X — (0,00) continuous so that {y < c¢} is compact for all c. By
Lemma 2.17 in each interval (n,n 4+ 1) we may choose ¢, so that the boundary of
0, = {y < ¢, } has mass v*(00,) = 0. |

So now suppose Ny (w) — No(w) vaguely, and No(w)(00,,) = Oform > 1. Let
X1, X2, ... denote the points of N, (w) (with repetition to take care of multiplicity),
arranged so that xi,...,xg,, are the points inside O,,. One may enumerate the
points X1, Xp2,... of Ny(w) similarly. As above x,;x — xx fork = 1,2,.... It
may happen that No(w) has no points, or only finitely many points, even if N, (w)
is infinite for each n. If No(w)(X) = k, then all k points lie inside some set Oy,.
Eventually N, (w) has k points inside O,,. These k points converge to the k points
X1,...,Xg. The remaining points diverge uniformly: For any compact set CBX
containing Oy, there exists an index ¢ such that x,,; € C€ fori > k, n > ny.

Enumerating points is rather artificial. So we give an alternative description. We
assume for simplicity that the point processes N, live on a compactset F = {y < c}
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in X, and that No(dF) = 0 a.s. For any § > O there is a finite partition € of F
into cells C of diameter less than § with the additional property No(dC) = 0 a.s.
Let Uy, ..., U; denote the interiors of these j cells. The vector K¢ of occupancy
numbers Ko; = No(U;),i = 1,..., j describes how the points of Ny are distributed
over the cells. Define K, = (Ku1, ..., Ky;) similarly. If N,(w) — No(w) then
K, (w) - Ky(w) and since the components of these vectors are integers, we even
have K, (w) = Ko(w) for n > ng. One may choose ng so large that N, (w)(F) =
No(w)(F) for n > ng. The partition € fails to distinguish the realizations N, (w)
and Ny(w) forn > ny.

Proof of Theorem 2.16 (Grigelionis). Firstassume X is lcscH. The limit is a Poisson
point process No with mean measure (o. We may restrict the point processes to an
open relatively compact set O with ©g(d0) = 0. Then g is finite. It suffices to
construct Poisson point processes M, with mean measure pu, such that u, — o
weakly, and such that P{M,, # N,} — 0 by Lemma 4.10. Weak convergence
MUn — Mo implies weak convergence M, = Ny by Corollary 4.25. So choose
independent 0-1 point processes L,; which agree with N,; for N,;(X) < 1, and
which are zero for N,;(X) > 1, and let M,; be the corresponding independent
Poisson point processes. We compare the sums M, of M,; and N, of N;. The
conditions of the theorem then give

PAMy # Npb < D PANGi(X) > 1} + ) PNy (X) = 11> > 0.

If X is not locally compact, we embed X in an IcscH space ¥. By assumption there
is a measure p on X. This allows us to construct a limit Poisson point process M
on X with mean measure /. O

5 Converging sample clouds

5.1 Introduction. The theory of vague convergence of Radon measures does not
quite fit our needs. Our set-up is very limited. We start with the n-point sample cloud
N,, from a probability distribution 7, on R?, and assume vague convergence on an
open set OBR? of the mean measures:

dpy := londn, — dp vaguely on O, 5.1

where p is a Radon measure on 0. Both R4 and O are locally compact separable
metric spaces. It follows from the general theory that 19dN, = dN vaguely,
where N is the Poisson point process on O with mean measure p. We may assume
that O is maximal, see Proposition 5.16. Compact sets a.s. contain finitely many
points of N; bounded sets may contain infinitely many.
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Our interest is in halfspaces rather than compact subsets. Closed halfspaces are
our basic tool for investigating the edge of the n-point sample clouds and of the
limiting Poisson point process. In geometric terms the extreme of a sample cloud is
its convex hull. To see (feel) the convex hull of a typical realization £ = N(w) of the
limit process, we use halfspaces which do not contain any points of E. For exploring
the edge of the sample cloud, we use halfspaces which contain finitely many points.
A Radon measure is described in terms of compact sets. We want to describe the
mean measure p of the limit Poisson point process in terms of its behaviour on closed
halfspaces on which it is finite.

This means that we have to consider the class of halfspaces H on which p is finite:

Hy ={HBO | p(H) < 00}.

Vague convergence means that p, (K) — p(K) for compact sets K whose boundary

carries no mass, p(0K) = 0. We are interested in the same relation, but for halfspaces.
In the asymptotic theory for coordinatewise maxima the transition from closed

halfspaces to compact sets is achieved by a special partial compactification:

RIBX = [—00,00]¢ \ {(—o00, ..., —00)}.

Topologically the space X is just the compact unit cube [0, 1]¢ with the lower vertex 0
removed. In the enlarged space the upper coordinate halfspaces {§; > c} extend to
compact sets; halfspaces {§ > ¢} with & € [0, 00)¢, £ # 0, are relatively compact.
The exponent measure p of a max-stable df G is a Radon measure on X. It may
charge the faces and edges in —oco. The mass of p is infinite on neighbourhoods of
the (absent) lower vertex. Vague convergence nm, — p, with 7, = «, () for
suitable affine transformations «,, holds for & in the domain of G. Section 7 gives
details.

We take a different route. Our approach is elementary. Skorohod’s Representation
Theorem will play an important role. The approach via almost-sure convergence has
the advantage that it allows us to handle convergence of convex hulls of sample clouds
without having to introduce weak convergence for probability distributions of random
convex sets. Geometric operations like peeling off the extreme points are simple to
handle in this setting.

Since our halfspaces are not compactified it is possible to consider the behaviour
of stochastic integrals [;; ¢d N, for unbounded loss functions such as 1 + [|[w||?. It
is clear that such integrals are of interest in risk analysis. Two questions will occupy
us in this section:

1) When do convex hulls converge?
2) When do stochastic loss integrals converge?

Exercise 5.1. The vector Z € R¢ has density f which is continuous and positive
in the origin. Determine the density of Z/c. Choose ¢, — 0+ so that nf, has a
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non-zero limit where f, is the density of Z/c,. Prove that dp,(w) = nf,(w)dw
converges vaguely to a multiple of Lebesgue measure on R?. What does this say
about the sample clouds? O

5.2 Convergence of convex hulls, an example. The Poisson point process N on R?
whose mean measure p has a Gauss-exponential density,

go(w) = e W2V o w = (u,v) € R2HY, (5.2)

plays a central role in the theory of high risk scenarios. Let us take a typical realization
E = N(w), and a sequence of finite sets F;,, which converge vaguely to £. Under
what conditions will the convex hulls ¢ (F},) converge to c(E)?

Since the measure p has no atoms the point process N is simple, and we may
treat E as a subset of R® with points w, = (u,,v,) € R?>*!. The projection
of p on the vertical axis has density e””. So we may arrange the points w, in
decreasing order of their last coordinate: v; > v, > ---. The points uy,us,...
are dense in R2. Conditional on Vj, = v, the horizontal component of the nth point
W, of N has a standard normal distribution. The upper halfspace Hy = {v > 0}
has measure p(H;+) = 1. So has every halfspace H supported by the paraboloid
V = {v < —uTu/2}. The mass of a halfspace decreases exponentially when it
moves upwards. Eventually the translate of H will contain no points of E. Thus the
convex hull of E is a rough piecewise linear approximation to the paraboloid V.

Vague convergence F,, — E implies that each w € E is limit of a sequence
w, € F,. Hence interior points of ¢(E) lie in ¢(F},) eventually:

int(c(E))Bliminf ¢ (Fy). (5.3)

If any halfspace disjoint from E eventually contains no points of F;, then the convex
hulls converge.

Since F;, is finite, one may arrange its points Wy, . .., Wpm, in decreasing order
of the vertical component. Suppose c(F,) — c¢(E). Adding the point (0,n) to F,
does not affect vague convergence. It does affect the convex hulls: ¢ (F;,) — R4 now.
Moreover wy; does not converge to wy. So assume F;, — E weakly on all horizontal
halfspaces {v > c}, ¢ € R. Then w,; — wy for every k. For horizontal halfspaces
H whose boundary contains no points of E the convex hull of F,, N H converges
to the convex hull of £ N H. That does not yield convergence of the convex hulls
¢(F,) N H — ¢(E) N H on such a halfspace. (Add the four points (£n2, £n2, —n)
to F,. Then c(F},) will converge to the halfspace {v < v;}.) The shape of c(E) N H
depends on the behaviour of E in the complement of the halfspace H'!

An obstruction to convergence of the convex hulls is a sequence w, = (U, v,) €
Fy,, which diverges away from the parabola: this happens if v, is bounded below
and ||wy || — oo, orif v, = —o0, and |v,| = O(||u,]|). Let us call a convex set C
a needle if the diameter of C N {v = —n} is o(n) forn — oo.
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Exercise 5.2. The convex hulls converge if | J F;, lies in a needle. O
If ¢(F,) — c(E), vague convergence implies
#(F,NH) > #ENH) (5.4)

for any halfspace H = {v > c¢Tu + c¢} whose boundary contains no points of E.
It follows that for each halfspace {v > ¢ u} there exists a constant ¢y > 0 such that
{v > c¢Tu + ¢} contains no points of | J F;,. Conversely, existence of such translates
ensures convergence of the convex hulls. This may be seen as follows: Consider the
four halfspaces

v =mu}, {v=-mui}, {v=muz}, {v>-mus}.

The intersection of the four complements is an open cone V,,. The condition yields
constants ¢, > 0 such that V,, + (0, ¢,,) contains E U | J F,,. The intersection of
these translated cones is a needle. Now use the exercise above.

The complement of the paraboloid V = {v < —uTu/2} has infinite mass. This
also holds for vertical translates of V. Hence no such translate covers E. However
the mass of the complement of W = rV + (0, ¢) for r > 1 may be made arbitrarily
small by choosing ¢ large. Indeed, p(W€) = e “p(rV°), and the second factor is
finite:

(V) = / 2o, v)dvdu
v/r>ulu/2r2

1
= | e w2 uI2r gy — /(1= 1/r).
2 R2
For large ¢ the paraboloid W covers E. If W also contains the sets F}, then c(F,) —
c(E).

Exercise 5.3. Give conditions for ¢(Fy,) — c¢(E) where E is a typical realization of
the standard Poisson point process on the quadrant (—oo, 0)?. O

5.3 Halfspaces, convex sets and cones. Halfspaces, convex sets and cones play an
important role in geometric extreme value theory. To emphasize the geometric setting
we write L for the vector space R¢, and L* for the dual space of linear functionals.

Definition. # is the collection of all halfspaces. Halfspaces H are closed by defini-
tion: H = {£ > ¢} withé € L*\ {0} andc € R. Define ¥ as the d + 1-dimensional
linear space of affine functions ¢ = & —c. Then H = {¢ > 0} with ¢ € ¥, ¢ non-
constant. The collection of convex sets with non-empty interior is denoted by €. Re-
call that C is convexifit contains the line segment [p, ¢] = {p+0(g—p) |0 <0 < 1}
for p,q € C. Aset Kisaconeif p,g € K ands,t > 0 implies sp +1qg € K. A
closed cone is proper if it contains no lines through the origin.
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Halfspaces constitute a basic ingredient of our theory. One may parametrise the
set # of halfspaces by the points of the cylinder, dB x R in L* x R. Here B is the
open unit ball. The correspondence

H>H=4{0>c}< (0,c) e dB xR (5.5)

is a homeomorphism. The set # thus is a locally compact separable metric space.
If L is an inner product space we may interpret the direction 6 as the unit normal on
dH pointing into H. Halfspaces with the same direction determine a vertical line in
the cylinder.

Actually we are not so much concerned with J¢, but rather with

Ho ={H € ¥ | HBO} (5.6)

where OB L is the open set on which the measure p lives, or on which the measures pj,
converge vaguely to po. The set o need not be open in F.

Example 5.4. Let OBR? be the complement of (—oo, 0]2. Then #¢o corresponds to
S1 x (0, 00) in the cylinder S x R where S is the unit circle, and S; a closed quarter
circle. This set is not open. O

From the point of view of halfspaces, lines are large sets. If the complement of O
contains a line M then all HBO contain a line parallel to M. Hence the interior of
Ho is empty.

There is an alternative description of halfspaces, in terms of affine functions.
Rays, {r¢ | r > 0}, in ¥ \ R1 correspond to halfspaces, H = {¢ > 0}.

To clarify the terminology, write

H={p>0}, o=§&—c,E=reL* £§#0,r>0,60¢cdBBL".

This gives the commuting diagram of quotient maps below:

FARL—> ¢ ——>H
i l i l (5.7)
L*\ {0} — 9B E——=90.

We now turn to convex sets. Recall that sets in € have non-empty interior.

Definition. A sequence C, in € converges to Co € € if 1¢, — 1¢, almost every-
where.

Exercise 5.5. C, — Cj in € if and only if 1¢,(x,) — l¢,(xo) for x, — xo,
X0 Q/ 8C0 <>
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A fundamental result on convex sets is the Separation Theorem.

Proposition 5.6. If UBL is a convex open set which does not contain the origin, then
there exists a linear functional &€ € L* such that {§ > 0} and U are disjoint.

Proof. See Boyd & Vandenberghe [2004], Section 2.5.1. O

Theorem 5.7 (Separation Theorem). If C and V are disjoint non-empty convex sets,
V open, then there exists a halfspace H D C which is disjoint from V.

Proof. The set U = C — V is convex and open; it does not contain the origin;
and &(U)B(—o0,0) implies éz < Ev forz € C,v € V. Set ¢ = supéC. Then
H = {£ < ¢} contains C, and H is disjoint from V since £(V) is open. O

Definition. The closed convex hull c(E) of a set EBL is the closure of the convex hull
of E. By the Separation Theorem c (E) is the intersection of all halfspaces containing
E.

The Separation Theorem gives an alternative description of the convex set ¢ (N (w)),
the closed convex hull of the point set N(w) for a point process N on R¢. The com-
plement U of ¢(N(w)) is the union of all halfspaces which do not contain a point of
N(w) as interior point. By the Separation Theorem we may write

U=|JHy. Hy={HeH|HBU}. (5.8)

We want a stronger result: If the convex set ¢(/N(w)) has non-empty interior, and
contains no lines then U is the union of the halfspaces in the interior of Hy .

We are not only interested in halfspaces which are disjoint from N(w), but also
in those which intrude into the sample cloud, halfspaces which contain finitely many
points of N(w). Such halfspaces contain a halfspace disjoint from N(w). With a
convex set V' we therefore associate the cone

VT ={teL*|sup&(V) < oo} (5.9)

Remark 5.8. If V is bounded then V* = L*. The convexsets V,V +a,a € L,rV,
r > 0, and the closure cl(}') all determine the same cone V. If V is a closed cone
then V*+ = V. If V contains a line then VT is contained in a hyperplane in L*.

For the proof of the stronger Separation Theorem announced above we need a
geometric result on cones.

Lemma 5.9. Let K be the closed cone generated by a set C € € whose closure
does not contain the origin. If K contains a line M = Ra for some a # 0, then C
contains a line parallel to M .
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Proof. We may assume that C is open. First observe that K is a cylinder: K contains
the line p + M for each p € K. This follows from plane geometry by intersecting K
with the two-dimensional linear subspace through M and p. Similarly one sees that
int(K) is a cylinder. The original problem may now also be reduced to a problem in
plane geometry: If the closure of the non-empty open set C in R? does not contain
the origin, and if the open cone | JrC, r > 0, contains a horizontal line, then so
does C. We leave this to the reader as an exercise. O

Theorem 5.10. If C € € is closed and does not contain the origin, and contains no
lines, then there is a linear functional £ € int(C ™). Moreover {§ > 0} and C are
disjoint.

Proof. Let K be the closed cone generated by C. If K is contained in a proper linear
subspace of L*, then K = Kt contains a line through the origin. The lemma above
implies that the interior A of C* is non-empty. Let £ € A, and choose ¢y,..., 4
in A independent, such that § = {y + --- + {;. We regard the {; as coordinates.
Then KB(—o00, 0]%. (If the linear functional ¢; is bounded above on the cone K, then
KB{¢; <0}.) Hence K N{é >0} =0. |

5.4 The intrusion cone. Recall that a halfspace Hy = {£&y > co} is interior point of
aset HoBH if Ho contains all halfspaces {£ > ¢} with & close to £ and ¢ close to ¢o.
One may think of &y as a non-zero linear functional on L = R4, or, for Euclidean
spaces L, as the unit normal on dH pointing into the halfspace Hy.

Lemma 5.11. If Hy = {£&y > co} is an interior point of H#y one may choose affine
coordinates &1, ..., L4 suchthat Hy = {1 +---+ 4 > 1} and such that #y contains
all halfspaces

{9161+ +q48a =0}, ¢ =0, g1+ +qa>0.
If Hy is decreasing, i.e.
H\8H, € #o = Hi € Ho,
then Ho contains all halfspaces
{161+ +qala=ch, ¢=20,g1+--+qga>0,¢c=0.

Proof. Suppose Hy = {£§y > co}. Assume H, open. Choose c¢; < co such that
Hy = {& > c1} € H#Hy. Choose a new origin in the hyperplane {§; = c;} and
Euclidean coordinates such that H; = {8y > 0} for some unit vector 6y. There
exists § > 0 such that {§ > 0} € F, holds for all unit vectors 8 with |6 — 6] < 6.
Choose unit vectors 61, ..., 8,4, linearly independent, with ||8; — 8| < &, such that
Op = c(61 +---+ ;) for some ¢ > 0. Then Hy = {6y > ¢} for some ¢ > 0. So we
set & = cb;/e. |
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Definition. Let p be a Radon measure on an open set OBR?. A halfspace Jg is sturdy
if JoBO and p(Jyp) is finite, and if JBO and p(J) is finite for all halfspaces J is a
neighbourhood of Jy.

The set # (p) of sturdy halfspaces is open in J€. It has a simple structure.

Theorem 5.12. Let p be a Radon measure on the open set OBL = R?. There is an
open cone ABL™ such that a halfspace in O is sturdy if and only if its direction lies
in A. If O contains a sturdy halfspace, then A is non-empty, and the direction of any
halfspace HBO of finite mass lies in the closure of A.

Proof. 1f two halfspaces in O have finite mass, this also holds for all halfspaces in
their union. As a result the set A of all £ # 0 for which there exists a halfspace
H = {& > ¢}BO, with p(H) < oo, together with the zero functional, forms a cone
in L*. If &,...,&; in Aq are independent, then, by treating these functionals as
coordinates, we see that S = R? \ O is contained in a translate (—oo, c) of the open
negative orthant, and that the complement of (—oo, ¢) has finite mass. Hence for &
in the interior of the cone generated by &1, ..., &, all halfspaces H = {£ > ¢} in O
are sturdy. So A is the interior of A;. If there is a sturdy halfspace JoB O the lemma
above with #y = H (p) shows that A is non-empty: it contains the interior of the
cone generated by the coordinates 1, ..., ¢,. O

Definition. The open cone ABL™ in Theorem 5.12 is the intrusion cone.

Let N be the standard Poisson point process on (—oo, 0)3. The mean measure p
is Lebesgue measure on the negative octant. Let O = R3, and let {1, {», {3 denote
the standard coordinates. The halfspace {{3 > c} contains no points for ¢ > 0,
and infinitely many points for ¢ < 0. Similarly for the halfspace {{; + {» > c}.
Only halfspaces H = {§ > ¢} with direction § € A = (0, 00)? are able to intrude
arbitrarily deeply into the point set N. For any ¢ < 0 such a halfspace contains
finitely many points a.s.

Proposition 5.13. The map H — p(H) on #(p) is continuous in Hy if and only if
p(dHo) = 0.

Proof. Introduce the coordinates {1, ..., {; of Lemma 5.11. Then the complement
of V = (—00,0)? has finite mass. Hence H, — H, implies p(H,) — p(Hy) by
Lebesgue’s theorem on dominated convergence applied to the functions 15, with the
dominating function 1lye. |

For an open cone A in L* define the set #2BH by
HA={H eH|H=1{>cBO, EcA, £+0). (5.10)

The arguments above show that J (p) = #2.
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Proposition 5.14. For an open cone ABA, the set H> is open in K.

Proof. The map H = {6 > ¢} — 6 € 0B is continuous. |

5.5 The convergence cone. In this section we assume that p,, n > 0, are Radon
measures on the open set OBL = R¥, and that p, — po vaguely on O. We do not
assume that dp, = londm,, since we also want to apply the results to measures
dpn, = ny1odm, where ¥ is a continuous positive loss function on O. Here we want
to determine the halfspaces on which weak convergence holds. As in the previous
section there is an open cone which plays a crucial role. Here it is the convergence
cone I'.

Recall that vague convergence p, — po on an open set O implies weak conver-
gence 1 pdp, — 1pdpg for closed sets FBO of finite mass po(F'), whose boundary
carries no mass, provided p, (F) — po(F), see Theorem 4.21.

Example 5.15. The condition po(d0F) = 0 above is necessary. Let p, on R be
the sum of an exponential distribution with mean n on (0, co) and an exponential
distribution with mean —1/n on (—o00,0). Then p, — po vaguely on R, where pg
is the probability measure concentrated in the origin. The halfspace Jo = [0, 00)
has finite mass, and p,(Jo) — po(Jo), but 1;,dp, does not converge (weakly or
vaguely) to 1 7,dpo. )

Let us first show that one may take the open set O on which vague convergence
holds, maximal. Vague convergence is a local affair.

Proposition 5.16. If O is covered by a family U of open sets and p, — po vaguely
on each U € U then p, — po vaguely on O.

Proof. Let ¢: O — R be continuous with compact support K. Cover K by open
balls centered in z € K with radius r(z), so that the ball of radius 2r(z) is contained
in aset U € U, and is relatively compact, and let V1, ..., V,, be a finite subcover.
There exists a continuous function 7: [0,2] — [0, 1] which vanishes in 2 and is one
on [0, 1]. Hence there exist continuous ¥; which are one on V; and vanish outside the
corresponding ball with the doubled radius. The sum 1 is at least one on K, and the
functions ¢; = ¥;¢ /v are continuous on O with sum ¢. Since each ¢; is supported
by a compact subset of some U; € U we have f(pidpn — fgoidpo, i=1,...,m.
Now take the sum. O

Definition. Let UBJ be open. Then p, — po weakly on U if po(H ) is finite for all
H e U, andif p,(H) — po(H) for H € U whenever pg(dH) = 0.

We shall show that there exists a maximal open cone I" in L*, such that py is finite
on #T, see (5.10), and such that p,, — po weakly on H#T.
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Theorem 5.17. Let p, — po vaguely on the open set OBL = R?. Assume O is
maximal. Suppose there exists a non-empty open set UBH on which p, — po weakly.
There exists a non-empty open cone TBL* such that p, — po weakly on H', and
such that the two conditions, p,(H) — po(H) and po(dH) = 0, for a halfspace
H = {& > c}BO, imply that & lies in the closure of T.

Proof. The proof is similar to that of Theorem 5.12. We here define I'; as the
set of & for which there exists a halfspace H = {£ > ¢}B0O with p(dH) = 0 and
on(H) — p(H) < 00, and check that Iy is a cone, if we add the zero functional. [

Definition. The open cone I'BL* in Theorem 5.17 is called the convergence cone
associated with the sequence of measures p,, n > 0, on O.

The three propositions below give conditions which ensure that the cone T is
non-empty.

Proposition 5.18. Let H; = {& > ¢;} fori = 1,....d, with &, ...,&; indepen-
dent. Suppose

pn(H;) = po(H;) <00, po(dH;) =0,i=1,....d.

Then p, — po weakly on H™, where A is the interior of the cone generated by

&1,....84.

Proof. The result follows from the next proposition applied to the open convex set
V={El<61,...,§:d<6d}. O

Recall that for an open convex set V', the cone V+in L*, defined in (5.9), consists
of all linear functionals which are bounded above on V. If V' contains no lines then
V' has non-empty interior by Theorem 5.10.

Proposition 5.19. Let V be an open convex set which does not contain a line. Let
VRO, po(dV) = 0, and p, (V) — po(VC) < oo. Then p, — po weakly on ™,
and lycdp, — lycdpy weakly on RY.

Proof. The result follows from the next proposition. O

Choose coordinates so that the origin lies in V. Then the sets nV cover R9. Weak
convergence lycdp, — lycdpy implies tightness: For any & > 0 there exists r > 1
such that p, (rV°¢) < e for n > ngy. The convergence condition in the proposition
above may be replaced by a tightness condition.

Proposition 5.20. Let V be an open convex set which contains no lines. Let the
following tightness condition hold: For each & > 0 there exist r > 1 and p € R?
such that

W=rV+p>S:=R\O,

and p,(W) < & forn > ng. Then p, — po weakly on H™ in (5.10).
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Proof. Observe that W = V*. Assume the tightness condition holds. Let & > 0.
By blowing up W slightly from an interior point we may ensure that po(dW) = 0.
By vague convergence po(int(W¢€)) <e. Let H = {§ > c}BO with§ € A, § # 0
and po(dH) = 0. Eventually

pn(H)=/xdpn+an\W§/xdpo+8+pn(Wc)Spo(H)+28

since the function y = lgnw is pp-a.e. continuous with compact support. Vague
convergence implies [ xdp, — [ xdpo. O

For increasing functions weak convergence ¢, — ¢ on an open interval (a, b)
implies

¢n(xn) = @o(x0), Xp — Xo, Xo € (a,b), o(xo —0) = @o(xo + 0).

A similar result holds for weak convergence p, — po on open sets of halfspaces in
Ho ={H € # | HBO}.

Proposition 5.21. Suppose p, — po weakly on the open set UBH . If H, — Hg €
U and po(0Ho) = O, then p,(H,) — po(Ho), and 1g,dp, — 1u,dpo weakly on
R.

Proof. By Lemma 5.11 one may choose coordinates i, ...,{; such that Hy =
{¢1 + -+ 4+ ¢4 = 1} and such that {¢; > 0} € U. One may choose ¢ € (0,1/d) so
small that

Ji={{i >etelU, pedJi)=0.
Hence p, — po weakly on #" where V = {{} < ¢,...,¢q < &}, and lycdp, —
1yedpg weakly on R¢. Now apply the Weak Convergence Theorem, Theorem 4.21,
to the functions ¢, = Y1y, where v is a bounded continuous function on RY. If

Xn — Xxo € 0H), then convergence H, — Hjy implies ¢,(x,;) — @o(xg). See
Exercise 5.5. O

Let us show how these results apply to loss functions.

Example 5.22. Let Z,, Z,, ... be independent observations from the distribution 7
on R?. Let /19 be a Radon measure on the open set OBR4, and suppose

du, = londm, — dug vaguelyon O, 1w, = a;l(n), oy € HA.

Let dp, = Y¥du, for n > 0 where ¥ is a continuous positive function on O. If
the tightness condition of Proposition 5.20 holds for p,, and if V¢80, then for any
sequence of halfspaces J,BV ¢, n > 0, with J, — Jo, and uo(Jy) =0

n
EY o (Zi) zeemm — /J pduo,
k=1 0
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where H,, = o,(J,), and ¢ is a pp-a.e. continuous Borel function on O such that
@/ is bounded. O

5.6* The support function. Support processes give an elegant analytic description
of the convex hulls of point processes. We prefer a more geometric approach via
halfspaces. Hence we restrict ourselves here to two simple results.
For a non-empty convex open set UBL = R? in € we introduce a cone ¥y of
affine functions.
Fu = {9 | 9(U)B(—00,0}BF .

This cone is related to various dual convex sets for U in L*. Recall that % is the
linear space of affine functions on L. The cone U ™ in (5.9) is the image of Fy; under
the projectionp =& —c > £. If § —c € Fy then § — ¢t € Fy fort > c. It follows
that there is a unique convex positive-homogeneous function t: U — R such that
Fu is the epigraph of t:

p=§t—cefy < c=>r1(§).

Definition. The function 7 is the support function of the convex set U, and Ut is its
domain. The halfspace H = {& > ¢} supports the convex open set U if ¢ = 7(§) is
the minimal value of ¢ for which {¢ > ¢} is disjoint from U. For a counting measure v
on R?, we define 7, as the support function of the interior of the convex hull ¢(v) of
the support of v. Its domain is ¢ (v) .

Proposition 5.23. Let vy, v1,... be counting measures on L such that v, — vy
vaguely, and c(vy) € €. Let 1, be the support function of vy, for n > mg. Let the
elements 1, ...,Cq € L™ be linearly independent, and let A be the open cone of all
positive linear combinations r1{y + -+ + rglq with r; > 0. If t,(¢;) is bounded for
n>nifori =1,....d, then ty(§y) — to(50) for &n — &0 € A.

Proof. Regardthe ¢y, ...,  as coordinates. Then A = (0, 00)?. Let 1,,(¢;) < ¢ for
n > ng. Suppose the halfspace H has direction 6 € (0, 00)?, and vo(H) = 0. By
vague convergence v, (H) = v,(H N (—o0, c]?) = 0 eventually, since the closure
K of H N (—o0, c]? is compact and vo(dK) = 0. So 7, — 19 on (0, 00)¢. Support
functions are convex. So convergence is uniform on compact subsets of (0, c0)4. [

Given &y # 0in L*, we say that the support functions t,, converge in the direc-
tion &g if t,(&9) — 10(&0). Now assume more:

En — o = (&) — 10(60). (5.11)

This limit relation says that the direction & is robust: if Hy is a horizontal supporting
halfspace to vy, then H,, — H for any sequence of supporting halfspaces to v, which
are asymptotically horizontal. The assumption (5.11) has an unexpected implication.
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Proposition 5.24. Suppose (5.11) holds. Then there exists a neighbourhood U of &y
such that vy is finite on U, and t, — 7o uniformly on U.

Proof. The conditions imply that t,, n > ny, is uniformly bounded on a neigh-
bourhood V of & for some ny. (Otherwise there is a sequence of points &, with
&, — &l < 1/n, and indices k; < kp < --- such that g, (§,) > n.) Choose
l1,...,C¢q in V, linearly independent, such that &, lies in the interior V of the cone
generated by these d vectors. Choose a neighbourhood U of &, whose closure lies
in Vp, and apply the previous proposition. O

5.7 Almost-sure convergence of the convex hulls. We are now ready to prove the
two main results, convergence of the convex hulls, and of the stochastic loss integrals.
We start with a preliminary result to show how Skorohod’s Representation Theorem
is applied.

The limit process N lives on O = R? \ S. If S is non-empty one needs a weak
boundary condition to ensure that the convex hulls N, (@) contain the hole S in the
limit:

(S) There is a closed set SoB.S such that SBc(Sp), and

nm,(U) = oo, U open, U N Sy # 0. (5.12)

Proposition 5.25. Let py be a Radon measure on the open set OBR. Let 1, be
probability measures on R¢ such that (5.1) holds. Let Vi, i € IB{1,2,...} be a
decreasing family of convex open sets containing S = R% \ O such that

po(0Vi) =0, pn (V) = po(V) < oo, i€l

Let Hy be the collection of halfspaces in O which intersect one of the sets V; in a
bounded set. There exist n-point sample clouds N, from the distribution m,, and
a Poisson point process Ng on O with mean measure pg, defined on a common
probability space (2, ¥, P), such that for every w € 2

No(w) is a Radon measure on O,

lodNy(w) — dNy(w) vaguely on O,

Nu(0)(Vi) = No(w)(V;), i€,

Nu(w)(H) = No(w)(H), H € Hy, No(w)(9H) = 0.

IfO = R< or if the condition (S) in (5.12) holds, one may choose the point processes
to satisfy:

Ny(@)(U) = 00, UNSy#@, U open,
cl(liminf ¢ (N, (w))) D c(No(w) U S),
Th(@)(n) = To(w)(€0), &0 € A, & — o # 0,



94 I Point Processes

where cl(A) is the closure of A, c(A) the closed convex hull, T, the support process
of Ny, and A the interior of the cone | J Vi+'

Proof. Let U;, i € I, be a countable open basis for RY, and U i, J € J, those sets
which intersect Sy. It suffices to show that N, (w)(U;) — oofor j € J. Let M,, be an
n-point sample cloud from the distribution 7;,, and M, the Poisson point process on p.
Then 1pdM,, = dM, vaguely on O. The conditions on the convex sets V; imply
that M, (V) = Mo(VF) € {0,1,2,...}. We apply Skorohod’s Representation
Theorem, Theorem 4.9, to the sequence (X,,, ¥,) in X x ¥ with

X =N(0)x{0,1,...}Nx{0,1,...,00}/, ¥ =N(R?),
with N ={1,2,...},and Y, = M,, forn > 1, Yy = 0, and

Xn = (LodMy, (Mp(VY),i € 1), (Mn(Uj), ] € J)),
X() = (M(), (M()(Vlc),l (S I), (OO, oo, .. ))

Let N, n > 0, be representatives which yield convergence for all . We may assume
that No(w)(dV;) = 0 fori = 1,2,... and all ®, and No(w)(V¥) < oo. Vague
convergence N, (w) — No(w) on O together with N, (w) (V") — No(w)(V) < 00
and No(w)(0V;) = 0 gives weak convergence 1ycdN,(w) — 1ycdNo(w). This in
turn gives weak convergence on every halfspace H which is disjoilnt from one of the
convex sets V;, and whose boundary does not contain a point of Ny(w), and on every
halfspace H = {§ > ¢}BO with & € A.

The remaining relations are proved similarly. The closure of lim inf ¢(N,(®))
contains No(w) by vague convergence, and contains S since N,(w)(U;) > 0 even-
tually for each j € J. O

Now assume the intrusion cone A and convergence cone I' are non-empty and
coincide.

Theorem 5.26 (Convergence of Convex Hulls). Let w, be probability distributions
on R?, and py a Radon measure on the open set O = R? \ S. Assume O = R? or
condition (S) holds, see (5.12), 1ondm, — dpg vaguely on O, and ' = A # Q.
Then there exist n-point sample clouds Ny, from the distribution m,, and a Poisson
point process Ng on O with mean measure py, defined on a common probability space
(2, F, P), such that for € Q2 the convex hulls converge:

¢(Nn(@)) = ¢(No(w) U S).
Moreover the support processes converge: for &, — & € A, &y # 0,

Tuw(w)(En) — To(w) (o).
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If H,80 forn > 0, H, — Hy = {&y > co}, with &y € A, and if No(w)(0Hy) = 0,
then
1, dNy(w) = 1g,dNo(w) weakly.

Proof. Let 61,0;,... be dense in dB \ cl(A). Then po{6; > m} = oo form >
s(6;) = sup 6;(S), and we may choose 2 so that

No(@){6; > m} =00, i>1,m>s(6;), weQ. (5.13)

Choose & € 0B N A,i = 1,2,... dense and ¢; > 0 so that H; = {§ > ¢;}B0O,
po(0H;) = 0. Set V; = (Hy U---U H;)¢. Then po(H;) < 0o, and &; € I implies
Pn(V:E) = po (V). We may choose N, so that M,, = 19d N, satisfies

My (0)(VF) > Mo(0)(VF), i>1, weQ. (5.14)

Let I'(w) and A(w) be defined in terms of the Radon measures M, (w) on O. By
assumption M, (w) — My(w) = No(w) vaguely on O for each w € 2, and
Ny(w)(H) — oo for H = {6; > C}B[Rd,i =1,2,... and ¢ > 0. Now observe

TBL(0)BA(w)BA, w € Q2

by (5.14), by definition, and by (5.13) (if A is dense then A = L*). Therefore
I' = A implies I'(w) = A(w) = A for all . The Separation Theorem 5.10 gives
¢(Np(w)) = c¢(No(w)U S), since any w ¢ ¢(No(w) U S) is contained in a halfspace
H = {& > ¢}BO with £ € A, and we may choose ¢ so that No(w)(H) = 0. Then
Ny(w)(H) = 0 eventually. O

Let H,80, n > 0, be closed halfspaces, H, — Hy, and let ¢: O — R be a
Borel function. We shall formulate conditions which ensure that Hy is steady and

/ @dN, - | @dNy a.s.andinL! (5.15)
Hy Ho
for appropriately chosen n-point sample clouds N, from m, and a Poisson point

process Ny with mean measure pg.

Theorem 5.27. Let (5.1) hold, and let v > 1 be continuous on O. Let A be the
interior of the cone generated by d independent linear functionals (1, . .., (g which
satisfy the tightness condition:

For each ¢ > 0 there exists ¢ € R and an index no such that

/ Ydp, <e, i=1,...,d, n> ny.
{gi=c}

Then (5.15) holds for Hy = {&p > co}BO provided po(0Ho) = 0, ¢ /Y is bounded
on O, ¢ is pg-a.e. continuous on O, and &y € A.
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Proof. Since A is open there exist independent linear functionals &;,...,&; in A
such that &y = & + --- + &;. Proposition 5.20 applied to du, = ¥ dp, rather
than dp,, implies that p, — o weakly on J20 where A is the interior of the cone
generated by £1,...,&;. Regardthe &1, ..., &; as coordinates. Choose a point @ such
that (—oo, a) = ({& < a;} contains the complement of O, and 11¢(d(—00, a)) = 0.
In Proposition 5.25 take V; = V = (—o0,a) N {£ < c} with ¢ < ¢o chosen so that
Hotéo = ¢} = 0and {&, > ¢}BO. Then N, — Ny holds a.s. on V¢, and by the
po-a.e. continuity (5.15) holds a.s. As in Proposition 5.25 one may use Skorohod’s
theorem to obtain

Xyn(w) = /Vc YdNy(w) — /VC YdNy(w).

Since the expectations converge, Lebesgue’s theorem on dominated convergence,
with dominating sequence X, yields L!-convergence in (5.15). O

5.8 Convergence to the mean measure. Estimating the mean measure on a half-
space H, or the integral of a loss function [, ¢dpo, is straightforward provided
the sample is large. In order to produce arbitrarily large samples, we introduce
a time coordinate and consider the point processes with points (W,;,i/n), where
Wi, Waa, ... is a sequence of independent observations from the distribution 7.
By Theorem 2.21 these converge on O X [0, 00) to a Poisson point process with mean
measure dpg(w)dt if (5.1) holds. We shall look at sample clouds on R? with m, > n
points, corresponding to time horizons t, = 1/g, — co. Let ﬁn be the m,-point
sample cloud from the distribution 7,,. The random approximation R, to the Radon
measure dp, = londmn, is defined as

dRy(0) = enlod Npy(w), n=1,2,.... (5.16)

The random measure R, has the same mean measure p, as N, on O. It has more
points, but these carry less weight. As a result the variance of stochastic integrals is
smaller. By (2.4)

(o) o |
Var(/Hgoan) = sn(/Hgazdpn - %(/depn) )

Theorem 5.28 (Consistency). Ife, — 0, then R,, — po vaguely on O in probability.
Let HBO be a halfspace such that p,(H) — po(H) < 0o and po(0H) = 0. Then

(5.17)

/ @dR, —>/ @dpo weakly in probability
H H

for any bounded po-a.e. continuous function ¢ on H.
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Proof. Let ¢y: O — R be continuous with compact support. We have to show that
[ 9dRy, — [ @dpo in probability. In fact convergence holds in L?(P) by (5.17). The
proof of the second part is similar. O

We now turn to the loss integral. The loss integral has the form

/ QdRy = en Y A9Wni) | Wi € J. 1 <i <my}.
J

In general loss functions need not be bounded. We assume that ¢ is pg-a.e. continuous,

and that ¢? is po-integrable over the halfspace J with integral [ ¢2dpo = 02 < oc.
Define the error of the stochastic loss integral by
E, = / @dRy, —[ @dpg. (5.18)
J J

Under suitable conditions the error is asymptotically Gaussian N(0, &,02).

In order to understand the asymptotic behaviour of the error E, we need to study
dR® = ed M for e — 0, where M ¢ is the Poisson point process with mean measure
p/& on H. It will be convenient to use a different normalization.

Definition. A Gaussian space § on the probability space (2, ¥, P) is a separable
closed linear subspace of L?($2, %, P) consisting of Gaussian variables (modulo null
variables). Typically ¢ is the set of all elements > _ ¢, U, with Uy, U,, . . . independent
standard normal variables and Y ¢2 < oco. Let p be a Radon measure on the open set
OBR?. A Gaussian field on O with variance p is a linear isometry W : L?(dp) — €,
where § is a Gaussian space.

For ¢ € L?(dp) define the compensated integral Se(¢) = /¢ [ 9(dN® —dp/e).
The random variable S, (¢) is centered with variance [ ¢?dp, see Section 2.5. So the
linear map S, : L?(dp) — L?(dP) also is an isometry.

Theorem 5.29. With the notation above S¢(¢) = W(p) for ¢ € L?(dp), ¢ — 0+.

Proof. 1f ¢ is the indicator function of a Borel set E, then one may write S¢(¢) =
JVe(NE(E) — p(E)/e) with N¥(E) a Poisson variable with expectation p(E)/e. In
this case the theorem follows by the asymptotic normality of Poisson variables. By
independence (S¢(E1),...,S:(Em)) = (W(E1),..., W(E,)) for disjoint Borel
sets E; with finite measure. Hence the theorem holds for simple functions ¢. These
are dense in L?(dp). Now apply Lemma 4.10. |

In a similar way one proves convergence of the finite-dimensional distributions.
Here we only want to show that under appropriate conditions one may conclude that
Sy 9dR, is close to [ pdpo.
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Proposition 5.30. Let ro be a continuous positive function on the open set OBR?,
and let 1, be probability measures on R9 with densities [ such that

nfp(wy) — ro(wo), wy — wo, wo € O.
Let JBO be a halfspace such that
[ ) = rowidn = o6,
J

where 6, — 0 so slowly that né, — oco. Let my,/n = 1/¢&, with &, < 8,, and define
the random measures R, by (5.16). Let ¢ be a Borel function on O such that the
integrals

/ p(w)ro(w)dw = u, / o2 (w)ro(w)dw = 02 < oo
J 7

converge. Let U be standard normal. Then

E, = oU, En:/(den—/L
J

Vn

Proof. The convergence nf, — ro above is a simple sufficient condition for vague
convergence, (5.1). Let N, be the m,, -point sample cloud from the distribution 7y,.
There exist Poisson point processes on J, M,, with mean measure Pn/&n, and Men
with mean measure pg /&y, such that

P{lyd Ny # d My} < mumn(J)? = (ma/n%)pu(J) = 0(1),
P{AT, # 1) < /J 1 fu(w) — ro(w)|dw/ey = o(1).
By Theorem 5.29 S.(¢) = W(g) holds with dp = rodw; equivalently

1
ﬁ(/deRi” —/depo) = oU,

where R" = &, M®". The inequalities above now yield the desired result. O

Corollary 5.31. If o7 = [; ¢*>dpy is bounded, then var(E,) = &,(0;; + o(1)) and
E(E,) — u.

Proof. The result follows from the lemma below. O

Lemma 5.32. Let p,, n > 0, be finite measures on a halfspace H such that p, — po
weakly. Let y > 1 be continuous on H. If [¥*dpy is bounded for n > 1 then

[ ¥2dpo is finite and
/ pdp, — / @dpo

for every po-a.e. continuous function ¢ for which ¢ /v is bounded.
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Proof. First assume ¢q is continuous and 0 < ¢y < V. Let m > 1. By weak
convergence [ @o A mdp, — [ @o A mdpg, and

1
(g0 —m) o < 5 - [{ L o, < [ W2dpa/2m < ¢

if m is large. Hence du, = ¥dp, 4 o = Ydpe weakly, and the result follows
since ¢dp, = (¢/V¥)du, and ¢/ is bounded and py-a.e. continuous. |

So far our setting has been quite general. We start with a sequence of probability
measures 1, and assume that the measures n, converge vaguely to a Radon measure
on an open set OBR?. In actual fact the probability measures 7, are related. We
start with an iid sequence of observations Z, Z», ... from an unknown probability
measure 7z on R¢. The probability measure 7, is the distribution of the normalized
vector ;, 1 (Z1) where o, (w) = A,w + by, is an invertible affine transformation.
The limit measure will satisfy certain symmetry relations. These make possible a
reduction of the variance.

A simple example (for light tails) is the limit measure

dp(w) = dp*(w)e Vdv, w = (u,v) € R**1.

Here p* is a finite measure on R”, the spectral measure. The symmetries are vertical
translations y’(u,v) = (u,v + 1), and y'(p) = e’p for t € R. The symmetry
relations, together with the spectral measure, determine the measure p. So it suffices
to estimate p™*.

A typicalloss functionis ¢ (1, v) = |Ju||v™ onthe upperhalfspace Hy = {v > 0},
with m > 1. (The loss indexed by the vertical coordinate v is compounded by large
deviations of the horizontal coordinate.) The integral of this loss function with respect
to the limiting Poisson point process N over the upper halfspace has variance

var(/H+ (pdN) = /H+ ©2dp = (2m)!/uTud,o*(u).

In general the spectral measure p* is not known, but one assumes that the symmetry
relations hold. In that case the loss may be estimated by [ [lu|dN* [;° v™e Vdv,
where N *BR” is the projection of 1z +dN on the horizontal coordinate space. The
variance of this estimate is smaller: (m!)? [uTudp*(u).

In the remaining chapters we consider probability distributions 7 on R¢ which
may be normalized so that na, ! (r) — p vaguely on an open set OB R¢, where p is
an excess measure.



II Maxima

This chapter shows how the limit theories for maxima and exceedances relate in the
univariate case and contains an overview of multivariate max-stability. We assume
some familiarity with extreme value theory. There are several good expositions. Our
aim here is to highlight a number of issues which play a role in the multivariate
geometric theory which we develop in Chapter III and I'V. See Embrechts, Kliippel-
berg & Mikosch [1997] (EKM) or Resnick [1987] for details, or de Haan & Ferreira
[2006]. We concentrate on the probability theory. For the statistical side see Beirlant et
al. [2004], Coles [2001], Falk, Hiisler & Reiss [2004] and Joe [1997]. For examples
of extreme value distributions, see Kotz & Nadarajah [2000]. For applications to
finance and risk management see McNeil, Frey & Embrechts [2005], Embrechts
[2004], Malevergne & Sornette [2006] and Moix [2001]. For applications to extreme
natural events see Salvadori et al. [2007] and Finkenstddt & Rootzén [2004].

6 The univariate theory: maxima and exceedances

In the univariate setting the limit theories for maxima and for exceedances are two
sides of the same coin.

6.1 Maxima. Sums of iid random variables lead to the Central Limit Theorem,
infinitely divisible (id) and stable distributions, Brownian motion and Lévy processes.
For the sequence of partial maxima

YV =Y, v VY, = max{Yi,....Y,} (6.1)

of an iid sequence of random variables similar concepts have been developed. Here
distribution functions (dfs) play a central role, since for independent variables X and
Y with dfs F' and G the maximum X Vv Y has df FG:

P{XVY <t} =P{X <t,Y <t} =P{X <t}P{Y <t} = F(t)G(t) (6.2)

by independence. Every random variable is max-id since F 1/n is a df for any df F,
and (F1/7)* = F. In the limit theory for partial maxima there is no analog of the
Gaussian distribution which, like a black hole, attracts all but the extremely heavy
tailed distributions.

Fisher & Tippett [1928] determined the possible limit laws for the sequence of
maxima in (6.1). There are three classes of limit laws. These limit laws are called
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the max-stable or extreme value distributions. They may be standardized to form a
continuous one-parameter family of distributions on R. For the heavy tailed and the
bounded limit laws Gnedenko [1943] gave a simple characterization of the domains
of attraction in terms of regular variation of the distribution tail; for the double-
exponential or Gumbel law the domain of attraction was determined twenty years
later in de Haan [1970]. See also Marcus & Pinsky [1969].

6.2 Exceedances. The corresponding univariate limit theory for exceedances was
developed independently in Pickands [1975] and Balkema & de Haan [1974] in terms
of residual life times. A df F lies in the domain of the df G on [0, 00) for exceedances,
and we write F € DT (G), if there exist a; > 0 such that for v > 0

1-F([+atv)

—F@y L TO® 1oy =suplF <1}, 6.3)

Properly scaled, the limit laws are precisely the standard generalized Pareto distri-
butions GPDs G, on [0, co) defined in (5) in the Preview. Note that G, has finite
endpoint for t < 0. Discrete limit laws are possible if one allows shifts b, # ¢
in (6.3); see Balkema & de Haan [1974].

The domain of attraction DT (z) = DT (G,) of the limit law G, is precisely the
domain of attraction of the corresponding max-stable distribution. For the Pareto and
the power laws the domain is determined by regular variation of the tail. The domain
DT (0) of the exponential law has more variety.

6.3 The domain of the exponential law

Theorem 6.1. The df F lies in D (0), the domain of A for maxima, if and only if
L=F(y) ~e P,y — yoo = suptF < 1},
where V is a C? function on a left neighbourhood of y~ with the properties:
V() >0, y(y)—>oo, (1/¥) () =0, ¥ = Yo (6.4)

Proof. Seta(t) = 1/vy'(¢). By the Mean Value Theorem for s, — $, £, — Voo

a(ty, + a(tn)sn) Yty + a(ty)sn) — V¥ (tn)
—_— - 1, — S. (6.5)
a(ty) a(ty)
It follows that the tail function T = 1 — F ~ e~V satisfies
—T(t +ar) ~ VOV Faw) vy v eR. (6.6)

() ’
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To prove necessity, observe that ¢ = —log T by (6.3) satisfies
et +av)—plt) > v, t— Vo (6.7)

for v > 0. Choose ¢, so that ¢(t,) = n + o(1). This is possible by asymptotic
continuity of 7. Relation (6.7) implies that ¢(t) — @o(t) — O for t — Yy, Where
o is the piecewise linear function with ¢ (t,) = n. Hence ¢, = 1/c, on (tp—1,s),
where ¢, = t, — t,—1 and ¢,4+1 ~ ¢, by (6.7). It remains to replace the piecewise
constant function ¢{, by a C! function ¥’ = ¢{ + 6 such that the integral of 6 over
any interval [t,—1, 7,] vanishes, (1) = o(¢((¢)) and 0'(r) /¢y (t)* — 0.

This may be done as follows: Choose a C* function §: [0,1] — [—1,1] so
that B = 0 on a right neighbourhood of 0 and 8 = 1 on a left neighbourhood
of 1, and so that the integral of B over [0, 1] vanishes. Use affine copies of S to
interpolate between successive points (¢, 1/c,). In this way we replace ¢, by a C*°
function which we call ¥’. The function ¥ agrees with the piecewise linear function
@o in the points #,, n > my, if it agrees in #,,,. The other conditions hold since
|6] is bounded by ||Bllco|l/cn+1 — 1/cn| on [ty, ty+1] and cp41/cn — 1 implies
|1/¢n1 = 1/cal = 0(1/cy), and

" (O] =10"(O] < 1B ool 1/cnt1 = 1/cal/cn.  t € [tnstata].
Hence ¥ (t) — @(¢) and (1/4) () = —y"(¢)/¥'(t)? vanish in ye. O

6.4 The Poisson point process associated with the limit law. For exceedances, as
for maxima, one may distinguish three classes of limit laws. In a suitable normaliza-
tion they have densities

s/vTL well,o0), s =1/t >0;
e’’, vel0,0); (6.3)
s, v e[-1,0), s=1/7 > 0.

s+1 |s—1

The extensions s/v*7* on (0, c0), e~V on R, and s|v on (—oo, 0) are densities of
infinite measures, Radon measures p on unbounded open intervals. These measures
are univariate excess measures. For any halfline H = [y, co) for which p(H ) is finite
the probability measure dp = 15dp/p(H) is a GPD, which may be normalized to
have a df G; as in (5) in the Preview.

There are not many one-parameter groups in #(1). One-parameter groups of
affine transformations are either translations, t’(v) = v + g¢t, or expansions (or
contractions) from a fixed center ¢, y* (v) = e* (v—c)+c, with A > 0 for expansions
(and A < O for contractions). This proves

Theorem 6.2. Apart from a change in coordinates, and a positive weight factor, the
list above contains all univariate excess measures on an interval in R.
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We shall focus on the excess measure dp(v) = e~ Vdv. The translation v — v +¢
maps p onto e’ p. The Poisson point process M on R with mean measure p has points

V1 > Vz > eee
The rv V7 has a max-stable distribution, the Gumbel distribution,
P{Vi < v} = P{M(v,00) = 0} = e P®%) = exp(—e ™).

Now consider the behaviour of sample clouds. Let Y7, Y5,... be a sequence of
independent observations from the df F € D1 (Gy). Choose 1, 1 Yoo such that
nT(t,) — 1, where T = 1 — F, and let a, = 1/¥/(t,) with e™¥ ~ T as in
Theorem 6.1. Then

nT(ty +a,v) —>e %, veR (6.9)
by (6.6). Let o, (v) = t, + ayv. Then v — nT(t, + a,v) is the tail function of
the finite measure dp, = a, ' (ndF). So py is the mean measure of the normalized
sample cloud M,, consisting of the n points (¥; — t,)/a,, i = 1,...,n. The limit
relation (6.9) implies that dp, (v) — dp(v) = e~ dv weakly on any halfline [c, c0).
By the theory of Chapter I

M, = M weakly on [c,00), ¢ € R. (6.10)

Let Y, > Yy2 > -+ > Y, denote the first n observations from the df F arranged
in decreasing order. The points V,,; = (Y,; — t,)/a, form the normalized sample
cloud M,,. The limit relation (6.10) implies:

Proposition 6.3. (V,1,..., Vun) = (V1, Va,...) holds in the sense of weak conver-
gence of the finite-dimensional distributions: For each k > 1

(an,...,Vnk)=>(V],...,Vk), n — o0.
Proof. For any reals ay, ..., ag,
{Via>ar,...,Var > ax} = {My(ay,00) > 1,..., My(ay,o00) > k}.

A similar relation holds for the variables V1, ..., V4 and the Poisson point process M .
The probabilities on the right converge for n — oo, since p does not charge the
boundaries dB; = {a;} of the Borel sets B; = (a;,o0) in R. Weak convergence on
halflines [c, 0o) prevents points from disappearing at co. O

Similar results hold for distributions in the domain of the GPD G, for T # 0.
In each case the measure p and the df H of the maximal point are connected by
H) = e R® where R(v) = p(v,00). We call p the exponent measure of the
max-stable df H.

In the univariate setting the limit theory for exceedances (and some point process
theory) allows us to handle the asymptotics of partial maxima, and not only the
maxima, but the whole sequence of upper order statistics. See EKM pp. 244-247 for
details.
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6.5* Monotone transformations. So far we have used affine transformations to
normalize the maxima. Affine transformations are appropriate for normalizing the
partial sums ¥ ™" = Y; + --- + Y, since

Yt" —nb, _ Y, — by - Yn—bn‘

an an an

For maxima any monotone transformation ¢ has the same property
XY =T ) Ve VT (T,

and hence one may consider limits for maxima normalized by monotone transforma-
tions.

Definition. A monotone transformation is a strictly increasing continuous function
from an interval containing an interior point onto another such interval. The set of
all monotone transformations will be denoted by MT.

Continuous dfs G which are strictly increasing on the open interval {0 < G < 1}
all are of the same type under monotone transformations. Any limit theory for maxima
needs asymptotically continuous tail functions 7 = 1 — F. These are characterized
by the basic tail condition: there is an increasing sequence f,, such that

T(ty) >0, T(ty) =0, T(tas1)/T(ta) — L. (6.11)

See Section 3.1 in EKM for a good discussion of asymptotic tail continuity.
The limit theory for maxima (and exceedances) under monotone transformations
is simple.

Theorem 6.4. A df F lies in the domain D1 (E) of the standard exponential distri-
bution E on (—00,0) for maxima with respect to monotone transformations if and
only if the tail function T = 1 — F satisfies the basic tail condition (6.11).

Proof. We may assume that T'(,) is strictly decreasing. Replace T by the piecewise
linear function 7y which agrees with 7 in the points ¢, for n > 1 and equals one
in t9. There is a monotone transformation ¢ which maps [—1, 0) onto [fg, yo), Such
that Ty o @(v) = —v for v € [—1,0). (Take ¢! = —Ty.) Then T (¢(v)) ~ —v for
v 1 0. Set ¢, (v) = ¢(v/n). Then

—log F"(¢n(v)) ~nT(p(v/n)) = —v, v<0

shows that F” o ¢,, — E on (—00,0). O
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6.6* The von Mises condition. This subsection and the next treat the domain
DT (0). In this subsection we look at densities. We shall establish a representa-
tion

dn = fdu

for distributions 7 € D7 (0), where f is a density which satisfies the von Mises
conditions, and u is a roughening of Lebesgue measure, a measure which behaves
asymptotically like Lebesgue measure. In this representation the function f describes
the global behaviour of the upper tail, and the measure y describes the local variations.
We shall also elucidate in how far the scaling function a(¢) in (6.3) determines the
tail behaviour of a df F in D (0).

The scale function a(t) in the basic limit relation (6.3) is the key to describing the
domains of attraction. In the multivariate setting it determines a metric, as we shall see
later. Suppose Y € D (7). For T < 0 the upper endpoint y is finite and one may
choose a(y) = yoo — y; for t > 0 (heavy tails) one may take a(y) = y. Fort =0
the situation is more delicate. The scale function is self-neglecting. Self-neglecting
functions form the subject of the next subsection.

Definition. A df F satisfies the von Mises condition if 1 — F(y) = e~V where ¥
satisfies (6.4) on a left neighbourhood of the upper endpoint yo, = sup{F < 1}.
This may be expressed as

(1= FONF"0/(F'(1))? = =1,y = Yoo
In general we say that f = e~V or v is a von Mises function and satisfies (6.4).

Any df in DT (0) is tail asymptotic to a df F with tail | — F = e~V which satisfies
the von Mises condition by Theorem 6.1. We claim that one may choose F' to have
a density which satisfies the von Mises condition.

The role which distribution functions play in the theory of maxima and of ex-
ceedances is exemplified in the relations (6.2) and (6.3). This should not blind us to
the fact that in practice it is densities, not dfs, which are the basic concern. Sample
clouds suggest densities rather than dfs.

Let us first show that Y € O (0) if its density satisfies the von Mises condition.

The natural scale function for exceedances is a(y) = 1/v¥'(y). By (6.4) it satis-
fies

a(y) =o(y) if yoo = 00, a(y) = 0(yoo — ) if yoo < 00. (6.12)

Hence a(y + va(y)) is well defined eventually for any v € R, and y,, + vya(y,) —
Yoo if Y = Yoo and v, — v € R. The conditions on ¥ imply

a(yn +vna(yn))/a(yn) = 1, Yn = Yoo, Un = v, v € R, (6.13)
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since (a(yn + vaa(yn)) —a(yn))/a(yn) = a'(yn + @na(yn))vy — 0 by the Mean
Value Theorem. This implies

Y (Yn + vna(yn)) — ¥ (yn) = 1///()1,1 + wpa(yn))vna(yn) — v

Yn = Voos Un = U € R. The reader may check that the two conditions on ¥ ensure
that e~V is integrable over [0, Yoo ). The last relation gives

S n + vna(yn))/ f(yn) = €.
This implies ¥ € H*(0) and

(1-=F(y +va(y)/(0—F(y) —e", y— Yo vER. (6.14)

We leave the details to the reader. In Chapter III we give a multivariate version of
this result.

Proposition 6.5. Let Y have density f. If f satisfies the von Mises condition in its
upper endpoint then Y € D (0).

We now first turn to a question about the normalization. By the Convergence of
Types Theorem the scale function a(y) is unique up to asymptotic equality. Now
suppose the dfs F; and F, have the same upper endpoint and the same scale function.
Does this imply that the tails are asymptotic?

The relation (6.14) holds for both F; and F5. It follows that the quotient L(y) =
(1= F»(y))/(1 — Fy(y)) satisfies the relation

L(yn +una(yn))/L(yn) = 1, yn = Voo, Un — u, u € R. (6.15)

Definition. Functions L defined and positive on a left neighbourhood of y., are
called flat function for a if they satisfy (6.15).

If F lies in £ (0) with upper endpoint y, and scaling a(y), then so does G if
1 -G = (1 — F)L where L is flat for a. Flat functions describe the variation that
is possible in DT (0) if the upper endpoint y, and scale function a are given. The
product of flat functions is flat. Functions asymptotic to flat functions are flat. The
scale function a itself is flat by (6.13), and so is its inverse, ¥’ = 1/a.

In order to construct, for a given df F € D™ (0), a df tail asymptotic to F, with
a density which satisfies the von Mises condition, we need flat functions which are
smooth.

Lemma 6.6. Suppose L = e* is flat for a. There exists a function Ly = e*0 ~ L
which is C®° and which satisfies

A" MA () =0, ¥ > Yoo (6.16)
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Proof. Choose v, 1 yoo suchthat y,+1 = yp+a(y,). Then A(yn+1) —A(yn) — 0,
and one may construct a C* function Ao which agrees with A in the points y, such
that Ay, = o(1/a(y)) in yoo, and such that (6.16) holds. Construct Ao by interpolating
with affine copies of an increasing C *° function y mapping [0, 1] onto itself, where we
choose y so that the derivatives of all orders vanish in the two endpoints. Compare the
construction in the proof of Theorem 6.1. Seta, = a(y,)andc, = A(yp4+1)—A(Yn).
Then ¢, — 0 and

20(¥) = Ao(n + uan) = A(¥n) + cnx @), @A () = ey ™). (6.17)

The function Lo = e*© is flat, and asymptotic to L in yoo. Itis C* and satisfies (6.16).
O

Proposition 6.7. Any df F in D7 (0) is tail asymptotic to a df with density e™V
where  satisfies (6.4). Moreover a = 1/Y' may be used as scale function in the
limit relation (6.14).

Proof. Suppose F € DT (0). Then F is tail asymptotic to a df Fo = 1 —e~¥ which
satisfies the von Mises condition. The df Fy has a continuously differentiable density
fo(y) = ¥/ (y)e ¥, The function ¥’ is flat and may be replaced by a flat function
L = e* ~ ¢ where A is C2, and A'a and A”a? vanish in y, by (6.17). Hence Fy
is tail asymptotic to a df F; with density e~ V! where ¥} = 1/a — X’ ~ 1/a, and
YIIGDE ~ @ = ) fa? = 0. =

We shall now show that any df in 7 (0) has a representation dF = fdu in terms
of such a density e V. The advantage of this representation over Proposition 6.7 will
become apparent in Chapters III and IV when we work in a multivariate setting.

Definition. A Radon measure i on (—00, yo) is a roughening of Lebesgue measure
for a scale function a if

Sn+1—Sn = 0(an) and  w[sy, Sn+1)/(Sn+1 —8Sn) — 1
for some strictly increasing sequence s, — Yoo-

Theorem 6.8. A df F with upper endpoint yo lies in D (0) with scale function a if
and only if dF = e~V d . on a left neighbourhood of yso. Here i is a roughening of
Lebesgue measure with respect to the scale function a, and v is a C? function which
satisfies (6.4). Moreover ' (y)a(y) — 1 for y — yeo.

Proof. Define dji = e¥ dF on a left neighbourhood of the upper endpoint o, of F.
Then

wlt, t +va@))/a(t) > v, t—te, v>0.
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Indeed, set V; = (Y! —t)/a(t). Then

wlt.t +va(r)) = EeVP[r <Y <1+ va(r)]
= EeV YO0y, — 1 < va()]/P{Y = 1}
= EeV OOy, <0]/(1 - F(1)).

Observe that | —F (1) ~ a(t)e”¥® by definition of ¥, and that v (t +va(t))— vy () =
¢¢(v) — v uniformly on bounded intervals. Hence

[EeWz(Vz)[Vt <] = /

v v
e 94G,(s) > / e’(e”%ds) = v,
0 0

since the df G; converges weakly to the standard exponential distribution d G (s) =
e Sds. |

6.7* Self-neglecting functions. The scale function satisfies a(t + sa(t)) ~ a(t)
for t = yoo. This relation plays an important role in asymptotics.

Definition. A function f is self-neglecting in too < 00 or Beurling slowly varying
if it is defined and positive on a left neighbourhood [ty, fs) Of Zo0, and satisfies the
limit relation

fa+xf@)/f)—>1, 1 —>io x€R (6.18)

Implicit in the definition is the assumption that f(z) = o(¢) if tooc = co and f(¢) =
0(txo — ) if s is finite. This ensures that f(z + x f(¢)) is defined eventually for any
x € R. Limits are from below: t, — o implies ¢, < tx since f is only defined on
a left neighbourhood of 7.

A positive C! function whose derivative vanishes in 7, = o0 is self-neglecting.
So too for 74, finite if the function itself also vanishes in 75,. Bloom’s theorem, see
Bloom [1976] or Geluk & de Haan [1987], states that a continuous self-neglecting
function is asymptotic to a positive C! function whose derivative vanishes in 7.
It is not known whether one may replace continuity by measurability. If one re-
places (6.18) by the condition (6.13),

fn +xn f@n)/f(ty) > 1, ty = teo, Xp = x, x €R, (6.19)

then f is asymptotic to a C! function whose derivative vanishes in #o,. See below.
Basic to our analysis of the self-neglecting function f on [ty, fs) is the concept of
a master sequence (t,) and the associated model function ¢. A master sequence is a
sequence 1, t2, . .. in [fg, feo), determined by #; and the recursion t, 11 = t, + f(t),
such that ¢, — #oo. (The latter condition is satisfied automatically if f is bounded
below on [tg, fx) by a positive continuous function.) The model function ¢ is the
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continuous function on [t1, f»,) Which agrees with f in the points #, and is linear
between successive points. Since f(t + f(t)) ~ f(¢) for t — t~, the slope of a
model function tends to zero. For any & > 0 there exists 7, € [fg, tso) such that

lp(s2) —@(s1)| < e(s2—51), e <51 <82 <l (6.20)

for all model functions ¢ which are defined on [s1, s]. In order to prove that f is
asymptotic to a C'! function whose derivative vanishes in ¢, it suffices to show that
f is asymptotic to a model function.

Proposition 6.9. A function f which satisfies (6.19) is asymptotic to a model function.

Proof. There is no sequence s, — foo such that (s,,0) lies in the closure of the
graph of f for all n. Otherwise one could choose x, — 0 such that f(s,) >
2 f(sn + Xxn f(sn)), contradicting (6.19). So model functions exist. Let ¢ be a model
function on [f1, txo). If f()/@(¢) does not tend to 1 for t — ¢, there is a sequence
Sn = t, + Xn f(tk,) with x, € [0, 1] such that f(s,)/¢(sn) — A € [0,00] \ {1}.
Take a subsequence x,,, — x € [0, 1] to obtain a contradiction with (6.19). O

We now formulate and prove the main result.

Theorem 6.10. Let tg < too < 00. Let f be a positive measurable function on
[t0, too). Assume that 1/ f is bounded on each interval [ty, t1]B[to, tx0), and that there
exists a real g > 0 such that

Dt 4+ qf(t) < too eventually,

2) f(t +xf(@)/f(t) > 1fort — ts, x € (0,4].

Then f is asymptotic in to, to a C ' function fy whose derivative vanishes in tso.

Proof. We may assume that ¢ = 1 (replace f by ¢f) and thatt + f(¢) < tx for all
t € [to, teo) (increase ty). We shall show that f is asymptotic to the model function
o with master sequence starting in f.

First observe that f(s, + xf(s,))/f(sn) — 1 foreach x € [0, 1] if 5, — fxo. It
follows that

f(@+ Xf())/f(t) — 1 in probability for t — fo,
where X is uniformly distributed on [0, 1]. For e > 0 there exists ¢, such that by (6.20)
P{e™® < (f/o)(tn + Xf(ty)) <e®}>0.9, t,>1,

for any model function ¢ and associated master sequence (f). If the interval [sq, 53]
of length s, —s; = r > 0in [t,, o) contains two successive points of the sequence
(tn), then by averaging,

P{e™® < (f/@)(s1 +1rX) < e’} > 9/14,
where we assume 7, so large that 1/2 < f(t + f(¢))/f(t) <2fort > t,.
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With each model function ¢ we associate the band between e ¢¢ and e®p. The
last inequality shows that the bands for any two model functions ¢ and ¢ intersect
somewhere above any interval [sq, s3] which contains two successive points of both
master sequences (Z,) and (7). Let ¢o be the model function with starting point
(to, f(t0)). Let ¢ be the model function with starting point (¢, f(¢)), and assume
f(t) = Apo(r). Lett’ =t + 3(f () V @o(t)). For ¢ close to tso, the interval [¢,7’]
will contain two successive points of the master sequences of the model functions
o and ¢. Since these functions are asymptotically horizontal, by (6.20) the bands
will be disjoint over the interval [¢,¢'] unless A — 1 = O(e). This proves that f is
asymptotic to ¢p. O

Example 6.11. The condition that 1/ f is locally bounded cannot be dropped. Define
f>0o0n[0,00)by f(/n—u)=u?for0O<u<.n—+n—-1,n=12,....¢

7 Componentwise maxima

The multivariate limit theory for max-stable distributions is strong, versatile, elegant
and rich. One reason for its strength is its ability to incorporate the univariate asymp-
totics for the d marginals into the multivariate theory. This is done by introducing
a dependency. Copulas form the natural tool to describe the dependency structure.
Max-stable copulas are copulas which satisfy a simple functional equation. These
copulas together with d univariate extreme value distributions uniquely determine
the multivariate max-stable distributions. Moreover there is a characterization of
the domain of attraction of the max-stable distributions in terms of the univariate
marginals and a simple condition on the asymptotic behaviour of the copula in its
upper endpoint. The sample copula gives a discrete approximation to the exponent
measure of max-stable limit distributions with exponential marginals on (—o0, 0].
Economic and financial situations are governed by complex stochastic dynamical
processes. In order to analyse the risk of the situation one introduces a number of
variates. These may quantify exchange rates, labour unrest, fire hazards, commodity
prices, etc. Suppose we have d such variables, Z1, ..., Z;. For each, large values
are associated with high risk. The variates may express losses in euro, the logarithm
of such losses, or any other monotone transformations of the losses. For simplicity
assume we have a sample of n independent observations of the vector Z in RY.
In first instance we are concerned with the asymptotic behaviour of the univariate
maxima, Zl-v m for n — oo. We assume that for eachi = 1,...,d, the univariate
distribution F; of the ith component Z; lies in the domain DT (;) of an extreme
value distribution. In order to get a better grip on the risk described by the vector
Z = (Zy,...,Z;)onehasto study the dependency between the various components.
That is the subject of this section. The concept of max-stable dfs and the associated
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limit theory of coordinatewise extremes were developed independently in de Haan &
Resnick [1977] and Galambos [1978]. See Joe [1997] or McNeil, Frey & Embrechts
[2005] for a good overview of the theory of copulas and its relevance to multivariate
extremes. Two recent theses in this area are Alink [2007] and Demarta [2007]. The
relation of componentwise maxima to point processes is treated in Resnick [2004].
There exists a rich literature on the statistical analysis of componentwise extremes;
see Huang [1992], de Haan & Ferreira [2006], Drees [2003] or Hall & Tajvidi [2000].

7.1 Max-id vectors. All operations are componentwise. Vectors in R are regarded
as real valued functions on the finite set {1, ..., d}. The lower endpoint a, and upper
endpoint b, of a df F on R? are defined in terms of the marginals

a; = inf{F; > 0} > —oco, b; =sup{F; <1} <00, i=1,...,d.

As in the univariate case, the df of the maximum of two independent vectors X and
Y in R? is the product of the dfs of X and Y. Relation (6.2) also holds when we read
X, Y and ¢ as vectors.

A df F is max-id if F' is adf forall 1 > 0.

Example 7.1. In the multivariate case not every df is max-id. Suppose
F0,0) =0, F(,0)0>0, F(@O,1)>0.

Then F is not max-id. Indeed, let 7 have df F® fore > 0 so small that F¥(1,0) > 1/2
and F*(0,1) > 1/2. Then

7((0,1] x (—00,0]) + 7 ((—00,0] x (0,1]) > 1.

In R¥ with the disjoint sets E; = {0 < z; < 1} N ﬂj#{zj < 0} the same argument
applies. O

Now assume F is max-id with lower endpoint @ = 0. Then F is positive on
(0, 00)? by the argument above. Define R = —log F on (0, o0)¢. Observe that F®
is a df, and so is F — 1, but now normalized to vanish in (oo, ..., 00). The function
(F® — 1)/¢ is the df of a measure on [0, 00)¢ of total mass 1/¢. The weak limit for
e | 0islog F = —R. Thus R is the df of a measure p on [0, 00)? \ {0} defined by

p([0,00)? \ [0,2]) = R(z), z € (0,00), R =—logF. (7.1)
Definition. The measure p in (7.1) is the exponent measure of the max-id df F.

Note that p is a Radon measure on [0, 0o]? \ {0} which lives on [0, 00)¢ \ {0} and
is finite on [0, 00)? \ [0, z] for any z € (0, 00)?. Introduce the Poisson point process
M with mean measure p, and with points Z1, Z,,.... (If F(0) > 0 then p is finite,
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and M will have only finitely many points.) Let Z be the maximum of the points
of M:
Z:=supM =0V ZiVZyV---.

For z € (0,00)%, by (7.1)
P{Z <z} = P{M([0.00)* \ [0.2]) = 0} = e~ R,

So Z has df e"®. We thus have a simple correspondence between measures p on
[0, 00)? \ {0} which are finite on halfspaces {z; > ¢}, ¢ > 0,i = 1,...,d, and
max-id dfs with lower endpoint in the origin.

One may define the max-Lévy process W : [0, 00) — [0, 00)? by

W(t) =0vsup{Wy | Ty, <t},

where (W, Tx) € [0, 00)¢ x [0, o0) are points of the Poisson point process with mean
measure dp x dt. By construction W(¢ + s) is distributed like the maximum of W ()
and a copy of W(s) independent of W(¢). (The Poisson point process on the time
slice (¢, ¢ + s] is independent of W(¢), and distributed like the Poisson point process
on the time slice (0, s].) Since W(1) has df F it follows that W(¢) has df F? for all
t>0.

The same results hold for any max-id df F'. If the lower endpointis (—oo,...,—00),
the exponent measure p is a Radon measure on [—oo, 00]? \ {(—o0, ..., —o0)}. It
may charge some of the coordinate hyperplanes in —oo. Monotone transformations
of the coordinates do not affect max-infinite divisibility since such transformations
commute with maxima. So in principle there is no difference between the space

[0, 50]? and [—o0, 00].

Example 7.2. Suppose Z = (X, Y) has density f(x,y) = e**” on (—o0,0)2.
Then F(x,y) = e*™” and R(x, y) = x + y. The function R is C2, so we obtain the
density  (x, y) of the exponent measure by differentiation: r = 0on (—o0, 0)2. Since
F is continuous, the exponent measure p is infinite. A little thought will show that p
is standard one-dimensional Lebesgue measure on the two halflines {—oc0} x (—00, 0)
and (—o0, 0) x {—o0}. O

7.2 Max-stable vectors, the stability relations. We normalize multivariate maxima
by coordinatewise affine transformations CATs. These affine transformations ¢ of R4
have the form

a(z) = (arzy + by, ....aqzq + bg), a; >0,i=1,...,d.

For max-stable vectors we need to define powers of CATs. The product (composition)
of CATs is a CAT, and so is the inverse. Positive affine transformationa: y +— ay +b
on R define a group of transformations «’, as in Section 6.4, such that

S =atod®, o' =a.
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Since CATs act coordinatewise, one has
a'(z) = (@ (z1),....a5(za)), tER, z=1(z1,...,24) € R%.

Definition. A random vector Z with df F lies in the domain of attraction of the
max-stable vector W with df G if the components of W are non-degenerate, and if
there exist CATs «;, such that one of the equivalent relations holds:

F'oa, > G, a'(Z"") = W.
In this case we write F € DV(G) or Z € DV (W).

Max-stable dfs are max-id. The max-stable dfs are precisely those max-id dfs
which satisfy a stability relation: All powers F" are of the same type with regard to
CATs. In terms of the max-Lévy process W(t), t > 0, one may describe the stability
relation explicitly:

d 1o
W(e) =y (WD),
where y is a CAT. See EKM or Resnick [2004] for details. Comparing the exponent

measures of the max-id vectors on either side of the equation we find: the exponent
measure p is max-stable if and only if there exists a CAT y such that

Yi(p)=e'p, teR (7.2)

So p is an excess measure if it lives on R?.

Since all operations are coordinatewise, it follows that if a vector Z lies in the do-
main of the max-stable vector with normalizations c;; 1. then the components satisfy:
a;l.l (Z'") = W fori = 1,...,d. Thus the marginals determine the normaliza-
tions. Similarly the stability relations for the univariate extreme value distributions
determine the CAT y in (7.2).

The next result is crucial. It links convergence of coordinatewise maxima to
convergence of normalized sample clouds.

Theorem 7.3 (de Haan—Resnick). Let Z be a random vector in [0, 00)? with dis-
tribution w and df F, and let a, be CATs. Let H be a max-id df on [0, oo)d with
exponent measure p on [0, 00)% \ {0}. The following are equivalent:

F"oa, — H weakly,
no, M) — p  vaguely on [0, o0]? \ {(0,...,0)}.

Proof. Thelogarithm has derivative 1/x on (0, o). In particular (log x)/(1—x) — 1
for x 1 1. So the first limit relation is equivalent to

1—Foa, —> R =1log H weakly on (0, 00)?, (7.3)

which is equivalent to the second relation. O
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If one assumes convergence of the normalized coordinate maxima, the sample
cloud may be used to estimate the exponent measure. In fact from our point of view
one may forget about convergence of the maxima. The first limit relation is convenient
if one likes to work with multivariate dfs, but what is of real interest is convergence
of the sample cloud, and that is expressed in terms of the measures na;, ! (r) in the
second limit relation. The symmetry of the exponent measure allows us to make
estimates on the far tails of the df F using the recipe in the Preview.

The condition Z > 0 in the theorem above may be relaxed, replacing Z by Z*
with components Z; V0. The analog of Theorem 7.3 holds for max-stable distributions
with lower endpoint a € [—00, 00)<.

The sequence of partial maxima Z¥" = Z; v --- VvV Z, of independent obser-
vations from a df F on R? is monotone. This does nor imply convergence of the
normalized maxima. If the Z, themselves are daily or yearly maxima from a sta-
tionary continuous-time process where the time interval is long enough to ensure
independence of successive terms, then it is not unreasonable to assume that the vec-
tors Z, are max-id. (One may use the Superposition Theorem for point processes.)
So let the vectors Z, have exponent measure p. The only condition on p is that it
is finite on halfspaces {z; > ¢;},i = 1,...,d, for which F;(c;) > 0, where F; is
the ith marginal of the df F. (Indeed p{z; > ¢;} = —log F;(c;).) Convergence of
the properly normalized partial maxima, F" oo,, — H, is equivalent to convergence
na, 1(p) — p, where p is the exponent measure of H. The measure p will satisfy
a one-parameter group of symmetries y’(p) = e’p, t € R. These symmetries of p
have to be present in p asymptotically. Only then will there be a limit for the partial
maxima. The marginal conditions F; € D™ (z;) are necessary for convergence but
not sufficient. For convergence of coordinatewise maxima one needs our Ansatz that
distributions above certain thresholds asymptotically have the same shape.

The df R of the exponent measure p is asymptotic to 1 — F in the upper endpoint
of the distribution. It makes no sense to argue whether Rorl1—F gives more accurate
information on the exponent measure p of the max-stable limit distribution (assuming
that it exists).

Example 7.4. The uniform distribution on the square (0, 1)?, the uniform distribution
on the union of the squares (0, 1/2)x(1/2, 1) and (1/2, 1) x (0, 1/2), and the uniform
distribution on the line segment with endpoints (0, 1) and (1, 0) lie in the domain of
the max-stable distribution H with independent standard exponential marginals on
(=00, 0). In terms of maxima the uniform distribution on the square (0, 1)2 is the
natural distribution in DV (H); in terms of exceedances it is more natural to pick a
distribution which has no mass on a neighbourhood of (1, 1). O

7.3 Max-stable vectors, dependence. If the random variable 7" has a Gumbel dis-
tribution A, then for ¢ > 0 the random variable ¢¢7 has a heavy tailed extreme value
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distribution on (0, c0), and —e ¢ has an extreme value distribution on (—o0, 0). If
we also apply a positive affine transformation to change the location and scale, we
obtain the whole class of univariate extreme value limit variables indexed by (a, b)
and c:

V=al(c), alc)=ac+b>c, a>0.

The group o, ¢ € R, is defined in Section 6.4. A similar representation exists in the
multivariate setting:

Theorem 7.5 (Representation Theorem). Any max-stable vector W has the represen-
tation

T,
W = (lel(cl),,,,,ydd(cd)), vi(ci) = ajci +bi > ¢i, a; >0,

where T = (T1,...,Ty) is a max-stable vector with univariate Gumbel marginals
P{T; <t} = exp(—e").

Proof. Monotone transformations of the form ¢(z) = (¢1(z1),...,94(z4)) with
@i € M" map max-id vectors into max-id vectors. So 7" is max-id if and only if W
is max-id (since the functions ¢ — y/(y;) are in M ™). The stability relation, T'(¢) is
distributed like 7 + (log¢, . . ., logt), gives the stability relation, W(t) is distributed
like y'°2 (W), and vice versa. O

Remark 7.6. We see that the distribution of any max-stable vector W is determined
by

1) the d marginal distributions;

2) the dependency structure.

These may be chosen independently. The marginals are determined by (¢;, y;), or
by three real parameters, which may be associated with the shape, scale and location.
The dependency structure of the multivariate distribution is determined by a copula.
(In fact some authors prefer to use the term dependency rather than copula.) Since
the components of 7" and W are linked by monotone transformations, the vectors W
and T in the representation above have the same copula.

Definition. A copula is a multivariate df C with uniform marginals on (0, 1).

Copulas are an efficient way for describing the dependency structure of random
vectors by reducing to the case where the marginals are uniformly distributed. In
first instance one should think of the case where the marginal distributions F; are
continuous on R and strictly increasing on the interval {0 < F; < 1}. Then F; € MT,
and so is the inverse function F i_l. In general, for arbitrary dfs on R, one may define
the generalized inverse F*: (0,1) — R by reflecting the graph of F, augmented
with vertical line segments in the jumps to form a connected curve, in the diagonal
by interchanging the axes. For an effective demonstration, use an overhead projector,
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and flip over the sheet. We shall adhere to common practice and choose F*~ to be
left-continuous.

In the univariate case any right-continuous increasing function F with limits zero
and one in —oo and +oo is a df, since it is the df of the random variable F < (U)
where U is uniformly distributed on (0, 1). The multivariate analog describes a
random vector as the image of a random vector with uniform marginals under the
map

urs (F (), ... Fy (ug), u=(up,...,ug) € (0, D%

Definition. Let F be a multivariate df and C a copula. Then C is a copula for F
if F is the df of the vector (F™ (Uy),..., F; (Ug)), where U = (Uy, ..., Uy) has
df C.

Theorem 7.7. Every df F on R? has a copula. The copula is determined by F in
all points of the set K = Ky X --- x Ky, where K; is the closure of the set F;(R) in
[0, 1].

Proof. See Joe [1997] or McNeil, Frey & Embrechts [2005]. O

In a statistical analysis one may use the univariate samples to estimate the tail
behaviour of the d components. To determine the dependency, one then uses the
relative ranks of the sample points. Assume d = 2. Given a sample of n points
(xi, yi), draw n horizontal lines at levels y; and n vertical lines through the x;. If the
marginals of the df are continuous, there are no ties and the n sample points yield »
points in the lattice {1, ..., n}?, which retain the order of the original sample. Each
row and each column contains exactly one point. This n-point subset of {1,...,n}?
will be called a sample copula. Sample copulas also exist in dimension d > 2. If the
df is not continuous, toss a coin to eliminate ties. See Deheuvels [1981], where the
term dependogram is used for a similar concept, and Einmahl, de Haan & Li [2006].

Example 7.8. Let Z,,...,Z, be a sample of n points from the max-stable df
G(x,y) = e*Y on (—o0,0)2. In the sample copula the points will be roughly
uniformly distributed over {1,...,n}2. Consider a square in the upper right hand

corner with sides of length k, ~ c¢/n. The number of points in the square is of
the order of ¢2, the number of points on the margins is k, ~ c¢y/n. Forn — oo
the density of points in the subsquare vanishes, and we conclude that the exponent
measure vanishes on (—oo, 0)2, which implies independent components. O

For max-stable dfs G the marginals G; are monotone transformations, G; € M 1,
the copula C isunique, and G = C(Gy, ..., Gg). Since G' = G oy'°¢! has the same
copula as G, it follows that G = C(G{,...,GY). One may show, see Galambos
[1978], that the copulas which describe the dependency in max-stable distributions
are precisely the copulas C which satisfy

C'lu)y=C@i,...,uY)), tekr.
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If one normalizes by power-scaling, x +> a|x|¢ sign(x), see Mohan & Ravi [1992],
the uniform distribution on (0, 1) is a limit law for maxima, and the relation above
has a probabilistic interpretation.

7.4 Max-stable distributions with exponential marginals on (—o0, (). Let MSE&
denote the set of all max-stable dfs G with standard exponential marginals on (—oo, 0).
This set of limit laws does not score high on applications. There are two properties
which make it interesting for the theory though. The exponent measure may have
mass on the coordinate planes and axes in —oo; so it enables us to understand this im-
portant phenomenon. There is a close link to copulas. The sample copula introduced
above is closely related to the Poisson copula, a Poisson point process with standard
Poisson marginals. The exponent measures of dfs in M & & generate Poisson copulas.
To study the dependency relation for max-stable distributions, we are free to
choose the marginals as we like. The marginals determine the form of the stability
relation (7.2). For G € M&E& the relation has a simple form. Since the standard
exponential df F on (—oo, 0) has the property F'(y) = F(ty) for y <0, > 0, the

df G satisfies
G'(w) = G(tw), w € (—00,0]%, t > 0. (7.4)

So the df R of the exponent measure p is positive-homogeneous of degree one:

R(tw) = tR(w), w € (—0,0)%, >0,
o(tB) = tp(B), t >0, BaBorelsetin X = [—00,0)? \ {(—o0,...,—00)}.

We want to give an idea of what these measures p look like.
Take a finite set of points @ € X and for each such a let p(a) be a multiple of
one-dimensional Lebesgue measure on the ray

L(a) ={ta |t € (0,00)}.

The measures p(a) satisfy the stability relation, and so does any positive combina-
tion p of these measures. We may always choose the points a in the compact set

S ={we X | max; w; = —1},

since any ray L(a) will intersect S in precisely one point. Normalize p(a) so that
{ta | 0 < t < 1} has mass one. Then any finite measure y on S determines a
measure p = | g p(a)du(a) (mixture) which satisfies the stability relation and which
is finite on [—o0, 0)¢ \ [—o0, z] for any z € (—oo, 0)¢. The univariate marginals of p
are positive multiples of standard one-dimensional Lebesgue measures on (—o0, 0).
Proper scaling makes them standard.

The points a above may have certain coordinates equal to —oo. In that case
the halfline L(a) lies in the corresponding coordinate planes in —oo. One may
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avoid working with mass in infinity by taking into account the marginal distributions.
This approach is particularly well suited for handling min-stable distributions with
exponential marginals on the positive halfline, see Section 15.3.

Theorem 7.9 (Decomposition). For each non-empty set KB{1,...,d}, let pX be
a measure on (—oo, 0)X which satisfies the stability relation pX (tE) = tpX(E)
fort > 0, E a Borel set in (0,00)K. Suppose the Mobius relations hold: for any
non-empty IB{1,...,d}

Y DV 5) < o,
{K|KDI}

where py is the natural projection onto (—oo, 0)! for IBK. Suppose moreover p{k Vis
Lebesgue measure on (—00,0) fork = 1,...,d. There is a one-one correspondence
between such families of measures pX and dfs in MSE.

Proof. The representation is similar to the decomposition of a probability distribution
on [0, 00)? into a part on (0, 00)? and 24~ parts on the faces, edges and vertices,
or the relation between the df of Z and of —Z for vectors. For dimension d = 2 or
d = 3 itis obvious how to write the measure p on X in terms of the measures pX on
(—00, 0)X. In the general case a Moebiust@Mobius transform is involved. |

In dimension d = 2 the df G € M8 & is determined by p'2.

Example 7.10. A df G € MS8E& has independent components if and only if p&
vanishes for all KB{1,...,d} with more than one element. See Example 7.2. O

Example 7.11. In dimension d = 2 a triangle with vertices ¢ = (1, 1), (a,0), (0, b)
with a, b € (0, 1) determines a unique copula C whose mass is concentrated on the
sides of this triangle, uniformly on each side. The copula C lies in DV (G), where
G € MSE has exponent measure p concentrated on two lines. The df R = —log G
satisfies R(w) = C(g + w) for w; + wy > —1.

The sample cloud N, from C translated to the square (—1, 0)2, and then blown up
by a factor n, will be close to the Poisson point process M with mean measure p if we
restrict points to wy +wy > —en, 0 < ¢ < 1. Both are sample point process mixtures
from the same distribution. For the one the mixing distribution is binomial-(#, ¢), for
the other Poisson-¢n. O

What can one say about the extreme points of the Poisson point process N whose
mean measure p is the exponent measure of adf G € MSE?

Example 7.12. For simplicity take d = 2, and assume p has a continuous strictly
positive density on (—oo, 0)2. We also allow mass on the lines in —oo. The boundary
of the convex hull of N is a decreasing piecewise linear curve I" in the third quadrant.
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The curve is linear between successive vertices w; and w;+1 with w; = (u;, v;) and
u; < u;j41. We claim that there are only finitely many vertices. Hence I is the union
of a finite number of edges [w;, w;i+1],7 = 1,...,m — 1, together with a horizontal
halfline (—oo, u1] % {v;} and a vertical halfline {u,,} % (—00, vy].

To see this, first assume p lives on (—oo, 0)2. The coordinate projection ¢; (N)
is a standard Poisson process on (—o0, 0), and so is {>(N). Let V; be the maximal
point of {3 (N). There is a point (Uy, V1) € N. This is the first point in the finite
sequence of vertices. The condition on the density of p ensures that p(H) is infinite
for all halfplanes {v > su + c} with ¢ > 0. Hence the convex hull of N is indeed
bounded by this curve I'.

If p also charges the vertical halfline L = {—oo} X (—00,0), then on L the
Poisson point process has intensity A = p({—oo} x (—1,0)), and the maximal point
on L is (—oo, Y1), where —Y7 is exponential with parameter A. By independence of
17.dN and the restriction No of N to (—oo, 0)2, there is a positive probability that Y;
exceeds V1, the maximum of {»(Ny). This has no effect on the convex hull. The point
in infinity does not contribute. In the extreme case where p(R?) = 0 the convex hull

is empty. O

Exercise 7.13. Let Z, Z,,... be independent observations from the distribution
7 on the square (—1,0)2. Assume 7 is a mixture of the uniform distribution on the
diagonal and on the counterdiagonal of the square. Discuss the collapse of the convex
hull of the normalized sample cloud N, = {nZ;,...,nZ,} asn — oo. O

7.5% Max-stable distributions under monotone transformations. In the literature
it is often assumed that all marginals of the df belong to the domain of attraction of
the same univariate extreme value distribution, and that they have the same univariate
normalizations. See Mikosch [2006]. Grounds for these assumptions are:

1) Simplicity of exposition. In the example above the measures p(a) live on
the halflines L(a). With marginal distributions of different types one has to replace
halflines by rather complicated curves.

2) Applicability. If the maxima in the different coordinates have different rates of
growth then, as the sample size increases, the lighter tailed coordinate maxima will
become negligible.

3) Invariance of maxima under monotone transformations. If the df is continuous,
then one may use a monotone transformation on each of the coordinates to obtain a
new df whose marginals are well-behaved at the upper endpoint.

We shall now briefly describe the effects of such multivariate monotone transfor-
mations

0(z1..vzg) = (01(21), ... 0a(za), wieMt, i=1,....d. (7.5)
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Definition. A vector Z or its df F lies in the max-stable domain for monotone
transformations if there exist multivariate monotone transformations ¢, , and a vector
W with non-constant components such that ¢, 1 (Z) = W. We write Z € DT (W).

Since CATSs are multivariate monotone transformations, Z € DT (W) if Z €
DY(W).

If Z € DT(W), then this also holds for the d components of Z. Soby Theorem 6.4
we may assume that the components of W have a standard exponential distribution on
(—00, 0). Moreover the marginals of the df of Z satisfy the basic tail conditions (6.11).

For F € D1 (W) there is amonotone transformation v (z) = (Y1 (21).. . . .Wa (z4))
such that H = F o ¢ has upper endpoint 0 and

1—Hi(—s)~s, s—>0+.
See the proof of Theorem 6.4. It follows that
n(l—H;(v/n)) ~—log H"(v/n) - —v, v € (—00,0).
This determines the monotone normalizing transformations for H
n(l—H@/n)) ~—log H"(u/n) — R(u), u € (—o0,0)%. (7.6)

The limit df G = e~ has exponential marginals on (—o0, 0). The normalizations are
CATs. Hence G € M8E. Moreover H shiftedoverg = (1, ..., 1) is tail asymptotic
to C for any copula C of F by the lemma below.

Lemma 7.14. Let C be a copula of H, where the marginals H; satisfy the ba-
sic tail conditions (6.11). Suppose that H and C have the same upper endpoint
q = (1,...,1), and that the marginals satisfy 1 — H;(1 —s) ~ s for s — 0+.
Then H and C are tail asymptotic:

(1 — Hwn))/(1 = C(wn)) = 1, wy €[0,1]%\ {g}, wn — q. (1.7)

Proof. Let w, € [0,1]¢ \ {g} and w, — ¢. Define u,; = H;(wy;). By assumption
(1—=up;)/(1—wy;) — 1. Since H(w,) = C(u,) by definition of copula, we need that
(1—C(un))/(1—C(wy)) — 1. This holds since |C(w) —C(u)| < ) _; |w; —u;|| (as
is seen by covering the difference [0, w]\ [0, u] by coordinate slices), and 1 —C(w) >
max; (1 — w;) (by the same argument). O

There is a simple characterization of D in terms of copulas. The d marginal
upper tails of F € D7 are asymptotically continuous, and the left hand derivative
of the copula at its upper endpoint ¢ = (1, ..., 1) exists along each line with slope
w € (0,00).
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Theorem 7.15. Suppose the marginals F; of I satisfy the minimal tail conditions in
(6.11). Let C be a copula for F. For each w € (—o0,0)? let there exist a constant
R(w) € [0, 00) such that

1-C
1=Clg+sw) | R(w), s— 0+, (7.8)
s
where ¢ = (1,...,1) is the upper endpoint of C. Then F € D(G) for G = e~ R,
Conversely, if F € DY (G) for a df G with non-degenerate marginals, then (7.8)
holds for any copula C of F, and G = e~ R°? for a multivariate monotone transfor-
mation .

Proof. Given F, choose a multivariate monotone transformation ¢ such that H =
F o~ ! satisfies (7.7). If (7.8) holds, we may replace C by H. Hence H € D' (e~ F)
and F € D1(G) with G = ¢ K¢ Conversely, F € D1(G) implies that the
marginals satisfy the minimal tail conditions by Theorem 6.4. So H = F o ¢!
satisfies (7.7) for any copula C for F. The transformed df H lies in D1(G o ¢ 1).
By the argument above (7.6) holds, and hence (7.8). O

For minima there is a similar result. The differentiability condition should now
hold at the lower endpoint: C(sw)/s — R(w) for w € (0, c0)?. It should also hold
for all 2¢ — d — 2 marginal copulas of dimension k = 2, ..., k. The differentiability
conditions at the upper and lower endpoints of the copula are not as innocent as they
look.

Multivariate non-linear normalizations were introduced in Pancheva [1988]. The
approach there is in terms of the group of max-automorphisms ¢; ® --- ® ¢4, where
each ¢; is an increasing homeomorphism of the real line onto itself, and Gumbel
marginals. The approach via exponential marginals has the advantage that it uses the
well-developed theory of copulas.

7.6 Componentwise maxima and copulas. For random vectors whose marginal
dfs lie in H*(0), one may use both linear and non-linear normalizations.

Theorem 7.16. Suppose Z has df F with marginals which satisfy 1 — F; ~ e~ Vi,
where V; satisfies (6.4) fori = 1,...,d. Set X = (X1,...,Xq) with X; = ¥ (Z;).
Define by, = (by1,...,byq) and A, = diag(au1,...,a,q) by

Vi(bpi) =logn, an; =1/¥'(bni), i=1,....d.
Setq = (1,...,1) € R%. The following are equivalent:

XV" — (logn)q = W,
A HZY = by) = W.
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Proof. Thedf H of X satisfies]l —Hoy ~1—F withyy =y ®--- ® ¥y, and
Y(by + Apuy) — (logn)g — u, u, > uc RY,
since ¥ (bp; + anivy) — ¥i(bni) — v for v, — v. Hence the limit relations

n(l—F(b, + Anun)) - R(u),
n(l — H((logn)q + un) > R(u)

are equivalent. Here R is the df of the exponent measure of W. O

A similar result holds if the marginals belong to different domains. Distribu-
tion functions F in D7 lie in OV if the univariate marginals F; exhibit the correct
asymptotic behaviour.

Theorem 7.17 (Galambos). Let C be a copula for the random vector Z in R4.
Suppose Z; € OV (v;) fori = 1,...,d. Then Z € DY (W) for a max-stable
vector W if and only if C satisfies (71.8) for all w € (0, 00)4.

The result in Galambos [1978], Theorem 5.2.3, is formulated in terms of depen-
dency functions, which are slightly more general then copulas. The proof follows
from:

Theorem 7.18 (Copula Convergence). Let the df F on R4 have continuous marginals
Fy; and copula Cy. Let Cy, be a copula for F, with marginals F,; which converge
weakly to Fy;, i = 1,...,d. Then the dfs F,, converge weakly to Fy if and only if
the copulas C,, converge weakly to Cy.

Proof. The relation F,, = Cu(Fy1,..., F,q) together with uniform convergence
C, — Cy by continuity of Cy and pointwise convergence of the marginals by continu-
ity of the Fy; yields weak convergence F;,, — Fy. Conversely if the dfs F}, converge,
tightness of (C,) and uniqueness of Cy yield weak convergence C,, — Cp. O

The weak left differentiability condition (7.8) in the upper right endpoint of the
copula may seem innocuous for dfs with a continuous density and marginals in the
domains of univariate attraction. The example below paints a different picture.

Example 7.19. Let X € [0, c0)¢ have continuous density f with marginals f;(z) ~
1/t2 fort — oo0,i = 1,...,d. In polar coordinates

7€) = fo(0,1)/e¥t t€R, §e®=][0,00)%N0JB.

Assume fo is bounded and uniformly continuous on ® x [0,00). If X € DV(p)
then p has density (ef0) = ho(6)/e?'+* and fo(0,t) — ho(6) uniformly on ©
for t — oo. Indeed by the Arzela—Ascoli Theorem any sequence ¢, — oo has
a subsequence s, = fg, such that fo(6,s, + s) converges uniformly on compact
subsets of ® x R. By weak convergence the limit has the form above. O
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8 High risk scenarios

8.1 Introduction. Inthe remaining lectures we shall develop a mathematical theory
for handling the asymptotic behaviour of the tails of multivariate distributions. Our
treatment will be geometric. The motivation for our interest in this subject comes
from risk theory in finance. The material of this chapter is adapted from Balkema &
Embrechts [2004].

A major concern in finance is that the market moves off in an undesirable di-
rection. In first instance one may think of the market as a vector of asset prices.
The components are the prices of the individual assets, or the logarithms of these
prices. In such a situation the dimension d is the number of assets, and may be in the
hundreds for a large investor. One could also consider a vector whose components
describe different sectors of the market, energy, food, banking, heavy industry, etc.,
or a vector whose components describe various parameters of interest to finance —
price, volatility, exchange rate, and interest rate for instance. The present position
is known, zg € R?. We are interested in the position at some fixed future date, say
ten trading days ahead, as is customary in market risk management in banking. The
future position is a random vector Z in R whose distribution is concentrated around
the value z¢. In risk analysis one is interested in the probability that the vector Z will
lie in some risky region far out. The direction and the precise form of the region will
depend on the build up of one’s portfolio.

Due to options and other derivatives, the profit loss distribution need not be a linear
functional of the market position Z. Assume that the functional relation between the
loss and the position Z is known. Then one may write the loss as f,(Z), where the
parameter o denotes the build up of the portfolio. We assume that for every parameter
value o the function f;: R? — R is continuous and unbounded, and vanishes in Z0.
Given a good estimate of the distribution of Z, one may simulate a large sample from
this distribution, and use this, or a subset, {1, ..., Z, }, to determine a corresponding
empirical distribution for the loss. Given a risk level, o« = 0.05 or @ = 0.01, the [n«]
largest values f,(zx) will describe the distribution of the loss exceeding the VaR for
the given risk level o. For o small the VaR is large, we speak of high risk, and the
corresponding large loss values f;(zx) will correspond to points z; far out (with
respect to the base value zp). In a more advanced model, the relation between the
position z of the vector Z at the time horizon and the corresponding loss is not given
by a function, but for each z and o by a probability distribution concentrated around
the value f;(z). The random variable describing the loss at the (ten day say) time
horizon then has the form f,(Z, U), where without loss of generality one may take U
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to be a random variable which is independent of Z, and with a simple distribution.
The simulation of a sample from the loss distribution is as described above, except
that one now also needs a sample {u1, ..., u,} from the distribution of U.

The situation is particularly simple if loss is a linear function of the position. This
is the situation for a portfolio consisting of d assets with prices Z1, ..., Z, at the
time horizon. We then introduce new coordinates and write Z = (X,Y) where Y,
the vertical coordinate, is minus the value of the portfolio at the time horizon, and
X = (X1,...,Xp), with h = d — 1, is the horizontal part of the vector Z. In
this situation Y is a linear functional of Z which determines hyperplanes on which
the value of the portfolio is constant. If the VaR at risk level « = 0.05 equals ¢
then ¢ is the upper 1 — a-quantile of the distribution of Y. In the univariate case
there is a well developed theory for the asymptotic distribution of ¥ conditional on
Y > s for P{Y > s} — 0+ in terms of generalized Pareto distributions on [0, co).
We are interested in the distribution of the vector Z = (X, Y) on the halfspace
H = {y > s}. The horizontal part X of the vector may be regarded as noise. It does
not affect the value of the portfolio. On the other hand, one may argue that X contains
extra information. A (small) change in the constitution of the portfolio corresponds
to a (small) change in the direction of the halfspace H. The effect of such a change
on the profit-loss distribution depends on the distribution of the vector Z, not only
on the distribution of the vertical coordinate.

Definition. Given a random vector Z in R<, for any closed halfspace H in R with
P{Z € H} > Othe high risk scenario Z*H is defined as the vector Z conditioned to lie
in the halfspace H . If Z has distribution 77 then Z * has the high risk distribution n¥ ,
where

dnfl(z) = 14 (2)dn(z)/7n(H).

In general we use the term scenario to describe a change in the underlying proba-
bility distribution. By conditioning on the region of interest, which for simplicity we
assume to be a closed halfspace, we are able to develop a truly multivariate theory
of exceedances. In this theory we study the asymptotic behaviour of high risk sce-
narios ZH for P{Z € H} — 0. In the basic theory, developed in this chapter, no
assumptions are made about the direction in which the halfspaces H diverge.

The theory applies in situations where there is a strong degree of directional
homogeneity. It is helpful to envisage in the first instance a vector Z with a non-
degenerate multivariate Gaussian distribution, but with heavier tails, or more generally
a vector with a unimodal density having convex level sets. For such a distribution,
for risk level @ € (0, 1), and for any direction there is a unique halfspace H with this
direction such that P{Z € H} = «. John Tukey has used the term bland to describe
such distributions. There are no marked characteristics in any particular direction.
Sample clouds will consist of a black convex central region surrounded by a halo of
isolated points thinning out as one moves away from the center. We are interested in
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an asymptotic description of the local behaviour at the edge of the sample cloud, by
restricting the cloud to halfspaces tangent to the convex central region.

The asymptotic theory of high risk scenarios applies to any data set which fits
the above description. In life sciences the data might describe a population in terms
of d characteristics. The central part denotes the normal population; the viability
decreases as one moves away from the center in any direction. In quality control the
halo will consist of products which are unacceptable (with respect to a given set of
d characteristics). As in finance, the loss function associated with such points need
not be linear, but it will increase as one moves outwards.

The mathematical theory for high risk scenarios is based on the following:

Ansatz. For halfspaces H and J with positive (small) probabilities of being hit
by Z, and relatively large overlap, the distribution of the high risk scenarios Z# and
77 have approximately the same shape.

8.2 The limit relation. In order to compare high risk scenarios on different half-
spaces one needs a fixed reference halfspace Jy. Usually Jo will be the upper half-
space

Hi={w=@wv)eRr*'|v>=00=R"x[0,00), h=d—1. (8.1)
Any halfspace H is the image of Jy under an affine transformation
a:wz=a(w) =a+ Aw, a<cR?, det(4) #0.

The inverse o' maps H onto Jo and maps the high risk scenario Z# into a vec-
tor on Jo. We shall assume that there is a limit vector W with a non-degenerate
distribution pop on the halfspace Jo: For every halfspace H with positive mass
n(H) = P{Z € H}, one may choose an affine transformation oy mapping Jo
onto H such that

o (ZH)y =W, w(H)—0+. (8.2)

In order to make sense of this definition, we assume that 7 (H) tends to zero when
H diverges in any direction. Hence we impose the following regularity condition on
the boundary of the distribution 7:

n(H) > 0= n(0H) < n(H), (8.3)

where dH denotes the topological boundary of the set H, the bounding hyperplane.
An equivalent formulation of this condition is: For any non-zero linear functional &,
the distribution of the random variable £ Z is continuous in its upper endpoint.

Definition. Let Z be a random vector with distribution 7 on R?, and W a random
vector with distribution po on the halfspace JoBR?. Then W is called a high risk limit
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vector, and pg a high risk limit distribution for the vector Z (or for the distribution 77),
if the distribution pg is non-degenerate (it does not live on a hyperplane in R), if
7 satisfies the regularity condition (8.3), and if there exist affine transformations og
mapping Jo onto H such that (8.2) holds. In this case we write

ZeDW), meD(po),

and say that Z (or ) lies in the domain of attraction of W (or py).

Two natural questions are:

1) What are the possible limit laws?

2) What do the domains of attraction look like?

These questions have not yet been answered in full generality. We shall present a
continuous one-parameter family of high risk limit laws, the multivariate generalized
Pareto distributions, which generalize the standard univariate GPDs on [0, c0), and
for each of these laws we shall exhibit a rich class of probability densities contained
in their domain of attraction. These densities contain the Gaussian, the spherical
Student and the hyperbolic densities.

Before proceeding with the theory, we present three examples.

8.3 The multivariate Gaussian distribution. Assume Z has a multivariate Gauss-
ian distribution. Since our theory is geometric and does not depend on coordinates,
we may assume that Z has density e=2"2/2 /(2m)4/2. Let H be a halfspace. By
spherical symmetry of the distribution, we may assume that H is the horizontal half-
space H' = {y > t}, where we write z = (x,y) € R"*!. Set Z = (X,Y), and
let Y denote the random variable Y conditioned to exceed the level ¢. Then Y has
density

i) = e P 1oy (0 fex,

. . 2 . . .
where c; is the integral of e™” /2 over [t, 00). (This ensures that f; is a probability
density.) It is convenient to write

Yt=t+Vt/t,

where V; is a non-negative random variable. The factor 1/ is an extra scaling. The
variable V; has density

ge) = filt +v/0/t = hW) .00y W)/} hi(v) = e /2 - o7,
(8.4)
fort — oosince (t+v/1)?/2 = C;+v+v?/2t2. Convergence holds in L ([0, c0))
by the monotone convergence theorem. So V; = V fort — oo, where V is standard
exponential; see EKM for more details.
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Introduce the affine transformations
a;(u,v) = (u,t +v/t).

Then o, ' (X, Y?) = (X, V,), and we see that o, (ZH') = W = (U, V), where
U is standard normal on R” and V is standard exponential and independent of the
vector U. By spherical symmetry this limit relation holds in every direction: We may
choose affine transformations «g mapping H4 onto H such that

ag (ZHy=Ww, P{ZeH)}—0,
where W has the standard Gauss-exponential distribution po on H with density
go(w) = e_”1[O’M)(v)e_“T“/Z/Qn)h/z, w = (u,v) € RM1.

Here we have a non-trivial multivariate high risk limit distribution!

Observe that the Gauss-exponential density has a natural extension to R4. The
Radon measure p on R? with density e=®+4"4/2) /(27:)%/2 has a large group of
symmetries. We include the vertical translations:

(p) =e'p, T (u,v) = (u,v+1).

The dimension of the symmetry group of p is larger than that of the standard Gaussian
distribution on R¥, as one easily checks for dimensions two and three. A parabola is
more symmetric than a circle! For a finite measure a symmetry is mass-preserving;
for infinite measures the symmetries satisfy o (p) = cp for a positive constant c.

Lemma 8.1. For any halfspace
H ={v>cy+cius +---+cpup}, co,....chL €R, (8.5)
there is a symmetry o of p mapping Hy onto H.

Proof. On the parabola any point becomes the top in an appropriate system of coor-
dinates. Here are the details: Let y € 4 have the form

yu,v)=w+b,v—>bTu—>bTb/2). (8.6)
Write w = (u, v). Then y~!(p) has density

gly(w))|dety| = gu +b,v—b"u—b"b/2)
— o~ WD) WA0)/2,—vtbTutbTb/2 /(5 yh/2

= g(w).

! and y are symmetries. Now observe that

Soy~'(p) = p,and y~
wey W(H) < yw)eH < v—bTb/2—bTu=>1.

The halfspace in (8.5) has the form H = y~!(z'(H.)) if we choose b = (cy,...,cp)
andt = co—bTh/2. |
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The probability distribution obtained by conditioning p to H = o (H ) is Gauss-
exponential:

ladp/p(H) = 0(po).
Observe that the convergence in (8.4),

—v—v2/2¢2 —v

e —e Y, t— 00,

holds for all v € R, uniformly on compact sets, and in L!([c, 00)) for any ¢ € R.
Choose ¢, such that P{Y > t,} = 1/n. Then

Pn =Nty —> P, TTp = at_nl(n)

vaguely on R?, and weakly on each horizontal halfspace R” x [¢, 00), ¢ € R, and also
on any halfspace H of the form (8.5), by spherical symmetry of the distribution 7.
Now observe that p, is the mean measure of the n-point sample cloud N, consisting
of n independent normalized observations Wy = a;l (Zr) = X, ta(Yx — tn)).
Vague convergence p, — p implies

N, = N vaguely on RY,

where N is a Poisson point process with mean measure p. Weak convergence holds
on all halfspaces H of the form (8.5), since p,(H) — p(H) and p(dH) = 0.

For the Gaussian vector Z the normalizations a;ll which yield a limit distribution
for the high risk scenarios Z also yield a limit for the sample clouds.

8.4 The uniform distribution onaball. The second example concerns a probability
distribution with bounded support. It is of interest because of its simplicity.

Start with a vector Z which is uniformly distributed on an open ball D in R<. Let
H be a closed halfspace which intersects the ball. Then Z# is uniformly distributed
on the cap D N H. By symmetry we may take the halfspace to be horizontal. We
assume that D is the unit ball centered in (0, —1) in R”*1. This ball supports the
upper halfspace in the origin.

The caps D N H; with H; = {y > —t} for ¢t — 04 may be normalized to
converge to a parabolic cap. Take the basic halfspace to be Jo = {v > —1}, and set

ar(u,v) = («/;u,tv), t>0.

Then H; = o;(Jo) and the linear diagonal map «; ! transforms the ball D into the
open ellipsoid E; centered on (0, —1/¢) and supporting H in the origin:

Er={tulu+ v+ 12 <1} = ulu+2v < —1v2}.
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Ast — 0+, the ellipsoids E; converge to the open paraboloid Q = {v < —uTu/2},
and the normalized high risk scenarios W; = a;!(ZH) which are uniformly dis-
tributed on the elliptic cap E; N Jy converge in distribution to the random vector W
which is uniformly distributed on the parabolic cap

ONJo={-1<v<-ulu/2}.

By symmetry of D, the uniform distribution on Q N Jy is a high risk limit law,
which contains the uniform distribution on balls (and open ellipsoids) in its domain
of attraction. Since the vertical coordinate V' of the limit vector has a power law,

t
P{V > —1} o</ sM2ds oct@TD2 0 < <1,
0
we shall write Z € D(t) witht = -2/(d + 1).

The paraboloid Q has a large group of symmetries. Rotations around the vertical
axis map Q onto itself. So do the linear transformations n(u,v) = (cu, c?v), and
the parabolic translations y in (8.6). We conclude that all parabolic caps have the
same shape, and so too the uniform distribution on these caps.

Choose halfspaces H,, so that nP{Z € H,} — ¢ > 0. The sample cloud of n
independent observations from the uniform distribution on the ball D, normalized by
O‘I_J,lp is an n-point sample cloud »,, from the uniform distribution on the (vertical)
cigar shaped ellipsoid E;,, and N, = N vaguely, where N is the Poisson point
process on the paraboloid Q with constant intensity j = ¢/|Q N Jy|. By the same
arguments as in the previous example, N, = N weakly on halfspaces H which
intersect the open paraboloid Q in a bounded set. The point process N describes the
asymptotic behaviour of a large sample cloud from a uniform distribution on a ball
at its edge; in particular, the convex hull of the parabolic sample cloud describes the
asymptotics of the local behaviour of the convex hull of a uniform sample from the
ball.

The map ®: (u,v) — (u,v +ulu/2) maps Q onto the open halfspace {v < 0}
and preserves Lebesgue measure. Hence it maps the Poisson point process N into
the Poisson point process M on {v < 0} with intensity j. Since ® maps halfspaces
H = {v > cTu + ¢o} into paraboloids {v > [u — uo||?/2 + ao}, the vertices
of the convex hull ¢(/N) correspond to points of M supporting such paraboloids.
It follows that the projection of the hull ¢(N) onto the horizontal coordinate plane
yields a stationary random triangulation. The same argument applies to the Gauss-
exponential point process of the previous example. See Cabo & Groeneboom [1994]
for a detailed analysis in dimension d = 2, Robinson [1989] for a program to simulate
the convex hull of N in R3, and Baryshnikov [2000] for details on probe processes.
For more references on the convex hull, see Finch & Hueter [2004].

The limit paraboloid Q derives from a second-order Taylor expansion of the upper
boundary of the ball D in the origin. It will hold for any bounded open convex set
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whose boundary has continuous positive definite curvature. Such rotund sets will be
studied in more detail in Section 9.2.

8.5 Heavy tails, returns and volatility in the DAX. We shall now discuss a bi-
variate sample which is of some interest in finance. The sample consists of the daily
log-returns and the daily changes in the logarithm of the volatility for the German
stock exchange (DAX) over the ten year period 1992-2001. It was kindly made
available by the Institut fiir Mathematische Stochastik of Freiburg University. We
refer to Zmarrou [2004] for details.

For day traders whose position may consist of both stocks (long or short) and
options of various kinds, the relative changes in the price and in the volatility of the
underlying stocks are the two variates which determine the profit (or loss). A good
estimate of the tail behaviour of these bivariate distributions for the assets in which
they are trading would seem to be of interest for determining the build-up of their
position, and for evaluating the risk involved.
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Log-returns versus changes in the log volatility: data, and the standardized cloud.

The two figures above are from Zmarrou [2004]. The first figure shows the
bivariate data: log returns on the horizontal axis and relative changes in the volatility
on the vertical axis. The sample cloud is elliptical, showing negative correlation
between returns and changes in the volatility. The second figure shows the sample
cloud after a simple linear change of coordinates x = u, y = av + bu, to make the
sample covariance matrix a multiple of the identity matrix. Since we are interested
in the tails, we delete the sample points within a circle of radius ro = 2.5. The
radial coordinate is fitted to a Pareto distribution; for the angular coordinate a density
is estimated using a Gaussian kernel on periodically extended data. The data points
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were divided into six sectors to test independence of the radial and angular coordinate.

The first figure below shows the kernel estimate in Zmarrou [2004] of the angle
density on the interval (—m, 7]. By a slight change of the origin, in the direction
where there is a surplus of points on the circle, one gets rid of the sinusoidal shape
of the angle density, as is shown in the second figure below. Since the original data
set of 2500 points was reduced to 160 by eliminating the points within the circle of
radius rg, and the model assumption of independence and stationarity are certainly
not fulfilled for the data, the tail estimate g(w) = c/||w||*t!/7, with t ~ 0.27, for
the density after the linear transformation and translation, should be looked upon with
a certain reserve.

Kernel estimate of the angle density, before and after an additional affine transformation.

For 7 > 0 the measure p on O = R¥ \ {0} with density 1/[Jw|¢*/7 is an excess
measure. It is symmetric for rotations and scalar expansions. The probability mea-
sures dpf = 1gdp/p(H) have the same shape for all closed halfspaces HB0. Each
probability measure is a high risk limit scenario, the Euclidean Pareto distribution
. The reader may check that the domain of attraction (t) contains the spherical
Student distribution.

8.6 Some basic theory. Before proceeding to a concrete description of limit laws
and their domains of attraction, we present some basic general results.

The limit theory for high risk scenarios is geometric. It does not depend on coor-
dinates.

Theorem 8.2 (Geometric Invariance). Suppose Z € D (W) has normalizations a;,l
mapping H onto Jy. Let B and y be affine transformations. Then the random vector
Z' = B(Z) lies in the domain of W' = y(W) with normalizations 6" that map
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H =B~ (J)onto J = y(Jy), where
0y = ﬂaﬁ—l_])/_l.

Proof. First note that W' is non-degenerate and that Z’ satisfies condition (8.3). The
events {Z € H} and {Z’ € J = B(H)} are equal. If their common probability is
positive, then (Z’)’ = B(ZH) in distribution. Hence a;;l‘(J) o BN (ZNY Y= W
for P{Z' € J} — 0+, and 9;1((2’)J) = W’ = y(W) by continuity of y. O

The theory is asymptotic. The limit relation depends only on the asymptotic
behaviour of the distribution at the edge of its domain.

Let O be the interior of the convex support of the distribution 7 of Z. The
convex support is the intersection of all closed halfspaces H with 7(H) = 1. It
is possible that w(O) = 0, even when 7 satisfies the regularity condition (8.3).
(Take Z uniformly distributed on the boundary of a ball.) Altering the distribution
on a compact subset K of O does not affect the limit relation. The set O allows us to
formulate the condition 7w (H ) — 0+ without mentioning the probability measure 7.

Exercise 8.3. Under the boundary condition (8.3) convergence 7(H,) — 0+ is
equivalent to: H,, eventually intersects O and is disjoint from K, for each compact
KBO. O

If there is a density, it may be replaced by any function which is asymptotic to it.
Let us first define asymptotic equality in a multivariate setting.

Definition. Let O be an open set in R?. A sequence z, in R divergesin O, and we
write
Zy — 00, (8.7)

if all but finitely many terms of the sequence lie in O, and if any compact subset
of O contains only finitely many terms of the sequence. The functions f and g are
asymptotic on O, and we write g ~ f in dop (or d), if for any & > 0 there exists a
compact set KBO such that f and g are defined and positive on O \ K and

et <g@)/f(z)<e®, zeO\K. (8.8)

Thus asymptotic equality holds if and only if g(z,)/f(z,) — 1 for any divergent
sequence (z,). We shall use the same notation for halfspaces H, and write

H—9 (8.9)

if H intersects the interior O of the convex support of 7 but is disjoint from K
eventually for any compact set KBO; compare Exercise 8.3.



8 High risk scenarios 133

Theorem 8.4 (Asymptotic Invariance). Let dm; = fidu, i = 0,1, be probability
measures on R:. Let O be the interior of the convex support of |, and suppose
w(RI\ 0) = 0. Suppose fi ~ c¢fyindo forsome positive constant c. If o € D(po),
then 1 € D (po) with the same normalizations.

Proof. Given ¢ > 0, there is a compact set KBO such that e ¢ fy < f1/c < e fy
on O \ K; see (8.8). If w;(H,) — 0+, then eventually H, is disjoint from K;
see Exercise 8.3. So it suffices to consider high risk scenarios for halfspaces H
disjoint from K. Let j}H denote the densities with respect to i. We find e *71 H <
cmoH < efmH,and e72¢ f1 < fH < 28 fH on H, since the constant ¢ drops
out on conditioning. Hence the normalized variables W;g = 051_11 z lH ) satisfy

e *E¢(Win) < Ep(Won) < > E¢(Win)
for any bounded continuous ¢ : RY — [0, 00). (]

Multivariate distributions often are given by their densities. If Z has distribution
and density f,then ZH hasdensity f#(z) = f(z)1g(z)/7(H), and the normalized
high risk vector Wy = al_il (Z*) has density

gu(w) = fag(w))|detay|/m(H), w e Jy.

Determining the factor 7 (H ) entails a d-fold integration! In order to prove conver-
gence a' (Z HY — W it is often simpler to check that

_ flanw))
F e (wp))

holds almost everywhere on Jy for some Borel function ~ on Jy which is assumed
continuous in wg € Jo, with 2(wg) = 1 (obviously). We also assume that / is
integrable.

Let W have density g o« h. Convergence in (8.10) does not ensure Wy =
oz,;l (ZH) = W. We need an extra condition.

hg(w) — h(w), H —0 (8.10)

Proposition 8.5. In the situation above the following are equivalent:
DZeDW);
2) Wy, n(H) > 0) is tight;
3) (hg, w(H) > 0) is uniformly integrable;
4 hy — hin LY (Jo) for 1(H) — 0+,
5) gg — g almost everywhere on Jy for m(H) — 0+.

Proof. Standard. O
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Write 5) in terms of iy and h:

|detap | f(am (wo))
w(H)

gr(w) = ha(w) — g(w).
Take w = wyp and use iy (wo) = 1 to obtain a simple asymptotic expression for high
risk probabilities 7z (H ) in terms of densities, without integration!

Theorem 8.6 (High Risk Probabilities). Suppose that W has density g on Jy and
Z € D(W) has density f. Let g be continuous and positive in wg € Jo and
suppose (8.10) holds with h = g/g(wg). Then

n(H) ~ |detay| f(ag (wo))/g(wo), H — 9. (8.11)

Definition. A probability distribution on R¢ is unimodal if it has a unimodal density.
The function f: R — [0, o0] is unimodal or quasiconvex if the sets { f > c} for
¢ > 0 are convex. The sets { f > c} will be called level sets of the function f.

One may impose the regularity condition that { f > ¢} be open by replacing the
density f by its lower semicontinuous version. This regularity condition ensures
that the density is uniquely determined by the distribution. Unimodal functions have
many pleasant properties.

Lemma 8.7. Let f, and f be defined on a convex set in R¢. If the f,, are unimodal,
f is continuous, and f, — f pointwise, then f is unimodal.

Proof. Suppose f(z;) > c¢ fori = 1,2. Then f(z;) > co for some ¢y > c,
and f,(z;) > co eventually. By unimodality f, > c¢o on [z1, z2] eventually, and
f = co>con|z,23]. So{f > c}is convex. |

Suppose Z has a bounded unimodal density f and W has a continuous density g
onJg,and Z € D(W). Assume (8.10) holds uniformly on bounded subsets of Jy with
h = g/g(wgp). Then g is unimodal by the lemma, since the 4y are unimodal on J.
Hence {g > ¢} is bounded for all ¢ > 0. This proves that iz — h uniformly on Jy
(and also in L' (Jp) by Proposition 8.5). In particular, the functions g are uniformly
bounded for w(H) < &g for some g9 > 0. Hence A’ and h’H are integrable for ¢ > 1,
and h%; — h' uniformly on Jo and in L' (Jo). This implies that g, = h’/Co(¢) is the
density of a high risk limit vector and that the density f*/C(¢) lies in its domain.
We have the following result.

Theorem 8.8 (Power Families). Suppose Z with distribution w has a bounded uni-
modal density f. Let there exist a continuous integrable function h on Jy, affine
transformations a g mapping Jo onto H, and a point wo € Jo such that (8.10) holds
uniformly on bounded subsets of Jo. If Z € D(W), then W has density g X h, and
foreacht > 1the density g, o« h' is a high risk limit density, whose domain contains
the density f; « f*. The normalizations do not depend on t.
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For the standard Gaussian density f and the standard Gauss-exponential limit
density g, the theorem gives no new high risk limit distributions, since the densities
obtained by normalizing f* and g’ are again Gaussian and Gauss-exponential. We
mention two power families:

1) The multivariate Euclidean Pareto densities gg, obtained by restricting the
spherical functions 1/[|w||¢*5, s > 0, to the halfspace Jy = {v > 1}. The domain
of g contains the spherical Student density fy(z) o< 1/(1 + zT z)(@+9)/2,

2) The multivariate parabolic power densities g, obtained by restricting the func-
tions (v—uTu)i_l, s > 0, on the parabola {v > u” u} to the halfspace Jo = {v < 1}.
The domain of g5 contains the spherical beta densities fs(z) o (1 — ||Z||)i_1 and
hs(z) o< (1 — ZTZ)Ei_l)/z.

Both these power families are asymptotically Gauss-exponential for s — oo.
For the multivariate power densities the parameter value s = 1 yields the uniform
distribution on the parabolic cap {u”u < v < 1}; the corresponding densities f;
and s, define the uniform distribution on the unit ball. There is a singular high risk
limit law for s — 0+. In Section 13 we shall show that these limit laws, suitably
normalized, together with the Gauss-exponential distribution, form a continuous one-
parameter family of probability distributions on the halfspace H_, the standardized
multivariate GPDs.

9 The Gauss-exponential domain, rotund sets

This section and the next two are devoted to the domain of attraction £ (0) of the
Gauss-exponential high risk limit law. The present section introduces a class of
structured densities in O (0). This class extends the one-parameter family of spherical
Weibull densities

eI c,, ¢>o. ©.1)

We shall formulate two limit theorems and prove pointwise convergence of the
quotients associated with high risk densities. The rather technical issue of L!-
convergence has been relegated to the next section. The third section introduces
flat functions and roughening of Lebesgue measure.

The subject of the present section is the class R & of rotund-exponential densities.
This is a semiparametric class of probability densities in the domain & (0). The class
RE is broad enough to model sample clouds which have a convex central region
surrounded by a rapidly decaying bland halo of isolated points, but which need not
fit an elliptic model. A density in R& is determined by two objects, a convex set
which describes the shape of the central black region of the sample cloud, and a
decreasing function which describes the tail behaviour of the underlying distribution,
the decay rate of the halo of the sample cloud. Precise definitions are given below.
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The simple structure of densities in R & makes it possible to apply standard statistical
techniques, for instance by introducing appropriate finite-dimensional subfamilies.
Certain results in this section, such as those on the continuity of the normalizations,
are typical for spherical distributions. Others are trivial for spherical distributions, by
symmetry, for instance uniformity of convergence in different directions. It requires
extra effort to handle these in the general setting of RE&. The basic issue which we
have to face here, and which is peculiar to the asymptotic theory for the domains of the
multivariate GPDs, is that of having to handle convergence of multivariate densities,
indexed by a multivariate parameter, the halfspace H. This multivariate parameter is
specific to the theory in Chapter III. The multivariate parameter H also is the source
of the inordinate amount of symmetry of the limiting excess measures: The limit
Radon measure has to accommodate d-dimensional families of neighbouring limit
distributions, all of the same shape.

9.1 Introduction. In Section 8.3 we saw that £ (0) contains the Gaussian densities:
If Z is anon-degenerate Gaussian vector there exist affine normalizations o g mapping
the upper halfspace Hy = R” x [0,00) onto H such that ag'(Z 2y — W for
P{Z € H} — 0+. The Gaussian density f satisfies

_ fenw)
f(ar (0))

uniformly on bounded sets in R?, and in L' (H ).

Now consider spherical Weibull densities, f(z) oc e 121, For ¢ > 1 the density
is light tailed, the mgf exists on a neighbourhood of the origin; for 0 < ¢ < 1 the
density has intermediate tails, the mgf is infinite outside the origin but all moments
are finite. We shall extend this class of densities in two directions. The Weibull
function e ™" is replaced by a function e =¥ which satisfies the von Mises conditions,
see (6.4). The Euclidean norm || - ||, based on the unit ball B, is replaced by a gauge
function n = np based on an egg-shaped set D. This yields a rotund-exponential
density, which by definition has the form

f=e*/C. 92 =¥ (@n(). 93)

One may think of n(z) as the norm of z. The set D = {n < 1} is a bounded open
convex set containing the origin. We do not assume that it is symmetric, but we
do assume that the boundary is C? and that the curvature in each boundary point is
strictly positive. Such egg-shaped sets will be called rotund. Precise definitions and
examples are given below.

The function v describes the decay rate of the tail; the function n, or rather the
set D = {n < 1}, describes the shape of the level sets. All level sets { f > c},c > 0,
are scaled copies of the basic set D. The conditions on ¥ ensure that the level curves

— h(w) = e~ @lu/24v) g, (u,v) € R (9.2

hy (w)
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{op =1i},i = 1,2,..., are asymptotically equidistant; the conditions on the set D
ensure that asymptotically these curves locally look like parabolas.
In this chapter we prove two results on rotund-exponential densities.

Theorem 9.1. Let Z have density f = e~ V°"/C, where V is an increasing un-
bounded C? function on [0, 1) With toe € (0,00], such that ' is positive and
(1/4'Y vanishes in tw, and where n is the gauge function of a rotund set D. If
too IS finite, [ is assumed to vanish outside the set tooD. Then Z lies in the do-

main of the Gauss-exponential law: there exist affine transformations o, mapping
H, = R" x [0, 00) onto H, such that

Wy =ag (ZH) =W, P{ZeH}—0+.
Moreover all moments converge. Write Wg = (Ug,Vg) € RA*1. Then

EWyg — (0,1), coviWg) — 1,
EVy > T+ 1), E|Ux|” = 2"*72T((h +r)/2)/T(h/2).

Theorem 9.2. Let the assumptions of the previous theorem hold. Let H, be half-
spaces such that

nP{Z € H,} — co > 0.

Let p be the Radon measure with density
ce—(uTu/Z-i-v)’ ¢ = co/(27r)h/2.
Let m, = 051;:1 (7r) be the distribution of O‘I_ii (Z). Then, for each m > 1
nm, — p weaklyon R\ Cpi.  Cp = {v < —m(1 + ||u|)}.

The theory presented here escapes from the straight jacket of spherically symmet-
ric distributions. The main reason for introducing rotund sets though is that sample
clouds in practice often fit a unimodal distribution, but may fail to have an elliptic
shape.

We shall now first define rotund sets, give some examples, and show how such
sets are handled. It will then be shown that the limit relation (9.2) holds uniformly
on bounded sets for any density f in (9.3). Theorem 9.2 describes the asymptotic
local behaviour of the sample cloud; Section 9.5 describes the global behaviour. The
normalizations oy are determined explicitly in (9.7). We shall see that in certain
dimensions it may not be possible to choose oy to depend continuously on H.
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9.2 Rotund sets. One may describe the upper boundary of an open bounded convex
set D by a concave function 37 D: Dy — R, where Dy is the shadow of D under
the vertical projection (x, y) + x. The set DoBR” is bounded, open and convex.
For each x € Dy the vertical line through (x, 0) intersects D in an open interval with
endpoints a < b depending on x. The upper endpoint is b = 3T D(x). If the set D
is rotund, then 3% D is C? and the second derivative is negative definite in each point
x € Dy. If these conditions hold for any choice of the vertical coordinate, then D
is rotund. This gives a local description of rotund sets. The boundary 9D is a C?
manifold, whose curvature is positive in each point.

There is an alternative global description which is more convenient to use:

Any convex bounded open set DBR? which contains the origin determines a
unique function

n=np:RY > [0, 00)

with the properties:
D n(tz) = tn(z) fort >0,z € RY;
2)D ={n < 1}.

Definition. Let DBR? be a bounded open convex set in R? which contains the origin.
The function n = np defined above is the gauge function of the set D. The set D is
called rotund if n is C? outside the origin and if

n* — n// + n/ ®n/ (94)
is positive definite in each point z # 0.

In terms of coordinates, one may write n*(z) as a symmetric matrix with entries

2
ey (2) = 0°n(z) n on(z) E)n(z).

0z i 0z j 0z i 0z j

The second term n’ ® n’ is needed here since 7 is linear on rays, and hence n”” cannot
be positive definite. Alternatively one could impose the condition that x > n(x, 1)
has a continuous positive definite second derivative in x € R”, and similarly for the
other 2d — 1 such functions. By the implicit function theorem, these 2d conditions
are equivalent to the corresponding conditions in terms of the 2d upper boundary
functions 9T D.

There are many alternative definitions. Observe that (n%) = sn’~!

n’, and hence
(nS)// — sns—ln// + S(S _ 1)ns—2n/ ® n'.

For rotund sets, n° has a positive definite second derivative for s > 1. In particular,
for s = 2 the second derivative is homogeneous of degree zero.
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Proposition 9.3. The gauge functions of rotund sets form a cone.

Proof. Let n; be the gauge function of the rotund set D; for i = 1,2, and let ¢,
and ¢, be positive constants. Thenn = cyny + can, is the gauge function of a rotund
set, since n is positive outside the origin, n is positive-homogeneous of degree one,
n is C? outside the origin, and 7, (x, 1) and nx,(x, —1) are positive definite, as are
the other 2d — 2 second-order partial derivatives of size 4. O

The next result is trivial.
Proposition 9.4. Linear transformations of rotund sets are rotund.
We now present some examples of rotund sets.

Example 9.5. Let D = B"(p) be the open ball of radius » > 0 centered in p
with || p|| < r. Then D is rotund. For ¢ € (—1, 1) the following expressions are
equivalent:

2

12 =xTx +(y +ct)? t>0

t= \/xTx + (1 =c?)y?+cy,

and ¢ = n(x, y) is the gauge function of the unit ball centered in (0, ¢) € R?*1. The
function f = e™" has level sets which are balls, but these balls are not concentric.
So f is not spherically symmetric. O

Example 9.6. Let P(x,y) = x* + dax3y + 6bx?y? + 4cxy> + y*. The function
n = P'/*is homogeneous of degree one. The set {n < 1} is rotund if P” is positive
definite outside the origin. This is the case if a® < b, ¢? < b, and if

0(x) = (b —a*)x* 4+ 2(c —ab)x® + (1 + 2ac — 3b*)x? 4+ 2(a — bc)x + b — ¢

is positive for all x. Below are two solutions of P(x,y) = 1, together with a unit
circle. O

Example 9.7. Let ¢: O — [0,00) be a convex function on an open convex set.
Assume ¢ is C2, ¢” is positive definite, ¢(0) = 0 and ¢(z) — oo for z — d¢. Then
all level sets {¢ < c}, ¢ > 0, are rotund. Cumulant generating functions are convex
analytic functions such that ¢(0) = 0. If the mgf exists on a neighbourhood of the
origin, then its domain is a convex set. The second derivative ¢” is a variance, and
is positive definite if the underlying distribution is non-degenerate, and ¢’(0) = 0 if
the distribution is centered. If the domain is open, then all level sets of the mgf are
rotund. O

Example 9.8. The analytic expression (y2 — b?)((x — e)? — x2y?) = a?(y? — b?)
with a > b + e for a two-dimensional egg was presented in the popular mathematics
journal Pythagoras, see Mulder [1977]. O
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The solution witha = 0.4, b = 0.3, ¢c = 0.4; a=04,b=038,c=0.1.

9.3 Initial transformations. The concept of a rotund set does not depend on the
coordinates. It may be defined on any vector space. It is only when we want to
analyse the asymptotic behaviour of the function e™¥°" that we need coordinates,
and then we choose the coordinates to suit us. We shall say that a rotund set D in R¢
is in correct initial position if the gauge function n = np satisfies

nw,1)—1~uTu/2, u—0ekR" (9.5)

A rotund set in correct initial position, rotated around the vertical axis remains in
correct initial position.

Given a point p € 9D, there is a linear map which brings D in correct initial
position, such that p corresponds to the point (0, 1) on the vertical axis.

To see this, assume D is a subset of R”+1. We shall perform a number of simple
linear transformations on D to bring it in correct initial position. Let H be the
halfspace supporting D at the point p:

H NaoD = {p}.

First, rotate D in the two-dimensional subspace containing p and the vertical axis,
so that R(H) is a horizontal halfspace of the form {v > ¢}. So (a,t) = R(p)
is the point on the boundary of R(D) which maximizes the vertical coordinate. A
vertical multiplication V': (u,v) — (u,v/t) maps R(p) into (a,1). A horizontal
shear S : (u,v) = (u — av, v) maps this point into the point (0, 1) on the vertical
axis. As a result of these transformations H has been mapped onto {v > 1}. The
gauge function m of the rotund set H VR(D) has the form

mu,1)—1~ Q)/2, u—0¢eR",
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An analytic egg. Level sets of the mgf of a symmetric distribution.

where Q /2 is the quadratic term in the second-order Taylor expansion of u — m(u, 1)
around the pointu = 0. From linear algebra it is known that in appropriate orthogonal
coordinates Q (u) = Aqu? + -+ + Ahui, with A; > 0 since Q is positive definite. A
diagonal transformation in these coordinates will bring D into correct initial position.

So we may write D = A(Dg) where Dy is in correct initial position, and A
is a linear map which sends (0, 1) into p. The map A = A, is called an initial
transformation. In the recipe above, all operations are well defined and depend
continuously on p, as long as the halfspace supporting D in p is not downward
horizontal of the form {v < s}.

Let ¢, denote the set of initial transformations for given p € dD. So 4 € ,
if A=1(D) is in correct initial position and A(0,1) = p. The gauge function n4
of A~Y(D) satisfies ng(u,1) — 1 ~ uTu/2 for u — 0. It has the simple form
ng = no A, since

ngw) <1 < we A Y (D) < Awe D < n(Aw) < 1.

If D is in correct initial position, and A~ (D) too, then A maps (0, 1) into itself,
and also the supporting halfspace {v > 1}. So A is a linear transformation of the
horizontal coordinate u. Hence n4(u) — 1 ~ (Au)T (Au)/2. Tt follows that A is an
orthogonal transformation in R”?. We conclude

Jp ={AR | R € O(h);},

where O(h) is the group of orthogonal linear transformations in R”, and A is an
arbitrary element of §,. Now define the set of initial transformations for D by

5(=U3p‘
p
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There is an obvious projection p: § — dD whichmaps A € §, into p € 0D. As
we have seen above, locally it is possible to define a function p +— A, from UBJD
into ¢ so that A, € ¢, for each p € U. Such a map is called a local section. It
establishes a homeomorphism between U x O(h) and p~!(U). This shows that

Theorem 9.9. The space of initial transformations is a compact fiber bundle.

See Walschap [2004] for basic information on fiber bundles. For certain dimen-
sions the fiber bundle is non-trivial: there is no global section, the space & is not
homeomorphic to the product space dD x O(h). For d = 3 the space ¢ of initial
maps is like a Moebiusb@Mobius band. Locally the band looks like the product of
a circle S with the interval / = [—1, 1], but it is not possible to construct a homeo-
morphism between the Mobius band and the product space S x I. Such topological
impossibility results are hard to prove and may be very frustrating. It is known that
on the sphere in R? there is no vector field without singularities; see Poincaré [1881].
(It is not possible to comb a tennis ball, without creating a crown in some point.)
The result also holds in dimension d > 3 with d odd; see Brouwer [1911]. This
topological result holds for the surface of rotund sets, and has the consequence that
it is not possible to choose a coordinate system on the tangent space in every point
p € 0D which varies continuously with p. Actually such a choice is only possible
for d = 2,4, 8 when the tangent bundle to the sphere is parallelizable; see Walschap
[2004]. This in turn implies the non-triviality of the fiber bundle §. As a consequence
there is a rather unpleasant result about the normalization of high risk scenarios.

Theorem 9.10. In Theorem 9.1, for d > 3, odd, it is not possible to choose the
affine transformations oy to depend continuously on the halfspace H, even for half-
spaces H which do not contain the origin.

Proof. See Balkema & Embrechts [2004], Theorem 5.6, for details. U

It would be interesting to see to what extent this result restricts the class of possible
limit laws. It is not possible to draw an equilateral spherical triangle with side length
100 km around each point on the surface of the earth in a continuous way, even if
the surface were a perfect sphere. This means that for d = 3 a high risk limit vector
(U, V), where U has density oc e 2@ for an open triangle D, is not possible. For
the unit ball B in R3 one may construct the tangent bundle Tp of the two-sphere 0B
by glueing together the sets C x D_ and C x D along the boundaries C x dD4,
where D are copies of the closed disk {|z| < 1} in C. The glueing condition implies
that the two parts f of a continuous function f on T3p should satisfy

f-(z.€'%) = fi(e*z,€%).

On the other hand, for the unit ball B in R* the 6-dimensional tangent bundle Tp is
trivial. It is homeomorphic to the product R? x 9B, and hence a density oc e ™2 )
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for a tetrahedron D cannot be excluded a priori. For the unit ball in dimensions 8
and 16 the tangent bundles to the sphere dB are also trivial.

The authors would like to thank Dietmar Salamon for an illuminating discussion
on this subject. We can only point out here that in certain dimensions it is a waste of
time to seek normalizations oy which depend continuously on H for H — 9. We
leave it to others to clear up the mystery surrounding the question: What distributions
on H are taboo as limits?

9.4 Convergence of the quotients. We now turn to the proof of Theorem 9.1. We
shall only prove pointwise convergence at this point. Let f = e~¥°"/C, where ¥
satisfies the conditions of the theorem, and # is the gauge function of a bounded open
convex set D which contains the origin. For the moment we make no assumptions
about the boundary of D.

Recall that ¥’ is positive on [0, fs), ¥ tends to infinity in f5, < oo, and (1/¥%')'(¢)
vanishes in 7o,. Set

a=a(t)=1/y'(t). b=b@t)=ta®), 9.6)
and define the affine transformations «; for ¢ € (0, o) by
a;(u,v) = (bu,t +av) = (x,y), (u,v)e R
We shall give a condition on the gauge function n which implies

S oz (w))

T _
he(w) = 222 s o7 U270 s

e (0)
uniformly on bounded w-sets in R4,

Proposition 9.11. Suppose n(x,1) — 1 ~ xTx/2 for x — 0. Then the function
¢ = V¥ on satisfies

obu,t +av) —0,1) > ulu/24+v, -t
uniformly on bounded (u, v)-sets in R+,

Proof. Apply the mean value theorem to :

Y (*)yn(bu,t + av) —t
V(1) a ’
with ¢* a real number between 1 = n(0,¢) and n(bu, t + av). The factors ¥’/ (¢) and

a = 1/y'(¢) cancel. We shall see later that ¥'(¢*)/v’(¢) — 1. First consider the
second fraction. Since (# 4+ av —t)/a = v, it suffices to show that

a a t+av

Y(nbu,t +av)) — v (n(0,1)) =




144 III High Risk Limit Laws

Here we shall use that
x(s.u) = (n(su, 1) —1)/s2 > ulu/2, s—0,

where we set x(0,u) = uTu/2. Take s = b/(t + av), and recall that a(t) = o(t)
since a’(t) — 0. (If ¢, is finite, then a(¢) vanishes in ¢y, since V¥ (foo) = 00.) The
same limit relations hold for b(¢) = \/ta(t). So we see thats = b/(t +av) — O as
t — tso, and

t+av ,n(su,l)—1 b?
s

T
= S, U)—=>u u/2, t—ts.
a 52 (t+av)aX( ) / [e.e]

The limit holds uniformly on bounded u-sets in R”.

Finally, observe that the difference t* — ¢ is bounded by § = n(bu,t + av) —t,
and that §/a converges to u” u /2 + v. Theorem 6.1 tells us that t* —¢ = O(a), since
Yty + spa(ty))/v'(t,) — 1fort, — ts, and s, is bounded. |

The same argument gives the limit function e~”)+v) ynder the assumption
that n(x,1) — 1 ~ m?(x) for x — 0, where m? is the pth power, p > 1, of the
gauge function m of a bounded open convex set in R” which contains the origin. Such
results yield limit laws for exceedances over horizontal thresholds, see Section 15.2.

Proposition 9.12. Ler py be points on D which converge to a point py. Suppose
np is C? on a neighbourhood of po, and n7,(po) in (9.4) is positive definite. Let
I — loo, and let Hy be the halfspace supporting ty D in ty py. There exist affine
transformations oy mapping H onto Hy such that

By (w) = S (o (w)) N e_("T"/2+v),

S (pr)

uniformly on bounded w-sets.

k — oo,w = (u,v)

Proof. Choose coordinates such that py = (0, 1), and D is in correct initial position.
Choose A € Jp, such that Ay — id. Set ¢ = ¢ o Ag, where ¢ = Y onp, and set
Brx(u,v) = (bru,t, + arv) with ax = 1/¥'(t;) and by = \/axtx as above. Write
@k © Br = ¢ oay. Then oy = Ay o Br. We claim that uy — u and vy — v imply

ok (brug, ty + arvr) — (0, 1) — MTM/2 + v.
The computation is as above. The lemma below ensures uniformity in k. |

Note the normalization. Let H support D in the point pg. Then

ag = Apoa;, or(u,v) = (bu,t +asv),t =n(py), p = pu/t,

9.7
Apeélp, at=1/¢/(l), bt:\/m O
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Lemma 9.13. Let yi (s, u) = (na, (su,1)—1)/s> where Ay — I. Then for s — 0,
Ug — Ug,
Xk (o) = uduo/2, k — oc.

Proof. We write i as an average of a second derivative of ny4, . For fixed u # 0,
integration along the ray through u gives

Xk (s,1) = (na, (su) — 1) /s

1 s q 82
=s_2/0 /0 mnAk(tu,l)(u,u)dqu

1 r 82
=/ / mnAk(stu,l)(u,u)dtdr.
o Jo

Recall that ng = n o A. Hence n/y(z)(w, w) = n"(Az)(Aw, Aw), and convergence
n;;k — n” is uniform on some ¢-ball around (0, 1). In particular, for sz — 0

2
o (Sktup, D)(ug, ug) — nxx(0, 1) (1o, up) = Mguo
dx0x

uniformly in ¢ € [0, 1]. The second integral with sz and uy tends to ul'u¢/2. O

The next example is a warning that good asymptotic results for horizontal half-
spaces do not guarantee good behaviour for high risk scenarios on halfspaces Hj,
which are asymptotically horizontal, even when

f(@m, )/ flem, (0) — @2y = @) e R (9.8)

uniformly on bounded sets.

Example 9.14. The vector (X,Y) in R? has a standard Gaussian density on
{y = —99}. The conditional distribution of X given y for y < —100 is Student with
f = 99 degrees of freedom. The variable Y is standard normal, and for y = 6 — 100
we shall take the conditional distribution to be a mixture of standard normal, with
weight 6, and Student with weight 1 — 6. Note that for any point (x, y) the density
increases as one moves to the point (0, y) on the vertical axis, and increases further
as one moves to the origin. Also along the interval [—100, —99]. So the density is
unimodal in the sense that there is only one maximum, but not in our terminology!
The high risk scenarios Z " for the horizontal halfplanes H! = {y > t} converge
to the Gauss-exponential law with the normalization «;: (u,v) — (u,t + v/t).
Let H, be halfplanes with slope —¢, through the point (0,#), with &, — 0. So
H, = {y > n — g,x} is asymptotically horizontal, and (9.8) holds uniformly on
bounded w-sets if we choose the affine transformations g as if Z has a standard
Gauss distribution. If &, is small, the high risk scenarios Z 7 will be asymptotically
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Gauss-exponential, since the bivariate Gaussian distribution lies in the domain of the
Gauss-exponential limit law. If g, — 0 too slowly, then the halfspace H, may pick
up mass from the Student distribution on the halfspace {y < —99}.

How fast should ¢, tend to zero? Let p, be the mass in H, N {y > —99}, and g,
the mass in H, N {y < —99}. The high risk scenarios Z#» will be asymptotically
Gauss-exponential if and only if g, = o(p,). A simple calculation shows that
qn/pn — oo fore, = 1/n. Also fore, = 1/n". O

Such behaviour can not occur if Z has a unimodal density.

9.5 Global behaviour of the sample cloud. The Gauss-exponential point process
describes the texture of a large sample cloud from a rotund-exponential density locally
at the edge. What does the whole sample cloud look like? Properly scaled, it looks
like the set D; see the corollary below. The asymptotics of the number of vertices of
the convex hull is treated in Hueter [1999]. Let Z have density eV,

One may simulate observations Z by first simulating T = np (Z) from the density

fo(t) =t971d|D|e™V D, 0 <t < yo. (9.9)
and then independently choosing { = Z/T € dD uniformly on 0D by
P{¢eC}=|CnD|/|D|, C anopen cone. (9.10)

The set D need not be rotund here, but is assumed convex.

The expression (9.9) for the density of 7 shows that 7 € D*(0), since e~ ¥
satisfies the von Mises condition and ¢ (and hence also td_l) is flat for e™¥. Use
1/¢¥'(t) = o(t) for t — yeo. It follows that

PIT >t} ~t?71d|D]e™V O /Y (1), t — Yoo

Choose t, such that P{T > t,} ~ 1/n, and set a, = 1/v¥’(t,). Arrange the sample
Zy,...,Zy, in decreasing order of the gauge function:

Tor > > Tan, Tui =np(Zni), §ni = Zni/Tni-

The scaled variables (7},; —t,)/a, may be approximated by the points of the limiting
Poisson point process on R with intensity e ~*, and the pairs ((T,; — ty)/an, {ni) by
the points of the corresponding marked Poisson point process, arranged in decreasing
order by the first coordinate.

Proposition 9.15. Let Z have density e V"D, where Vr satisfies (6.4) and D is a
bounded open convex set which contains the origin. We do not assume that D is
rotund. Let Z1, Z,, ... be independent observations of Z. Set

T, =np(Z), ¢i=2;/T;, i=12,...
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Define t, and a, as above. The point process N, with points ((T; — t,)/an, Ci)
converges:
N, = Ny weakly on [c,00) x D, ¢ € R.

Here Ny is the Poisson point process on R x 0D with mean measure e~'dt x dy,
where dy is the distribution of {; see (9.10).

Proof. The mean measures converge. See Section 6.4. a

Corollary 9.16. Let M,, be the scaled sample cloud
M, = {Zl/ln, cee Zn/tn}-

For any non-empty open cone C and any ¢ € (0, 1),

Mu(C\ (1 +6)D) =0
M,p(C\ (1 —£)D) - oo.
Proof. For any ¢ € R
Mu(C\ (1 + can/ta)D) = N,

where N is a Poisson variable with expectatione~¢|CND|/|D|. Nowusea,/t, — O.
|

10 The Gauss-exponential domain, unimodal distributions

10.1 Unimodality. Unimodality will play a crucial role in proving L!-convergence.
Recall that a function f > 0 is unimodal if the level sets { f > ¢} are convex for all
¢ > 0. There exist many other definitions, see Dharmadhikari & Joag-Dev [1988].
With the definition above convergence of unimodal functions has some of the features
of weak convergence of increasing functions. If the functions fy, f1,... > 0 are
unimodal, fp is continuous, and if f, — fop on a dense set, then convergence is
uniform on compact sets provided the maxima converge.

Proposition 10.1 (Weak Convergence). Let fo, f1,... = 0 be unimodal functions
on an open convex set DBR?. Suppose

1) fu = fo pointwise on a dense set ABD;
2) the level sets { fo > 0} are open;
3) if sup fo < ¢ < 00, then sup f, < ¢ eventually.
Then f,(zn) — fo(zo) if zw — zo, and if fy is continuous at zy.
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Proof. If fo(z¢) > c, then there are points ag, ...,ag in A N { fo > ¢} such that zg
lies in the interior U of their convex hull. By unimodality, eventually f, > ¢ holds
onU. If fy(z9) = sup fo we are done. Otherwise let b € (fo(zo), sup fo), and let V'
be an open simplex with vertices in AN{ fo > b}. As above, eventually f, > bon V.
Let V}, be the interior of the convex hull of V and z,. Eacha € A N Vj eventually
lies in V. If fx,(zk,) > b infinitely often, then f;,(a) > b eventually, and hence
fo(a) > b forall a € A NV, contradicting the continuity in zg. |

We introduce a class of well-behaved unimodal functions which contains the
class RE.

Definition. U is the set of all continuous non-negative functions f on R? which
satisfy:

1) f(z) < f(0) for z # 0O;

2) for 0 < ¢ < f(0) the level sets { f > c} are bounded and convex;

3) for each ¢ € (0, f(0)) and each boundary point p of { f > c}, there is a unique
supporting halfspace H = H, to {f > c} in p, and

Hy, 0N {f = c} ={p}. (10.1)

Condition 1) is not essential. It makes the mode unique and locates it at the origin.
Conditions 1) and 3) imply that there are no plateaus: {f = c¢} = d{f > c} for
0 < ¢ < f(0). Condition 3) ensures that the level sets are strictly convex, and their
boundary is C!. The functions f € U vanish at infinity, but need not be integrable.

For f € U, there is a one-one correspondence between points p € O = { f > 0},
p # 0, and halfspaces H which intersect O and do not contain the origin, see (10.1).
The maps

p— H,, Hw— pg (10.2)

are continuous.

The correspondence between points and halfspaces allows us to write «, forag,,,
and p — d¢p for H — 0, see (8.7). Define UyBU as the set of functions f = e¢~¢
for which there exist o, € 4 mapping H 4 onto H), such that

Ip=¢oap,—¢(p)—x. p—do, yu,v) =ulu/2+v (10.3)
uniformly on bounded sets.
Proposition 10.2. The set Uy is closed for positive powers.

Proof. Suppose ¢(at,(u,v)) — ¢(p) — uTu/2 + v and assume further that ¢ > 0.
Set Bp(u,v) = ap(u/+/c,v/c). Then B, maps Hy onto the halfspace H, and
c(9(Bp(u,v)) = @(p)) = ¢ u/2¢ +v/c), O
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Lemma 10.3. One may choose the normalizations o, in (10.3) so that o, (0, 0) = p,
p € O\ {0}.

Proof. If y, = @noa, — yuniformly on bounded sets for a continuous limit function
or a,;'(Z,) = W, then these limit relations also hold for any sequence 8, ~ o,
in the sense that o, ! 8, — id. First note that oz;l (p) is boundary point of H,, and
tends to (0,0), since y(a, 1(p)) — 0by (10.3). So there is a horizontal translation
7, mapping (0, 0) into oz;l(p). Hence $,(0,0) = p for B, = ap o 7, ~ ap, and
By(Hy) = Hy. 0

10.2* Caps. Let f € Ug. Write f = e % on O = {f > 0}. The function ¢
has the same level sets as f and is easier to work with. It describes a valley. The
minimum is achieved at the origin, and ¢(z) — coforz — dp. The sets {¢ < c}are
open bounded convex sets. The condition f € Uy means that (10.3) holds uniformly
on bounded w-sets. In particular, successive level sets ¢(ap(w)) = ¢(p) + m look
like successive parabolas v = m — u” u /2. In the sequence of parallel parabolas

v =m—uTu/2, m=20,1,2,...
we may distinguish a tower of parabolic caps

O =m<v<m+1—ulu/2}, t@,v)= @, v+1),
Q={0<v<1—ulu/2},

balancing one on top of the other at the points (0, 7). For the function ¢ the rela-
tion (10.3) gives a similar tower. See the figures below.

The parabolic caps t™ Q all have the same size. This need not hold for the tower
of caps for ¢. If these caps grow too fast, the integral of e~X» may fail to converge
over Hy. So we want to prove that any cap for ¢ is not much larger than the one
below. This will enable us to bound the tails of the integral.

In our arguments we shall only use the fact that f € Uy. In Section 6 we saw that
any df in the domain of the exponential law for exceedances was tail asymptotic to a
df with a density e~ satisfying the von Mises condition. We surmise that, similarly,
distributions in the domain of attraction of the Gauss-exponential high risk limit law
are close to a df with density in Uy.

So let us now describe these caps of ¢. See the figure below. For convenience,
think of the halfspace H, supporting the convex set {¢ < ¢(p)} as horizontal. Define
the cap

Cp = HpNip <op(p)+1}.

Let HBH, support {¢ < @(p) + 1} in p*. Then H = H,+. Similarly, let
H, D> Hp support {¢ < ¢(p) — 1} in p~. Then H, = Hp-. We call p the
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The cap C,,; dangling from the base point p of the cap Cp.

base point of Cp, and p™ the top point. By using horizontal halfspaces supporting
{¢ < @(p) + m}, one may construct a tower of such caps balancing on each other,
with the top point of one cap being the base point of the next.

The limit relation (10.3) implies

oz;l(Cp) - Q0={0<v<1—ulu/2}.
It is convenient to choose o, such that
O‘p(O, 0) =D O{I,(O, 1) = p+’ ap(H-‘r) = HP' (104)

This is possible by the arguments of the proof of Lemma 10.3.
Let 7 be the translation (1, v) — (u,v + 1). Then

oe;l(Cp_) s>t Q) ={-1<v<—-ulu/2}
ot;_l(Cp_) — 0,
which gives
a, ap-(0) » T7(Q).

This does not imply oz;lap— — v 1 since t71(Q) = t71(R(Q)) for any horizontal
rotation R, but we do have

Proposition 10.4. The maps oc;l o ap— o T are linear and

e ee()=(2 2)C)

where a = a, — 1, b = b, — 0, and R4 — I for a suitable choice of
R = R, € O(h).
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Proof. Check that (0,0) — (0,1) — p — (0,0) by (10.4). The zero in the matrix
is due to the conservation of the class of horizontal halfspaces. O

Corollary 10.5. The maps B, = a;_lap have the form w — Tw + q; the corre-

sponding transformation B, on the vertical coordinate is v — v/a + 1. For any
& > 0, there exists to > 1 such that for (p) > to,

ITpll <€ llgpll <2, €e™° <ap <e®. (10.5)
Proof. Bp(u,v) = (A" 'u +b'v,v/a + 1) withb’ = —A~'b/a. O

The bounds (10.5) will enable us to prove Theorem 9.1. For Theorem 9.2 we need
more.

So far, we have not used coordinates. It is convenient to introduce coordinates
(u, v) such that p is the origin, and H), the upper halfspace. Choose coordinates so
that o, is the identity. Now take a fixed halfspace J = {v > £Tu + £y} with slope
geRrand& € R,and let C; = Cp () be the cap cut off by this halfspace, where
we write p(J) = py; see (10.2). Since ¢ oo, — @(p) is close to y = ulu/2 + v,
the cap C; will be close to the parabolic cap

i) =JN{v<1+&—ulu/2-£TE/2).

We again have two limit relations for the cap:
0, (C) = v7' (), ayly(Ch) = 0. p—do.

As above, we obtain a;lozp( nQ) — )/J_l (Q), and again, because of the symmetry
of O, we cannot conclude that y, = a;lozp( J) converges to yj_l. However, the
family (y, 1) is relatively compact, and all limit points for p — ¢ are of the form
yJ_I o R with R € O(h). This suffices to obtain bounds on the integral of the tail of

|w||™ f(op(w))/f(p) on the halfspace J. By the Transformation Theorem,
m J(@p(w)) —1 m J @p()(2))

——d = ———"{z,

I il N A v als

where c¢(p) = f(p(J))/f(p)/|dety,|, and E, is the ellipsoid y,(rB). Relative
compactness of y,, p — 0o, implies that ¢(p) is bounded by a constant C. Hence
we have the following inequality:

Proposition 10.6. For any halfspace J = {v > £Tu + &} there exist ty, Co > 1,
and § > 0, such that

f Jwl™e % (w)dw < Co / Jwl™e % (w)dw,
J\RB Hi\rB

o(p) >ty, r=038R>1.
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10.3* Ll-convergence of densities. Assume /' = e~ € Uy. Sogpoa,—@(p) = x
for p — 0o where y(u,v) = u’u/2 + v. We have to bound the tails of certain
integrals to obtain the desired limit laws for high risk scenarios and sample clouds.
A rough bound will do.

Lemma 10.7. Let A1BA3B--- be bounded Borel sets which cover Hy. Let g > 0
be bounded by a, on Ay, and let h > 0 be bounded by c;, on the complement of Ay.
Then

/A gz = Y anlAulenr.

n>m

Proof. This is obvious if we replace A, by 4, \ A,—1 on the right. O

We shall apply this lemma with ¢, = e™", g(z) = ||z||"*, and the hat boxes
= {lull = (Cne™),0 < v < (Cne)?}. (10.6)

Then a, = (Cyne™)?™. If § is small, §(m + d) < 1/4, there exists a constant C,
such that a, |A,|c, < Cz/e”/3 foralln > 1.
We need an extension of the bounds in (10.5) to products.

Lemma 10.8. Suppose B,(w) = Tyw + b, forn = 1,2, ... Then
Br...B8n)wW)=b1+T1by+---+Ty..Ty_1by+T1...Thyw = py + Syw.
If |Tull < e® and ||by|| < 2 forn > 1, then
ISall < €™, N pn— pa—1ll <2€", |pall <2ne"*

Let Bn (v) = cpv + 1 be the corresponding transformation of the vertical coordinate,
and py the vertical coordinate of py,. If e % < cp, < €°, then ay, := py — pp—1 > 0,
and

dn+1/@n = Cn,  Pn/dn < ne"*

Proof. By induction. O

We can now formulate and prove the main result: Random vectors with a density
in Uy lie in the domain the Gauss-exponential high risk limit law.

Theorem 10.9. Let f € U. Set O = {f > 0}. Suppose there exist affine transfor-

mations o, mapping H onto H, such that for w = (u,v) € RA+1

S op(w)) o= @Tu/24)
f)

Then f is integrable, and [ ||z||" f(z)dz is finite for each m > 1. Moreover

hp(w) = ———

p— do.

—(uT
lwl™hp(w) — [lw|"e= #2240  p — 9o

holds in LY(J) for any halfspace J = {v > £Tu + &}
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Proof. Pointwise convergence yields uniform convergence on bounded sets by Propo-
sition 10.1. By Proposition 10.6, we have to show that for any sequence p, — do,
any ¢ > 0 and m > 1, there exists r > 1 so large that

/H Nl o <. =, 107)
+ r

where B is the open unit ball. The relation will then hold for p eventually, i.e. for
p € O outside aset { f > §p}.

Cover {f < 8¢/2} by a finite number of halfspaces disjoint from { /' > §o} to
show that f is integrable and [ ||z||” f(z)dz finite.

To establish (10.7), we use the unimodality of the functions /,. We shall show
that for any § > 0 there exist &g > 0 and C > 1 such that

{hy >e "} N HBA,, n>1, 0< f(p)<eo,

where the sets 4, = A, (8, C) are the hat boxes in (10.6). By the discussion after
Lemma 10.7 this yields (10.7).

The construction of the hat boxes is our main task.

Fix a point p far out in O. Write f = e %. Let H = H), be the halfspace
supporting {¢ < @(p)} in p. Choose coordinates (u,v) so that p is the origin,
H the upper halfspace above, and o, = id. So the sets {¢ < ¢(p) + k} locally
look like an increasing sequence of paraboloids, v < k —uTu/2. Let Hy be the
horizontal halfspace supported by the convex set {¢ < ¢(p) + k}, for k > —1, and
let pr = (ug, vg) be the point of support. In particular py = (0,0) and pr = (0,k)
for small values of k. The points p; may drift away from the vertical axis as k grows,
and the distance between the halfspaces ay = vy — vx—; may diverge to infinity or
Zero.

Now consider the caps

Cr =19 < ¢(p) + ki N Hy1.
For small k these look like vertical translates of the parabolic cap
Q={-1<v<-ulu/2}.

The cap Cg 41 balances on the cap Cy in the point py.
We want reasonable estimates for the height ay = vy —vg_; of the cap Ck, for vg,
for uy and ux — ug—1, and for the base of the cap. We shall show that the base of C,

C, NOH,—

is contained in a disk of radius r, around the point u,, where r,, = 2n e"® and § is
independent of n, and is small if we start with a point p far out. The cone with top p,
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(ua, v4) Hy
Pa

Cy Hs

«— 7 —

H;

D2
mf =
C, I = fip)e Hy
/=7

The disk with center 14 and radius r4v4/a4 is contained in a disk of radius
Ry = rqug/aq + |l pall.

which intersects d H,,_ in this disk will intersect the coordinate plane dHy = {v = 0}
in a disk with radius r, v, /a, and center u,. This disk is contained in a centered disk
of radius R, = rnvn/an + || pnll, and since h, = f/f, it follows that

{hy > e} N HiB{lu|| < Rp,0 <v <v,}.

Lemma 10.8 established the bounds

Ignll <2ne™, vy/a, <ne™, v, <ne"™. pp=qi+--+qn.

These bounds yield hat boxes of the right size. O
10.4 Conclusion. Let Z have density f = e~ ¥°" on O where ¥: [0,15) — R

satisfies (6.4), O = 150D if fs is finite and O = R¥ else, and n is the gauge function
of a bounded open convex set D containing the origin. We have the following results:

Proposition 10.10. Suppose n(x,1) — 1 ~ m?(x) for some p > 1 and some gauge
function m of an open bounded convex set in R” containing the origin. Define

a,(u,v) = (bu,t +av), a=a, =1/¥'(t), b=>b, = (ta,)"?.

Then
t
Wy =o' (ZH)Y = W, t >t Hi={y =1}, (10.8)
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where W has density g(u, v) o< e~ - All moments converge: fors > 0,
EVWLIE — EW|°, ¢t — ftoo.

Proof. Convergence of the quotients was established in Proposition 9.11 and the
discussion following the proof. In the proof of L! convergence, the caps Cy are
asymptotically parabolic for p = 2. Under the assumption of the proposition
o, 1(Cy) - Qp = {—1 < v < —mP(u)}. The proof carries through in this case. A
more direct proof is given in Section 15.2. O

If (10.8) holds, we say that Z lies in the horizontal domain of attraction of W.
This domain will be studied in more detail in Section 15.2.

Example 10.11. This example treats the /? norm on R? for p # 2. Let n(z) =
lzlp = P + -+ 25)1/1’ with p > 1. For p > 1 the set D = {n < 1} is strictly
convex. Write s(z) =z +--- + 25. Then s”(z) is diagonal with entries le—z
(0, 00)?. As s and n have the same level sets, in particular {s < 1} = {n < 1} = D,
we see that D N (0, 00)¢ is C2 with positive curvature. If a coordinate of z € 3D
vanishes, the curvature in that direction is infinite for p < 2 and zero for p > 2.
The proposition above describes the asymptotic behaviour of high risk scenarios
for horizontal halfspaces (corresponding to the bad behaviour in the North Pole); the
proposition below and its corollary describe the asymptotic behaviour of the high risk
scenarios for halfspaces with direction in the open positive orthant (corresponding
to the good behaviour of np on this open cone). It is also possible to describe the
asymptotic behaviour in the remaining directions, but we shall not do so. There is
an abrupt change in the limit law as one moves to the boundary of the open orthant.
Limit powers different from two only occur in isolated directions. There are two
explanations for this phenomenon:

1) The boundary of a convex set may look like a quadratic function at all points,
but asymptotics with a power p # 2 can only occur on a null set;

on

2) the limit density e~ (Il +v) for p # 2 has a two-dimensional group of sym-
metries; for p = 2 the dimension of the symmetry group is much larger. O

Theorem 10.12. Suppose np is C? on a neighbourhood of po € 9D and n’(po),
see (9.4), is positive definite. Let the points p, € 0D converge to po, and let t, — too
from below. Define H, to be the halfspace supporting t, D at the point t, p,. There
are daffine transformations o, mapping Hy onto H, such that

W, =a, (20 = w
where W has a Gauss-exponential distribution. Moreover all moments converge:

E[Wal® — E[W]*, s> 0.
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Suppose nP{Z € H,} — co € (0,00). Then na;l(n) — p weakly on halfspaces
J = {v > ETu + &}, where p has density cre= @ u/2H0) yish o) = co/ 2m)h/2,

Proof. The convergence of the quotients i1, = f o/ f(p) was described in Propo-
sition 9.12. The L! convergence is proved in Theorem 10.9. O

If the gauge function is C2 on an open set U, it is C? on the larger set V =
U= tU by homogeneity.

Corollary 10.13. Suppose n is C2 on the homogeneous open set VBR? and n*,
see (9.4), is positive definite in each point of the compact set KBV N 0D. Then

a,l(zHy = w

for any sequence of halfspaces H, supporting t, D in t, p, with p, € K. Moreover,
all moments converge.

Proof. It suffices to prove this for subsequences pg, which converge. See Theo-
rem 10.12. O

Proof of Theorem 9.1. Take V = R¢ \ 0 and K = aD. O

Proof of Theorem 9.2. The complement of the cone C,, may be covered by 2/ half-
spaces Jl-i = {v > —2m + 2mhv;}. Convergence [, [|w|™dp, — [, |lw|™dp
for the mean measures p, and p is a consequence of the L!-convergence of
[wll™ £ (ctn )/ f(pn) — [[w]™e=@ /24 ey on J with dpy = neqa;(d ),

|

11 Flat functions and flat measures

One might compare the role played by flat functions and flat measures in the mul-
tivariate theory to that of slowly varying functions in the description of the domain
of attraction of the Pareto laws for univariate exceedances. They allow us to de-
scribe variations in the tail behaviour which keep the distribution within the domain
of attraction, and even retain the original normalizations.

11.1 Flat functions. In this section we extend the class R& of rotund-exponential
densities of Theorem 9.1,
fo=eV"/Co. (11.1)

The density fy above satisfies the limit relation

(fo o BE)W)/(fo o Br)(0) — e~V 4/ (11.2)
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uniformly on compact w-sets in R¥, and in L!(Hy), with By as in (9.7). Let f
be a continuous positive density on O = {fo > 0} which satisfies the same limit
relation with the same normalizations 8. Then one may write f = L fo, where L
is a continuous positive function on O which satisfies

(LeoBu)w)/(Lepu)0)—1, H—do (11.3)

uniformly on compact w-sets.

Relation (11.3) states that far out in O, the function L behaves locally like a posi-
tive constant. Such a function will be called flaz. The condition (11.3) is weaker than
asymptotic equality. If L satisfies (11.3) uniformly on compact sets, then f = Lfy
satisfies (11.2) uniformly on compact sets. If L fy is integrable, then one may define
the probability density f; = Lfo/CL, and ask whether the associated probability
distribution lies in the domain of the Gauss-exponential law. In this section, we shall
show that this is the case. We shall give a simple sufficient condition for (11.3) in terms
of partial derivatives. As a concrete application, we shall show that the multivariate
hyperbolic distributions belong to the domain of attraction of the Gauss-exponential
high risk limit law. The more geometric point of view allows us to formulate a simple
sufficient condition for smooth unimodal densities to lie in D (0), in terms of the first
and second derivatives.

11.2 Multivariate slow variation. We start by looking at densities of the form
L(z) fo(z)/C, where fy is a Gaussian density and L a continuous function which
behaves locally like a positive constant when ||z|| — oco. The question is, how much
can one alter a Gaussian density while retaining the high risk limit behaviour (with
the original normalizations B ).

Example 11.1. Let fp be an arbitrary Gaussian density on R4. For z € R? write
z = r0,wherer = ||z|| and 8 € 9B isaunit vector. The function r fy is integrable and
the corresponding density lies in the domain of the Gauss-exponential distribution.
This is also true for r¢ fq for any ¢ > 0, and for Q¢ fy where Q is a positive quadratic
function on R?. The function " Jfo normalized to a probability density also lies in
the domain of attraction, and so does y(8) fo for any continuous positive function y
on the unit sphere. Proofs are given below. O

In the first part of this section, we consider a class &£ of continuous positive
functions L on R? which satisfy a growth condition which may be regarded as the
multivariate additive version of slow variation:

Liz+w)/L(z) =1, |z| = oo, we RY. (11.4)

If A: RY — Ris a C*® function whose partial derivatives vanish in infinity, then
L = e* satisfies (11.4). The converse is also true. Continuity of L implies that
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if (11.4) holds pointwise, it holds uniformly on bounded w-sets; see Bingham, Goldie
& Teugels [1989]. Let A = log L, and define Ag = g * A as the convolution of A
with a C* probability density 7y with compact support. Then

Ao(z) —A(z) = /no(w)(k(z —w) —A(z))dw — 0,

and the partial derivative of Ao of any order at a point zq is the convolution of the
difference A(z) — A(z¢) with the corresponding partial derivative of my. Hence it
vanishes at infinity. Thus we have constructed a C* function Ay whose partial
derivatives vanish at infinity, such that e%0 is asymptotic to L.

In the univariate case, the functions

< _ : 1/3
r,or’, et ﬁ, e“ﬁ, e ﬁ, pSeVrsinr
all satisfy the functional relation

fr+9/f(r) =1, r— oo, (11.5)

for each s € R, since (log /)’ vanishes in infinity. Functions in £ satisfy the relation
L(Or +6s)/L(0r) — 1,r — o0, in every direction 6 € dB.

In the multivariate setting, one would like to know how the limit relations in
different directions are coordinated. The answer is surprising. Given any countable
family F of continuous positive functions f on (0, c0) which satisfy (11.5), for
instance the family

ozr”eﬁresm(’n), a,B,v,.0neQ, a,0>0,n>0,0+n<1,

there exists a function L € £ with the property: for each f € F there is a dense
set Sy of directions 6 in the unit sphere S = 0B such that

LOr)/f(r) =1, r—o0, 0 €S8, feF.

A construction is given in Balkema [2006]. Here we only want to warn the reader
that functions L which satisfy (11.4) are not as tame as they may seem.

Theorem 11.2. Let the vector Z € R have density fo(z) = e_"(z)z/z/C, where n
is the gauge function of a rotund set D, and let By satisfy (9.7). Suppose L € £.
Then the product f = L fy is integrable and satisfies (11.2) uniformly on bounded
w-sets, and in LY (Hy). In particular the random vector with density L fo/ Cy, lies in
the domain of attraction of the Gauss-exponential law with the same normalization
as fo, and the normalized densities converge in L.

Proof. We give only a sketch, since we shall prove a more general result in Theo-
rem 11.4 below. The function ¢ = n?/2 has second derivative nn” 4+ n’(n’)T which
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is positive definite and homogeneous of degree zero. So (¢ — A)” is positive definite
outside a compact set if we choose A, with e* ~ L, to be C > with partial derivatives
of all orders vanishing in infinity. This means that the densities gz of the normalized
high risk scenarios are strongly unimodal (logconcave). Hence L f is integrable, and
pointwise convergence in (11.2) implies convergence in L!.

By (9.7) we may write B = A o B, for an initial linear transformation A € .
Since ¢ is compact, and ¥ (t) = t2/2 gives b, = 1 and a, = 1/t < 1 eventu-
ally, for any ball r B the diameters of the ellipsoids Bz (r B) are uniformly bounded.
Hence (11.3) holds uniformly on compact w-sets. This yields (11.2). O

We shall now prove a more general result for rotund-exponential densities. Instead
of strong unimodality our proof makes use of the fact that fol/ % s integrable and the
corresponding density belongs to the domain of attraction of a high risk limit law.
First we have to say more precisely what we mean by a flat function, see (11.3). We
shall give a formal definition which also applies to heavy tailed limit laws, or limit
laws with bounded support, see Section 12.

Definition. Let Z lie in the domain of attraction of W, i.e. B5' (Z Hy = W for
0 < P{Z € H} — 0. Assume that the high risk limit vector W has density g on
H_ ,that {g > 0} is a convex set, open in H, and that g is continuous on {g > 0}. A
function L is flat for Z if L is defined, positive and continuous on the interior O of the
convex supportof Z, oron O\ K for some compact subset K of O,if P{Z € O} = 1,
and if (11.3) holds uniformly on compact subsets of {g > 0}.

Remark 11.3. If L and L are flat for Z, then so are L L, and L? for ¢ € R.

11.3 Integrability. We can now formulate the main result of this section.

Theorem 11.4. Let Z have density fo € Uqg. If L is flat for Z, then the product
L fy is integrable and the random vector with density L fo/Cy, lies in the domain of
attraction of the Gauss-exponential distribution.

Proposition 11.5 (Basic Inequality). Let Z have density f = e~ % € U. Set O =
{f > 0}. Foreach p € O\ {0}, let B, € A map H, onto H, and 0 into p; see
Lemma 10.3. Assume that

hp(w) = (f o Bp)(w)/f(p) = h(w), p—do (11.6)

uniformly on compact subsets of H., and in L', for some continuous integrable
positive function h on Hy. Let W have density g = h/C on H .
Assume that L = e* is positive and continuous on O, and

Ly(w) = (LoBp)(w)/L(p)—>1, p—do, we Hy (11.7)
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uniformly on {h > c} for some ¢ < 1. Then Z lies in the domain of attraction of the
high risk limit vector W, L is flat for Z, and for all ¢ > 0 there exists § > 0 such that

A(z) —A(p)| <e+e(pz) —@(p)). z€H,NO.0< f(p)<d. (118)

Proof. Lete > 0. Write K = {h > c}BH,. First observe that the function / has
convex level sets {# > ¢} on H, since this holds for the functions /1, by Lemma 8.7.
Uniform convergence h, — h on K implies that there exists §o > 0 such that

hp(w) < /¢ for h(w) = ¢ and f(p) < 8. Hence

f(p) <b0, z€ Hy,N O, f(2)/f(p)= e = B, (z) € K.
By assumption, there exists § > 0 such that

f(p)<8.ze Hy,N 0. B, (z) e K = | A(2) —A(p)| <e.

For p € O\ {0}, z € H, N O, choose points py, ..., p, on the line segment [p, z]

such that po = p, f(pr) = V¢ f(p—1) fork = 1,....n, f(z) > /c f(pn), and
set pn+1 = z. Now suppose f(p) < 61 = 6o A 8. Then h(ﬂ;kl(pkﬂ)) > ¢ for

k =0,...,n. Hence |[A(px) — AM(pr—1)| < & = e(p(pr) — ¢(pr—1))/log(1//c,

and
[A(2) = A(P)] < &+ e0(p(2) — (),
g0 =¢/log(1/\/c), ze€e H,NO,0< f(p)<3§.
In particular, L is flat for Z since ¢ > 0 is arbitrary. O

Proof of Theorem 11.4. Flatness implies (11.1) for L f uniformly on compact subsets
of Hy. The basic inequality gives L(z)/L(p) < 2(f(p)/f(z))® for z € H,,
f(p) <. Hence Lf isintegrableif \/7 isintegrable. If ¢ satisfies (6.4) then so does
¥/2. Apply Theorem 8.8 on power families to give L! and pointwise convergence
of the quotients h}/ 2, By dominated convergence, ((Lf) o B,)(w)/(Lf)(p) — h
in L. |

11.4* The geometry. In the remainder of this section we develop the theory of flat
functions further.

First we give a geometric formulation of condition (11.3). A positive continuous
function L = ¢* on O is flat if it is asymptotically constant on the ellipsoids E;, =
Exy = Bu(B) for H = H,; with g € O \ {0}. For rotund-exponential densities
f = e V°" the ellipsoids E, have the form A4 o B;(B), where 4 is an initial map and
B:(u,v) = (byu,t + a,;v) witha, = 1/¥'(t) and b; = /ta,. Since a; = o(t) for
! — t by Theorem 6.1, we see that

a; L<by <t, t1 o
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Hence the diameter of the ellipsoids B, (B) vanishes for t — o if t is finite, and
otherwise it is o(¢). Since the set £ of initial maps is compact by Theorem 9.9, these
bounds also hold for the ellipsoids Eg. The ellipsoids Eg are like buttons attached
to the surface of the rotund set #D at the point z = zg, where H supports tD.

Note thatg — E, is continuous, in spite of Theorem 9.10. In principle, suchacon-
tinuous family of ellipsoids defines a Riemannian metric with continuous geodesics.
The distance between neighbouring points is roughly 2ne for ¢ > 0 small, where n
is the number of ellipsoids Ef needed to form a chain between the two points. Here
we define

E, = Bp(rB) = p+r(Ep — p).

One may think of the family of ellipsoids (E£,) as the geometry associated with the
density fo. Since the geometry is determined by the normalization, the density L fy,
with L flat, has the same geometry as fo. If we replace the normalization By by a
normalization 8 which gives the same limit law, then by the Convergence of Types
Theorem the associated ellipsoids are asymptotic: For any ¢ > 0 there is a compact
subset K of O such that E}"*BE,BE}* forg € O \ K.

Example 11.6 (Functions which are flat for all densities fo = e~¥°"/Cy).

1) If ¢ is finite, then O = {fy > 0} is a bounded set. Let L be a continuous
positive function, defined on an open neighbourhood V' of dO. The restriction of L
to O NV is flat.

2) Let yo be a positive continuous function on the unit sphere dB in R¢. Then
z > x(z) = yo(z/|Iz|)) on R \ {0} is positive-homogeneous of degree zero, and
flat for all fpin (11.1). Sois z > r = ||z]|. O

Recall that the standardized generalized multivariate hyperbolic distribution has
density

f(z) x (1 + ZTz)clKk_d/z(cz\/l +zTz)e??, zeRe. (11.9)

Here K, denotes a modified Bessel function of the third kind with index v, and the
constants ¢; € R, A € R, ¢; > 0, and y € R? with ||y| < ¢, are parameters, with
c1=WA-=d/2)/2.

Proposition 11.7. The Gauss-exponential domain contains the hyperbolic densi-
ties (11.9).

Proof. The asymptotic behaviour of the Bessel function does not depend on the index.
For any v € R

K,(t) ~ /m/2te™", t — oo.

Since e~¢V1+272z L =€ for ||z|| = r — 0o, we see that

f(Z) ~ COrZCl—l/Ze—czreyz — COrZCl—l/Ze—n(z) — L(Z)e—n(z)’ = ||Z|| — 00,
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where 1 is the gauge function of the rotund set D = {z € R9 | e3zTz <1+ yz},
an ellipsoid, which is excentric for y # 0, and L is flat for e™", by Remark 11.3 and
the example above. O

The simulated 10 000-point sample cloud from an asymmetric hyperbolic distri-
bution and the level curves below were kindly made available by Alex McNeil using
the S-plus programs in McNeil, Frey & Embrechts [2005]. The level curves of the
density are close to scaled copies of an off-center ellipse.

Sample cloud. Level curves.

We shall now take a more geometric point of view. Let d be a distance associated
with the ellipsoids E,, as described above. Then flat functions are slowly varying in
the sense that

Zy — 0, d(z,,,z,) bounded = L(z}) ~ L(zy).

The geometry is asymptotic in the sense that for bounded domains O, for any r > 1
there exists a compact set K80 such that

EIBO, peO\K,.

In the geometry (£,), the set O becomes more spacious as one approaches the
boundary. In this sense it behaves like hyperbolic geometry.

The normalizations o, may be replaced by the normalizations o, o R,, where
R, are arbitrary rotations around the vertical axis in u, v-space. This does not affect
convergence. Neither does it affect the geometry. That may explain why the geometry
may be chosen to vary continuously, whereas in certain dimensions it is not possible
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to choose the normalizations «,, to depend continuously on the point p € O \ {0};
see Theorem 9.10.

If L = e, where A is C, then one may formulate sufficient conditions for
flatness in terms of the partial derivatives. Let A, be the radial derivative and Ay (p)
the maximum of the partial derivatives along unit vectors in the tangent plane to

{f = f(p)}inp:
Ao(p) = max{dA(p + te)/dt | e € 0H,, |e| = 1}.
One may show that L is flat for the density e=¥°"/C if

Ar(p) =o' (n(p))).  Ao(p) = o(v/¥'(n(p))/n(p)).

Example 11.8. Suppose Z = (X,Y) € R? is standard Gaussian. We have seen that
rsin® is flat, and so is eV " ? since the partial derivatives A, and A, of the exponent

vanish, and hence these functions lie in &£. The function e” 7% is also flat for Z (but
only if the Gaussian distribution is spherically symmetric). Flat functions L = e*
which increase so fast in any given direction are rather stiff, they have to increase
at this rate in every direction. Along circles the slope of A tends to zero, and hence
A(r,0) — A(0,r) = o(r). O

Assume some extra smoothness. For a C? function ¢ on a vector space the
linear approximation in the point ¢ does not depend on the coordinates, neither does
the second-order Taylor approximation, or the difference ¢’ (¢g), which is a quadratic
form on the vector space V. In our case we consider for given g the quadratic
form Q = ¢*(q) = ¢"(q) + ¢'(q9) ® ¢'(q). For ¢ = ¥ on as in Theorem 9.1,
the form Q is positive definite outside the origin, and we define the ellipsoid £, =
q + {Q < 1}BV. The definition of this ellipsoid is geometric and does not depend
on the coordinates. We can now introduce affine coordinates on the vector space V
which are adapted to the ellipsoid E ;‘. These coordinates are amap yy RExR — V.
They are chosen so that the origin is the point ¢, the upper halfspace is the halfspace
which supports the rotund set {¢ < ¢(q)} in the point ¢, and the unit ball in the
new coordinates is the ellipsoid E ; . Hence E ; = y4(B). The coordinate map y,

transforms the geometry (E}) on V into a geometry (F,) on R” x R:
Fl =y U(E}). z=ygw)#0.

We claim that the geometry (F,.) converges for ¢ — . The limit is the parabolic
geometry (F,,). Here are two definitions of parabolic geometry on R? x R:

1) The Riemannian geometry induced by the positive definite quadratic form
1 =x"+x ®x,where y(u,v) = ulu/2 + v;

2) The family (Fy ), where Fy, is the ellipsoid o(B), w = 0(0), witho € §.
Here § is the symmetry group of the measure pj with density e™*; see Section 4.

The equivalence of the two definitions follows from the invariance of y* under §.
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The parabolic geometry is not very intuitive. It preserves the vertical direction
but not the (Euclidean) shape of an ellipsoid. The ellipsoids

Ey =w+ {}y"(w) <1}

become flat and sloped as one moves away from the vertical axis. In the plane the
ellipse E, around the point p = (a,—a?/2) on the parabola v = —u?/2 may be
visualized as the ellipse inscribed in the parallelogram formed by the two vertical
lines u = a =+ 1 on either side of p and the two lines v = a?/2 — au + 1 above and
below the tangent line to the parabola v = —u?/2 in the point p. These inscribed
ellipses are the image of the unit disk inscribed in the square {{u| = 1, |v| = 1}
under the element 0 € ¥ which maps the origin into p. The transformations might
be called a parabolic translation since it preserves all parabolas v = ¢ — u?/2. The
parabolic geometry on R**! is a true geometry in the sense of Klein’s Erlangen
program. In fact it is equivalent to the subgeometry of Euclidean geometry which
preserves the vertical direction. (The equivalence is established by the map (u, v) +—
(u, v +u?/2) which preserves vertical lines and transforms parabolas into horizontal
planes; see Section 8.3. The map transforms the Gauss-exponential measure dp =
e~ +u"u/2) gy gy into the product measure e~ *dudv. However, the map is non-
linear, and does not preserve the class of ellipsoids. Itis not clear how it should be used
to analyse the asymptotic behaviour of densities in Ug.) The transformation group §
of the parabolic geometry on R? has dimension 1,2,4,7,11,... ford = 1,2, ...,
consisting of a d-dimensional group of parabolic translations, including the vertical
translations, and a (h? — ) /2-dimensional group of rotations around the vertical axis.
Each of these symmetries yields a bijection of the family of ellipsoids (Ey,, w € R?).

Lemma 11.9. Let ¥ be a positive definite quadratic form on the vector space V, and
& # 0 a linear functional. There exists a unique ¢y € R such that ¥ — coé Q@ & has
rank less than the dimension of V.

Proof. Choose coordinates {1, ..., such that the ellipsoid {¥ < 1} is the unit
ball. Write § = ¢181 + -+ + c4¢z and set co = 1/(c? + -+ + cﬁ). Then ,/coé
is a unit vector. Replace {1, ..., g by orthonormal coordinates {1, ..., ¢/, such that
¢ = Jcok. Then X — tco(§ @ £) has matrix diag(1 —7,1,...,1). O

Theorem 11.10. Let f = ¢ % € Ube C? on O = {f > 0} and suppose ¢* =
¢ — ¢’ ® ¢ is positive definite and ¢’ # 0 on O \ K for some compact set KBO.
Let c¢(w) be the constant such that ¢*(w) — c¢(w)(¢’ ® ¢')(w) has rank < d. For
p € O\ K, choose affine normalizations B, mapping H onto H, such that

ep(w) = ¢(Bp(w)) —e(p)

satisfies
¢,(0) = (0,1), ¢,(0) = diag(l,...,1,c(w)).
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Suppose E, = B,(rB)BO for p € O, f(p) < &;. Then f € Uy if
¢y (wy) — diag(1,...,1,0), p, = 0. wp = Wo, Wo € R<. (11.10)

Proof. Tt suffices to show that g, (u, v) — v + u? u/2 pointwise for p — d¢. For
this it suffices that

9p(0,0) > 0, ¢,(0) = (0,1), p—do,
and that (11.10) holds. |

Corollary 11.11. If f satisfies the conditions of the theorem, then f is integrable
and the corresponding probability distribution lies in the domain D (0) of the Gauss-
exponential law.

Remark 11.12. The assumptions of the theorem may be whittled down. If the
sets C, = {¢ < n} are compact subsets of O, then one of these sets contains K.
If we assume that O is connected, then so is this set Cy, since ¢’ # 0 implies
that f = e % A e™" has no saddle points, and no local maxima outside the pla-
teau C,,. The condition ¢* is positive definite implies that level surfaces {¢ = ¢} for
¢ > n are locally convex, and hence convex, see Valentine [1964] Theorem 4.4. The
infinitesimal behaviour expressed in ¢* determines the global behaviour, unimodality
of f. As in Theorem 6.10 it suffices that the condition (11.10) holds for wg € ¢B
for some ¢ > 0, and that E;BO eventually.

Let us check that the rotund-exponential densities satisfy the conditions of the
theorem above, with K = {0}.

Proposition 11.13. Let p4; = Y ono Ao ;. Then fort — too, forany R > 1
oy (W) = (u, nT, oy (W) = I, = diag(1,...,1,0)
uniformly for A € &, ||w|| < R, w = (u,v), with § as in Theorem 9.9.

Proof. The proof is an application of the chain rule. First observe that the normal-
izations A and f8; have been chosen so that ‘/’1/4,:(0’ 0) = (0,1). Setm = no A,
z; = Br(w) = (bsu,t + a;v), see (9.6), t* = m(z;), By = diag(by,...,bs,ay) the
linear partof B;. Then ¢ ,(w) = V'(¢*)ny(z;) B;. Observe thatt* —t = O(a,) im-
plies ¥/(t*) ~ y'(t) = 1/a,. By homogeneity my(x, y)x +my(x,y)y = m(x,y).
Alsomy(x,1) = xT 4+ e(x), where the components of e(x) are o(||x]|), since 4 € ¢
implies 71,(0,1) = I. Som,(x,1) — 1 = O(xT x). By homogeneity,

m'(beu,t + a;v) = m'(bu/(t + arv), 1) = (bru/1,1) + (o(be /1), O(b7 /1%)).

This gives ¢} ,(w) — (u, 1). The second derivative may be written as

O (w) = a' (1), (w) ® @y, (w) + ¥/ (t7) Bing(z¢) By
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The first term vanishes in ¢, since a’(¢) vanishes and t*/¢t — 1. By continuity,
m” (z) — I, for z — (0, 1), and hence by homogeneity we may write m” (b,u,t +
a;b) = (I, + E)/t where the entries of E all are o(1). Then this also holds for
the entries of y'(¢)B; EB;/t. Now observe that y'(¢)B;I;,B;/t = Ij. Finally it
should be checked that the relations also hold for A, — A € ¢, tn — fx and
w, — w € RY. O

For f € Uy the geometry converges to the parabolic geometry.

Proposition 11.14. Ler f € Uy, pp — do where O ={f >0}, r > 1,q, € E}, ,
oz;nl(q,,) — wo. Then w, = oz;nl(Eqn) — Fy, = owy(B), where oy, is the
symmetry mapping the origin into wy.

Proof. Write f = e~% on O. Then

Pn (W) = @(ap, W) —p(p) > x(w) =u"u/2+v, w=(u,v)eR""
Convergence w, — wg implies convergence ¢, = @,(w,) — co = y(w) by
Proposition 10.1. Let C, be the cap

Cp={pn <cyn+1}0 Hy,

where H,, is the halfspace supporting {¢, < c,} in w,. Since ¢, — x is uniform
on bounded sets by Proposition 10.1, the level sets {¢, < ¢, + 1} converge to the
parabola {v < ¢o + 1 —uTu/2}, and the caps C, converge to the parabolic cap
Co = {y < co+ 1} N Hy, where Hy supports the paraboloid {y < co} at wg. The
semi-ellipsoid F,, N H, with F,, = a;nl (Eg,) fits into the cap Cj, just as the semi-
ellipsoid F,, N Hy fits into the cap Cp. Indeed, ozq_nl (Cn) - QO+ and qu_nl (Eg,) — B,
and the symmetry which maps B into Fy,, maps Q  into Cy. Instead of the ellipsoids
E, one might use the corresponding caps to define the geometry. Convergence
C, — Cy is equivalent to convergence I, — Fy,. O

11.5 Excess functions. Univariate exceedances are handled effectively by tail func-
tions T, where 7(y) = 1 — F(y) = P{Y > y}. For a random vector Z the tail
function is the excess function ez(H) = P{Z € H}. By a well-known result for
multivariate characteristic functions the excess function of the vector Z determines
the distribution; see Section 3.1. In general, excess functions are hard to character-
ize. Here we shall give an asymptotic formula for the excess function of densities
f = Le™¥°"/C with L flat.

Theorem 11.15. Let D be a rotund set in RY with gauge function n. Let Z have
density

f(@) ~ L(2) fo(2)/C. z— 0. O ={fo>0j,
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where fo = e V" /Cy is rotund-exponential, and L is flat for fo. Let H = H, be
the closed halfspace supporting tD in the point z = zg = tp. Then

P{Z e H} ~ f(zg)Lo(zg), P{Z € H} — 0+,

where Ly is flat for fo, Lo(tp) = C(p)t"2/y/(1)' /2 with

C(p) =|detAp| = 1/+/det Q(p). (11.11)
Here A, is any initial map for p and Q(p) = (n” +n’ ® n’)(p). Moreover,

fzu) ~ max f(z) ~ max f(@).

Proof. By(8.11),wehave P{Z € H.}/f(z) ~ (27)"/?| det B.|, where B, = A,B:;
see (9.7). Now det B; = a,;b? = ("2 /y'(t)'+"/2 and |det A,| = 1//det Q(p)
since ng = n o A. The asymptotic relations in the last line hold since max f(H) =
maxyen, f(Br(w))and L o By is asymptotically constant on bounded sets.  [J

11.6* Flat measures. So far, life was simple because the vectors Z had a well-
behaved density f, yielding the limit relation

(f o Bp)W)/f(p) = eV 2 p 580, 0=1{f >0}

uniformly on compact sets of R? (and in L'(H,)). Such simple densities are in
accordance with our basic assumption that the underlying sample cloud is bland,
consisting of a dark convex central region surrounded by a homogeneous halo. A dis-
tribution with a density in U, or of the form fy = e~¥*"/Cy as in Theorem 9.1, or
of the form f = L fy/C with L flat for fy, may fit such a data set well.

Our basic limit relation (8.2) is phrased in terms of weak convergence. Hence
the theory developed in this book also should allow discontinuous densities or even
discrete probability distributions.

Example 11.16. Suppose that the random vector Z has integer components and
P{Z =k} ~ f(k) for |k|| — oo, where f = Lfo with fo = e ¥°"*/Co, and L
flat for fp. Assume 7o, = 0o and v/’(¢) vanishes for ¢ — oo. This implies that the
ellipsoids E, will contain arbitrarily large balls as || p|| — co. So asymptotically the
counting measure on the integer lattice will behave like Lebesgue measure on these
large ellipsoids. Does Z lie in the Gauss-exponential domain? The theorem below
will handle this question. O

Let Z have a probability distribution of the form

dm = fodp,
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where 1 is aroughening of Lebesgue measure for the family of ellipsoids £, = B,(B)
associated with the density fo = e~¥*"/Cy. What this means will be explained
below. Let us assume that the normalizations Sy associated with fp in (9.7) may be
used to normalize the distribution 77 of the high risk scenario Z#

B (dmx™)w) = (fo o Ba)w)By (dw)/Crr — " /2 dw /2m)"/?

weakly for H — 0, see (8.9). By Theorem 9.1,

foo Ba(w)/foo Br(0) — e—v—uTu/z

uniformly on compact sets. This means that

Ba'(dw)/Cly — dA,  Clp = Qm)">Cy /(foBr)(0),

where A is Lebesgue measure on H and — denotes vague convergence. Similarly,
the last limit relation together with the second implies the first in the sense of vague
convergence.

Let us call a Radon measure /19 on R? a roughening of Lebesgue measure for the
Euclidean norm if there exists a countable partition ¥ of R4 into bounded Borel sets F
such that o F/|F| — 1 and such that the diameter of F), vanishes for ||p| — oo,
where F), is the element of the partition # containing the point p. The measure o
translated over z will converge vaguely to Lebesgue measure A for ||z|| = oco. Using
this simple concept as a guide, we now define the asymptotic relation we are really
interested in:

Definition. A Radon measure ywon O = { fy > 0} is called a roughening of Lebesgue
measure for the density fo = e~¥°"/Cy in Theorem 9.1 if there exists a countable
partition ¥ of O into Borel sets F such that

I)AF >0and uF/AF — 1;

2) forall & > 0 there exists a compact set KBO such that Fj, € E for p € O\ K.
The measure u is called flat for fy if 1) above is replaced by the condition

1"YAF > 0and uF,/AF, ~ L(p) for p — 00 for a function L, flat for fy.

In Section 6 it was shown that foLdu € DT (0) if fy satisfies the von Mises
condition, if L is flat for fy, and u is a roughening of Lebesgue measure. In the
multivariate setting a similar result holds. We first prove vague convergence. Recall
that f = e € Up if f is a unimodal function which satisfies some regularity
conditions, f € U, and if there exist &, € A mapping H onto H) and (0, 0) into p
such that

op(w) = p(ap(w)) — p(p) = x(w) = v+uTu/2, w=(uv)eR
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Proposition 11.17. Let dv = fdu with f € Uy and p on O = {f > 0} flat for f.
Then
a;l(v)/C(p) — p vaguely on R?, p — 00,

where p has density e @+ 4/2) and C(p) = f(p)L(p)/|det Ap| writing ap(w) =
Apw + bp.

Proof. The left hand side has the form

f(ap(w)) da, ' (w)] det 4|
f(p) L(p)

The first factor converges pointwise to e~ X, and even uniformly on bounded sets
by Proposition 10.1. It suffices to show that the second factor converges vaguely
to Lebesgue measure. For this it suffices to show that for any r > 1 the diameter
of the sets oz;l (F) with F € ¥, the partition associated with the roughening, and
o, Y(F)NrB # @, goes to zero uniformly in F for p — 9. Here we use the
equivalence of the parabolic and the Euclidean geometry on compact sets. Let § be
the group of symmetries of the parabolic geometry, the symmetry group of p. There
is a constant R > 1 such that each ellipsoid o (B) of the parabolic geometry which
intersects the ball r B is contained in the ball o (0) + RB.

Now let ¢ > O and let § € (0,1). Let p, — dp and let F(g,) € F intersect
E, = ap,(rB). Then F (qn)BEgn eventually. By convergence to the parabolic
geometry, a;nl(F (qn))Boy,, (26B) eventually, where oy, is a Symmetry mapping
the origin into w, = a;nl (¢n). Take § = /2R to conclude that the diameter of
ap, (F(gn)) does not exceed 2e. O

The theorem below concerns functions of the form foL, where fy is a rotund-
exponential density. We surmise that a similar result also holds for fy € Uy.

Theorem 11.18. Suppose fo = e~ V" /C, satisfies the conditions of Theorem 9.1.
Let L be flat for fy, and let & be a measure on O = { fo > 0} which is flat for fy. Set
f = Lfo. Then fdu is a finite measure and the corresponding probability measure
fdu/C lies in the domain of attraction of the Gauss-exponential limit law with the
normalizations of fo.

Proof. The proof is rather technical. Basically, for weak convergence one still has to
show that

/ f)dz < ¢ / FG)dz. r> e folpr) <6, f = fo,
Uy H

where U, is the union of all sets in the partition ¥ which contain a point of the
boundary of H, but which lie outside the ellipsoid E}; = ap (rB). See Balkema &
Embrechts [2004], Theorem 7.1, for details. O
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12 Heavy tails and bounded vectors

This section contains a short description of high risk limit laws with heavy tails, and
of bounded limit vectors. The global limit theory for heavy tails will be treated in a
more general setting in Section 16.

12.1 Heavy tails. We start with a simple result.

Theorem 12.1. Let Z in R? have a spherically symmetric density f(z) = fo(||z|]).
If fo varies regularly with exponent —(A + d) for some A > 0, then Z lies in the
domain of attraction of a high risk limit vector W = (U, V) on Hy, with density

1/C
(1 +v)? + uTy)A+d)/2’

gw) = w = (u,v) € R" x [0, 00), (12.1)

where

C=C,d)= "2 /)@ A+ 1)/2)/T((A + d)/2)). (12.2)

A+d

Proof. Recall that regular variation means that fo(rs)/fo(s) = 1/r as s — 0o,
for fixed r > 0. This implies
S(sw) 1
hs(w) = - h(w) = ———, §— 00, (12.3)
’ f(spo) [w]jd+4

where pg is any unit vector.
By a well-known inequality, see Bingham, Goldie & Teugels [1989],

Jors)/fo(s) <2/r*?H4 s =50, r > 1.

This ensures convergence of the integrals

Jeadz o (P o), ® dr b
=b(d d ar _od)
foan T =0 |y v [ =

where b(d) = 27%/2/T'(d/2) is the area of the surface dB of the unit ball in R¥.

Let Wy denote the vector Z /s conditioned to lie outside the unit ball. Then W has

density

" flw)  bd)
fo(s)  Afw]A+d

Let H be the closed halfspace {# > s}. By symmetry, we may assume that 6 is the

vertical unit vector. Then Z# /s is distributed like W; conditioned to lie in the half-
space {v > 1}, and ZH /s — 6 = W, where W lives on {v > 0} with the density g

gs(w) = s — o0, ||lw| > 1.
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above. The constant C is the value of the integral

/oo/ dvdu
o Jra—1 (1 +v)2 + uTu)A+d)/2

[eS) d 00 d—zd
_ f _ v / _rtdr
0 (1 + U)/Hl 0 (1 + r2)(k+d)/2

The second integral yields a beta function as in (13.1). O

Definition. The distribution with density g on H, defined in (12.1) and (12.2) is
called a Euclidean Pareto distribution with exponent A.

The vertical component V' and the horizontal component U are not indepen-
dent. The vertical component has a Pareto distribution, P{V > v} = 1/(1 + v)*.
The vector U has a spherically symmetric density on R” which is proportional to
Taen(lull)/lu]***, where

J (s)—/oo D —/1 (1=r?27Ydr, ¢ >0,5>0. (12.4)
T s (L D2 T i ’ T
Spherical Pareto distributions extend to infinite Radon measures. It is convenient
to use a normalization for this Radon measure which is better adapted to the basic
limit relation (12.3). Let p denote the measure on O = R¢ \ {0} with density
1/||w]¢**. Then all closed halfspaces HBO have finite mass, and the associated
probability measure dpg = 1gdp/p(H) is the image of the Euclidean Pareto limit
distribution under an affine map oy from Hy onto H, which is a symmetry of the

excess measure p.

It is interesting to compare the behaviour of a sample from the standard Gauss-
ian distribution on R? and from a spherical Student distribution. For the Gaussian
distribution a sample of size n will form a black cloud of radius r,, ~ /21ogn with
a halo on a scale of 1/ry; for the Student distribution the sample has no central black
region. If one scales the sample of n observations from the density f in Theorem 12.1
by s, where s, — oo is defined by P{Y > s,} = 1/n, one obtains the Poisson point
process on R? with intensity ¢/|w||**¢ as limit when n — oco. For heavy tails the
distinction between the local and the global behaviour of the sample cloud is absent.

Let us now look at flat functions for heavy tails. Recall that a positive continuous
function L on R is flat for Z if Lo Bz (w)/L o B (0) — 1 uniformly on compact w-
sets in H., where B! (Z H) — W. In our case this means that L is asymptotically
constant on rings Ry = {25 < ||z|| < 4s} for s — o0, since L is asymptotically
constant on the intersection of the ring R with any halfspace tangent to the ball
B(0,s). So L is asymptotic to a spherically symmetric function Lo(||z]|), where
Lo: [0,00) — (0, 00) varies slowly in infinity. Flat functions do not extend the class
of densities f introduced in Theorem 12.1 beyond asymptotic equality.
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For roughening Lebesgue measure, the diameter of the sets F), in the partition ¥
shouldbe o(|| p||) for || p|| = oc. In particular, the counting measure on the lattice Z¢
is a roughening of Lebesgue measure for all densities f in Theorem 12.1. We shall
not enter into details here.

For random vectors Z there is a rich limit theory for Z¥, the vector Z conditioned
to lie outside the ball s B of radius s, see Mikosch [2005]. The obvious limit relation is

Z°/s = X, s— oo. (12.5)

In polar coordinates one may write X = OR, with R = || X|| > 1 and ® a random
element of the unit sphere. In Brozius & de Haan [1987] it is shown that R has a
Pareto distribution, P{R > r} = 1/r* for r > 1, for some parameter A > 0. The
vector ® may have any distribution on the unit sphere, and is independent of R. If
we condition X to lie in a halfspace Hg supporting the unit ball at 6, and if ® charges
the halfspace {# > 0} but not its boundary {# = 0}, we obtain a limit distribution
pg for high risk scenarios Z» with halfspaces H, = {, > s,}, where s, — o0
and 6, — 6. High risk scenarios in different directions converge to different limit
laws. These depend continuously on the direction 6 provided ® charges all halfspaces
{6 > 0} and no hyperplanes {6 = 0}.

In the case of heavy tails we have two models for describing extremal behaviour:
the description in terms of high risk scenarios by conditioning on halfspaces, and the
description (12.5), where the vector is conditioned to lie outside a ball whose radius s
tends to infinity. The choice of the appropriate model depends on the sample set and
the application; see Section 8.5. If the polar coordinates have a natural interpretation
and the irregularities in the halo are clear and persistent for s — oo, and not due
to elliptic level sets, then the more versatile second model is appropriate. If the
irregularities fade out at infinity the simpler first model is relevant. In the first model
the limit distribution is determined by one real parameter A > 0, the tail exponent;
in the second model there is an additional probability distribution on the unit sphere
which has to be determined. We shall return to this issue in Section 16.

Example 12.2 (A continuous density f on the plane, which vanishes on the first
and third quadrants, and which lies in the domain of a Euclidean Pareto law.). By a
rotation through 7 /4, we may assume that f vanishes for |y| > |x| and is positive
for |y| < |x|. The function 2(x, y) = 0V (|x| —|y|) A I has this property. Introduce
the family of increasing ellipses

) X \2 qy 2
Eq : (q?) + (e—q) <1, q < [I,OO)

The function

fo(x.y) = h(x,y)/e*?, (x,y) €Eq, q > 1
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is well defined on the complement of £, and is integrable, since E, lies inside the
disk D, of radius e**/3 eventually, and Y |D,|/e" converges. The function f;
may be adapted on an ellipse £, so as to become a continuous probability density
f which vanishes on Ag = {|x| < |y|} and is positive on A; = {|x| > |y|}.

The diagonal matrix 8, = e?diag(g, 1/q) maps the unit disk B onto the el-
lipse E4. Its inverse maps Ao onto the thin wedge {|y| > ¢?|x|} and A; onto the
complement of this wedge. Let Z have density f. For ¢ > go the density g, of
W, = ,Bq_l (Z) is constant on the unit circle except for a neighbourhood of diameter
O(1/¢?) around the points (0, 1) and (0, —1) where it is less. The image of Egs
under ,Bq_l is an ellipse with semi axes e*(1 4+ s/¢) and e* /(1 4 s/q), which is close

4s/3 for all

to a disk with radius e® for ¢ large, and contained in a disk of radius e
s>0,9>1.So

g (u,v) — 1/r3, r? =u*+?

pointwise for u # 0, and also in L! on r > ¢ for any & > 0. This shows that Z lies
in the domain of attraction of the Euclidean Pareto law with exponent A = 1. )

In the spirit of this example one may construct unimodal densities in  (t) which
are not spherically symmetric, as in Example 7 in the Preview.

12.2 Bounded limit vectors. Densities with bounded support play only a minor
role in risk theory. However the associated theory is simple and gives insight in the
ideas underlying high risk limit theory, in particular in the role of rotund sets.

Let D be arotund set in R¢. If Z is uniformly distributed on D, then for any half-
space H intersecting D the high risk vector Z# is uniformly distributed on the cap
D N H. Now suppose the volume | D N H | tends to zero. Since the curvature of the
boundary is continuous, it is approximately constant on the cap when | D N H | is small,
and the high risk vector Z# , properly normalized, will converge in distribution to a
random vector W which is uniformly distributed on the paraboliccap O+ = ONH,
where Q is the paraboloid

0 ={w,v)|v<1—uTulBR" xR. (12.1)

Proposition 12.3. Let D be a rotund set. There exist affine transformations By
mapping H onto H such that By (D) — Q for 0 < |D N H| — 0, where Q is
the paraboloid in (12.1).

Proof. First assume D supports the halfspace {y > 1} in (0,1)7, and the upper
boundary satisfies 1 — 9t D(x) ~ xT x for x — 0. Define

oy (u,v) = (Vou,1 —o +ov) = (x,y), o €(0,1).
The upper boundary of the convex set Dy = ! (D) satisfies

1—9"Ds(w) = (1 -0t D(Vou))/o - ulu, o—0
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uniformly on bounded u-sets. This proves the limit relation for halfspaces H of the
form {y > ¢}. In order to establish the limit for halfspaces H diverging in an arbitrary
direction we use Lemma 9.13, as in the proof of Proposition 9.12. O

As a corollary, we see that the uniform distribution on the parabolic cap Q4 is a
high risk limit law, whose domain of attraction contains the uniform distribution on
any rotund set. The standard Poisson point process on the open paraboloid Q is the
vague limit in law of the normalized sample clouds ,31_{’17 (Ny), where H, are closed
halfspaces such that |H, N D| ~ |Q+|/n. The Poisson point process on Q thus
describes the local texture at the edge of the sample cloud for large samples.

Let us briefly discuss some issues related to these limit results.

1) A density f on D which lies in the domain of attraction of the uniform dis-
tribution on Q4 need not be constant. It is clear that f lies in the domain of the
uniform distribution if f extends to a continuous function on the closure of D which
is positive on the boundary. In general the function f need not have a continuous
extension to the closure of D, even ifitis C! on D. If L = e* is positive on D and
the partial derivatives of A are bounded on D then the function L is integrable, and
the density L/C will lie in the domain of the uniform distribution.

One can give precise conditions on the radial and tangential derivatives. Write
z=(1—-s)¢ with¢ € dD and 5 € (0, 1), and let H support (1 — s)D in z. Define
AR(l) = |dA(t¢)/dt| and let A7 (z) be the maximum of dA(z + te)/dt, t = 0,
over all unit vectors e with z + te € dH as in Section 11.4. If

Ar(z) = o(1/s), Ar(z) =o(1/+/s). s=s(z) = (1-n(2))4.z — dp, (12.2)
then L is flat for the uniform distribution on D in the sense that
LoBg(w)/LoBrg(0)—1, 0<P{ZeH}—0

holds uniformly on compact w-sets in Q4. The condition on the radial derivative
implies that on rays the function L is slowly varying as one approaches the boundary
of D. One can show that L is integrable and that the density L/C lies in the domain
of the uniform distribution on Q 4.

2) Let D be rotund and let y denote the probability distribution on dD, determined
by conditioning Lebesgue measure on R? with respect to the gauge function np. For
the unit ball y is the uniform distribution on the unit circle. One can prove that the
distribution y on dD lies in the domain of a high risk limit law. (And so does Ldy/C
for any continuous positive function L on dD). The limit law is singular with respect
to Lebesgue measure on R?. It is the uniform distribution on the upper boundary
of O the limit vector W = (U, V) has the form V = 1 — UTU, where U is
uniformly distributed on the disk [|u|| < 1in R”. The corresponding excess measure p
is Lebesgue measure on R lifted to dQ by the map u — (u, 1 —uTu).
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3) The uniform distribution on Q 4 and on the upper boundary of Q ; are only two
possible limit laws. Let s be the tent function on the rotund set D introduced in (12.2).
If the random vector Z on D has density f(z) oc s(z)¢~! for some ¢ > 0, then Z
lies in the domain of attraction of the vector W on Q. with density g(w)¢~!/Ce,
where g(u,v) = 1 — uTu — v measures the vertical distance from w = (u, v) to
the upper boundary of Q. This remains true if Z has density o< e*s¢~! where A
satisfies (12.2).

4) If A satisfies (12.2), then et /s lies in the domain of the uniform distribution on
the upper boundary of O, if the function is integrable.

Definition. The high risk limit distributions on Q and on the upper boundary of
Q4+ are called the parabolic power laws.

For rotund sets the behaviour in all boundary points is the same asymptotically.
Now let us see what happens if D has a vertex in a point py.

Assume D = (0, l)d, the unit cube in R?, and po = 0. Consider halfspaces H =
He = {§ < 1}with§ = (xq,...,xq) € (1, 00)?. The closure of H N D is the convex
hull X¢ of the points 0,e1/x1,...,eq/Xxq, where ey, ..., ey is the standard basis
of R4. If Z is uniformly distributed over D, then Z# is uniformly distributed over
the simplex X¢. The linear transformation B¢ = diag(1/xy, ..., 1/x4) maps the unit
simplex ¥ with vertices 0, e, ..., e4 onto X¢. Hence ,Bgl maps the high risk vector

ZHz onto the vector W which is uniformly distributed on the unit simplex X. The
excess measure p is Lebesgue measure on the open positive quadrant (0, oo)d . The
connected symmetry group § consists of all positive diagonal linear maps. For any
halfspace H with finite positive p mass, there exists an element oy € ¥ mapping X
onto H N [0,00)? = X such that dp = 1ydp/p(H) = om(dpo) is the image
of pop, the uniform distribution on X. There are other Radon measures on (0, 00)4
which are semi-invariant under the group §. These have density x| ... xfi" , with
¢i > —1fori = 1,...,d. These measures, restricted to X, and normalized, are
possible limit laws for Z# when Z is a vector on (0, 1)4 or (0, 00)?, and the half-
spaces H have the form {£ < 1} with £ € (0, 00)?.

In this situation there is a finite-dimensional family of limit laws which holds for
halfspaces whose normal points into the open negative orthant. One might speak of a
local limit law. The associated measure p on (0, 0o) has a large group of symmetries.
The high risk scenarios Z# all describe the behaviour of Z in the neighbourhood
of one particular boundary point. In that respect the limit behaviour is not very
interesting. On the other hand, the problem of describing the asymptotic behaviour
of the convex hull of a sample of size n from the uniform distribution in a polygon in
R? has attracted considerable attention since Rényi & Sulanke [1963], see for instance
Cabo & Groeneboom [1994]. The model also is of some interest for finance since
prices are by nature positive.
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There is a variant where the vertex has a different structure: D is the cap of a
cone C = {|lu|]| < v}. Inthis case p is Lebesgue measure and the symmetry group §
is the Lorentz group acting on the cone C of future events in relativity theory. Let
g = v — |lu|| denote the vertical distance to the boundary dC. The densities g€~
with ¢ > 0 are also semi-invariant under §¥. See also Section 15.3.

13 The multivariate GPDs

It is time now to introduce the complete class of multivariate generalized Pareto
distributions, GPDs. This section is meant for reference rather than for detailed
reading. Below we shall give for every dimension d > 1

1) the standard multivariate GPD’s 7, as a continuous one-parameter family;

2) the power families of the Euclidean Pareto and the parabolic power distributions
in a simple form;

3) the associated spherical probability distributions j¢; on R”; and

4) the excess measures p, with their symmetry groups.

It will be shown how projection onto lower dimensional subspaces acts on the
limit laws 7, and on distributions in their domains of attraction D(t). We shall
discuss the role of spherical symmetry and independence.

We shall use the following notation in this section:

h=d—-1>1, W=UV)eHy =R"x[0,00), v=1/|t|fort #0.

There are other candidates for the term multivariate generalized Pareto distribu-
tion, see Tajvidi [1995] and Balkema & Qi [1998].

13.1 A continuous family of limit laws. For the Gauss-exponential limit law the
representation in 1) and 2) is the same, and the corresponding spherical probability
distribution in 3) is the standard multivariate Gaussian distribution. The associ-
ated Radon measure pg has density e~ u/24v) " A Gaussian density in dimension
d = 2,3,4,... isdetermined by 5, 9, 14, ... parameters; a Gauss-exponential den-
sity on H+B[Rd by 4,8, 13, ... parameters.

In the univariate case the exponential distribution forms the central distribution
in the family of GPDs, linking the heavy tailed Pareto distributions and the power
laws with finite upper endpoint. The multivariate situation is similar. In all cases the
vertical component of the high risk limit vector W = (U, V) has a univariate GPD.
We shall use the shape parameter t of this univariate law, see (5) in the Preview, to
classify the multivariate distributions. This is the Pareto parameter of the distribution,
and of the associated excess measure. The multivariate GPD has cylinder symmetry
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with respect to the vertical axis. This means that aside from the shape parameter the
only other parameters are the two scale parameters for the horizontal and vertical
components. For the standardized distributions m, we choose the vertical scale pa-
rameter so that the component V' has the standard univariate GPD, G in (5) in the
Preview. The horizontal scale parameter is determined asymptotically for t — 0 by
the continuity condition at 7 = 0.

In the univariate case, the shape parameter t varies over the whole real line; in
the multivariate case the parameter t varies over the set [—2/ /1, 00).

1) The Gauss-exponential distribution g is the central term in a continuous one-
parameter family of high risk limit distributions 7, T > —2/ h, on the upper halfspace
H, in R4, the standard multivariate GPDs. For t > —2 / h the distribution 77, has
a density g;(u, v) of the form

—1/20—-d/2

(1 +7v)* + tulu) /C: 1©>0,
g:(u,v) = e_(”“L“T“/Z)/(271)}’/2 =0,
(1+7v+ ruTu/Z)J_rl/r_l_h/2 /C: —2/h<7t<0,

where the constants C; have the value

_ Yo" T+ 1D)/2)/T( +1+h)/2) >0,

C, =
Q)T (v — h/2)/ T (v) —2/h <1 <0.

For t = —2/ h the probability measure 7, is singular. It lives on the parabolic cap
v =h—uTu}N{v>0BRY,

and projects onto the uniform distribution on the disk {u”u < &} in the horizontal
coordinate plane. Thus in the case T = —2/h, one may write the limit vector as
W = (U, V), where U is uniformly distributed on the centered disk of radius Vhin
R”, and the vertical coordinate V = (h — UT U)/2 is a function of U.

For each T > —2/ h the vertical coordinate V has a standard univariate GPD with
parameter 7, and the horizontal component U has a spherically symmetric density.
Expectations exist for t < 1; variances for t < 1/2:

1 1 . 1
E(U, V) = :(O, 1), Var(U, V) = 1—1 dlag (1’ A 1’ (1 _ T)(l _21—)>

The expressions for g, for positive and negative parameter values t differ. For
d > 1 the family of multivariate GPDs is continuous in 7, but no longer analytic.

2) The positive and negative parameter values determine two power families of
limit densities. In the calculations below we leave out the integration constants. These
may be computed from the identities

R LA (e IN ST _ T@Tr()
/() (1 + r2)bta _/0 r (I—=r9)""dr = EB(aab) = m (13.1)
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For t > 0 the vector (X,Y) = (U/+/v,V/v) has a Euclidean Pareto density
proportional to
1/((1 + y)2 + XT)C)(V+d)/2.

This density was treated in Section 8.

Let the vector S in R” have density proportional to 1/(1 + s7s)"+9/2_ Then
(1+)S has density proportional to 1/((1+y)2+sTs)("+4)/2 Thisis the conditional
density of X given ¥ = y. So we see that (X,Y) for ¢ > 0 is distributed like
((1+7Y)S,Y), where Y is independent of S.

For t € (—2/h,0) the vector (X,Y) = (U/~/2v, V/v) has a parabolic power
density proportional to

(1—y—xTx)™" v=q+h/2

Here P{Y > y} = (1 — y)} and X has density proportional to (1 — xTx)’i.

Let S € R” have a spherical beta density, proportional to (1 — sTs)i_l, qg > 0.
Then /(1 — y)S has density proportional to (1 — y — sTs)‘;’L_1 for0 <y < 1. So
(X,Y) for =2/ h < © < 0 is distributed like (1/(1 —Y)S,Y) with S independent
of Y. This also holds for the boundary case t = —h/2, where S is uniformly
distributed over the boundary of the unit disk in R”, and X is uniformly distributed
over the disk. Note that S and X both have a spherical beta density, but with different
exponents.

13.2 Spherical distributions. 3) Introduce the family of spherical probability dis-
tributions 1 on R” with densities proportional to

/(1 +wsTs) B2 050, (14 1sTs/2)57 72 v € (=2/h,0).

By continuity s is the standard Gauss distribution on R”, and p_, /h 1s the uniform

distribution on the sphere of radius Vh in R, Note that y; for T > 0 is not the
spherical Student distribution with v degrees of freedom. (It lives on R”, not R?.)

Theorem 13.1 (Structure). Let S have distribution . on R”, and let V have a
standard univariate GPD on [0, 00) with df G+, as defined in Section 13.1. Assume
that S and V are independent. Set W = ((1 + tV)S,V) for t > 0 and write
W =(/(A+V)S,V)for—=2/h <t <0. Then W has the standard multivariate
GPD ny on H.

Proof. For t > —2/ h this follows from the density of the conditional distribution
of U given V = v where (U, V) has density g, above, see the arguments under 2).
For t = —2/h it follows from the fact that U is distributed on a sphere of radius

V2v—vin RPif V = v, justas /(1 + tv)S. O
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Theorem 13.2 (Projection). Let W = (U, ..., Uy, V) have distribution 7, on H,
and let S = (S1,...,Sy) have distribution j1; on Rt Form =0,...,h — 1 the
vector (Uy,...,Un, V) has distribution 7, on R™ x [0, 00), and (Sy,...,Sn) has
distribution Ly on R™.

Proof. The densities proportional to 1/(1 + s7s)®*9/2 orto (1 — sTs)v_F_l_h/2 are
stable under orthogonal projections as is seen by integrating out the variable s;. This
then also holds for the distributions p, for T % 0 and t > —2/ h, and (by continuity)
also for the two exceptional values of 7. Now apply Theorem 13.1 to obtain the result
for the GPDs. O

13.3 The excess measures and their symmetries. 4) In Section 8 we extended the
Gauss-exponential limit law on H, to a Radon measure on the whole space R?.
The other high risk limit laws have similar extensions to infinite Radon measures.
If one adapts the normalization so as to achieve maximal simplicity, one obtains the
measures:

pe on R? \ {0}, with density 1/r**¢ for the Euclidean Pareto limit laws,
t=1/A>0;

po on R?, with density e~Ve " /2 for the Gauss-exponential limit law;

p: on the paraboloid Q = {v + u’u < 0}, with density q’l_1 for the parabolic
power laws, where g (u,v) = —(v + u’u) fort = —1/(h/2 4+ 1) < 0; and

p—2/n on 0Q is Lebesgue measure on R" lifted to the parabolic surface
v + uTu = 0 for the parabolic power law with T = —2/ h.

Recall that the symmetry group § of a measure u is the set of all 0 € A for
which there exists a constant ¢, > 0 such that o() = cou. In Section 8 it was
shown that the symmetry group of the measure p on R¢ with density e~ve~lul?/2
is generated by the vertical translations (u,v) — (u,v +t), t € R, the orthogonal
transformations which leave the points on the vertical axis in their place, and the
parabolic translations (8.6). The symmetry group for the parabolic power measures
with densities q)‘_1 on the paraboloid Q is the same except that we replace the vertical
translations by the linear maps (u, v) — (cu, c?v), ¢ > 0, which map Q onto itself.
This is also the symmetry group of the singular measure on dQ. The symmetry group
of the spherical Pareto measures with densities 1/r4+1/% on R? \ {0} is different.
It is generated by the group of orthogonal transformations on R? together with the
scalar maps w + cw, ¢ > 0.

Proposition 13.3. Let 8 be the symmetry group of the infinite Radon measure p;
associated with a Pareto-parabolical high risk limit law 7w, on Hy. For t = 0 let
Jo = Hy, fort > 0let Jo = {v > 1}, and for t < 0 let Jg = {v > —1}. For
each closed halfspace H with 0 < p.(H) < oo there is a symmetry o mapping H
onto Jo. The probability measures dp! = 1y dp./p.(H) have the shape of .
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Proof. As for Lemma 8.1. O

13.4 Projection. For coordinatewise maxima there is an obvious projection theo-
rem:

(Z1... . Zg) € DY(Wh, ... . Wa) = (Z1..... Zm) € DY (W1, ..., W)

form = 1,...,d —1. A similar result holds for the domains £ () of the multivariate
GPDs: If (Z4,...,Z4) € D(t),then (Z1,...,Zy) € D(r)form=1,...,d — 1.

Theorem 13.4 (Projection Theorem). Let I': RY — R™ be an affine surjection,
I'(z) = Az + b, with b € R™, and the m rows of the matrix A independent. If
Z € D(1,RY), then T (Z) € D(z, R™).

Proof. Let Wy = az'(Z H) — W where ag maps H, onto H. By cylinder
symmetry of the limit distribution, we may replace og by g o Ry for any rotation
Ry around the vertical axis, Ry € O(R"). We need only consider high risk scenarios
ZH for halfspaces H = I'"1(J) for halfspaces JBR™. Let K = {4 = 0} be
the kernel of A. Then H is a union of translates of K, and so is dH. We may
choose Ry such that &g = ag o Ry maps {0} x RF x {0}BR”! x R¥ x R into a
translate of the k = d — m-dimensional kernel K. This allows us to regard I" as a
coordinate projection in terms of the coordinates introduced by ¢z . One may write
I'oay = By o p for an affine transformation By on R™ where p is the projection
(U1, ..., up,v) > (Up,...,Up—1,V):

R x Rk x R —= Rd

P,

Rm—1 % R R™ .

It now follows that ﬂ;l(F(Z)) = p(az'(2)) = p(W) = (Uy,....Up—1, V) for
H — 9. |

13.5 Independence and spherical symmetry. Independence and spherical sym-
metry are two powerful instruments for creating multivariate distributions. Centered
Gaussian distributions with iid components are the only spherical distributions with
independent components. The theory of coordinatewise maxima is able to accom-
modate both spherical symmetry and independence. However the exponent measure
corresponding to the independent part lives on the boundary. For ¢ < 0 this boundary
has coordinates equal to —oco. Compare Example 7.4.

In geometric extreme value theory spherical symmetry plays a prominent role. A
rather trivial form of the multivariate theory states that for any density f on [0, c0) in
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D™ () the corresponding spherical density f (where || Z | has density fy) belongs to
D (7). This chapter tries to answer the question: How far can one relax the condition
of spherical symmetry, while retaining the desired limit behaviour for the high risk
scenarios?

Theorem 13.5. If Z € D(t) has independent components, then Z is Gaussian (and
T = 0).

Proof. Itsuffices to prove that the component Z is Gaussian. Write Z = (X, Y), and
let Z' = (X, Y") be the high risk scenario for the horizontal halfspace H' = {y > t}.
Then Y € D(x), i.e. (Y! —t)/a, = V where V has a GPD G, on [0,0). Let
o;(u,v) = (u,t + a,v). Then o] 1(Z") = (X, V) with V and X independent. So
(X, V) has a multivariate GPD. By independence T = 0. Hence X is Gaussian. [



IV Thresholds

This chapter treats exceedances over horizontal and elliptic thresholds.

The first four sections of this chapter treat exceedances. There are two sections on
exceedances over linear thresholds, and two on exceedances over elliptic thresholds.
In both cases the first section treats the general theory, and the second investigates
specific cases. For exceedances over horizontal thresholds the link to the theory of
multivariate GPDs in Chapter III is clear: rather than letting halfspaces drift away
arbitrarily, we now assume divergence in a fixed direction. For convenience we
assume the halfspaces to be horizontal: H, = {y > ¢} where y denotes the vertical
coordinate. Exceedances over elliptic thresholds are associated with heavy tails.
The Euclidean Pareto measures in Chapter III have spherically symmetric densities
¢/||lw||9+"/*. The limit measures in the present chapter need not have such a simple
form.

Both in the case of horizontal halfspaces and in the case of complements of
open ellipsoids we condition on a decreasing family of closed sets, with vanishing
probability, and ask for a limit vector to describe the asymptotic behaviour of the
conditional distributions. Both theories may be regarded as an alternative to the
limit theory for coordinatewise maxima of random vectors in [0, 00)¢. One may for
instance choose the vertical axis along the diagonal, and condition on ¥ = n(Z) =
Z1+ -+ Zg = yfor y - ys; or one may choose an increasing sequence of
centered coordinate ellipsoids E},, and condition on Z ¢ E,,.

In both theories there is a one-dimensional group of affine transformations y’,
t € R, acting on the excess measure

Yi(p)=e'p, teR

For exceedances over horizontal thresholds the transformations ¥’ map horizontal
halfspaces into horizontal halfspaces, y* € A", and the corresponding group of
positive affine transformations 7’ on the vertical axis is precisely the symmetry group
of p, the vertical component of the excess measure p. For exceedances over elliptic
thresholds the y?, ¢ > 0, are linear expansions. In the limit theory for coordinatewise
maxima the symmetries y’ were CATs, affine transformations whose linear part is
diagonal.

The one-parameter symmetry groups y’, ¢ € R, allow a complete classification of
the limit distributions. For exceedances over horizontal thresholds the excess mea-
sure p is determined by a probability measure p* on R”, and the symmetry group y*
in A"; for exceedances over elliptic thresholds p is determined by a probability
measure p* on the unit sphere, in appropriate coordinates, and a linear expansion

group y'.
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There are differences too.

1) For exceedances over elliptic thresholds we are able to give a constructive
characterization of the domain of attraction of excess measures with a continuous
positive density.

2) For exceedances over horizontal thresholds convergence of the high risk sce-
narios entails convergence of the sample clouds.

3) Horizontal thresholds are easier to handle since there is only one decreasing
family of horizontal halfspaces.

4) For elliptic thresholds convergence of convex hulls holds automatically; for
horizontal thresholds no simple conditions are known.

The last section of this chapter offers background material. Itis devoted to regular
variation of affine transformations, and excess measures on R¢. It contains sub-
sections on the Jordan form of a linear transformation, on Lie groups, and on the
Meerschaert Spectral Decomposition Theorem.

14 Exceedances over horizontal thresholds

14.1 Introduction. Often one has a good idea of the direction in which risk is
located. One may even have a variate which measures loss, such as for instance
minus the value of one’s portfolio. In this section we assume that risk occurs at large
values of the vertical coordinate (denoted by y, v, or n). So we are interested in high
risk scenarios for horizontal halfspaces

H” ={n>y}, ¥ Yoo

where ys, denotes the upper endpoint of the distribution of the vertical component
Y = n(Z) of the vector Z describing the state of the system. The vertical compo-
nent measures loss, or discomfort, or some other quantity of interest; the horizontal
component X € R” of Z = (X, Y) contains additional information. By ignoring the
horizontal coordinate one is back in the univariate theory of exceedances discussed
in Section 6. We are interested in the asymptotic behaviour of the high risk scenarios

727 =71 31 yeo.
Do there exist affine normalizations ¢, such that
o, (Z7) = W, P{Y =y} — 0+, (14.1)

where we assume W to be non-degenerate, and to live on a horizontal halfspace
Jo = {v > jo}, for instance the upper halfspace H, and we assume that o, maps
Jo onto H7.
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Definition. 4’ is the group of affine transformations mapping horizontal halfspaces
into horizontal halfspaces. The matrix representation is given in (14.3) below.

Each o € A" determines a transformation of the vertical coordinate, &@. The map
o > & is a homomorphism of the group #4” onto the group 4™ of positive affine
transformations y — ay +b,a > 0, on R. It follows that (14.1) implies convergence
of the vertical coordinate:

Proposition 14.1. Suppose (14.1) holds for Z = (X,Y) and W = (U, V) in Rh+1
with a,(Hy) = H'. Then @; ' (Y">) = V, and V has a GPD on [0, c0).

Definition. The vector Z = (X,Y) € R**! lies in the domain of horizontal at-
traction of W = (U, V) if (14.1) holds, with «; mapping the standard horizontal
halfspace Jo = {v > jo} onto H', and if the distribution of W is non-degenerate.
Notation Z € D"(W).

Proposition 14.1 allows us to apply the univariate theory to the vertical coordi-
nate Y. The vertical component V of the limit vector has a GPD. The shape parameter
of the df of V' will be used to classify the multivariate limit distributions. The theory
of exceedances over horizontal thresholds may be regarded as a refinement of the
univariate theory for exceedances. The univariate theory describes the distribution
of Y, given that Y exceeds a threshold y, for y — y; the multivariate theory
describes the distribution of the state of the system, Z = (X, Y), under the same
conditions. We shall see below that, as in the univariate case, there exists an infinite
Radon measure p such that

py =0, (m)/P{Y =y} > p, ¥y > Yoo

holds weakly on all horizontal halfspaces J on which p is finite, where 7 denotes
the distribution of Z. The projection of p on the vertical coordinate, p = 1(p), is
precisely the univariate Radon measure which extends the distribution of V. The
measure p is a univariate excess measure. It lives on an unbounded interval

s J5) =7 Go) |t € R}, Jo = R" x [jo, 00). (14.2)

The 7' in AT satisfy 7 (p) = e’p. In appropriate coordinates one of the following
holds:

ply,o0)y=e?, yeR =1/y* y>0 =[y* y<0,

asin (6.8), where A = 1/|z|for t # 0. Thisis as it should be. The normalized sample
clouds from the distribution 7 of Z converge to the Poisson point process N with mean
measure p; and the normalized sample clouds of the vertical coordinate converge to
the vertical coordinate 1(N ), a Poisson point process with mean measure p.
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One could regard N as a marked point process (with the distribution of the hor-
izontal mark dependent on the vertical coordinate). We prefer to think of the point
process N in geometric terms. One of the questions then is what happens if there
is a slight departure from the horizontal. Recall that the limit measure p is sturdy if
p(Jn) = p(Jo) = 1 for halfspaces J,, — Jo. For sturdy measures 1;,dp — 1;,dp
weakly whenever J, — Jo. The measure p is sturdy precisely if the vertical direc-
tion 7 lies in the intrusion cone A of p, see Section 5.4. If p is not sturdy there exists
a sequence J, — Jy such that p(J,) = oo forall n > 1, and p is called flimsy.

Definition. Suppose p, = nmw, — p vaguely, where we set 7, = a;ll (r) with
P{Y > yn} ~ 1/n and a;(Jo) = {y > t}. The probability measure 7 (or Z) is
steady if 1,dp, — 1;,dp weakly whenever J,, — Jy.

For steady 7 the normalized sample cloud converges weakly to the limiting Pois-
son point process on halfspaces sufficiently close to horizontal. The vertical coordi-
nate 7 lies in the convergence cone T of nm,,.

The main objective of this section is to determine the limit laws for exceedances
over horizontal thresholds. A complete classification is possible since limit distribu-
tions extend to excess measures. The Extension Theorem 14.12 allows us to replace
the limit relation (14.1) by

e'B(t) () — p weaklyon J = R" x [v,00), t — 00, p(J) < 00,

where f: [0,00) — A" is continuous and varies like y? as defined in (12) in the
Preview. This is the main result of the present section. The proof is technical, and
the reader is advised to skip it and proceed directly to Section 14.6. Section 14.9 lists
the limit laws in R3.

Section 14.10 gives conditions under which convergence is preserved when some
of the coordinates of the horizontal components of the vector Z = (X, Y) are deleted.
Projection allows us to reduce conditions for sturdiness of the limit measure, and
spectral stability, to lower dimensional limit measures.

A summary of the main results may be found in Section 14.13. The two final
subsections treat the domains of attraction for limit distributions for exceedances
over horizontal thresholds. Probability distributions in the domains of attraction may
be described as perturbations of typical distributions. Typical distributions have the
property that the conditional distributions of the horizontal component, given the
vertical component, all have the same shape. A look at Section 18.1 on multivariate
regular variation may be helpful at this point.

14.2 Convergence of the vertical component. We start by looking at the vertical
component, the backbone of the vector Z = (X, Y) in D" (p).

For exceedances over horizontal thresholds the normalizations are transformations
o € A", These map horizontal halfspaces into horizontal halfspaces. The associated
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matrices of size 1 +h 4+ 1and 1 + 1,

1 0 O i 10
a=[|p A q|, a= b al (14.3)
b 0 a

define the affine transformation . : (x, y) — (p+Ax+qy,b+ay)on R+ and the
positive affine transformation &: y + b 4 ay acting on the vertical coordinate. Note
that o maps the vertical axis into the line p + Rg. The blocked 1 + /# + 1-matrices are
convenient for explicit computations. Thus itis clear that o > & is a homomorphism
from A" into A™: If y = af then j = a@p.

Definition. The parameter t of the limit GPD of the vertical coordinate is the Pareto
parameter of the multivariate limit distribution.

Before proceeding, let us note that Proposition 14.1 yields information about the
limit theory of multivariate GPDs developed in Chapter III. It gives a qualitative
description of the tails of distributions in the domains of attraction of multivariate
GPDs. Assume Z € D(r). The halfspace H then is allowed to diverge in any
direction. But every direction £ may be regarded as the vertical direction. So £Z lies
in the domain of attraction D (7) of the GPD G, for each non-zero linear functional &
on R?. If Z has heavy tails then r*P{§Z > ¢} vanishes for s < 1/7 when t — oo,
and diverges to oo for s > 1/t. If Z has light tails, all moments of || Z|| are finite.
If t is negative, Z has bounded support.

In order to be able to speak of limit laws we had to impose a regularity condition
on the boundary of the distribution & of the vector Z: hyperplanes tangent to the
convex support should not carry positive mass, see (8.3). Here we can say more.

Proposition 14.2. Suppose 7 lies in the domain D (t) of a multivariate GPD. Then
w(0H)/w(H) -0, #n(H)—0+.

Proof. Otherwise the limit law would have positive mass on the horizontal hyperplane
0H 4+ and the vertical component V' of the limit vector would have mass in the origin.
This is not possible since V' has a GPD by Proposition 14.1. O

14.3* A functional relation for the limit law. We now start with the proof of the
Extension Theorem, which will be formulated in Section 14.6.

It is convenient to use risk as parameter, and write Z, for the high risk scenario Z*
with P{Z € H'} = g. Similarly we write W, for the limit vector W conditioned to lie
in the horizontal halfspace J for which P{W € J} = q. Observe that (W), = Wy,
for p,q € (0, 1].

The vectors W, are well defined since the df G of the vertical component is
continuous on R and strictly increasing on the interval {0 < G < 1}. It helps
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to assume in first instance that the df F of Y also has these properties. From the
univariate theory in Section 6 it is known that the distribution tail 1 — F is asymptotic
to a continuous function 1 — Fy on R which is strictly decreasing on {0 < F < 1}.
We shall write

qg=q@), t=1t(q), q@)=1-=F@). (14.4)

We begin with a simple result on weak convergence of high risk scenarios. Recall
that G : (0, 1) — R denotes the left-continuous inverse of the univariate df G.

Lemmal4.3. LetW, = W = (U,V) € RA+1 LetV havedfG. Let H, Hy, H, . ..
be horizontal halfspaces. Suppose g, == P{W,, € H,} - P{W e H} =¢q € (0,1),
where H, Hy, H, ... are horizontal halfspaces. If G is continuous in q then
whn = wH,

Proof. First note that the dfs G, of the vertical component of W,, converge weakly
to G, and hence G,- — G weakly. The continuity in ¢ ensures that #, — ¢,
where we write H, = R" x [t,,00) and H = R" x [t,00). It also ensures that
P{V =1t} =0. So 1y, — 1z holds W-a.s. For any bounded continuous function
¢ we then have E(¢lg,)(Wn)/qn — E(elua)(W)/q. O

Now suppose W is a limit vector for exceedances over horizontal thresholds. The
lemma implies that W, is distributed like y (W) for some y € A", Here is a more
general result.

Proposition 14.4. Suppose a;l (Z') = Wand P{Y > t,} = q, — O0+. Let G be
the df of the vertical component of W. Suppose G* is continuous in g € (0,1). If
P{Y > sp} ~ qqn then a; ' (Z°7) = Wy. If also a; ' (Z°") = W then

1) The sequence (a,‘nlasn) is relatively compact.

2) For any limit point y of this sequence, y(W) is distributed like W,.

3) For any such y there exist symmetries o, of W in A" such that

-1
o, 0, On —> Y-

Proof. Convergence to W, follows from the lemma with W, = ozt_nl (Z™) and
w, i = a;l (Z%) with H, = ozt_nl (H*®m). The limit vectors W and W, are of
the same type by the Convergence of Types Theorem; see the Preview. The CTT
yields the three conclusions above. O

14.4* Tail self-similar distributions. We shall now first investigate random vec-
tors W with the property that for certain ¢ € (0, 1) there exist y € A" such that the
high risk scenario W is distributed like y(W).
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Definition. A random vector W on H, with distribution pyg is tail self-similar for
y € A if the high risk scenario W for H = y(H) is distributed like y (W), and

ifg(y) :=P{W € y(Hy)} € (0,1).

Example 14.5. Let W = (U, V) € R x [0, o0). Suppose V is discrete with a Pascal
distribution on the non-negative integers: P{V >t} = q[t], where [t] denotes the
integer part of 7. Given V' = n let U be normal with unit variance and expectation n2.
Then W is tail self-similar for y: (u,v) +— (¥ + 2v + 1,v + 1). Observe that

a (W) = W if we choose o, =y~ fort > 0. Yet W ¢ Dy (W). O

We claim that a tail self-similar distribution py extends to an infinite Radon mea-
sure p which satisfies

() =p/q9, q=q(). (14.5)

The construction of p is simple. The difference S = H \ y(H;) is a horizontal
slice, and du = 1sdpy is a measure of mass 1 — g. The restriction of pg to the slice
S1 = p(S) = y(Hy) \ y*>(Hy) is qy(u), and similarly for the slices S5, S, ...,
with Sx = y¥(S). Now define

p= Y ¢V on (J v(S)=R"x(j..j"). (14.6)

k=—00 k=—o00

Here (j«, j*) is the union of the sets ([0, ¥(0))), where ¥ is the positive affine
transformation on R associated with y in (14.3). Then p is an infinite measure, which
is finite on R” x [v, 00) for any v > J, and p restricted to H is po. The projection
of p on the vertical axis satisfies y(p) = p/q. By construction (14.5) holds.

It is not obvious that a different tail self-similarity, y; (W) = W1 for the vec-
tor W will yield the same extension p. We shall return to this issue in Section 18.10. In
order to understand tail self-similar distributions we need to understand the symmetry
group of p.

The symmetry group of p in A" is the set § of all y € A" for which there exists
a constant ¢ = ¢(y) such that y(p) = p/q. The set § is a group, and the map
y > ¢(y) is a homomorphism from & into the multiplicative group of the positive
reals, (0, 00). We shall show that there are only two options: Either the image ¢ (§) is
a discrete subgroup of the form { p* | k € Z} for some p € (0, 1), or ¢(€) = (0, c0).
It is the latter case in which we are interested. We shall see that in that case the vertical
component V' of the vector W has a GPD on [0, o0) and p is an excess measure. At
the end of this section we give more details on the structure of the group §, its relation
to the group 8§, of symmetries of pg in A”, and the choice of y in (14.5), which need
not be unique.

Let I be the set of all y € A" for which W H+) is distributed like y(W). Then

y(dpo) = 1y pydpo/q(v), q(y) = po(y(H4)). (14.7)
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We list some simple properties of the set I".

Lemma 14.6. The following hold:
1) Ify € I' and HBH  has positive mass, then y(1gdpo) = 1,mydpo/q(y).
2) T contains the group 8y, of symmetries of pg in A"
3)Ifyr,y2 €l theny = y1y2 € I and q(y) = q192.
HIfyr.y2 €T and g2 < qi theny :=yy'y2 € Tand q(y) = q := q2/q1.

Proof. The statements 1), 2) and 3) are obvious. For 4) we have to prove that
v(dpo) = lgdpo/q with H = y(H4). Apply y1 toboth sides to obtain an equivalent
equality, and then use 3):

v2(dpo) = y1i(ludpo)/q = 1y, (ydpo/q/41-
Since y1(H) = H; and gq1 = ¢» this equality holds, and y(dpo) = lgdpe/q. O

These results yield a dichotomy: Either the image ¢(I") contains a maximal ele-
ment p € (0,1),and ¢g(I') = {p, p%,...}, orq(') is dense in (0, 1]. The dichotomy
will allow us to show that the extension p does not depend on .

Theorem 14.7. Let py be a probability measure on H,.. Let QB(0, 1) be non-empty.
Foreachq € Q let y, € AP satisfy

Yq(dpo) = lg,dpo/q, Hg = ys(Hy).

Let py be the extension of pg corresponding to y,. These extensions are equal. Let p
denote this extension.

1) If there exists areal p € (0, 1) such that each q € Q is a positive integer power
of p, then there exists y € A such that

v¥(p) = p/p*. kezZ.
2) Otherwise there is a one-parameter group y', t € R, in A", such that
yi(p) =e'p, teR. (14.8)
The vertical projection pg of po then has tail function
po[v,00) =1—Ge(av), v=>0

for some a > 0, where G is the standard GPD with parameter t in (5) in the Preview.
Let (jx, j*) be the minimal interval in R on which the extension p of pg lives. Then p
lives on R" x (jx, j*), and p is the vertical projection of p.
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Proof. The construction (14.6) shows that the extension of py for y and for ™ is the
same for m = 2,3,.... In the discrete case there is a § € I' such that g(8) = p.
Then y, = ™0, for some my; > 1 and some symmetry o, of pg in A", Hence
PB = Py, - This holds for each g € Q.

In the continuous case the image ¢ (I") of the set I" in (14.7) is dense in (0, 1]. This
implies that the vertical projection pg has a GPD on [0, 00). Hence g: ' — (0, 1] is
continuous. Choose y,, € I" such that ¢, :== ¢q(y,) — 1 —0. Then W% = W gives
Yn(po) = po. The Convergence of Types Theorem yields a sequence of symmetries
on € A" of pg such that Yy := 0, 'ysn — id, and y}, € T by the lemma above. From
Lemma 18.79 it follows that there exist 7, € &, and a generator C such that

[tmn] tC t -1,
IBknn_>e :yy tE[R’IBkn:Tn ykn

for some subsequence k;,, — 0o, and m, — oco. Then y* € I for adense set of s > 0
by writing y* = y,0, for g = e™* € q(I'). By continuity y*(W) is distributed like
We™ forall s > 0. The extension o = ps induced by y* does not depend on s.
Apply the uniqueness in the discrete case to s = 1/2", and let n — oo. O

Remark 14.8. The one-parameter group y’ in (14.8) need not be unique. This issue
is discussed in Sections 14.7 and 18.1.

14.5* Domains of attraction. For g(I') discrete, it is simple to write down the
domain of attraction explicitly. This description remains valid in the continuous case.
A drawback of this description for the continuous case is the introduction of a spurious
period.

Let y(p) = p/p with p € (0,1). Recall that p was constructed slicewise as
a sum of transforms y* 1/ p*, where p was the restriction of pg to the slice S =
H,\y(Hy) = R"x[0,¢). So i has mass 1 — p. We shall define the distribution 7
of our random vector Z = (X, Y') as a mixture of probability measures 7, = B, (it»)
with mixing distribution gy, ¢, . . .. The conditions are:

D gn+1/qn — p;

2) pun lives on S for n > 1, and converges weakly to the probability measure
n/(1 = p);

3)Bn =y1...yn With y, — v, and y,(0) = ¢ forn > 1.

Setﬁn (0) = y,. Then Bn (¢) = yn+1 by 3), and so the slices S, = R" x I,, with
I, = Bnl0.¢) = [Vn, Yns1) nicely fill up R? x [y}, yoo) With yoo = lim y, < oo.
We define the initial measure 7 to be any probability measure on R” x (—oo, y1).

The slicing sequence yi, y2, ... is basically a univariate construct. In the case
of thin tails the increments a, = y, — y,—1 are asymptotically equal, see (6.5),
otherwise a,+1/a, — ¢ with ¢ > 1 for heavy tails, and ¢ € (0, 1) for bounded tails.
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Theorem 14.9. Let p be an infinite measure on R¢ which satisfies y(p) = p/ p for
some y € A" and p € (0,1). Suppose 7(0) = ¢ > 0. Set j. = inf y~"(0) and
j* = supy™(0). Assume p lives on R? x (jx, j*), dpy = Ly, dp is a probability
measure, and p does not charge the horizontal coordinate plane.

If 7 is the probability measure defined above then B, (7/ry,) — p weakly on
R” x [7%(0), 00) for any k < 0 where rp, = m{y > y,.

The converse also holds: If Z = (X, Y) has distribution 7, and o, ' (Z*") = W
where W has distribution pg, oy, maps Hy onto H>", and q, == P{Y > y,} satisfies

qn+1/qn —> p, then 7 has the form above for a sequence B, = o, 0, with o, € 8.

Proof. The first part is an immediate consequence of the construction. First note that
"n/qn — 14+ p+p>+---=1/(1—p). Nextfork <0

By nkTnri) /0 = Vit oo Vpiksr Bk @k Tnsi) [ Tn — PX v/ (1= p).

A similar relation holds for k > 0. Combining a finite number of these slices
Sn+j, j = k,...,m, we obtain weak convergence on | J{y’/(S) | k < j < m}.
Exponential decrease ensures that ry,,,/r, < 2p™ < & eventually for any ¢ > 0.
Hence weak convergence holds on {v > 7%(0)} for k < 0.

For the second part write ;1 (Z¥n+1) = W, with W,, = o, 1(Z¥") = W. By
the CTT W,;” = W?*. By the lemma below there exist symmetries o, € & such
that B, = «,0, satisfies 8, 18,.1 — y. Since the 0, are symmetries they do not
affect convergence: B, 1(Z”") = 0,(W,) = W. By assumption o, maps H onto
H’n. Hence ﬁ;l(yn) = 0. Also B;l(yn_,_l) — c¢. Hence we may find 8, ~ B,
in A" such that B;l [0,¢) = [Vn, Yn+1)- O

Lemma 14.10. Let 8B4 be a compact group, and y € . Suppose y '8y = §.
Let the sequence g, oy, . .. in A satisfy

On+1 = Un¥YnOn, VYn —> Y, On € 8.
There is a sequence Bo, P1, ... such that

/ /
Bn =nTu, PBnt1=PBuVy. W ES, Y, =7V
Proof. Write ap41 = a1, 1)/,/1 Ty Starting with «; = g id Y909, and setting
_ -1 =1 _y _ —1./
Unt1 = (T, T)yYn(T', T,)0n = AnT, VyTnt1

1 1

T,y € 8 to ensure that y), = t, Y,y 'ty —> y
1.—1

with 7,41 = 1,0p and 7}, = y~
(since y,y~! — id implies ¥,y 't,! — id for any relatively compact se-

quence (7,)). O

One could develop a theory for tail self-similar measures as a discrete counterpart
to the theory of high risk scenarios and excess measures. We shall not do so.
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14.6 The Extension Theorem. The Extension Theorem states that for 7 € D" (po)
with normalizations «) the measures o, Y()/m(H?”) converge vaguely to the excess
measure p extending pg. Weak convergence holds on every horizontal halfspace
J = R" x [v, 00) on which p is finite. If we choose y, so that 7(H>") ~ 1/n, then,
by the results in Section 5, the n-point sample clouds N,, from the distribution 7,
properly normalized, converge to a Poisson point process N with mean measure p
weakly on J.

We shall first formulate a simple extension result. Weak convergence on the upper
halfspace H, entails weak convergence on all horizontal halfspaces R” x [v, 00)
forv > j,.

Proposition 14.11. Suppose m € D"(py) with normalizations ay. The vertical
coordinate of the limit vector W = (U, V) has a GPD. Let (j«, j*) in (14.2) be
the interior of the support of the excess measure p on R extending the distribution
of V. The distribution po of W extends to an excess measure p on R" x ( Jx, JT), and
ozy_l(zr/n(Hy)) — p weakly on R" x [v, 00) for each v > j4 as w(H”) — 0+.

We shall prove more. Since each limit distribution pg has a unique extension to
an excess measure p on R” x (jy, j*), we may write D" (p) for D" (po).

Theorem 14.12 (Extension Theorem). Suppose w € D" (p) for an excess measure p
which satisfies y* (p) = e’ p for a one-parameter group y* € A" t € R. There exists
a continuous curve B: [0, 00) — A" which varies like y*, such that

e'B(t) (m) = p weakly on R" x [v,00), t — 00, V> Jjx,

where (j«, J*) in (14.2) is the domain of the vertical component p of the excess
measure p.

There is a relation between the normalizations oy, of the high risk scenarios Z7,
and the curve . Let F be the df of the vertical component Y of the vector Z = (X, Y)
with distribution 7. There exists a continuous df Fy which is strictly increasing on
{0 < Fy < 1} = (0, Yoo), With the same upper endpoint yo, as F, and with finite
lower endpoint yg, and which satisfies (1 — F(y))/(1 — Fo(y)) — 1 for y = yeo
from below.

Proposition 14.13. Let F and Fy be as above. Define y: [0,00) — [V0, Yoo) by
1 — Fo(y(t)) = e™'. Let 8" denote the set of measure preserving transformations of
pin Al There exist o(t) € 8h t >0, such that

ay@y ~ B)a(t), t— oo.

We shall now give the proof of these interrelated results.
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Proof. Let a;l(Zy) = W. The high risk scenarios W,;, 0 < g < 1, all have
the same shape. Hence the distribution of W extends to an excess measure p on
R” x (j, j*). This excess measure is unique. There exists a one-parameter group
y' € A" such that y*(p) = e’p for t € R. This group need not be unique.

Setp =1/e,1—Fy(yn) = 1/e",anda,, = a(y,). ByLemma 14.10¢, = B,,04,
where B, ' Bn4+1 — y and p, := B, 1(n)/p" — p weakly on y~™(H) for each
m > 1. Embed B,, n > ny, in a continuous curve §: [0,00) — A" which varies
like y! as in Section 18.2. Then

ﬁ(l)_l(n)/pl‘ — (ﬂ(t)_l,B[t]V[t]_t)(Vt_[t]p[t]/pt_[t]) o

weakly on y = (H ) for all m > 1 since the first factor tends to id, and the second
to p. Let t, — oco. Then B(t,) " (Z*™)) = W, and a(y(t,)) 1 (Z20®)) = W.
By the CTT the sequence B(t,) 'a(y(t,)) is relatively compact, and all limit points
are symmetries of W. These symmetries lie in $” since a(y) and B() do. Choose
o(t) € 8" at minimal distance to B(¢)"'a(y(¢)). This is possible since for non-
degenerate probability measures the set of symmetries is compact. Then «(y(#,)) ~

B(tn)o (tn). 0

14.7 Symmetries. If the high risk scenarios from the distribution 7 converge to a
non-degenerate limit vector W, then the distribution py of W extends to an excess
measure p and

e'B(t)" () — p weakly on R" x [v,00), t— 00, V> ju,

for a continuous normalization curve f: [0, 00) — A", which varies like y*, where
y!(p) = e'p fort € R. The symmetry group § of pg is compact by Theorem 18.75.
If it is finite the symmetry group y’ of the excess measure p is unique, as we shall
see below. Moreover any continuous normalization curve then varies like y?, and is
asymptotic to B(t)o for an element 0 € § N A",

Let us first ask: Are symmetries of pg symmetries of p? We give some examples.

Example 14.14. Let p be Lebesgue measure on the cone C = {v < —|u|} in the
lower half of R2, and py the restriction to the halfplane Jo = {v > —1}. Then W
is uniformly distributed on the triangle 7 = {—1 < v < —|u|} = C N Jy. Ithasa
discrete symmetry group of six elements, the permutation group of the vertices of T'.
Since p may be rotated into Lebesgue measure on the positive quadrant it has a two-
dimensional symmetry group isomorphic to the group of positive diagonal matrices.
The measure preserving symmetries are diagonal matrices diag(c, 1/c),c #0. <

Example 14.15. Let p; have density ¢/||w||* on R\ {0}, and let dp, = lccdp;
where C is the closed cone in {v < 0} intersecting the horizontal plane {v = —1} in
the square [—1, 1]>. Choose ¢ > 0 so that dpy = 1;,dp; is a probability measure



194 IV Thresholds

on Jo = {v > 1}. The measures p; and p, are excess measures with respect to the
scalar expansions y’: w + e’w. Let §; denote the group of measure preserving
transformations of the measure p;. Then 8 = O(2), §1 = O(3), and &, is the
discrete subgroup of O(2) consisting of the symmetries of the square [—1,1]2. ¢

Example 14.16. The Gauss-exponential excess measure on R has a three-dimen-
sional group of measure preserving symmetries; the symmetry group of the corre-
sponding high risk limit distribution is a one-dimensional subgroup. O

Theorem 14.17. Let p be an excess measure for exceedances over horizontal thresh-
olds, and p(Hy) = 1. Let W be the high risk limit vector with distribution dpy =
g, dp. Assume y'(p) = e'p, t € R, with y' € A" Let p live on R" x (jx, j*),
where (j«, j*) is the orbit 7'(0), t € R, where }' describes the action of y"' on the
vertical component of y*. Assume pq is non-degenerate. Let o € A", Then o(W) is
distributed like W if and only if o6 (p) = p.

Proof. If 6(p) = p and o maps horizontal halfspaces into horizontal halfspaces then
0(Jo) = Jo. Hence o(pg) = po. Conversely let 8¢ denote the set of all o € AN
which satisfy o(pg) = po. Then 8y is a group, and o > y“oy’ is an automorphism
of 8¢ since o (W?) is distributed like W7 for y € (0, j*) if we let WY denote the
vector W conditioned to lie in the halfspace R” x [y, 0o), and

y oy W) Ly oW @) Lyt (w7 @) Ly,

The automorphisms form a group. Hence y’oy™" € 8 fort > 0. Let ps be
the restriction of p to R* x [(*(0), 00). Then y'oy~(po) = po gives ¥y (po) =
oy "(po), and hence

e (p—) =y (po) =0y (po) = e "o (p—s).

Therefore o (p—;) = p—; for all ¢+ > 0, which implies o(p) = p since p lives on
R" X (ju, j*). O

We shall now discuss the effect of extra symmetries on the normalization.

Example 14.18. The vector W = (U, V) € R**! with U standard Gauss and V stan-
dard exponential and independent of U lies in the domain of the Gauss-exponential
measure p:

e'B(t) " (r) — p weakly on R” x [¢,0), ¢ — o0, ¢ € R. (14.9)

One may choose B(¢)(u,v) = (u,v+t), butalso B(¢)(u,v) = (0,(u), v+1t) for any
curve o : [0, 00) — O(h). Because of symmetry, there are many continuous curves
for which (14.9) holds. O
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Theorem 14.19. [f the symmetry group in AP of the high risk vector W is discrete
then every continuous normalization curve B [0, 00) — A" in (14.9) varies like y'.

Proof. By the Extension Theorem one may choose f to vary like y’. Let « also
be a continuous normalization curve. By the Convergence of Types Theorem, for
any sequence , — 00 a(t,) ' B(t,) is relatively compact, and all limit points o are
symmetries of W, which lie in A", since a(¢) and B(¢) do. Choose symmetries o (¢)
such that a(t) ~ B(t)o(t) for t — oco. Since the symmetry group is compact by
Theorem 18.75, it is finite, and the continuous curve o (¢) is eventually constant. So

aty) Loty + 50) = 0 B (ty) LBty + sp)o0 — 0T Y50, ty — 00, Sy —> 5.

Lety® = o~ 'y%c have generator C, and let y* = ¢’C. If C = C then y° = y* for
all s; if C # C then the group of measure preserving symmetries of p has dimension
at least one. By the previous proposition it is finite. Contradiction. O

14.8 The Representation Theorem. Excess measures for exceedances are related

to product measures. Suppose y'(p) = e’(p) for t € R, with y* € A" Let

0 < p(Jo) < oofor Jy = R"x[jy,00), andlet pliveon (jx, j*) = {7 (jo) | £ € R}.
Introduce the map

O: (u,t) — Y (u, jo), ®: RS 0 =R x (i, ).

The map ® is a homeomorphism. It is continuous. The map ¢ — 7(jo) is a
homeomorphism, and for fixed ¢ the map ®(-,7) is an affine transformation on R”,
which depends continuously on ¢. The map & transforms the group of vertical
translations on R**! into the one-parameter group y’ on O:

t
RA+1 —— Rh+1

of o

0 0

"
Write © = ®~1(p). Then for any Borel set EqBR”"

W(Eg x [t,00)) = e "u(Eg x [0,00)), t€R.
Hence there is a finite measure p* on R such that

p=®(p* xe), e(dt)=e"dt.

Introduce the class ¢ of invariant Borel sets EBO. A set EBO is invariantif y’ (E) =
E forallt € R. Theclass § isao-algebra. Setsin § are images of vertical Borel sets in
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R"*+1 under ®. The measure 0* may be defined, using the one-to-one correspondence
between sets EB8g and Borel sets Eq in R”?, by

p*(Eo) = p(ENJo), Eox{jo}=EN{v=jo}.

The total mass of p* is p*(R?) = p(Jy). If p(Jo) = 1 then p* is a probability
measure.

Definition. The finite measure p* is the spectral measure associated with p. The
probability measure p5 = p*/p(Jo) is the spectral distribution.

The symmetries of p reflect a basic property of the limit vector: Forany v € [0, j*)
the high risk scenario W#v has the same shape as W — since it also is limit of high
risk scenarios Z . The product measure underlying the excess measure p yields a
simple representation theorem for .

Theorem 14.20 (Representation Theorem). Let W be a limit vector for exceedances
over horizontal thresholds. The excess measure p which extends the distribution of
W satisfies y'(p) = e’ p for a one-parameter group in AP, There exists a random
vector U* € R" and an independent standard exponential variable T such that W
is distributed like yT (U*,0).

Corollary 14.21. Let W = (U,V). Suppose v > 0 and P{V >v}=e¢"" > 0.
Conditionally on V. = v the vector (U, v) is distributed like y'(U*,0). The con-
ditional distributions depend continuously on v, they all have the same shape; U* is
the conditional distribution of U given v = 0.

14.9 The generators in dimension d = 3 and densities. The limit vectors W =
(U, V) for exceedances over horizontal thresholds may be classified by the shape
parameter t of the GPD of the vertical component V. It is convenient to choose the
horizontal halfspace Jo on which the limit vector W lives to depend on the sign of t:
Take Jo = {v > 1} for t > 0 (heavy tails); Jo = {v > —1} for t < 0 (V bounded);
and Jo = Hy for © = 0 (exponential tails). The corresponding excess measures p
live on {v > 0}, {v < 0} and R? respectively.

As an appetizer we give the Jordan form for the generators of the excess measures
in dimension d = 3. Even in dimension d = 3 there is a great variety of possible
generators. One-dimensional groups y?, t € R, of affine transformations on R® may
be represented by a group of matrices e’C of size 4, where the generator C has top
row Zero.

Example 14.22. If §’ is the translation y + y + 7, the generator C has the form
below, with ¢ > 0, A, u € R. The second row (1, 0, 0, 0) is the vertical coordinate 7,
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the first row the virtual coordinate .

000 0 000 0
1 000 1000
o100 |o1o0o0]
0010 000 A
000 O 000 0 000 O
1000 100 0 100 0
00 o0 loox o]l |ooar —
00 0 u 00 1 A 00 ¢ A

Cylinder symmetric limit distributions on H are described by the third matrix with
# = A € R. The limit vector is symmetric for reflection in the vertical axis if (=U, V)
is distributed like (U, V'). These vectors have symmetry groups generated by the third
and fifth matrix above. O

Example 14.23. In case y is not a translation it is convenient to replace Hy by
Jo = {v > 1} for expansions, t > 0, and by Jo = {v > —1} for contractions,
T < 0, so that " (v) = e"v. The vertical coordinate 1 now is the first row in which
7 occurs. We distinguish three affine and five linear symmetry groups. The generator
C has the form below, with ¢ > 0, u,v € R.

0 000 00 0O 0000

1 000 1 0 0O 1 0 00

01 0 0}° 00 « 0}’ 00 « 0}

0 0 0 7 001 ¢ 00 0 u
T 0 0 T 0 0 r 0 0 r 0 0 Tt 0 0
1 = 0], 1 ¢ 0], 0O n 0], 0 n 0], 0 pn —op
01 ¢ 0 0 u 0 1 u 0 0 v 0 ¢ n
The seventh matrix with v = p yields the cylinder symmetric distributions. O

The eight matrices in Example 14.23 give a rough initial classification. The
behaviour of the excess measure is determined by the sign of the parameters p and v,
and the sign of the differences y — 7 and v — 7. A special caseis v = . Soforz > 0
(and for t < Q) thereare 41 =1+ 145+ 1+ 5+ 5+ 18 + 5, rather than eight,
qualitatively different excess measures, and for t = Othereare 21 = 1+3+48+43+3.

Choose wq to be the vertical coordinate, and wy the virtual coordinate. Sometimes
one may write

(] 0 (00 (0 0
= (5 &) 0= = (0 )er0 s
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The last three matrices in the two examples above have this form. The group y’ then
preserves the vertical axis, and

o€ — (Qto(t) et%*)’ Qo(t) = (; (1)), 0.(t) = ((1) egf)’ T # 0.

(14.11)
Conditional on V' = §$’(jo) the horizontal component U now is distributed like
e!C"(U*) where U* has distribution p*. In particular (—=U, V) is distributed like
(U, V) if U* is distributed like —U *.
The distribution of the limit vector W depends on the generator C and on the
distribution of U*. If U* has a density, it is simple to compute the density of
W = (U, V). We give an example.

Example 14.24. Suppose U* is standard normal. Recall that U* is the distribution
of U given T = 0. What is the distribution of Uy, the vector U given V = v(¢)? We
choose the most difficult case: V has a Pareto distribution with tail exponent A > 0,
and the generator is the second of the three affine generators above. Observe that
(U;,v(¢)) is distributed like y*(U*,0), and hence U, is normal. We compute ¢€?
and write down the equation y’w(0) = w(z):

1 0 O 0 1 1

r 1 0 0 up | _ 14 u;

0 0 e 0 1] e’

0 0 te™t e ) \u, tett 4+ etlu,

So v(t) = e®!. Together with P{T > t} = P{V > v(¢)} this gives e ™" = 1/(e™")*,
and hence T = 1/A > 0. So U; = (¢ + Uy, /% (¢ + Uy)) is normal, with mean
t(1,e%"), and with diagonal covariance matrix ¥ = diag(1,e?/?). By the same
arguments, if U* has density fo(u) then W has density

0 1
gu,v) =g) fo(u) = Wfo(ul — 1, (u2 —t)/v);, t =0logv, v>1.

This also is the density of the excess measure, but now for v > 0. O

14.10 Projections. The measure p = 7n(p) on the interval (j«, j*) in (14.2) is the
projection of the excess measure by the vertical coordinate n. This is an excess
measure for the one-dimensional group of positive affine transformations y’ on R,
and (j«, j*) is the orbit 7(0), t € R. Actually there is a host of projections of p
which are excess measures. This is clear if one writes C in the Jordan canonical
form. Section 18.12 gives the necessary information about the Jordan form of a
square matrix. One may delete any Jordan block, except those containing the virtual
coordinate {o and the vertical coordinate 7. Blocks may also be reduced by deleting
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some of the higher entries. The reduced matrix is the generator of a one-parameter
group ' of affine transformations on a lower dimensional space, and the image p is
an excess measure with symmetries 7°. Proposition 18.62 shows that any admissible
projection has this form in appropriate coordinates. However it is convenient to have
a description of such projections which does not depend on the form of the matrix
of C.

Example 14.25. Let (X,Y) € D"(U, V) where (U, V) € R? is a high risk limit
vector with one of the generators C of the previous subsection. Let

W =WU,V)eR? U=U+U+V+1.

For which C is W' a high risk limit vector? Does Z’ € D"(W’) hold for the vector
Z'=(X1+X2+Y +1,Y)? O

With an (1 + m)-dimensional subspace M of the dual L* of the linear space
L = R'*9 is associated a natural linear quotient map Q : L — M* sothat£Q € M
for all £ € M™**. Call M admissible for the generator C on L if M contains the
virtual coordinate &y and the vertical coordinate 1, and if

EeM=>ECeM.
If M is admissible there is a generator C on M* such that
0C =CQ. (14.12)

Proposition 14.26. Let p be an excess measure for the generator C. If M BL* is
admissible for C then p = Q p is an excess measure for the generator C in (14.12).

Admissible projections Q need not transform domains of attraction into domains
of attraction. If the normalizations respect the coordinates associated with the Jordan
form, then domains of attraction are mapped into domains of attraction. This occurs
for coordinatewise maxima where the normalizations are CAT s which preserve coor-
dinates. Projections then just delete a number of components of the vector Z. By the
Spectral Decomposition Theorem this also occurs if C is diagonal with distinct real
eigenvalues. The SDT allows us to restrict attention to generators C whose complex
eigenvalues all have the same real part. Below we look at excess measures which are
highly symmetric.

Theorem 14.27 (Projection Theorem). Suppose (X,Y) € D*(U, V) where (U, V)
has a cylinder symmetric distribution. Let 1 <m < d. Set U' = (Uy,..., Upn—1).
Then (U',V) has a cylinder symmetric distribution. Let A: R**1 — R™ be a

linear surjection such that nA(x,y) = y for a linear function n on R™. Then
AX,Y) e DU, V).
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The proof follows in d — m steps from

Lemma 14.28. Let Z, = (T, X, Yy,) and W = (S, U, V) be vectors in R1TK+1,
Suppose o, Y (T, X, Yn) = (S,U, V), where a,, € AMRATKTY) preserves the
class of horizontal halfspaces. Suppose ((S,U), V) is cylinder symmetric. Then
(U, V) is cylinder symmetric and there are B, € A"(R¥T1) such that B (Xn, Yn) =
o, v).

Proof. The proof is pure linear algebra. Cylinder symmetry of (U, V') follows since
O(k) is a subgroup of O(1 + k). Let p(s,u) = u be the projection from R'*%
onto R¥. Write o, (w) = A,w + a,. There exist rotations R, € O(1 + k) such that
Ap Ryeq = ryeq for some r, > 0. Let A" be the subgroup of Al preserving the
class of vertical lines. Then y, = o, o R, € A" and so too Vi 1 Observe that

il (t.X.9) = pu + (rat + bIX + 5y, EnX + foy.cay). pn € RITFH!

This implies p o y,; ' = B, o p where ;71 (x,y) = p(pn) + (Enx + fay,cay).
0

14.11 Sturdy measures and steady distributions. The first question we ask is:
What can one say about the mass p(J) of halfspaces J close to the horizontal half-
space Jo on which the limit vector W lives? Note that p(Jo) = 1 and p(dJy) = 0
since univariate GPDs are continuous. The measure p is sturdy if p(J) is finite for all
halfspaces J sufficiently close to Jo; it is flimsy if there is a sequence of halfspaces
Jn — Jo such that p(J,) = oo for n > 1. It turns out that some of the weirder
generators in the examples above only allow flimsy excess measures.

In terms of the intrusion cone A = A(p) introduced in Section 5.4 the excess mea-
sure p is sturdy precisely if the vertical coordinate 7 lies in A. Similarly convergence
pn = &, () pn — pis steady if p lies in the convergence cone T.

Proposition 14.29. [f an excess measure is sturdy, then so are its admissible projec-
tions.

Proof. Let p = p(p) on R™*! be a projection of the excess measure p on R+,
Halfspaces J in R”*1! correspond to halfspaces H = p~'(J) in R**!, and p(J) =
o(H). The horizontal halfspace Ho in R"*! with measure p(Ho) = 1 corresponds
to a horizontal halfspace Jy in R” 1 with mass 5(Jo) = 1. If p is flimsy there is a
sequence J, — Jo with p(J,;) = oo, and p is flimsy. |

Let us now take a closer look at sturdy excess measures p, and their generators C.
We distinguish three cases according to the sign of the Pareto parameter . We may
reduce to a lower dimensional case by projection. In first instance we shall look at
elementary excess measures. These live on orbits T'(t) = y'(zg), t € R, of the
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one-parameter symmetry group ' = e’C. For a detailed discussion of the form of
such orbits we refer to Section 18.9.

1) (r = 0) The vertical component of p is exponential.

The measure p is sturdy if and only if there exists an & > 0 such that the comple-
ment of the cone C; = {v < —¢||u||} has finite measure. We shall call p completely
sturdy if p(H) is finite for all halfspaces H = {v > cTu + co}, c € R*, ¢y € R.
Let U* be the random vector in R” with spectral distribution p*.

Proposition 14.30. Suppose © = 0. If p is sturdy, then the generator in Jordan form

has the form
J 0 0 0

where J has size two, and C* is a matrix of size h in Jordan form describing the
effect of the symmetry group on the horizontal coordinates.

Proof. By Proposition 14.29 it suffices to take d = 2 and show that the group
(u,v) > (u 4+ tv +1t2/2,v + t) only has flimsy excess measures. The orbit of the
point (a, 0) is the curve I'(¢) = (a + t?/2,1),t € R. It will lie above the cone C,
eventually for t — —oo. If P{U* = a} = p > 0 then p(T'[t1,12]) = pp(t1, 2], and
hence p(I'(—00,t]) = oo for all . Hence p is flimsy if U* has an atom in a@. The
same argument shows that p is flimsy if P{U* > a} > 0. |

Remark 14.31. For C* = 0 thereis a close link to the multivariate Laplace transform
of U*:

o0
plv = cTu} = //T e dvdp*(u) = /e_CT"dp*(u) — Fec'U*
c'u

The excess measure p is sturdy if and only if the Laplace transform of the spec-
tral measure p* is finite on a neighbourhood of the origin. The excess measure is
completely sturdy if the Laplace transform is an entire function.

If C* has an eigenvalue A < 0, or a complex eigenvalue A in i < 0, then p is
flimsy. If A is real, take d = 2. Orbits have the form I'(r) = (e**a, ) and T'(—o0, t]
has infinite mass for all z. Since the orbit grows exponentially in the horizontal
direction, p(C¢) = oo forall ¢ it U* charges a # 0. This also holds if |[U*| > § has
positive probability for some § > 0. If A is non-real take d = 3. The orbit I" will
spiral, but the same argument applies.

Assume C* is a Jordan block with zeros on the diagonal and ones below. Then
orbits have the form I'(t) = (a1,a; + tay,as + tay +t?2ay/2,...). fUF = 0 as.
then p lives on the hyperplane {u; = 0} and is degenerate. If a; # 0 and if the size
of C* is 3 or larger then p is flimsy. If the size of C* is 2 then p is flimsy if U;" is
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unbounded. If U} is bounded, then p is sturdy, but not completely sturdy. The same
results apply if C* is a Jordan block corresponding to an imaginary eigenvalue.

Conclusion. Let p be a sturdy excess measure for exceedances over horizontal
thresholds. Assume p is exponential. Then the generator has the form (14.13) and
the eigenvalues of C* lie in it > 0. For eigenvalues on the imaginary axis there are
strong conditions on the tail behaviour of U * in the direction of the eigencoordinates.
In dimension d = 3 this leaves only 0 + 0 4 4 + 2 4 2 = 8 qualitatively different
sturdy excess measures p for T = 0. O

2) (t > 0) The univariate measure p is Pareto on (0, co) with exponent 1/t > 0.

If p is sturdy, then, by the argument above, orbits converge to the origin for
t — —o0, or at least remain bounded. In the first case y’ is a linear expansion group,
and all complex eigenvalues of the generator C lie in :t > 0. Moreover p(¢B€) is
finite for all ¢ > 0. In the second case there may be eigenvalues on the imaginary axis,
but the corresponding part of the complex Jordan form is diagonal. See Section 18.9
for details. If &1,...,&, are the real coordinates corresponding to this part of the
Jordan matrix, then the variables & (U*),i = 1,..., m, are bounded.

3) (r < 0) The univariate measure § is a power law: p[—t,00) = ct* fort > 0
with A = 1/|z].
If p is sturdy, the diagonal elements of the real Jordan form satisfy ¢;; > t.

If one imposes cylinder symmetry on the limit distribution, the number of classes
is reduced to 2 + 4 + 4 in every dimension d > 2.

For the cases of practical interest, T > 0, steady convergence may be handled by
the theorem below. Recall that V' is a cone in the dual space, defined in (5.9). It
consists of all linear functionals & for which £(V') is bounded above.

Theorem 14.32. Lett > 0. Let the excess measure p for exceedances over horizontal
thresholds be sturdy. Then there is a compact set KB{v = j«} such that p is a Radon
measure on O = R \ K. Assume p(Hy) = 1. Let V be an open cone, such that
KBV, and V N {v > j«} is bounded. Assume p(V°) is finite, and p(0V) = 0. Let
7 be a probability measure on R? and a, € A" such that p, = w(an(Hy)) — 0
and o, (7)/pn — p vaguely on O, and weakly on Hy. Set V, = an(V). If
a(VE)/ pn — p(VE) then o, () pn — p weakly on V¢, and

a, Y (ZHn) = Wy (14.14)

for any halfspace J = {§ > c}BO with & an interior point of V¥, p(J) > 0 and
0(0J) = 0, and any sequence H, = a,(J,) with J, — J. Here Wy is the vector
with distribution dp’ = 1;5dp/p(J).

Proof. The existence of K follows from the analysis of sturdy measures above. The
limit relation (14.14) holds by the theory developed in Chapter I: Weak convergence
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on F = V¢ follows from Theorem 4.21. Hence A = int(V ) lies in the convergence
cone I'. The result now follows from Propositions 5.20 and 5.21. O

14.12 Spectral stability. There is a more algebraic robustness condition for excess
measures.

Definition. An excess measure p for exceedances over horizontal thresholds satisfies
the condition of spectral stability if p also has a spectral measure on hyperplanes
close to the horizontal plane dJy: Every halfspace J in a neighbourhood of Jy has
the property that p-a.e. orbit f — y’(w) intersects dJ in one point.

Let us describe the class R of sturdy excess measures with Pareto parameter t,
which are spectrally stable.

If T = O then the §* are vertical translations and the complex eigenvalues of
the generator C lie on the imaginary axis. In the complex Jordan form of C only
blocks of size one and two occur. For any base vector e; the corresponding univariate
spectral measure &; (p*) has a moment generating function which converges on a
neighbourhood of the origin. If U* € R” has distribution p* then Ee!Ui'l is finite
for some & > 0. For certain base vectors the components U;* are bounded.

If 7 is positive one may assume that p lives on (0, c0). The vertical marginal p
has tail function

R(t) = p[t.00) = p(R" x [t,00)) = 1/tV/7, ¢ >0.

The symmetries are linear. The orbits y’(z) converge to the origin for t — —o0, or
remain bounded with probability one. The eigenvalues 6 of the generator lie in the
strip 0 < 96 < 7 in C. For N6 = t the corresponding Jordan blocks are diagonal.
For p € R, the spectral measure lives on R” x {1} and has bounded support.

For 7 < 0 the description of R is similar.

Theorem 14.33. The excess measures p in R, are characterized as follows. The
generator of the symmetry group has Jordan form

(T 0 (00 (0 0
C—(O C*), JO_(1 0), J,_(O T),‘E#O. (14.15)

For © # 0 the real parts of the eigenvalues 0 of C* lie in the closed interval with
endpoints T and zero, if WO = t the corresponding Jordan blocks are diagonal. For
T = 0 the eigenvalues lie on the imaginary axis and only complex Jordan blocks of
size one and two occur. For © # 0 the spectral measure p* has bounded support;
for © = 0 the spectral measure has exponential tails: [ efll dp* (u) < oo for some
e > 0 and the image of p* under the quotient map onto R” /kerC* has bounded
SUpport.
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Let us describe the limit Poisson point process N with mean measure p. The
vertical component N is a Poisson point process on R with mean measure p and
points V1 > V, > --.. The points W,, = (U, V) of N may be ordered by the
vertical coordinate. Assume p € R.. For simplicity assume the generator C has the
form (14.15) with C* = diag(6:. ..., 6p), and all eigenvalues real. Let U}, U, . ..
be independent observations from the spectral measure p*, and assume the sequence
(U,y) isindependent of the sequence (V},). Then py = 6/t € [0, 1]fork =1,.... A,
for T # 0, and N has points

W, = (VU

nl> -

LLVPRUS V), n=1,2,...

n

For © = 0 the eigenvalues are zero, and W,, = (U,’, V).

14.13 Excess measures for horizontal thresholds. We now have a good under-
standing of excess measures for exceedances over horizontal thresholds. For such
a measure there exists a unique horizontal halfspace Jo = R” x [j, c0) such that
p(Jo) = 1.

The vertical coordinate of p is a univariate excess measure p. Itis an infinite Radon
measure on an unbounded interval (., j*) with a continuous density. This interval
is the orbit {y’(jo) | ¢ € R}. The restriction to [jg, 00) is a GPD. By definition
the parameter t of this distribution is the Pareto parameter of the excess measure p.
We may choose coordinates such that (j., j*) is the positive halfline, the negative
halfline or the whole real line, depending on the sign of 7. By replacing p by cp
with ¢ > 0 we may arrange that jo = sign(z) € {—1,0, 1}. The tail function of p
then is a power function or an exponential function. In these coordinates it is obvious
that 5 has a unique group of symmetries 7, positive affine transformations on R, such
that p*(p) = e’p. The symmetries y’ are multiplications v — e*’v or translations
v — v + t. This is just the univariate theory.

The excess measure p lives on R” x (j, j*) and satisfies y*(p) = e’p, t € R,
for a one-parameter group y’ = e'C in A". The matrices are

0 0 0 1 0 0
C=|po C* q|. ¥ =|p@t) A q@)|. A" =¢'C" o' =e'".
bo 0 7 by 0 d

The entries in the bottom row describe the positive affine transformations y(¢): v
a'v + b(t). If the generator has Jordan form, then by = 0, or t = 0 and by = 1,
corresponding to v — e¢®’v and v — v + ¢. Moreover go = 0 and hence ¢(¢) = 0.
In addition to the one-parameter group y’ in AP there is a probability measure on R,
the spectral distribution pj. Any triple (C, pg, jo) determines an excess measure p,
provided by + tjo > 0, to ensure that y’(Jo)BJo for r > 0. If pg has a density then
one may construct the density of p as in Section 14.9, or by using (14) in the Preview,
where ¢ may be expressed in terms of v = 77 (jo).
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Conditions on the excess measure p, that it is sturdy, or spectrally stable, are easily
translated into conditions on the Jordan form of the generator C, and the form of the
spectral measure p*. This is done by reducing dimension by a suitable projection, as
described in Section 14.10. For the present we shall not impose such extra conditions.

Proposition 14.34. Let p be an excess measure with symmetries y* = ¢'C e A",
Suppose p(Jo) = 1 for Jo = R" x [jo, 00). Let dpy = 1y,dp. If p is full then
po is a limit distribution for exceedances over horizontal thresholds, and O(Dh(po) is
non-empty.

Proof. If pg lives on a hyperplane then so does p, since the hyperplane is invariant
under y’ for ¢ > 0, and hence for all 7. This shows that pg is non-degenerate. Now
observe that pg € D"(p) since e’y (po) = p on {v > v(—t)} where v(—t) =
77 (Jo) = Jj« fort — oco. O

Example 14.35. It is possible that p is full and that p* is concentrated in one point.
Take y'(uq,us,v) = (e 'uy, e'uz, v + 1), and let p* be concentrated in (1, 1,0). ¢

The vector W has the property that for v € [jo, j*) the conditional distributions
of U given V' = v all are of the same type. This is a consequence of the Represen-
tation Theorem: the limit vector W is distributed like y7 (U*, jo), with T standard
exponential, and independent of U *. Conditional on V' = v the horizontal part U is
distributed like A*U* 4+ m(t) where m(¢) is a vector in R”, A’ is the central matrix
in y! above, and ¢t = 7(v) is determined by the equation e™* = P{V > v}. If U* is
standard normal then all these conditional distributions are normal; if U * is uniformly
distributed on the open unit ball in R”, then for each v the vector U conditional on
V' = v is uniformly distributed on an open ellipsoid centered in m(¢); if U™ is uni-
formly distributed on the centered cube (—1, 1) in R” then U, conditionalon V = v
is distributed on an open parallelopiped centered in m(¢).

14.14 Normalizing curves and typical distributions. The global behaviour of the
distribution of a vector Z = (X, Y) in D" (p) is determined by the excess measure p
and by the curve of normalizations in A", In this section we want to describe how
one may construct a random vector Z € D"(p) given the excess measure and a curve
of normalizations.

If the excess measure p for exceedances over horizontal thresholds has a contin-
uous density g, then

g, v) = g()g(v),
where g is the density of the corresponding GPD G, or rather of the measure p on

(J«, j¥) extending this GPD. If the density g* of the spectral measure p* is Gauss-
ian, then g, is a Gaussian density for each v; if g* is the uniform density on the unit
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ball in R”, then gy is the uniform density on an ellipsoid £, in R”. In general the
conditional densities g, all have the same shape.

So if we want to construct distributions 7 in the domain of p, the obvious thing
to do is to look at densities f* of the form

fG&xy) = £ F )

where all densities f) have the same shape. If p* is Gaussian, we take densities f,
which are Gaussian; if p* is uniformly distributed on the unit ball B in R”, then Sy
is the density of the uniform distribution on an ellipsoid E, in R

Definition. Let p be an excess measure for exceedances over horizontal thresholds
with Pareto parameter 7, and with spectral distribution pj. A probability measure &
is typical if

n(dx,dy) = my(dx)F(dy), (14.16)

where the probability distributions 7, depend continuously on y, and all are of the
same type as pg.

Often one assumes that p has a continuous density on R” x (j, j *), or a density g
which is continuous and positive on an open subset of R” x (j., j*), and vanishes
outside this open set. The spectral density g* then has similar properties on R”. In that
case we may want to assume that ¥ has a density f* which is continuous and positive
on [yo, Yeo), and vanishes outside this interval, and that f varies regularly in yso in
case T # 0, and is a von Mises functionincaset = 0. If Z = (X,Y) € D(p) then Y
hasadf F € O (1), where 7 is the Pareto parameter of p. By the univariate theory
there is a df F tail asymptotic to F, whose density has the desired properties. The
normalized density g,(v) will converge to the density g of p on (j«, j*) uniformly
on compact subsets, and in L' ([v, 00)) for any v > j,, by the univariate theory. The
dfs F and F have the same normalizations. Since one may replace the df F in(14.16)
by any df F which is tail asymptotic to F without affecting convergence, one may
choose 7 typical such that the density f(x,y) = f*(x,y)f(y) is continuous on
R" x [0, Yoo), Or continuous and positive on an open subset of this space, and zero
elsewhere.

We shall use these typical distributions and densities to explore the domains of
attraction of excess measures for exceedances over horizontal thresholds. There are
two approaches.

1) In the geometric approach, which we shall use in the next section, one starts
with a df F € D7 (r) with continuous density f a simple spectral distribution,
Gaussian say, or uniform on a ball or a cube, and a simple one-parameter group of
affine transformations Y’ in A", vertical translations, or scalar expansions or con-
tractions, and one asks for typical densities which lie in the domain of the associated
excess measure. For the Gaussian spectral measure we have to determine contin-
uous curves j(y) in R”, and positive quadratic forms Xy, depending continuously
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on y, such that the vector with density f*(x, y) f (y) lies in the domain of an ex-
cess measure with Gaussian spectral measure, and the given symmetries. Here, for
each y the function f*(-, y) is a Gaussian density on R” with expectation j(y) and
covariance X,. Similarly, if p* is uniformly distributed on the unit ball in R”, then
(X, Y) has density 17(x, y)h(y), where TBR” x [yo, yoo) is a curvaceous tube with
horizontal sections which are ellipsoids j(y) + Ey in R", and h(y) = f(y)/ |Ey|.

2) In the algebraic approach, which we follow here, one is given a continuous
curve B: [0,00) — A", which varies like y?, and one assumes that the typical
distribution 7 satisfies the basic limit relation e’ 8(¢) 1 (7r) — p. We shall prove that
for any full excess measure p there exists a typical distribution & € Dh (p), such that
pr = e'B(t)" () — p weakly on R” x [v, 00) for t — oo for any v > j4. If p
has a continuous density g we may choose m to have a continuous density, and the
densities of p; will converge to g uniformly on compact sets.

The algebraic approach below is rather formal. It is advisable to take a look at
the more geometric approach in Section 15.2 before proceeding. Now we proceed in
three steps:

1) We first want to regularize the normalization curve §: [0, 00) — A" so that it
is continuous, and so that the vertical coordinate ¢ — y(t) = B(¢)(jo) is a homeo-
morphism from [0, c0) onto [yg, ¥oo). This determines a df F (y) for the vertical
coordinate by 1 — F(y(r)) = e".

By the general theory on multivariate regular variation in Sections 18.1 and 18.2
for any curve a: [0, 00) — A which varies like y', one may choose f: [0, 00) — A
continuous such that 8(¢) ~ a(t) for t — oo. The curve  will automatically vary
like y*. Moreover if a(¢) € § for all 1 > 0 for a closed subgroup § of 4, then
by construction this also holds for (¢). By Lemma 15.24 we are free to alter the
normalizations for the vertical coordinate. If §:[0,00) — AT is continuous and
asymptotic to B, then there exists a continuous curve «: [0, 00) — A" such that
a = and a(t) ~ B(t) fort — oo.

2) How does one define the conditional distributions ,? Suppose ¢ > y(t) =
B(t)( Jjo) is a homeomorphism from [0, 00) onto [yg, Voo). We shall define the con-
ditional distribution of X given Y = y to be that of u(y) + A(y)U™* where

B(t)(u. jo) = (A + u(¥).y). u€R" y=y(t) € [yo. yoo)-

This defines a continuous family of probability distributions 7, on R”, since y +>
w(y) and y — A(y) are continuous. Let F be a df such that e’,g(t)_l(ﬁ(dy)) —
o(dv) weakly on [c, 00) for any ¢ > j. for t — 0o. Then y is the upper endpoint
of F. Set 7y = my, for y < yo. We now have a vector Z = (X, Y') with distribution
w(dx,dy) = er(dx)ﬁ(a’y). Define p; = e’B(t)"!(m). Then p; — p weakly
on [v,00) for any v > j, by the univariate theory in Section 18.3. In order to
prove p; — p weakly on R” x [v, o0) it suffices to prove weak convergence of the
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conditional distributions of the horizontal component, given the vertical component.
This follows from

Proposition 14.36. Let X and Y be locally compact separable metric spaces, and let
P (X) denote the Polish space of probability measures on X.. Let 7w, : Y — P(X)
be continuous forn = 0,1, ..., and suppose

77:('7J7n)_>77(>)k(',y0)7 Yn_>y0’ yoey

Let iy, be finite measures on ¥ forn > 0. Set w,(dx,dy) = n;(dx, y)un(dy). If
Un — o weakly on Y then w, — mwog weakly on X X Y.

Proof. Ttsuffices to prove vague convergence. Letg: X xY — [0, co) by continuous
with compact support contained in K; x K. The functions

V(o) = [ o ) (dx.y). yeY

vanish outside K. Let y, — yo. Then ¢(-, y,) — @(+, yo) uniformly on X, and

/w(X»yo)ﬂ:(dx,yn) — /w(x’yo)ﬂ(f(dx,yo)

implies ¥, (yn) — ¥o(yo). Hence ¥, — o uniformly on ¥, and [ ¢, dpu, —
S Yodo. O

3) Weak convergence of the conditional distributions is a simple matter, since
these all are of the same type. We are concerned with maps of the form ¢(x, y) =
@y (x)¢(y) = (u,v). The composition of two such maps has a similar form, and so
has the inverse if it exists. Measures transform as follows:

¢(my(dx)7(dy)) = po(du)it(dv), (py(my), 9(@) = (o, 1), v = @(y).

Write ¢ (7, yo) = (v, Vo) With v = ¢(y) and vg = ¢(ug) where (1), yo) denotes
the measure m, on the hyperplane y = yo. Then

ﬁ(tn)_lﬂ([n + Sn)(PZ)k»jO) = Vn(Pé’jO) - VS(PS’]'OL In — 00, Sp —> S.
This gives:

Theorem 14.37. Let p be an excess measure with symmetries, y'(p) = e’ p, in A"
Suppose p(Jo) = 1, where Jy = R" x [jy, 00). Let pg be the associated spectral
distribution on R". Let :[0,00) — A" vary like y'. Assume B is continuous,
and t — y(t) = B(t)(jo) is a homeomorphism from [0, 00) onto [yo, Yoo). Let
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F = 1—T be a df such that T(y(t)) ~ e fort — oo. Let u be the typical
distribution associated with pg, p and F:

B(@)(pg.jo) ¥y = y(t) € [Yo. Yoo)

d ’d = dx)F(d s d ’ =
pldx, dy) = py(dx)F(dy), (py(dx),y) B0)(p§. jo) ¥ < Yo.

Then p; = e'B(t)" (1) — p weakly on R" x [v,00) ast — oo, for v > jy =
inf 77" (jo).

Under appropriate conditions the densities will also converge. It suffices that
the densities of the vertical component converge. Convergence o, (U*) = ao(U™)
implies convergence of the densities if U * has a continuous density. See Lemma 15.9
below.

14.15 Approximation by typical distributions. We now have the following scheme:
T— B — .

The question is: How close is the typical distribution u to the original distribution 77 ?
The answer is simple.

Definition. Let & be a Radon measure on X x R, where X is a locally compact
separable metric space. Let u* be a probability measure on X, and let A denote
Lebesgue measure on R. We say that p is asymprotic to u* x A, if

() = pn* x A vaguelyon X x R, t— oo,

where t/,1 € R, is the one-parameter group of vertical upward translations: t*(x,s) =
(x,t +5), and if

M(t, +s,)— M(ty) > s, t, > 00,8, >85>0, (14.17)
where M (t) = (X x [0,¢]) forz > 0.

The space X may be compact. In the theory of heavy-tailed coordinatewise
maximaon [0, 00)? itis a simplex; in the theory of exceedances over elliptic thresholds
it is the unit sphere B. In our case X = R”. Set

dig(x,v) = e "du(x,t), dv(x,t) = u*(x)e "dxdt.
By the lemma below
vy i=e't7! (1) - v weaklyon J = R x [¢,00), ¢ — o0, ¢ €R.

Convergence need not be steady. It is possible that v;(J) — oo whenever the
halfspace H is not horizontal, even when u* is standard Gaussian. Compare Exam-
ple 9.14.
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Lemma 14.38. Let F beadfonRandsetdM(y) = e?dF(y). Then1—F(y) ~ e
for y — oo if and only if (14.17) holds.

Proof. By partial integration. O

We fix an excess measure p with symmetries y* € A", y*(p) = e’p, fort € R.
Let p(Jo) = 1 where Jo = R” x [jo, 00). Let U* have distribution p*.
_ Suppose B: [0,00) — A" is continuous and varies like y?, and t — y(t) :=
B(t)(jo) isahomeomorphism of [0, 00) onto [yg, Vo). Let i be the associated typical
distribution, wu(dx, dy) = u*(dx, y)F(dy) where we specify the df of the vertical
coordinate by 1 — F(y(t)) = e~ fort > 0. Define W: R” X [y, yoo) — R” X [0, 00)
by

VB, jo) = (u.1).  (u.1) € R" x[0,00).

Then V¥ is a homeomorphism, since ¢t — y(t) = B(t)( Jjo) is a homeomorphism
by assumption, and B(¢) for fixed ¢ is an (invertible) affine transformation, from
R” x {jo} to R x {y(r)}, which depends continuously on 7. The image of y is the
product measure p*(du)e Vdv on Hy. The image of e’ u(dx, dy(t)) is p*(du)dv
on Hy. The transformation W preserves horizontal hyperplanes, so it suffices to
check the result for the vertical coordinate, and to check the affine transformations in
the horizontal coordinate. As in the case of non-linear transformations for coordinate
maxima, one may regard W as the non-linear transformation which trivialises the
affine normalizations.

Theorem 14.39. Under the assumptions above
v(dudt) = "W () (dudt)
on R**Y is asymprotic to Py X A

Proof. The vertical translations 7’ on RAH1 are equivalent to the one-parameter group
of affine transformations y* on O = R” x (j, j*). The relation is formalized by the
map ®: (u,t) — y'(u, jo). This map is the identity if y’ is the one-parameter group
of vertical translations on R”*! and jo = 0. In the equivalence the excess measure p
with spectral measure p* corresponds to the product measure p* X &, where ¢ is the
exponential measure on R with density e~. So define

E: (v (u. jo)) = B(O) (. jo) € R[Yo. Voo)-

The typical distribution p is the image of dpg = 1;,dp under the map E. Observe
that
ﬁ(tn)_l(a(ytn (wn)) > w, 1 = 00, Wy = Ww.

S0 S, := B(ty) "' o E o y™ — id uniformly on compact subsets of O. Define v on
O N{v > jo}bym = E(vg), and set v, = e’y (vg). Then

Sn(ve,) = Bta) THE(™ (v1,))) = € B(tn) " (B (v0)) = € B(tn) ™' () — p
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vaguely on O implies that v, — p vaguely on O. As usual let”denote the vertical
component. Then E(7*(jo)) = B(t)(jo) = y(¢). Hence U;, = ey~ 'n(Dg) — p
weakly on [c, 00) for each ¢ > j. O

We now have a simple recipe for creating the distributions = € D" (p) for a given
excess measure p. Choose B to vary like y* as in Section 15.5. Construct W as above,
and choose a measure y asymptotic to p* x A. The restriction v of the exponential
transform e “du(u,t) to Hy is a finite measure. Let 7 be a probability measure
on R? which agrees with W(v) on some horizontal halfspace of positive mass.

15 Horizontal thresholds — examples

15.1 Domains for exceedances over horizontal thresholds. Not much is known
about the domains of attraction D" (p) for exceedances over horizontal thresholds for
the various symmetry groups. The following pages may be compared to a 17th century
map of Africa. We give examples and some specific results. Each subsection presents
a number of unrelated examples. Our aim is to kindle the interest of the reader. We
restrict ourselves to three simple groups: Vertical translations, and scalar contractions
and expansions. The final subsection treats regular variation for matrices in A"

15.2 Vertical translations. Assume the symmetries of the excess measure are verti-
cal translations. The generator C is zero except for the entry C;o = 1. The translation
(u,v) = (u,v + t) maps p into e’ p. Orbits are vertical lines. Assume p(Hy) = 1.
Limit vectors W = (U, V') have a simple form: V is standard exponential and in-
dependent of U. The distribution of the horizontal component U is the spectral
measure p*. Spectral stability holds if p* has exponential tails. For any halfspace
H = {v > cTu} of finite mass p(H ), one may define the spectral measure p on R"

by
px(A) = p(H N (A% R)) = /A/cTu e 'dp*(u) = /Ae_cT”dp*(u), ABR",

The probability measure p}: /o’ (H) with direction c is the Esscher transform of p*.
The symmetry of the Gauss-exponential high risk limit law is reflected in the stability
of Gaussian distributions under exponential tilting.

Proposition 15.1. The family of probability measures p. = p}/pi(H), ¢ € R,
p(H) < 00, is the natural exponential family generated by p*.
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In order to explore the domain of attraction we start with simple distributions.
Let f be a density of the form

fGy) = f,0 1)

where f lies in the domain O (0) of the univariate exponential law, and the condi-
tional densities f, all have the same shape. One could take f standard exponential,
and f, Gaussian. From a geometric point of view it is simpler to assume that U is
uniformly distributed on the unit ball in R”. Then for each y > 0 the density Iy
describes the uniform distribution on an ellipsoid E, in R”.

1) Assume that U is uniformly distributed on the unit disk in R”. What does
the distribution of Z = (X,Y) € D*(W) look like? For simplicity assume Y is
standard exponential, and, conditionalon ¥ = y > 0, the component X is uniformly
distributed on a translate @ (y) 4+ B of the unit disk. The random vector Z lives on a
curved tube T', whose sections are unit disks centered on the curve (u(z),t),t > 0.
We assume that this curve is continuous. What behaviour is allowed if we want the
high risk scenarios Z”, properly normalized, to converge?

Example 15.2. Assume d = 3. Curves (1) which converge to a point jto, € R? for
t — oo are allowed, as are curves which are asymptotically vertical, ft(f) — 0. But
also curves with any other limit direction, 1(t) — ¢ for g € R?. In affine coordinates
the vertical axis need not be perpendicular to the horizontal coordinate plane. Now
consider the curve

w(t) = 132 (cos(r'/%), sin(tV/?)).

It spirals off to infinity; the velocity increases without bound. However, the exponents
in the formula on the right have been chosen so that the second derivative vanishes
in infinity: fi(t) — 0. O
Proposition 15.3. Let W = (U, V) have density h(u,v) = g(u)e " on Hy. Let Y
be standard exponential and let Z = (X,Y) have density f(x.,y) = fy(x)e™ on
H,. Let ju: [0,00) = R" be a C? curve. Suppose &) = fH(u(y)+u) — gu)
a.e. on R, If ji vanishes in oo then Z € D" (W) with normalizations

ay(,v) = U+ py) +vi(y),v+y) y=0.

Proof. The normalized high risk scenario Wy = «;; 1(Z?) has density

hy(u,v) = f(ay(u,v))/e™”
= fu+p®y)+oa(y),v+y)/e”
= oty + p(y) +vi(y) —p(v + y))e”

V- g(u)e™

since ji — 0 implies u(y + v) — u(y) — v(y) — 0 by an appropriate Taylor
expansion. The f, are densities on R”. Hence so are the gy.and g, — ginL! by
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Scheffé’s Theorem. It follows that g;(y;(u)) — g in L! for affine transformations
¥+ — id. Hence h, — h in L1(H). Now apply Proposition 14.36. O

2) The vertical coordinate of a vector Z = (X,Y) in the domain of W need
not be exponential. It suffices that Y € D% (0). Then P{Y > y} ~ e ¥0) fora
function v which satisfies (6.4), and the random variable Y = ¥ (Y) has a tail which
is asymptotically standard exponential, IP{Y > y} ~ e 2. The transformation
(X,Y) —~ (X, Y) does not affect the conditional distributions of X given y, it only
rearranges them. Since we are only concerned with horizontal halfspaces we could
check that Z = (X, Y) € D"(W) and then conclude that Z € D"(W), as in the
case of coordinatewise maxima, see Theorem 7.16. The example below shows that
this procedure does not work. It is possible that Z € D"(W) and Z not.

Example 15.4. Given ¥ = 7 let X be normal N(u(t), 1) where pu(r) = 4t7/4/7.
Then ji(t) = 3/(41'/%) — 0 implies Z € D"(W). Choose ¥ (y) = (log y)? for
¥ > yo. Thena(y) = y/(2log y) and a’(y) ~ 1/(2log y) — 0. Since X is normal
N(pn(¥(»)),1) given Y = y, the high risk scenarios Z” may be normalized to
converge in distribution to the Gauss-exponential vector W if the curve y > p(y) =
w(¥(y)) is asymptotically linear over intervals of the order of a(y). Write

p(y +va(y)) — p(y) —va(y)p'(y) = v’a*(y)p"(y + wa(y))/2.

By straightforward calculations the right hand side does not vanish in ys,. Indeed

a’p" = ji—pa’ and fra’ ~ /Tog y/2. Sincea(y+wa(y)) ~ a(y)and ji(¥(y)) —
0 the quadratic term can not be neglected. O

3) Again assume U is uniformly distributed on the unit disk B in R”. Then W
lives on the vertical tube B x [0, 00). What can one say about the distribution of

=(X,Y) e D"(W)?

Let Y have df F € D™ (0) with upper endpoint y,. There exists a C! function
e: [y0, ¥oo) — (0,00) whose derivative vanishes in yo, and which also vanishes
itself if yoo is finite. This is the scale function associated with the tail function
R =1 — F in Section 6. It is determined up to asymptotic equality by

R(yn + sne(yn))/R(yn) > €%, yn— 00, s, > s €R. (15.18)

Assume X, conditionally on Y = y, is uniformly distributed on an open ellipsoid
nw(y) + EyB[Rh centered in p(y). We assume that (y) and Ey, are continuous in
Y € [¥0, Yoo), and that Y € [yg, ¥oo) a.s. If Y has a continuous density f(y), then
Z lives on the curvaceous tube TBR” x [yg, yoo) With horizontal sections 1 (y) + E,
at level y, and Z has density

fy) =17, (), k() = f()/IEyl.
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First assume p = 0. The function e(y) is a scale function for the vertical coordinate.
In the same way E|, is a scale for the horizontal coordinate. If we want T' to converge
to the standard tube B x R under affine normalizations which map (y) 4+ E,, onto B
and vertical intervals [y, y + e(y)) into intervals of length one asymptotically, then
we have to impose the condition

Ey;l ~E,,, yr/l = Yn +5n€(Vn)s Yn = Yoo, Sn — 5 > 0. (15.19)

The function y — |E,| is flat for the scale function e. If ]7 is asymptotic to a von
Mises function, then so is /, since the quotient is flat.

In a more geometric vein one might start with the functions e(y) and Ey, or just
a sequence of positive numbers e, and centered open ellipsoids E” in R”, with the
condition that e, 11 ~ e,, and E"*! ~ E". Define y, such that y, 11 — y, ~ ep,
and then define the functions e(y) and Ej by interpolation such that e(y,) = e,
and E,, = E". The scale sequences e, and E, may be chosen independently, The
curve (y) depends on both the vertical and the horizontal scaling as we shall see
below. That explains why a normalization of the vertical coordinate may throw a
distribution 7 out of the domain D" (p), as we saw in Example 15.4 above.

In order to link this geometric set-up to the more algebraic set-up of affine nor-
malizations and regular variation, we need to write the continuous curve of ellipsoids
as £, = A,(B) for a continuous curve of linear normalizations. We also want
Ay ~ Ay, to hold whenever y, — yoo, and Yy = Yn + sne(yn), with s, — s > 0.
This is possible by the lemma below.

Lemma 15.5. Suppose E(t), t > 0, are open centered ellipsoids in R¢, depending
continuously on t, such that

E(ty, 4+ sp) ~ E(ty), t, — 00, s > s €R.

There exists a continuous curve A: [0,00) — GL(d) which varies like the identity
such that E(t) = A(t)(B).

Proof. The correspondence £ = A(B) between open centered ellipsoids £ and
symmetric matrices A is a homeomorphism. (It is clear that A, — A( implies
E, — Ey. Conversely E,, — E, implies that (A4,) is relatively compact. Any limit
point A satisfies £g = A(B). Since this equation determines A there is only one limit
point, and A, — A.) One could write E(¢) = A(t)(B) with A(¢) symmetric. The
curve A then is continuous, but it is not clear whether it varies slowly. So we shall
construct the curve A piecewise. Choose A(0) symmetric such that A(0)(B) = E(0).
If A(¢) has been constructed for ¢ < n, define A(n+6) = A(n)Q0,(8)for0 <6 <1
with Q,,(#) symmetric such that F,(0) := A(n) " (E(n + 0)) = 0,(0)(B). Since
F,(6,) — B for 6, € [0, 1], by continuity Q,(8,) — I. In particular 8, = 1 gives
A(m) 'A(n +1) — I. Fort, — o0, and |s,| < m, the quotient A(t,) "L A(t, + s,)
tends to I as a product of m + 2 factors which tend to /. O
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Suppose . = 0. Suppose F € DT (0), with upper endpoint y,, < 0o, and finite
lower endpoint yg, has density f and rate function e¢: [yg, Yoo) — (0, 00). Suppose
the ellipsoids E,, depend continuously on y € [yo, Yoo), and satisfy (15.19). Let T’
denote the curvaceous tube with horizontal cross sections Ey, and let Z = (X,Y)
have density f(x,y) = f (W17 (x,y)/|Ey|. Geometrically it is clear that one may
introduce local coordinates centered in (0, y) such that T in these coordinates looks
like the standard tube B x R in R**!. Write this as ay_l(T) — B x R, where
ay(u,v) = (Ayu,y + ve(y)), and Ay(B)=E,. The condition F € D*(0), with
rate function e(y), then ensures that a;l (m)/(1 — F(y)) — p vaguely for y — yso
where p has density e™" on B x R.

What conditions should we impose on the curve 1 ? The normalization o), ! should
map u(y) into the origin. The normalized curve should be close to the vertical
axis in the neighbourhood of the origin. This means that the difference between

w(y +e(y)) — u(y) and u(y + 2e(y)) — u(y + e(y)) should be small in relation
to the ellipsoid £,. A simple condition is

e)*1'(y) =0(Ey), ¥ = Yeo- (15.20)

Here we write x, = o(E,) for a sequence of open ellipsoids if for any ¢ > 0
eventually x, € ¢Ey,.

Proposition 15.6. Suppose (15.20) holds. The probability distribution & with the
density f introduced above lies in the domain D" (p) of the excess measure p with
density g(u,v) = 1g(u)e™"/|B| on R**1,

Proof. Let y, — Yoo. Let A, € GL(h) such that A,(B) = E,,,. Let up, = p(yn),
on = W' (yn), and e, = e(y,). Define o, € A by

(U, v) = (Apt + fn + Opv, yn + env),  (u,v) € R*HL,

Let g, be the density of p, = ea;, 1(), where 1, satisfies P{Y > y,} = e .
Convergence of the vertical component holds by assumption. Consider the horizontal
component: g*(-,v) is uniformly distributed on an open ellipsoid p + E in R*. It
suffices to show that for any sequence v,, — v the ellipsoids p, + E" tend to the unit
ball B in R*. Now E" = A;I(Ey’/q) where y,, = y, + vne,. Asymptotic equality
of convex sets does not depend on coordinates. So E,, ~ Ey, implies E" ~ B. It
remains to show that p, = o(Ey,), or, equivalently, u(y,) — n — Vn0n = 0(Ey).
This follows by a second order Taylor—McLaurin expansion. O

Suppose, conditionally on ¥ = y, the vector X lives on the boundary of the
ellipsoid pu(y) + Ey, and is uniformly distributed. (This distribution is defined as the
image of the uniform distribution on the unit sphere d B under the affine transformation
which maps B onto u(y) + E,.) In that case e"a;, '(m) — p where now p is
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the product of the uniform distribution on 0B and the exponential measure with
density e~V. The vertical component ¥ may have any df F = 1 — R € DT (0),
provided (15.18) holds. If p* is a spherically symmetric probability distribution
on R, and p is the product of p* and the exponential measure on R, and if ¥ has df
F = 1—R,asabove, and X conditionallyonY = y isdistributed like u(y)+A4,(U*)
where U* has distribution p*, and A, (B) = E,, then Z € D" (p). More precisely:

Theorem 15.7. Let U* € R" have a spherically symmetric probability distribu-
tion p*. Let p = p* x & where ¢ is the measure with density e™" on R. Let
Z = (X.,Y) be a random vector in R"*' with distribution . Let Y have df
F = 1—R € D(0) with upper endpoint yo, < 00, and F(y¢) = 0. Let y, — Yoo
suchthat R(yn+1)/R(yn) — 1/e. Thereexistsa C function f: [yo, Yoo) — (0, 00)
whose derivative vanishes in Yoo, and which vanishes in yoo itself if Yoo is finite, such
that f(yn) ~ Yn+1 — Yn. Let f(y) be any such function. Suppose X conditionally
onY =y fory € [yo.Voo) is distributed like (y) + A,U*. If the ellipsoids
Ey = Ay(B) in R" satisfy (15.19), and if w is C? and f2(y)u"(y) = o(E,) for
Y = Yoo, then m € D"(p).

Now assume that p has a density. Suppose p* has a Borel measurable density g*
on R”. Spherical symmetry implies that g*(u) = 8¢ (|lu]]) for some non-negative
Borel function g on [0, o), which satisfies the integrability condition

hB(h)/oog;;(s)sh—lds =1, b(h) =|B|/h. (15.21)
0

Here B(h) is the volume of the unit ball in R”.
We want to describe the density of Z = (X, Y) in a similar fashion.

Definition. A function ¢: R” X [yg, yoo) — [0, 00) is homogeneous-elliptic, and we
write ¢ € K &, if ¢ is continuous, and

o(rx,y) =ro(x.y), xe€R" r>0,y €[y Vo)

h (15.22)
Ey={xeR"|o(x,y) <1} € &), y €[yoyoo)-

Here & (h) is the set of all centered open ellipsoids in R”. We write ¢ € # & if in
addition

for a given C! function f: [yg, yeo) — (0,00) whose derivative vanishes in yeo,
and which vanishes in y itself if y is finite.

Typically ¢(x, y) = ||Ay)x|| where A: [0,00) — GL(h) varies like the iden-
tity and V¥ : [yg, Yoo) — [0, 00) is a C? homeomorphism with a positive derivative
¥’ (y) ~ 1/f(»). Actually the function ¢ is completely determined by the curvaceous
tube with horizontal sections E,.
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Theorem 15.8. Let p be an excess measure with density g(u, v) = g*(||ul|)e™" where
0 < [g*(Nr"ldr < co. Let : [yo, yoo) —> [0, 00) be a C2-diffeomorphism with
Sf'(y) = Ofory — yoo, where f(y) = 1/¥'(y). Let L: [yo, yoo) — (0, 00) be flat
for the scale function f, and let ¢ € H & for the function f(y). Let (i: [yo, Voo) —
R" be C2 such that

o(fO)PU' (), y) >0, ¥y = Yoo

Let Z = (X,Y) € R have distribution 7w on R" X [y, yoo) with density

. y) = g* (@ — p(), ) L()e ¥ Pdxdy/C, y = yo.

Then w € D"(p). If g is continuous, the normalized densities gy tend to g uniformly
on compact sets.

Proof. Let Ey = {x | ¢(x,y) < 1}. If g* = 1po,1) then f(x,y) = 17(x, ) f(»)
with T the curvaceous tube constructed above, and f the density of adf F = 1 — R
where R satisfies (15.18). So n € oi)h(/o) by the previous proposition. The last
statement follows from the lemma below. O

Lemma 15.9. Let o, '(n) — 7 weakly. Suppose m has a density f which is
continuous and positive on the open set O and vanishes outside O. Let f, be the
density of o, 1 (). Then

Ju(zn) = f(2), zp =z, z €00.

Proof. By the Convergence of Types Theorem we may choose symmetries o, of
such that 8, = a,0, — id. Then f, = |detBy|f o Bu. Set w, = B, 1(z,). Then
Wy, — z,and f,(zn) = cp f(wy) — f(w) since ¢, = |det B,| — 1. |

Example 15.10. Suppose the vertical coordinate Y has a standard Gaussian distri-
bution. Then Y € D1 (0). One may write the density of Y as g(y) = L(y)e ¥®)
where e~V is a von Mises function, and L is flat. The scale function on the vertical
coordinate is f(y) = 1/¢¥'(y) = 1/y. Take [yo, Yoo) = [1,00). Letd = 3 and
assume that the ellipses E, are centered disks of radius 7 (y). Firstassume r(y) = 1.
What are the conditions on the curve u? It is possible that ||(y)| grows faster
than y3 for y — oo. Now vary r(y). How fast can the ellipses E), grow? It is
possible that r(y) = e” since this function satisfies r(y;)/r(y,) for y, — oo,
Yy, —¥n = O(1/yy,). If the disks E, expand at this rate, the center j(y) may grow
even faster. The curve pu(y) = ye”(cos y, sin y) is allowed. O
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15.3 Cones and vertices. In this section we continue our geometric analysis. We
study the asymptotic behaviour of the distribution 7 of a random vector Z in the
neighbourhood of a vertex of the convex support. Bounded domains are not typical
for risk analysis. However a loss function may have a pole at a boundary point. In bio-
logy and engineering a stress variable like temperature may be limited to a bounded
domain. The analysis below exhibits the close relation between the algebraic condi-
tion of regular variation and geometric concepts like convex sets and cones. There
are relations with min-stable distributions with exponential marginals on (0, c0), and
with copulas.

Assume the vertex zg is the origin. Let F(y) = P{Y < y} vary regularly with
exponent A > O for y — 0+. Here Y = n(Z), and n denotes the vertical coordinate.
Introduce the high risk scenarios

z¥=z"_  H,={n<y) y>0.

Do there exist linear transformations o, mapping J = {v < 1} onto H, such that
the normalized high risk scenarios converge, equivalently

o' (m)/F(y) — p vaguelyon R,y —0+. (15.23)

In this section we assume that the excess measure p is symmetric for scalar con-
tractions

Yip)=e'p, yYw=ew, reR weR? §=1/A=—-1>0. (1524)

These symmetries are preserved under linear transformations. The parameter A =
1/0 is the exponent of regular variation of the df of the vertical component in zero, and
7 = —1/A < 0 the Pareto parameter. The convex support C of the Radon measure p
is a closed cone, since the support is invariant under the scalar contractions y’. We
shall generally assume that the cone is proper, more precisely that C N {n < 1} is
compact. It is then of interest to know under what conditions the normalized sample
clouds converge to the limiting Poisson point process on C weakly on halfspaces H
which intersect the cone in a bounded non-empty set. Probability distributions for
which this holds are completely steady.

In this section we have flipped the vertical axis. We are looking at lower half-
spaces, at minima, and at exceedances below horizontal levels. This has the advantage
that Z and p live on the positive open halfspace R” x (0, 00). Two basic examples to
keep in mind are:

p is Lebesgue measure on the cone C, and Z is uniformly distributed. Here
A=d.

pis the exponent measure of amin-stable df on [0, c0)¢ with exponential marginals,
compare Section 7.4. Now n = z1 + --- + z4, CB|0, oo)d, and A = 1.
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1) Take d = 2 and let p be Lebesgue measure on [0, 00)?. Let Z be uniformly
distributed on the open set

U={-¢o(y) <x <¢1(y).0 <y < 1}BR x (0, 00)

where —¢o < ¢ are continuous functions which vanish in the origin. Let Z” denote
the high risk scenario associated with the halfspace H” = {n < y}. For simplicity
assume gg = ¢ = ¢. Letay, (1, v) = (@(y)u, yv). Thena;l(Zy) = W where W
is uniformly distributed on the triangle |u| < v < 1 if ¢ varies regularly in 0+ with
exponent 1. The excess measure is p. It is possible that ¢(y) = o(y) for y — 0, for
instance if ¢(y) = y/|log y|. Inthat case U has the form of a sharp thorn. The vector
Z then is not steady, since the cone v > e|u| does not contain «); L(U) for y small.
If o(y)/y — ¢ > 0 then ¢ automatically varies regularly with exponent 1 and Z is
steady; in fact Z is completely steady if U is contained in the cone y > |x|/c. If not,
then there exists a halfspace Hy = {y > x/a} witha > ¢ which intersects U in a set
U.1B{y > &} of positive measure. Slight variations H of Hy yield high risk scenarios
ZH which are uniformly distributed on the disjoint union of a small neighbourhood
of the origin in U, and a subset of U, of the same area. The distribution of Z is
not close to the uniform distribution on a triangle. So Z is not completely steady.
It is also possible that ¢(y)/y — oo for y — 0. As long as ¢(y)/y is increasing
the vector Z is completely steady. Here are two examples. In both p is Lebesgue
measure on the cone {v > |u|} in the plane.

Example 15.11. D”(p) contains a vector Z € R? which is uniformly distributed
on a bounded open convex set whose boundary is continuously differentiable. The
vector Z is completely steady. Take U = {|x| < yL(y), 0 < y < 1} where

L(y) = |log(y — y)I. O

Example 15.12. The domain D" (p) contains a completely steady vector Z with a
continuous density f on R? such that { f > 0} = R x (0, 00).

Proof. Let fy be the density cly/L(y), with U as above, and let f; agree with fj
on U, vanish for |x| > yL(y)+ y2,y € (0, 1), and be defined by linear interpolation
on the remaining two intervals yL(y) < |x| < yL(y) + y%. Then fy and ¢; fi
lie in D" (p) with the same normalizations oy as the uniform distribution on U.
The density ¢q f1 is continuous on the plane, and so is f = (c¢1 f1 + f2)/2 where
folx,y) = y*eYe *1/48 on Hy. Let J = {v < b +au} with0 < a < I and
b > 0. The corresponding halfspaces for Z are Hy = {y < bs + asL(s)x}. Take s
so small that 2b/s < 1 and 2sL(s)s~'/3 < /5. Then Hj is contained in the union
of {y < /s}and {x > s~'/3}. Hence

fi(2)dz < 5512 4 eV« 21 2(s),
Hy
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/ fo(2)dz/2 ~ s2L%(s), s — 0+,
UoN{y<s}
which shows that f, does not affect convergence. O

Remark 15.13. Now take d = 3 and let p be Lebesgue measure on C = [0, 00)3.
Set y = z; + z» + z3. Let Z be uniformly distributed on a bounded open set
UB{0 < y < 1}, whose horizontal sections are open triangles with vertices Q¢(y),
01(y), Q2(y) which depend continuously on y € (0,1). What condition on the
curves Q; will ensure that Z € D"(p)? What extra conditions ensure that Z is
steady or completely steady? Does it suffice that U is convex? If so, can the triangles
Uy, revolve? Note that we have not even answered these questions for d = 2.

2) We first turn to the general theory. The first question is: Is the picture describ-
ing p as what one sees of the distribution of Z as one zooms in on a point zy on
the boundary of the convex support of Z correct for all Z € D" (p)? We know that
Y = n(Z) lies in D () with t = —O < 0. Hence Y has finite lower endpoint y,
and the df F of Y varies regularly in yo. Assume yp = 0. Then Z lives on the open
halfspace {y > 0} and charges all slices {0 < y < &} with & > 0. It is possible that
the support of Y is the whole closed upper halfspace, even if p lives on a proper cone,
Example 15.12. Does there exist a point zg = (x¢, 0) around which the distributions
of the high risk scenarios cluster? If so, and if we choose coordinates such that zg is
the origin, is it possible to normalize the high risk scenarios by linear transformations?

Theorem 15.14. Let p be a Radon measure on R® which lives on H, and satis-
fies (15.24). Let Z € D"(p) have distribution 7. There exists a point zog = (Xo, ¥o)
such that

75 =7" _ 7, in probability, s — 0+, H® = {y <s}.

Choose coordinates such that zq is the origin. There exist linear transformations o
mapping Jo = {v < 1} onto H®, and depending continuously on s such that

1

o Oc,s, (U, v) = (cu,cv), sp > 0+, cp > ¢ >0 (15.25)

a; ' (m)/P{Y < s} — p vaguely on RY, s—0+. (15.26)

Proof. We may assume that the df F' of ¥ has lower endpoint yo = 0. By Theo-
rem 14.7 there exists a continuous function ¢t — &; € +A(d) which varies like the
contraction group ¥’ in (15.24). A reparametrisationas = fy(s) givesa; ' (Z5) = W
with &s(v) = sv. Regular variation of &; in the sense of (15.25), and of F, implies
that the affine transformations az(w) = Asw + by satisfy the two limit relations of
the theorem. The lemma below shows that one may replace og by w — Asw + zg.
This holds for the sequence s, = e~ and by interpolation for all s. O
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Lemma 15.15. Let o € A, ay(w) = Apw + ay, and Q € GL. Assume that
a;lanﬂ(w) — Qw, n — oo.

Suppose the (complex) eigenvalues A of Q satisfy 0 < |A| < 1. Then a,, — zo, and
ay ~ Bn where B,(w) = A,w + zo.

Proof. Seta, 'ayy1(w) = Qnw + gy. Then
U Cmin(W) = Gms1 + -+ Oms1 - Oman—1dmsn + Om1 .. OmsnW
= A,;I (Am+nW + Aman — am).

There exists ¢ € (0, 1) and mo > 1 such that || Q™| < ¢g’ for m > mg. This implies

[Qk+1--- Qkamoll <™, k> ko.

Since || Q« || — || @ |, there is a constant K > 1 so large that | Qg || < K for k > ko.
Hence

10k+1--- Qksmll <Cc™, k>ko, m>1, C =(K/c)™. (15.27)
There is a decreasing null sequence §, such that ||g,| < 8, for n > 1. This gives
1A @mtn — am)|| < C8m/(1 —¢), m,n > 1.

The bound is uniform in n. So we may replace @,,1, by a limit point z. The limit
point is unique since A, — 0 by (15.27). O

Of particular interest is the situation where zg is a vertex of the convex support
of Z, and Z lives on a proper cone Cy with top zo. In that case one may choose
coordinates such that Z has non-negative coordinates. Condition (15.25) implies that
o /s varies slowly for s — 04. It is satisfied if a5 /s — a9 € GL(d). In that case a
simple scalar normalization will do:

Z5)s = W =ay'W, p=oa5'(p).

3) Distribution functions are a convenient tool to investigate the asymptotic be-
haviour of the distribution of a vector with non-negative components in the neigh-
bourhood of the origin, in particular if the normalizations o ! are scalar expansions.

Let F be the df of a vector Z € [0, 00)?. Suppose F(0) = 0 and
F(sz)/F(se) — R(z) weakly on (0,1)%, s — 0+, e=(1,...,1) € (0,00)%.

Then R extends to the df of a random vector W on [0,1]9. Let Fy(t) = F(te). Then
Fo(st)/ Fo(s) = Ro(t) = R(te) fors — 0+, ¢ € (0, 1) when ze is continuity point
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of R. Hence convergence holds on a dense set, which implies weak convergence.
From the univariate theory of exceedances it follows that Ry (¢) = t* for some A > 0,
or Rg = 0or Ry = 1. In the latter cases R = 0 or R = 1. We exclude these two
degenerate cases. Let Z©) denote Z conditioned to the cube [0, s]¢, and let Z* be Z
conditioned to the halfspace {y < s} where y =z; +---+z4. If Z () /s converges
to W then Z* /s converges to W where W is W conditioned to wy +---+wg < 1, and
conversely, by a straightforward conditioning argument. By a change of coordinates
we obtain the following result.

Theorem 15.16. Suppose Z > 0 has df F, and F(0) = 0. Let a,c € (0,00)%.
Define the vertical coordinate by £z = ¢Tz. If F(sz)/F(sa) — R(z) weakly on
(0,a) for s — 0+, and if 0 < R(b) < 1 for some b € (0,a), then Z € D"(p),
where p[0,tz] = t*R(z) for z € (0,a), t > 0, and Z¥=%} /s = W where W has
distribution 15dp/p(J) with J = {£ < 1}. Conversely if Z > 0, and if Z € D(p)
for an excess measure p on [0, 00)? with normalizations ag(w) = sw then

F(sz)/F(sa) - R(z) = p[0, z] pointwise, s — 0+, z € (0, oo)d,
where p satisfies (15.24).

The condition on F in the theorem above does not suffice for F to lie in the domain
of attraction of a min-stable distribution. For that one also needs convergence of the
marginals Fg,

Fx(sz)/c(s) = Rx(z) s— 0+, ze RK, @9 £ KB{1,....d).
Here c(s) = Fi(s) + --- + F;4(s). Compare Proposition 7.9.

Example 15.17. Let Z be uniformly distributed on the unit cube. Then Z € D" (p)
where p is Lebesgue measure on (0,00)?, and n = —(z;, + --- + z4) is the vertical
coordinate. The vector Z also lies in the domain D (W) for a min-stable vector W
with independent exponential marginals. The exponent measure of W lives on the
coordinate axes in infinity and does not charge [0, 00)¢. Let ¢ € (0, 1). If we delete
all mass in the ball ¢ B and condition Z to live on ¢ B¢ then the vector still lies in
DN(W); if we alter the distribution outside ¢ B the vector still lies in D" (p).

There is a difference in interpretation. In the case of minima we ask for the
conditional distribution of the other components if one of the components is small.
The answer is that it is not affected (by independence). In the case of exceedances
we ask for the conditional distribution of Z given the sum of the coordinates (or the
maximum) is small. It is not affected, it remains uniform. O

15.4 Cones and heavy tails. We now turn to excess measures p on {v > 0} whose
symmetries are scalar expansions:
Yip) =e'p, yw)=e"w, teR w=@uv)eR* t=1/A>0.
(15.28)
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The measure p is infinite on {v > 0}, and finite on {v > ¢}, for ¢ > 0. The domain of
attraction consists of distributions with heavy tails. Heavy tailed distributions on R?
form the subject of Section 16 and 17. Here we discuss exceedances over horizontal
thresholds, and assume p lives on {v > 0}.

Example 15.18. Let N be the Poisson point process on (0,00) with intensity
1/n3*t*, where n = z; + z» + z3. The mean measure p satisfies (15.28). De-
fine the curvaceous cone C by three continuous curves Q1, Q», Q3 emanating from
the origin and diverging to infinity, such that the three points Q;(y) are the vertices
of a triangle Ey in the plane {n = y} for each y > 0. Assume that the normalized
triangles 7 = éy/y, y > 1, in the plane {n = 1} vary slowly, i.e.
Tenyny ~T1y,, Yn—> 00, cn = ¢ > 0.

Let fo: [0,00) — (0, 00) be continuous, and vary regularly in infinity, with exponent
—(3 + A). Then the integral ¢o of fo o 5 over C is finite. So f = lgfoon/coisa
probability density which lives on C. Let Z;, Z, ... be independent observations

from this density. Let a, — oo such that P{n(Z) > a,} ~ c/n, where ¢ =
p{n > 1}, and let o, be the matrix with columns Q,; = Q;(a,),i = 1,2,3. The

normalized sample cloud N, has points o, 1(Z1), ..., (Z,). Weak convergence
of the normalized measures implies weak convergence of the point processes:
N, = N weakly on R*>\ ¢B, &> 0. (15.29)

The curvaceous cone is determined asymptotically by the sections Eyn with y, = e".
Conversely any sequence of triangles T, such that 7,1, ~ T, determine a curvaceous
cone C with sections Con = €T}, forn > 0. One may define the curves Q; by linear
interpolation between successive points Q;(e”), where the Q;(e”) are the vertices
of e"T,. Such a sequence of triangles T}, is a discrete skeleton for the curvaceous
cone. The sequence may be quite wild, even if we assume that all triangles lie
inside a given bounded convex set D* in the plane {n = 1}. Indeed, any triangle
may be transformed continuously into any other triangle. Hence for any ¢ > 0 the
two triangles may be linked by a finite sequence of triangles Sy, ..., Sy such that
|Sr U Sk—1| < €®|Skr N Sg—1|. It follows that one may construct a sequence of
triangles 7,41 ~ T, which is dense in the space 7~ of all compact triangles in D*. In
particular, subsequences may converge to disjoint limit triangles. The corresponding
sample clouds then asymptotically live on disjoint cones. Yet (15.29) holds, and the
convex hulls of the sample clouds converge. O

There is a superficial similarity between the theory of this section and that of the
previous section. In both cases the convex support of the excess measure is a closed
cone C. If C has a bounded intersection with { < 1} one may define the compact
convex set C*BR” as in the previous section by

CNi{n=1}=C*x{1}.
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If Z lives on [0, oo)d then, as above we define n = z; + --- + z4. If the high risk
scenarios Z” may be normalized by scalars, then

ZV ]y => W,

where now we take the limit for y — oo instead of y — 0+ as in the preceding
section.

Actually the difference with the theory of the preceding section is considerable.

First observe that any Radon measure p on [0, o) \ {0} which satisfies (15.28)
may be interpreted both as an excess measure for exceedances over horizontal thresh-
olds, {n = y}, and as the exponent measure of a max-stable distribution on [0, 00)?
with marginals H;(t) = e~¢i/ ’A, t > 0. Exponent measures of such max-stable
distributions live on [0, o) \ {0} and do not charge points in infinity. This yields a
one to one correspondence between excess measures on [0, 00)? \ {0} and exponent
measures.

In the previous section any contamination of the distribution was blown up, and
thus liable to destroy steady convergence; in the present set up the contamination is
dampened and will disappear in the limit unless it is at least as heavy tailed as the
excess measure.

The normalizations «,,, y > 0, determine a curvaceous cone C whose horizontal
sections are affine images of C*. In the previous section the shape of C determined
whether Z was completely steady. From the example above we see that Z is com-
pletely steady if it lives on the curvaceous cone C.

For distributions with heavy tails an important difference between exceedances
over horizontal thresholds and coordinatewise extremes lies in the interpretation. For
coordinatewise extremes the d coordinates Z; have an equal status as measures of
risk; for exceedances the vertical coordinate n = zy + --- 4 z4 (or some other pos-
itive linear combination) measures risk; the horizontal part of Z, does not measure
risk, but modulates it. Assume Z has non-negative components with heavy tails with
the same tail exponent A > 0. Exponent measures for such heavy tailed distribu-
tions on [0, 00)? are precisely the excess measures in (15.28) which live on the cone
[0,00) with v = n = z; + --- + z4. Given the excess measure p the asymptotic
behaviour of the distribution of Z is determined by d slowly varying functions L;
given by 1 — Fi(z;) = Li(z;)/ z{l. For exceedances over horizontal thresholds the
global behaviour is determined by a slowly varying function L, which describes the
tail 1 — Fo(y) = L(y)/y* of the vertical component ¥ = 5(Z), and a sequence
of h-dimensional simplices T}, such that Tj,+; ~ T,, which determines the regularly
varying normalization for the horizontal component of the high risk vectors Z7. If
Z > 0, and the tails of the d components Z; are asymptotically equal, the rela-
tion between coordinatewise extremes and high risk scenarios for exceedances over
horizontal thresholds is particularly simple.
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Theorem 15.19. Suppose Z > 0 has df F with marginals F; which satisfy
1= Fi(t)~L)/t", t—o0,i=1,..4d.

Let the Radon measure p on [0, 00)% \ {0} satisfy (15.28). Then Z € DV (p) if and
only if Z € D"(p) for n = z1 + -+ + z4. Moreover L varies slowly in infinity.

By applying a suitable positive diagonal linear transformation to p we may ensure
that the marginals of p satisfy pi[t,00) = 1/t* fort > 0. Then, fort — oo,

Z0=8 = W, (ZVa, = W (15.30)

e (m)/m{n > €'}y — p weaklyon{n>c}, c¢>0, (15.31)

where W has distribution 1¢;>1ydp/p{n > 1}, W is max-stable with exponent mea-
sure p, a, > 0 satisfies 1 — Fj(a,) ~ 1/n, &' (w) = e'w, and 7 is the distribution
of Z.

Moreover the normalized sample clouds N, with points Z1/ay, ..., Z,/a, con-
verge in distribution to the Poisson point process N on O = R? \ {0} with mean
measure p, weakly on R? \ B for any € > 0, and the convex hulls converge.

Proof. The diagonal normalizations are scalar expansions: o, = a,. Sete =
(1,...,1). Let F be the df of Z. Convergence

(1= F(t2))/(1 = F(te)) = R(z) = p([0,2]°)/p([0,€]), 1 — o0, z € (0,00)"

is equivalent to ZV" /a, = w by Theorem 7.3, and to (15.30) by conditioning. The
latter implies N, = N weakly on ¢ B¢. Convergence of the convex hulls will be
proved in Theorem 16.18. O

The assumption that the excess measure p lives on a cone which intersects the
hyperplane {v = 1} in a bounded set, and that the distribution 7 of the vector Z
lives on the associated curvaceous cone allows a comparison between the theory of
exceedances over horizontal thresholds and the theory of coordinatewise maxima. If
we drop these assumptions a number of difficulties arise. We give two examples.

The first example shows that vague convergence na, () — p on {v > 0} need
not imply weak convergence on {v > 1}, even when the vertical coordinate lies in
the domain of a GPD.

Example 15.20. Let p be the excess measure in (15.28). Assume p{v > 1} = 1.
Let W = (U, V) have distribution 1¢,>13dp. Let Z = (X, Y) have distribution 7
on {y > 1}. Assume Y”/y = V for y — oo and na,!(x) — p vaguely on
{v > 0} for a sequence of linear maps «, mapping {y > 1} onto {y > y,} with
Yn+1 ~ Yn — oo. This does not imply o, 1(Z7) = W.

We assume that Z € R? has density ( fo + f1)/2 where fo(x,y) = ls(x,y)/y>
with S = {y > 1,0 < x < y}and f; = Ir(x,y)log(l1 + y)/y> where T =
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{y > 1,0 < x < y/log(1 + y)}. Then Y has distribution 7 with density 1/y?
on [1,00), and Z?/y = W where the distribution of W is a mixture of the density
fo and a univariate GPD on the vertical axis: dv/v? on [1,00). Set B;(u,v) =
(tu/log(l + 1),tv). Then (2¢)B;'(w) — p vaguely on {v > 0}, where p has
density 1/y3 on {0 < x < y}, and tB(¢t)"'(7) — p where / is the projection of p
on the vertical coordinate. O

There is a simple procedure to ensure weak convergence: the two-step condition-
ing which was used for heavy tailed multivariate GPDs in Section 12.1 will work
here too, and will yield sufficient conditions for weak convergence. First condition
on the complement of a ball or centered ellipsoid E, and then on a halfspace H
supporting E. The limit theory for exceedances over elliptic thresholds is handled
by the theory of regular variation developed in MS. This theory is the subject of
Section 16 and 17. The final conditioning on the halfspace is trivial if p{v > 1}
is positive and p(B€) finite. The global behaviour of a probability distribution in
the domain of attraction °°(p) for exceedances over elliptic thresholds depends on
a sequence of ellipsoids 2" E, with E,+; ~ E,, and a sequence of rotations R,
in SO(d), as is shown in Section 17.2. For exceedances over horizontal thresholds
the associated normalizations o, have to map horizontal halfspaces into horizontal
halfspaces. Below we prove that such normalizations ¢, exist.

Proposition 15.21. Let Eq, E;,... be open centered ellipsoids in R? such that
Eni1 ~ E,. Let p, € 0E, maximize the vertical coordinate. There exist linear
transformations o, € A" such that o, (B) = Ey, on(eq) = pn, with eg the vertical
unit vector, and a;lanH — 1. If (By) is another such sequence then 8, = ay R,
with R,, € O(h) and Rn+1 ~ Ry.

Proof. Let the ellipse F,BR” describe the intersection of E,, with the horizontal
coordinate plane {v = 0}. Then E,+; ~ E, implies F,+; ~ F,. There exist
A, € GL(h) with A, 41 ~ A, such that F, = A, (B") where B” is the unit ball
in R”. Extend A, to a matrix a,, of size d by affixing a bottom row of % zeros, and
then affixing the column vector p, to the right side. Then a1 ~ &y, @y (B) = E,,
on(eq) = pp, and o, € A", Finally note that Bl Bnr1 = R 1o a1 Ry ~
R, 'Ry +1 since O(h) is compact. O

Two-step conditioning is not always possible, even when Z lives on {y > 0}. In
the example below the vector Z = (X, Y) € R? has heavy tails and converges under
scalar normalizations:

ZUZB ) = W = (U, V), t— oo. (15.32)
Yet the tail exponents differ:

P{V >ty =1/t*, P{U|>1t} =< 1/t?, t - . (15.33)
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Example 15.22. Let the excess measure p on {v > 0}B8R? have density g(u,v) =
1/r' vk with§ > 0, 4 > 0and § + > 1. Fort > 0

plv =t} =c/t" T ¢ =plv =1} < oo,

and ~
p1(t) = pfv > 1,u2t}=/ J(t/v)dv /v tH,
1

J(q) = f ) ds/(1 + s2)(1+9/2,
q

Then J(¢) < 1A1/¢'F% on (0, oo) implies py (1) = z‘_ﬁf_z/t‘”‘g_1 forp # 2. Let Z
have density go(x,y) = l{y=118(x, y)/c. Then Z=%} /¢ is distributed like Z for
t > 1. Hence (15.32) holds with W = Z. Take u = 4and § = 1 to obtain (15.33). ¢

15.5% Regular variation for matrices in #”. This section contains criteria, in
terms of the matrix representations, for a curve 8: [0, 00) — A" to vary like y’.

The set of affine transformations on R”*! which map horizontal halfspaces into
horizontal halfspaces form a closed subgroup A4” of #. Elements of 4" are blocked
matrices of size 1 + & + 1, see equation (2) in the Preview.

1 0 0 10 0 _
a=|p A ¢ o=l P 41 0O P=a"bq/c=p)
k) ’ —1
b 0 ¢ bl 0 1/c Q=-A"q/c.
(15.34)

The two-by-two matrices formed by the four corner entries describe the positive
affine transformations &@: v + cv + b. The map o +— & from AP to AT is a
homomorphism: If y = af, then = @B. Hence, if a: [0,00) — A" varies
like y?, then @(¢) varies like 7*. Similarly « + A is a homomorphism, and hence, if
yi(w) = Q'w + ¢(t) and a: [0, c0) — A" varies like y?, then the central matrices
A(r) of size h in (15.34) vary like Q°.

In multivariate asymptotics centered ellipsoids E; describe the scale.

Definition. Write x; = o(E;) if for any ¢ > 0 eventually x; € ¢E; for t — oc.
For matrices with the same bottom row asymptotic equality is simple to express.

Proposition 15.23. Let a(t) and a(t) in A" have matrix representations as above.
Assume a(t) = a(t) and b(t) = b(t). Then &(t) ~ «(t) fort — o< if and only if

A@0) ~ A@),  p(t) = p(t) = o(Er), G(t) —q(t) = o(E;), 1 — oo

Let us now show how to alter the bottom row, while retaining asymptotic equality.
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Lemma 15.24. Let o: [0,00) — A" and let §(1) ~ G(t) for t — oo. Sup-

pose &(t)"18(t)(v) = c(t)v + d(t). Define B(t) = a(t)n(t) where n(t)(u,v) =
(u,c(t)v +d(t)). Then B(t) ~ a(t) fort — oo, and B(t) = 5(¢).

Proof. It suffices to observe that 1(z)(u,v) — (u,v) implies B(t) ~ «(¢), and that
B(t) = a@()ii(t) = 8(¢) since y — 7 is a homomorphism from A" to A™T. |

Example 15.25. Simply replacing the two bottom corner entries in the matrix need
not work. Consider the a, (c) € A" below

1 0 0 | 0
an(c) = | 4n°/2 + 502 n 10n3/2 . p(c) = ( ) )
n 0 1/(1+c/vn) o 1/(+c/v/n)

First observe that @,(1) ~ &,(0). It is tempting to replace the lower right hand
entry of a, (1) by 1. A straightforward calculation shows that o, (1) e, 41 (1) —
y: (u,v) — (u,v + 1). The matrices &, (0) have a different asymptotic behaviour:
n(0) Yoy 1(0) = 8: (u,v) = (u +10,v + 1). O

We are interested in curves o : [0, 00) — A which vary like y?, where y* = €

is aone-parameter group in A", such that y! is the vertical translation group, v > v+t
on R. The corresponding matrices are

0 0 0 1 0 0
c=[0 Cc* o], y'=e“=|0 H' 0],
1 0 0 t 0 1
1 0 0
a(t) =| p@) A@) q()
b(t) 0 ()

The vectors p(t) and ¢(¢) in the matrix representation of «(¢) are non-zero in general.
If C* is in real Jordan form, and its diagonal elements are non-zero, then by the
Spectral Decomposition Theorem one may choose coordinates and &(¢) ~ «/(¢) such
that p(r) and g (¢) vanish. If moreover C* is diagonal, and the diagonal entries are
distinct, then, by the same theorem, one may choose these coordinates so that A(t)
is diagonal. See Section 18.4 for details.

Let us first consider sequences. Suppose the o, have the form (15.34), and

Op =QV1---Vn» VYn— V. (15.35)
Introduce the vectors

Jon=an/cn,  &n = (Pn+1— Pn)/(bn+1 — bn).

Let E, be the ellipse A, (B)in R* where B is the unit ball in R”. A simple computation
gives
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Proposition 15.26. y,, — y if and only if
A;lAnH — H, cpy1/cn =1, (bys1—0bn)/cn — 1

Jn—8gn =0(En/cn), Jfu+1— fu = 0(En/cn).
Proof. This follows from the matrix product below with @ = o, and @ = &, +1.

-1

1 0 0 1 0 0
«la=|p A ¢ P A g
b 0 ¢ b 0 ¢

1 0 0 1 0 0 T=P—P:

=[0 A7 o ||x-Bf A éo|: e=f-"1

We can now construct A,, by, ¢y, pn and g, so that a;lanﬂ — y.The right
hand columns are determined by the left hand columns: ¢, = by4+; — by, and

4n = Pn+1 — Pn-

Proposition 15.27. Let ¢, > 0, ¢, € R" and A, € GL(h). Set E, = An(B),
bn+1 = bn + Cn fut1 = Ju + Ons An = Cnfn, Pnt1 = DPn + qn. Define ay
in terms of pn, An, qn, by and c, as above. If ch41 ~ Cp, A;IA,,H — H, and
@n = 0(En/cn), then c(,IIOln+l -V

Letus imbed the sequence «, in (15.35)inacurve a(¢). Fort = n+6 € [n,n+1)
define

G(t) = qn, Et)=cn, b(t) = by + O(bns1 —bn),
ﬁ(t) = Dn + 9(pn+1 - pn)’ /I(t) = AnHe-

Proposition 15.28. Suppose o, a1 — y. Define & on [0, 00) as above. Then &
varies like y'.

Proof. It suffices to prove o, 'a(n + 6,) — y? for 6, € (0,1), 6, — 6. Write
down the matrix product above with & = o, and @ = @(n + 6,), and check that it
converges to €. Comparison with the product o, Yo, 1 shows that the right hand
column converges to (1,0, 6)7. O

There are simple criteria for regular variation in terms of derivatives. If the
curve a: [0,00) — A is C! and a(t)"'a(t): = C(t) — C fort — oo, then
a(t) varies like €€, by continuity of the solution of linear ODEs. The function
0n(s) = aty) ‘a(t, + ) satisfies @, (s) = @, (s)C(t, + ). The limit ¢ exists and
solves ¢ = ¢ C, which gives ¢(s) = y°.
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Proposition 15.29. Let A: [0, 00) — GL(h) and ¢ : [0, 00) — (0, 00) be C Ucurves.
Suppose A(t)"'A(t) — C* and ¢(t)/c(t) — 0. Let ¢: [0,00) — R" satisfy
o) = 0(E;/c(t)) where E; = A(t)(B). Let f, q, p and b satisfy

SO =¢@). q)=c)f@). p@©)=q0). b@)=c@).
Then a: [0, 00) — A" varies like y*.

Proof. We have to check that a () 'a(t) = C(1) — C fort — oo. In terms of
the matrices this means A= (p —q) — 0, A™'A — C*,and A7 (g — ¢q/c) — 0.
These relations hold by the conditions in the proposition. |

Let y(¢) = b(¢) denote the vertical coordinate. A change of variables gives
p(0) = u(y@), c@) =ey(). E:=Fyq.
The basic condition
c@)(p@)/c@t)) = o(Es), 1 — o0,

in the proposition above, in the new variables gives (15.20):

W' () =0(Fy), ¥ = Yoo

16 Heavy tails and elliptic thresholds

16.1 Introduction. The random variable Y has heavy tails if E|Y |™ is infinite for
some integer m > 0. For asymptotics one needs stronger conditions. If ¥ is non-
negative one assumes that the distribution tail varies regularly,

1—F(y)=L(»)/y".

for some A > 0 and some slowly varying function L. In general one assumes
PUY| = yh = LOn)/y*
together with a balance condition
PY = y}/P{Y[ =y} = g €[0,1], y— oo

Moments of order less than A are finite; those of order exceeding A infinite. In
financial mathematics there is evidence that daily log returns have heavy tails with A
in the order of 3 or 4. In non-life insurance (fire or storm) A may be close to one.
Regular variation of the upper tail characterizes the domains D (7), for T > 0.
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In this section we look at multivariate distributions with heavy tails, and ask
under what conditions there is a limit distribution for high risk scenarios when we
condition Z to be large. In the past years there has been an increasing awareness that
a more geometric approach to the limit theory for coordinatewise maxima for heavy-
tailed non-negative vectors simplifies the subject if one uses the right notation. See
Resnick [2004]. The restriction to non-negative vectors is not necessary, the reliance
on multivariate dfs obscures the tail asymptotics outside the positive quadrant. The
use of Poisson point processes is particularly well suited to heavy tails. The relation
to multivariate regular variation has been rigorously developed by Meerschaert and
Scheffler in their book Meerschaert & Scheffler [2001], which we refer to as MS.
Although MS is about limit laws for sums of independent random vectors, the two
chapters on regular variation for linear transformations, and for measures on R \ {0},
may actually be regarded as an analysis of high risk scenarios for random vectors with
heavy tails. For more information on the statistical analysis of multivariate heavy tails
see Resnick [2006], or de Haan & Ferreira [2006].

How does one describe the asymptotic behaviour of a vector Z in the plane?
One may compactify the plane by adding a point in infinity — thus obtaining the
Riemann sphere for the complex plane — and condition Z on a decreasing sequence
of neighbourhoods of the point in infinity. One may just as well condition Z to
lie outside E, for an increasing sequence of bounded open convex sets E, which
cover the plane. Our Ansatz here is that for large open convex neighbourhoods E
of the origin and for certain linear expansions « the distribution of the vector Z
conditioned to lie in E¢, and of the vector Z conditioned to lie in the complement
of a(E) should have approximately the same shape. The high risk scenarios Z
properly normalized, should converge in distribution to a random vector W living on
the complement of an open bounded convex set E. One could take E,, and E, to be
open triangles. One could also take E to be the open square (—1, 1)2, and E, to be
open squares, or open coordinate rectangles, or open parallelograms. In these cases
the set £, = a, (E) determines the normalization «;, up to the six or eight symmetries
of E. We prefer to take £ = B, the open unit disk, as our basic set. The sets E, are
open ellipses, and W;, = o, }(Z E3i) are vectors living on B€. For halfspaces there
was a group of affine transformations mapping the upper halfspace H_ onto itself.
For exceedances over elliptic thresholds the orthogonal transformations map the unit
ball B onto itself.

Assume the sequence of ellipses grows so that P{Z & E,} ~ e™". It may happen
that E,,+1 ~ qE, for some constant g > 1 (successive ellipses have the same shape
asymptotically). It may be possible to choose coordinates such that E,, is the unit disk,
and E, 1 has the form (x/a,)? + (y/b,)? < 1 with half axes a, — a and b, — b
with 1 < a < b. Decay along the major axis is slower than along the minor axis.
There is a third option: Shear expansions. See Example 16.6 and Section 18.8. There
are two points of view. One school argues that decay with the same exponent along
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both axes is such a coincidence that it may be ignored in practice; the other school
claims that if the two exponents differ then asymptotically the tails in the direction
of fast decay become negligible, and may be ignored. Moreover, if symmetry does
occur, why should it not be simple? We shall develop the theory with special attention
to scalar and diagonal non-scalar expansions. The domains of attraction in these two
situations differ like sun and moon.

There is a situation of great practical interest where the d marginal tails agree.
That is the case where Z = (Z,+41,..., Z,+4) is a finite section from a stationary
sequence. Here the analytic theory of coordinatewise maxima is the most obvious
candidate to investigate the tail behaviour, but the geometric extreme value theory
developed in the present text may give useful insight in the structure of the tail of
the vector Z. Stationarity of the sequence (Z;) does not imply the existence of an
excess measure. It does impose certain restrictions on the measure and its symmetry
group if an excess measure exists.

Example 16.1. Even if the marginals Zy, ..., Z; have the same heavy tailed distri-
bution, there may be linear combinations with lighter tails. Let X,,, n € Z, be iid with
df F, and let Y; be independent of (X,,) with df G. Assume that these distributions
are symmetric. The variables Z, = X, + Yo, n € Z, form a stationary sequence.
Suppose 1 — F(x) ~ 1/x?>and 1 — G(y) ~ 1/y. LetUy = 0, Z, + --- + 03 Z4
where 6 is a unit vector. If 6; + --- + 8; = 0 then Uy has tails with exponent two,
else tails with exponent one. Despite stationarity the marginals fail to describe the
tail behaviour of the vector (Z1, ..., Z;). O

A large sample cloud from the standard normal distribution 7 on the plane, prop-
erly scaled, will form a black disk. The measure nmr contracted by /2 log n converges
to a measure p which is infinite for every non-empty open set in the unit disk and van-
ishes outside the closed disk. Such behaviour is typical for light tailed distributions as
we saw in Section 9.5. For such distributions one has to zoom in at a boundary point
to obtain an interesting local picture. For heavy tails the global and local description
of the sample cloud agree. Sample clouds from distributions with heavy tails have
no edge. The sample cloud does not consist of a dense body of points surrounded by
a halo. There is only a halo of isolated points emanating from a center where points
accumulate. The variation in the convex hull is of the same order of magnitude as the
convex hull itself. For such sample clouds there is only a global theory. That theory
is the subject of the present section, and the next.

Example 16.2. Consider a continuous symmetric distribution on R with tail R(¢) =
1 — F(t) ~ 1/¢>. Such a tail is not very heavy. Moments of order < 5 are finite.
Take ten very large samples of n points, and let Ty denote the maximum of the kth
sample. The ten points Ty will flock around the value b, ~ n'/5 where the tail R
assumes the value 1/n. By the univariate theory each of the normalized points 7 /b,
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will behave like the maximal point V; from a Poisson point process on (0, co) with
tail 1/v>. Observe

P{3/4<V; <2} =e G/ _ 72 1 8.

For large n the window [(3b,/4),2by,] will fail to contain the ten points 7} with
probability > 0.9. The window [—5b,,, 5b,] is eight times larger. It will contain the
n-point cloud for all ten samples with probability > 0.99 since 20e=5" < 0.01. O

The example suggests that for samples Zy, ..., Z, from heavy tailed distribu-
tions 7w on R¥ one should consider the global behaviour of nw, with 7, = o, L(m)
for suitable linear or affine expansions o,.

We shall adopt the following assumptions:

e'a(t)"1(m) - p weakly on eB¢, t — o0, £ > 0, (16.1)

where p is a Radon measure on O = R4 \ {0}, finite and positive on the complement
of the unit ball B. Weak convergence in (16.1) ensures that no points of the sample
clouds escape to infinity.

Definition. A one-parameter group y’, t € R, is called a linear expansion group if
the transformations y’ are linear, and if all eigenvalues of y lie outside the unit circle
in C.

In addition to (16.1) we assume that «: [0, 00) — s varies like 7,
aty) Ya(ty + s0) = 5, ty, — 00, 5p = 5, 5 € R, (16.2)

where y!, t € R, is a linear expansion group.
From the general theory of regular variation as developed in MS it follows that p
is an excess measure which satisfies

Yi(p)=e'p. teR. (16.3)

The proof that (16.1) and (16.2) imply (16.3) is straightforward, see Proposition 18.23.
The conditions imply that the high risk scenarios ZZ i for the ellipsoids E; =
a(t)(B), normalized by «(t), converge in distribution to the vector W on B¢ with
distribution 1gcdp/p(B€). As was pointed out above, it is not the elliptic thresholds,
dE}, but rather the expansions «; which matter.

Definition. Let Z be a random vector in R? with distribution 7, and let p be aRadon
measure on O = R¥ \ {0} which does not live on a linear hyperplane. We say that 7z
and Z lie in the domain of elliptic attraction of p and write w € D*(p) if (16.1)
and (16.2) hold.
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An intuitive introduction to the conditions (16.1) and (16.2) was given in the
Preview. The conditions may be formulated in terms of regular variation of measures,
as developed in MS. Here is their definition, adapted to our notation:

Definition. A finite measure p on RY varies regularly if there is a continuous function
B:[0,00) — GL(d) such that (16.2) holds and

e'B(t)"" (1) — p vaguely on R? \ {0}

for a Radon measure p on R \ {0} which does not live on a hyperplane through the
origin, and which satisfies p(B€) < oo. The measure w varies regularly at infinity
if in addition any bounded set is covered by the ellipsoids £, = B(¢)(B) eventually,
where B denotes the open unit ball.

We shall see later, in Section 16.4, that vague convergence on R¥ \ {0} implies
weak convergence on ¢B¢ for ¢ > 0. So the domains of attraction D% (p) for
exceedances over elliptic thresholds consist precisely of those probability measures
which vary regularly at infinity. In the literature on the asymptotics of heavy tails
the term multivariate regular variation is often used in a more restricted sense. Only
scalar normalizations are allowed. This special case will be treated in Section 17.1.

The theory presented in this section, and the examples in the next should give the
reader an indication of the scope of the theory of regular variation of linear operators
and measures presented in MS. Our exposition is self-contained. Our notation and
terminology are in line with the previous sections, and differ somewhat from the usage
in MS. In particular we shall write y*, ¢ € R, with generator C rather than rC.r>0.
Moreover we normalize probability distributions by o, ! where MS use 4,. As a
consequence we write &, ~ fB, if a, 1B, — id, whereas in MS asymptotic equality
means A, B, ! — I. For very heavy tails sample sums behave like extremes. We
shall briefly touch on the relation to operator stable processes and distributions and
the interpretation of excess measures as Lévy measures in Section 17.6.

We start with a description of excess measures for heavy tails. We then proceed to
investigate the domains of attraction £D°°(p) of such excess measures. We show that
one may choose coordinates and a continuous normalization curve « in (16.1) such
that the ellipsoids £; = «(¢)(B) satisty the inclusion cl(E5)BE; for 0 < s < ¢t. This
allows us to introduce polar coordinates in which the boundaries of the ellipsoids E;
function as spheres, and ¢ as the radial coordinate. The limit relation (16.1) then
describes the asymptotic independence of the radial and angular part of the vector Z
in these coordinates. In Section 16.4 we prove convergence of the convex hulls, and
of the empirical loss for functions whose growth is bounded by a suitable power
function. Section 16.9 proves the basic step in the Spectral Decomposition Theorem.

Section 17 treats a number of cases in greater detail: scalar normalizations, scalar
expansion groups, and normalization by coordinate boxes. We shall briefly discuss
tails with different rates of decay in different directions. We shall describe the excess
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measures of maximal symmetry associated with such tail behaviour. Finally we return
to elliptic thresholds: we determine the limit laws for high risk scenarios Z £ where
EBE>B--- is an increasing sequence of ellipsoids. The limit behaviour here is not
as simple as for exceedances over horizontal thresholds. Not every non-degenerate
limit law extends to an excess measure which varies regularly in infinity!

The main result of these two sections is a complete characterization of the domain
of attraction, D°°(p), for excess measures p with a continuous positive density, whose
generator C has complex diagonal Jordan form. In the exemplary case where p is
the Euclidean Pareto excess measure, with density 1/]|w||+'/% (and C = t1), any
distribution function 7 € D°°(p) has the form dw = fdu, where f is a continuous
unimodal function with elliptic level sets: {f > e’} = E; = «a(t)(B), and
is a roughening of Lebesgue measure. Such measures may be discrete, or have a
wild density. They are characterized in terms of a partition of R¢ into bounded
sets A, such that (A4,) ~ |A,|, where | A| denotes the volume of A. The global tail
behaviour of the probability distribution 7 is determined by the typical density f,
and hence by a sequence of ellipsoids £, which satisfy £, +1 ~ e* E,. In general the
linear expansions y’ are not scalar, and the typical density f is not constant on JE,.
The structure of the typical density f in the expression dw = fdu depends on the
generator C. This structure is determined in Section 17 for all generators C whose
complex Jordan form is diagonal.

The final section of this chapter is of a more theoretical nature. It contains an
introduction to multivariate regular variation, a discussion of the Meerschaert Spectral
Decomposition Theorem, and a classification of all excess measures on R4,

16.2 The excess measure. Our first task is to find the excess measures p and their
symmetry groups ', ¢ € R. What is an expansion? What sets are expanded? Are the
ellipsoids y’(B) ordered by inclusion? How is the excess measure distributed over
the different orbits of the expansion group? We shall also look at densities and polar
coordinates.

For scalar expansion groups, y*(w) = ¢*'w, t € R, with T a positive constant,
polar coordinates form a convenient tool. Any continuous non-negative function gy
on the unit sphere 9B, determines the density g of an excess measure p on R? \ {0}
which satisfies y(p) = e’ p, for the scalar expansions above. In polar coordinates

g(rd) = go(0)/q". q=e"t 0 €dB, r>0.

Note that in affine geometry there are no balls, only ellipsoids. One can not even
speak of centered ellipsoids.

There are several reasonable interpretations for an expansion. They turn out to
be equivalent. Let us write y'(w) = ¢; + Q'w, and let C* be the linear part of
the generator C of y*. So Q! = ¢'C”. The (complex) eigenvalues ; of C* lie in
M > 0 if and only if the eigenvalues €% of Q lie outside the closed unit disk for
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t > 0. If one of these conditions holds then we call y an expansion. Since zero is
no eigenvalue of C* there is a unique point zg such that Czo = 0. The point zq is
fix point of the group y*. So y’, ¢t € R, becomes a linear group Q’, ¢ € R, if we
choose the origin in zo. Henceforth y* will be linear transformations on R?, and the
generator C is a matrix of size d.

Definition. A linear expansion is a linear transformation  whose eigenvalues lie
outside the unit circle in C. An expansion with center z is an affine transformation
y:z +— Qz + q where Q is a linear expansion and y(z9) = z¢. An expansion
group is a one-parameter group of linear transformations Q’, r € R, with Q a linear
expansion.

Exercise 16.3. If y’, t € R, is an expansion group then ||y ~*| — 0 for t — oo.
For any ¢ > 0 and any r > 1 there exists a constant #y such that y’(¢B) D rB for

t>to. O

Let us show that the algebraic concept of an expansion group agrees with our
geometric intuition.

Proposition 16.4. Let E be an open centered ellipsoid and y*, t € R, a linear group.
If y(E) contains the closure of E then y', t € R, is an expansion group.

Proof. The condition implies that the eigenvalues A; of Q satisfy |A;| > 1. Restrict £
to a subspace spanned by a real or complex eigenvector! O

Proposition 16.5. Let C be a matrix of size d. Write Co = (CT + C)/2 for the
symmetric part of C. If Cy is positive definite then C generates an expansion group.
Set Q(w) = w! Cw. The minimum value § of Q over 3B is positive, and

S BBy (B), t>0.

Proof. Observe that Q(w) = w! Cow. The antisymmetric part of C does not con-
tribute. Since dB is compact the minimum is attained and positive. Let xo € 9B,
and set x(t) = y'(xo), and ¢(¢) = x(t)Tx(¢). Then x(t) = Cx(¢), and ¢(¢) =
2x(t)T Cx(t). By assumption x” Cx > 8xTx. Hence ¢(t) > 28¢(t). Together
with ¢(0) = 0 it follows that log ¢(¢) > 28¢. Hence ||y’x|| > %'x for all x € 9B,
t>0. |

Definition. A bounded convex open set £ which contains the origin is adapted to
the generator C, or the linear expansion group y’ = e’ if there exists § > 0 such
that

S (E)By'(E), t>0.
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Example 16.6. The expansion groups in dimension d = 2 have generators

c= (b0 ()0

in Jordan form, with A, u > 0 and t # 0, and

r eM o0 A [ cost sintt oM 1 0
v= 0 ett)” —sintt costt)’ t 1)

For the diagonal generator C with A # u the unit disk B is adapted, and so is any
coordinate ellipse and any coordinate rectangle. Orbits are curves, y = cx?, and
may leave an ellipse to return and intersect it if the ellipse is elongated along the
diagonal. Such ellipses are not adapted. The second group consists of expansive
rotations. Ellipses (and squares) need not be adapted. The last group describes
expansive shears along the vertical axis. The unit disk is adapted if and only if
A > 1/2. For 0 < A < 1/2 one may rescale the coordinates by D = diag(1, ¢)

pareno=(3 (O )= 9. e

For ¢ € (0,2A) the unit disk is adapted in the new coordinates. O

If the centered open ellipsoid Ey is adapted, one may choose coordinates so that
Ey = B is the unit ball. Now perform an extra coordinate transformation S. If S is
close to / the unit ball in the new coordinates will still be adapted since the generator
in the new coordinates has the form ¢ = S~!CS, and the minimum of x7 C x over
the unit sphere will be positive if S is close to /. This proves one part of the next
result:

Theorem 16.7. For any linear expansion group the adapted ellipsoids form an open
non-empty subset of the set of open centered ellipsoids.

To prove that the set is non-empty, observe that the (complex) eigenvalues A of ™
satisfy |A| > e if m is large. If we choose coordinates such that the generator mC
of y™! t € R, is in Jordan form, then the unit ball is adapted for y™’, and hence also
for y’. This follows from the lemma below.

Lemma 16.8. Let C be in real Jordan form. If the real parts of the complex eigen-
values ¢ = a + ib satisfy a > 1, the quadratic form xT Cx is positive definite.

Proof. First consider a real matrix A = ¢l + J of size m with ¢ > 1, where J has
zeros except for ones just below the diagonal. Let Q be the sum of m — 1 terms:
O(x) = xX1X2 + X2X3 + +++ + X;u—1Xm. The inequality 2|ab| < a?® + b? gives

xTAx = exTx + O(x) > x?/2 >0, x#0,
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where x; is the first non-zero entry in the vector x. Similarly if A4 is the real matrix of
size 2m corresponding to the complex matrix ¢/ + J of size m, withc = a +ib and
a > 1, then for w = (u1, v1,u2,...,Vn) # 0 we find wl Aw = auTu + avTv +

Q)+ Q) > 0. O

If the unit ball B is adapted to the expansion group y’ one may introduce expo-
nential polar coordinates by the homeomorphism

d: (p.1) > (y'p), ®:T=03BxR— 0=R?\{0}. (16.5)
The group y’, t € R, on O corresponds to a vertical translation group on a cylinder:
(p,s)— (p,s+1), (p,s)€dBxR=T. (16.6)

Definition. An excess measure for expansions is a non-zero Radon measure p on
0 = R% \ {0} which satisfies y’(p) = e p for some expansion group ¥, ¢ € R.

Note that an excess measure for expansions is finite on B¢, and hence on & B¢
for any ¢ > 0. Indeed, let the ellipsoid £ be adapted, and set Ry = y(E) \ E and
R, = y"(Rp). Then p(Ry) = c is finite, since p is a Radon measure on O, and
p(E€) =c+c/e+c/e* + --- is finite.

The excess measure p on O = R? \ {0} corresponds to a product measure
dp* x e7tdt on the cylinder I'. The measure p* on 9B is called the spectral measure
of p.

The spectral measure, together with the generator C, determines the excess mea-
sure p. The generator determines the orbits; the spectral measure says how the excess
measure is distributed over the orbits. It should be stressed that the spectral measure is
not a geometric object. It depends on the coordinates. One may define a generalized
spectral measure to depend on a bounded open neighbourhood U of the origin and a
bounded open convex set D which is adapted:

Let B; be the o-field of invariant Borel sets ABO = R¢ \ {0}. These sets A
satisfy:

yi(A)=A, teR.
They are unions of orbits. Since D is adapted, each orbit of the group y’, ¢ € R, inter-
sects the boundary dD in precisely one point. This establishes a natural isomorphism

between the o-field 8; on O and the Borel o-field on dD. The spectral measure
Py o for U on dD may be identified with a finite measure py on B; by setting

Phan(A) = p(A\U) = pu(4). AcB;. (16.7)

If p and py are excess measures with the same generator, and dp = hdpo then h
is measurable on B;, h o y* = h for all ¢, and dp* = hdpj if U = D. For the
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sake of simplicity we assume henceforth that the unit ball is adapted to the expansion
group y’, t € R, of the excess measure p, and that p* = P% 95"

Let g be a continuous non-negative function on dB. Define g on R¢ \ {0} by

gy’ (w)) = go(w)/q", we€dB, t €R; qg=edety.

Then g is continuous. It is the density of a Radon measure p on R? \ {0}, which
satisfies y'(p) = e'p fort € R. The ring Ry = y(B) \ B has finite measure. The
rings Ry = y*(Ro) fillup R\ {0} and p(Rx) = e *p(Ry) implies that p(B€) < oo,
and similarly p(e B) < oo for any ¢ > 0, since y " (B)Be B eventually.

For an expansion group y* = ¢’C for which the unit ball is adapted we have two
methods for constructing excess measures with a continuous density, starting from a
continuous non-negative function on dB. We may use the procedure above to define
a continuous function g on R¥ \ {0}, or we may regard the function on 9B to be the
density of the spectral measure p* on dB. These two procedures in general yield
different excess measures!

Proposition 16.9. Let p be an excess measure on R4 \ {0}, with generator C and
with density g. Assume B is adapted. Let 7wy be the uniform probability distribution
on dB. Then the spectral measure p* satisfies

dp*(w) = b(d) x(w)g(w)dmo(w),

w € 3B, x(w) =wlCw, b(d) =27%%/T(d)2). (168)
Proof. Let ¢ > 0 be a continuous function with compact support in R? \ {0} which
does not vanish on dB. We may assume that g is continuous, else write dp = hdpg
as above, where pg has a continuous positive density. Let ¢ tend to zero from above.
The width of the ring y*(B) \ B at the point w € 9B is asymptotic to w’ y*(w) — 1
and hence to ¢ y(w). We find

l—e™! dp*,
/ odp ~ (1=¢™) Jop 9dp t — 0.
v (B)\B t [op o) x(w)do (w),
Here do = b(d)d my it surface area on 0B. |
Excess measures for expansions have large supports.

Proposition 16.10. Let p be a Radon measure on R? \ {0}, and y a linear expansion
such that y(p) = p/q for some q € (0,1). If plivesonastrip T = {|§] < ¢} fora
non-zero functional &, then p lives on {§ = 0}.

Proof. If z lies in the support S of p, then y¥(z) € S forallk € Z, and y " (z) — 0
implies 0 € S. Hence if p lives on a hyperplane it lives on a proper linear subspace.
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There is a minimal linear subspace containing S. Assume ¢ does not vanish on
this subspace. We shall derive a contradiction. We may assume that R? is minimal.
Hence S is not contained in a hyperplane. There exist points zg, ..., zg € S such that
the convex hull of these points contains a ball p 4+ ¢B. Choose r > 0 so large that the
strip T does not contain the ball rB. Now choose n > 1 so large that y" (¢ B) D rB.
Then one of the points y"(z¢), ..., y"(z4) lies outside T. Contradiction. |

Theorem 16.11. The group of measure preserving linear transformations of a full
excess measure for linear expansions is compact.

Proof. Let 8 denote the group and p the excess measure with linear symmetries
yi(p) = e'p. Assume p(B€) = 1. Since p is full, there exists a constant ¢ > 0
such that p{|[¢| > 1} > c¢ for all unit functionals ¢{. Let E; = y~*(B). Then
p{l€] > 1} > e'c if {€ > 1} supports E;. Choose ¢ so large that e’c > 1, and let
rBBE;. Then p{|{| > r} > 1 for any unit functional ¢. Hence rBBo(B) for all
o € §. Equivalently ||z|| < 1/r fort € §. |

16.3 Domains of elliptic attraction. The theories for exceedances over elliptic and
horizontal thresholds are similar. For elliptic thresholds there is a simplification. The
unit sphere is compact, and so is the space & (dB) of all spectral probability measures.

There are two tasks: Find the excess measures, and determine their domains of
attraction. The first is simple. Linear expansion groups are determined by their
generators. If we do not bother about coordinates the generator may be given in
Jordan form. The only condition is that the diagonal elements in the real Jordan
form be positive. This ensures that the eigenvalues of y = ¢€ lies outside the unit
circle in C. Given the linear expansion group y', choose coordinates so that the unit
ball B is adapted, and choose a finite non-zero measure p* on dB. This defines a
unique excess measure p which satisfies y’ (p) = e’ p, and p(B¢) < co. Every excess
measure p for linear expansions which is finite on the complement of some bounded
ball 7B is of this form. Details are given in the previous section.

Here we look at the domains of attraction. Recall that the domain of attraction
D>(p) of an excess measure p which does not live on a proper linear subspace is
the set of all probability measures = which satisfy (16.1). We shall first prove that
the normalizations «(¢) may be assumed linear. Moreover one may choose the curve
a: [0,00) — GL to be continuous, and so that the ellipsoids E; = «(¢)(B) satisfy

l(E\)BE,, 0<s<t. (16.9)

This establishes a homeomorphism between the half-cylinder 9B x [0, co) and R¥ \ E,
mapping (w,t) into a(t)w. In these polar coordinates it is simple to characterize
D (p).
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In the previous section it was shown that one may assume the symmetry group y*
of the limit measure p to be linear; here we show that one may choose linear normal-
izations.

We return to the condition (16.3). It implies P{a()"'(Z) € B} — 0, and
hence

a(t)"1(Z) — 0 in probability, ¢ — oo. (16.10)

Let the eigenvalues of the matrix y all lie inside the circle of radius r; in C (and
hence inside a circle with radius o < ry). The bound ||yu+41 ... Vasmll/1y < M,
n,m > 0, below, holds for any sequence y,, — y. It implies that partial products of
v/ r1 vanish at an exponential rate.

Lemma 16.12. Suppose B, — B in GL(d) where B is a contraction (all eigenvalues
lie inside the unit circle in C). There exists M > 1 such that

UBnst .- Buamll < M. n.m > 0. (16.11)

Proof. Write B in Jordan form to see that ||8"|| — 0. Hence ||8¥|| < 1/3 for some
k > 1, and, by continuity, ||By+1-...Bn+kll < 1/2 for n > ng. Since ||B,]| is
bounded by some constant Cy > 1 we have

IBut1 - Buamll < Co0C§ /2, jk <m < jk+k, n>0.
This gives (16.11). O

Lemma 16.13. Let o, (w) = A,w + ay,. Suppose o lay11(w) — Qw where Q is
a linear expansion. Then A, o, — id.

Proof. Write a;_lloe,,(w) = Qn,w + gn, with g = id. Then g, — 0 and
ap(w) =q1+ Q12+ + Q1...On-1qn + Q1... Qnw = an + Apw.

Hence A,'a, = by + -+ + by with by = (Qk ... Qn) 'qx. Now observe that
|O™| < 1/4 for some m > 1 implies |[(Qn+1 ... Ontm) Ll < 1/2 for n > ng
and hence ||(Qni1... Onik) 'l < Me™#* for k,n > 1. Since ¢, — 0 we have

an exponential bound for by = (Qk...0n) 'qx, independent of n, given by
Ibrll < MNe=¢%_ Since (Ons1-i---On) Yqn—i — Ofori = 0,1,2,... we
find 4, 'a, — 0. O

The next result makes clear why we are so keen on unit balls that are adapted.

Theorem 16.14. Let o: [0,00) — A vary like y' for the linear expansion group
vyl = e'C. Suppose wT Cw > 8y > 0 for w € dB. Then there exists a continuous
curve Q: [0,00) — GL such that Q(t) ~ «a(t) for t — oo, and such that the
ellipsoids E; = Q(t)(B) satisfy ¢S E,BE, s for r,s > 0. In particular (16.9)
holds.
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Proof. Seta(t)w = A(t)w+a(t). Thereexist C, — C suchthat A(n) 'A(n+1) =
eCnt1 for n > ny. See Section 18.2 for details. Let § > 0 be the minimum of
wT Cw — 8y on dB. Choose n; > ng such that |C, — C|| < § for n > n;. Define
Q on [n1, 00) by interpolation, Q () = Q(n)e(’_”)c"+l forn <t <n+1,n=>n;.
Fort € [0,n1] set Q(¢t) = Q(ny)y'"'. Then Q(t) ~ a(t) by Proposition 18.6.
Set C, = C forn < n;. Then wTC,w > 8, for w € 9B and n > 1. This
implies % (B)BesCn+1(B) for s > 0 and n > 0, and hence e*% E,BE, ., for
n<t<t+s<n+1l,n>0,since Q(t +s) = Q(t)e*Cr+1 for these values. Now
use the implication

esho EBE,+s and et ErysBEris+¢ = e(r+S)SOBEr+s+t
to obtain the results in the theorem. O

Henceforth we assume that the normalizations «; like the expansions y? are linear
transformations.

Let us now turn to the polar representation. The inclusion (16.9) allows us to
map the part of 7 outside Eq to the half-cylinder 'y = dB x [0,00). The limit
relation (16.1) then is equivalent to asymptotic equality of this image measure to the
measure p = $(p) introduced in (16.5) under vertical translation.

Assume (16.9). We define a homeomorphism W between the upper cylinder
'y = 0B x [0, c0) and the complement of the ellipsoid Eq by

U: (p.1)—a(t)p, W:Ty =3B x[0,00) > R? \ E,. (16.12)

The image of 1 Egd 7 under W1 is a finite measure . on I'. The limit relation (16.1)
is equivalent to the relation

e't™' () — p weaklyon 'y, t — oo (16.13)

where p = ®(p), see (16.6), and (0, s) = (0, s + 1) for (0,s) € T.
One may use the non-linear transformation W to describe the domain D*°(p).

Theorem 16.15 (Polar Representation). Let «: [0, 00) — GL(d) be continuous and
vary like the linear expansion group y', t € R. Assume the unit ball B is adapted,
and (16.9) holds for the ellipsoids E; = a(t)(B). Let  be a probability measure on
R with w(Eg) < 1, and let ju on T be the image oflEgdjr under W1, see (16.12).
Then w € D*°(p) if and only if (16.13) holds.

Proof. The basic idea is that u, — u weakly on a compact metric space X implies
on = Pu(n) = p = P(n) weakly on the compact metric space ¥ if &, and ®
are homeomorphisms from X onto ¥ and ®, — @ uniformly. The last condition
implies ®;;! — ®~! uniformly, and hence the converse implication also holds. (If
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Vn = ©p(x,) > ¥y = P(x) then ®(x¢) = y for any limit point x¢ of the sequence
(xn,), and hence x,, — x.)

Apply this with ¢, = ﬁt_nl\llrt" where £, — oo, and X = 'y U {oo} and
Y = (R? U {oo}) \ Eo. If (¢, 80) = (£, 5) € Ty then

P (Cn5n) = By, W(CnsSn + tn) = By Bryts, (En) = 7(0) = O, 9).

If s, — oothenforanyr > Oeventually ®,(¢,,s,) € ¥y (B) since,Bt_nl,Btnﬂ(B)By’(B)
eventually for given 0 < r < 5. So ®, — @ uniformly. Set x = ¥~ !(xr) and
e = e't7! (). Then

pry = € B () = € B WT (e uy,) = D).

Let dp, = 1E8dptn, din = Ir duy,, dpo = lEgd,oo, diloo = 1p+d<I>_1(p0).
Then p, = pso if and only if (4, — (oo. The same arguments hold with E replaced
by an ellipsoid E; and 'y by 0B X [—c, 00). |

The non-linear transformation 7 +— . = W~!(7r) reveals an asymptotic product
measure which satisfies: e’t~'dpu — dpg§ x e~'dt. If one starts with a product
measure dp = dp* x e~'dt on B x [0, 00), where p* is a probability measure on
0B, then m = W(u) will be called the typical distribution in D (p) associated with
the spectral probability measure p*, and the normalizing curve §: [0, 00) — GL(d).

16.4 Convex hulls and convergence. For heavy tailed vectors the convex hulls of
the normalized sample clouds converge. It does not matter what the convex support
of the distribution looks like. The orbits of the symmetry group of the excess measure
are curved in general, except for scalar expansions. Hence, even if the excess measure
has a continuous density /, the domain {# > 0} need not be convex. The convex hull
of the sample cloud need not give a good indication of the shape of the domain!

The normalized sample clouds N, converge in distribution to the Poisson point
process N with mean measure p:

N, = N vaguely on R? \ {0}.

Weak convergence holds on ¢ B¢ for any ¢ > 0 and on all halfspaces J which do not
contain the origin. No mass escapes to infinity. Let us check that p does not charge
the boundary of ¢B or of J. Observe that p may charge hyperplanes through the
origin, since there are proper linear subspaces which are invariant.

Lemma 16.16. Let ¢: R¢ — R be analytic and vanish in the origin. Let p be an
excess measure for expansions. Then

plop=c} =0, c#0.
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Proof. Let T = {y'(wp) | t € R} be the orbit containing the point wy # 0. The
function 7 > @o(t) = @(y'(wo)) is analytic on R (since the Jordan coordinates of
y!(wo) are analytic in 7). If @o(f,) = c for a sequence t, — t with 7, # ¢ then
@0 = ¢ by a power series development in the point ¢ € R. Hence ¢ = ¢ holds on
the orbit 7', and since y ™" (wg) — 0 the origin lies in the closed set {¢ = c}. Hence
¢ = 0. Now assume ¢ # 0, and let ¥ = ® '{p = ¢} be the image of the level
surface {¢ = c} in the tube T, see (16.5), and u = ®~!(p). By the argument above
the intersection of the level surface with any orbit 7" is countable. Hence so is the
intersection of X with any vertical line {6} x R in I". By Fubini x(¥) = 0. Hence

plg =c} =0. O

Suppose p is an excess measure on R \ {0} for the expansion group y*. Let 7 be
a probability measure, and let p; = e’a(t)~' () — p vaguely on R? \ {0}, where
a: [0,00) — GL(d) varies like y*. We shall show that vague convergence implies
weak convergence on the complement of any ball ¢ B with ¢ > 0.

Proposition 16.17. Let «: [0, 00) — GL vary like the expansion group y' = e*C.

Let  be a probability measure on R4, Vague convergence p; = e'a(t)"(n) — p
on R? \ {0} implies weak convergence on B¢ for ¢ > 0. Let 19 be the maximum of
the real parts of the eigenvalues of the generator C above. Then

/(pdp, — /(pdp, t — 00 (16.14)

for an arbitrary continuous function ¢ which vanishes on a neighbourhood of 0, if
e(w)/(1 + |w|®) is bounded for some § < 1/7,.

Proof. Assume B is adapted. Let R = y(B)\ B, E; = B;(B)and R; = E; 1\ E;.
Let ¢ > 0. Since p(dy’ B) = 0 by the lemma above

e'm(Ry) = pra() "(Erg1\ Er) > p(R), 1 — oo,
Eventually e’ (R;) < 2p(R). This implies
pr (@) (Ritm)) = €' m(Ripm) < 2¢ " p(R), 1> 1o

and hence by summing p,(a(t)_l(Ef+m) < Ce™ fort > tg, m > 0. Choose
m so large that Ce™ < g. Choose r > 1 so large that rB D cl(y™(B)). Then
a(t) " (Ei+m) — y™(B) implies a(t)"'(Ef,,,) D rB¢ eventually and hence
p:(a(t)"1(rB€)) < Ce™ < &. This proves weak convergence on B¢. The proof of
the second part is similar. O

Theorem 16.18. Let p be an excess measure for an expansion group with generator C.
Let T > 0. Assume N0; > t for all eigenvalues 0; of C. Let 1 € D>®(p), with
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normalizations a(t), and let a, = o(t,) with e’ ~ n. One may choose n-point
sample clouds N, from the distribution o, (), and a Poisson point process N on
RY \ {0} with mean measure p, defined on a common probability space (2, ¥, P),
such that

1) the convex hull of N,(w) converges to the convex hull of N(w) for all w € Q;

2) for any p-a.e. continuous function ¢ : R? — R which vanishes on a neighbour-
hood of the origin

/(pdNn —>/godN a.s. andin L' (Q, ¥, P)

if o /¥ is bounded for Y (w) = 1 + |w]|*/*.

Proof. See Section 5.7. Weak convergence p;, = a(t)”'(7)/m(a(t)(B)) — p
holds on halfspaces which do not contain the origin. Moreover p;(¢ B) — oo for
all ¢ > 0. Hence the convex hull of the normalized sample cloud N, will intersect
& B with probability p, — 1. In terms of the theory developed in Section 5.7 the
intrusion cone A and the convergence cone I' coincide with the dual space of R¢.
The boundary condition (S) in (5.12) holds for S = {0}. Hence the convex hulls of
the sample clouds converge to the convex hull of the limiting Poisson point process
by Theorem 5.26. The second statement follows from the proposition above, see
Section 5.7. |

Exercise 16.19. How do the normalized sample clouds behave for exceedances over
horizontal thresholds? Convergence is steady if the excess measure p is sturdy. The
excess measure is sturdy if it charges the open upper halfspace. O

16.5 Typical densities. In this section we assume that the excess measure p has a
continuous positive density g on R? \ {0}. The measure p satisfies y’(p) = e’p,
t € R, and « is anormalization curve which varies like y*. We consider two questions:

1) Does there exist a probability measure 7 with a continuous density, such that
e'a(t)~' () — p? How does one construct such a probability measure 7? Do the
densities converge too?

2) Suppose we have a continuous positive probability density f', and the quotients
foa(t)/f(a(t)(ap)) converge to the corresponding quotient g/g(ag) of the excess
density. Do the probability distributions converge? Do the densities converge?

Definition. Let y’, ¢ € R, be a linear expansion group, p an excess measure such
that y’(p) = e’p fort € R, and let «: [0, 00) — GL(d) vary like y’. A probability
density fy is a typical density for o and p if f; is continuous and positive on R¥, if p
has a continuous positive density g on R \ {0}, and if

e'n|deta(ty)| fo(a(tn)(wn)) — g(w), t, — 0o, wy, — w # 0. (16.15)
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Remark 16.20. If the density f is continuous and positive, and asymptotic to f in
00, then f also is a typical density. If 8(t) ~ a(z) for t — oo, then fy also is a
typical density for 8 and p.

Proposition 16.21. If the density f of the probability distribution = on R? agrees
with a typical density fo for o and p outside a bounded set then

e'a(t) V() — p vaguely on R? \ {0}.

Proof. Tt suffices to prove that the density of the left hand side converges to the
density of the right hand side uniformly on compact sets. The density of the left is
e'|deta(t)] f o a(t); on the right g. So let w, — w # 0 and f, — oo. We have
to prove (16.15) for f. This follows since for € > 0 any bounded set is contained in
a(ty)(eB) eventually, and hence f(c(t,)(wy)) = fo(a(t,)(wy,)) eventually. O

Proposition 16.22. Let go: 0B — (0, 00) be continuous. Let a: [0,00) — GL be
continuous and vary like ', and let the ellipsoids E; = a(t)(B) satisfy cl(E5)BE,
for0 < s < t. Define g on R4 \ {0} and fy on R¢ \ Eq by

gy’ (w)) = go(w)/q"', t €R, wedB, g=edety
| det ()] fo(a(t)(w)) = go(w)/e’, t >0, wedB.
Then g is continuous and positive on R \ {0}, and fq is continuous and positive on
E§. The function g is the density of an excess measure p which satisfies y*(p) = e'p
fort € R, and which is finite on e B¢ for all ¢ > 0, and fo is integrable over E§.

Any positive continuous probability density f on R which agrees with fo outside a
bounded set is typical for a and p.

Proof. Lett, — oo and w, — wo # 0. Write
a(ty)(wy) = oty + su)(an), an € 0B, s, € R, n > ny.

Then w, = a(ty) ta(ty, + sn)(an) — y*©(ap) implies s, — s¢ and a,, — ag. (If
sp <5 < 59 — ¢ infinitely often then

Wy € a(tn) " &(ta + $2)(cl(B))Ba(tn) " aulty + 5)(cl(B))By*° (B)

infinitely often. Hence w, cannot converge to a point in y*°(dB). So s, > 59 — §
eventually. Similarly one proves that s, < so + 8 eventually. Hence s, — s¢. This
implies a, — ag.) By definition of fy one may write
e | deta(tn)| fo(a(tn)(wn)) = e™|det a(tn)| fo(a(tn + sn)(an))
= e "cpgo(an) — g(wo)

with ¢, = |deta(t, + s,) 'a(t,)|. Convergence holds since ¢, — dety ¢ and
e%0go(ao)/ dety*® = g(wo). u
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Now suppose 7 has a continuous positive density f for which the quotients
converge

J(a(n)wn))  g(wo)
f(a(tn)(@0)) — glao)’

for some point ag € JdB.

Iy — 00, Wy —> W, W # 0 (16.16)

Proposition 16.23. Under the conditions of Proposition 16.22 above there is a C!
Sfunction A: [0,00) — R with A(0) = 0, and with a positive derivative which tends
to 1 in infinity, such that f is typical for B(t) = a(A(t)) and p.

Proof. Letag € 0B. Define
F(t) := e'|deta(t)| f(a(t)(ap)), t>0.

Lett, — 00,5, — s € R. Then a(t, + s,)(ao) = a(t,)(wy,) with w,, = y"(ay)
for a, € dB. Convergence of w, = a(t,) 'a(ty + sn)(ao) to y*(ag) implies
rn — s and a, — ao by continuity of the polar coordinates map ®~!. Observe that
¢n = | deta(ty, + su)|/|deta(t,)| — dety®. Hence

F(ty + 50)/ F(tn) = €™ cp f(a(tn)(wn))/ f (e(tn)(a0))
— e*dety*g(y*(ao))/g(ao) = 1.

Hence F varies like 1. The function F is asymptotic to a function e® where ¢ is C'!
and ¢ vanishes in co. Then e’ ¢®|det a(t)| fo(a(t)(ap)) = g(ao), and (16.16)
gives

00| det (1) f(@(tn) (wn)) = (wo),  tn — 00, W, —> wo £ 0.

We may alter ¢ on a finite interval so that ¢(0) = 0 and ¢(¢) > —1. Now let A be
the inverse of £ — ¢ + @(¢). O

The time changed curve B(t) = a(A(t)) above has the same properties as «: it
varies like y?, is continuous, and has the same family of ellipsoids: S(7)(B) = Ej ).

16.6 Roughening and vague convergence. Let o: [0,00) — GL be continuous
and vary like y’ for a group of linear expansions. Assume that the ellipsoids E; =
a(t)(B) satisfy cl(Es)BE; for 0 < s < t. Introduce the continuous family of
ellipsoids

__)E:/3 ifz € OF, for some t > 0,

= . (16.17)
E0/3 if z € Ey.

¥4

Recall that a Radon measure p is a roughening of Lebesgue measure for the ellipsoids
z+ F,, z € R, if there exists a partition of R? in bounded Borel sets A4,, of positive
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volume, |A4,| > 0, such that any bounded set intersects only finitely many sets Ay,
such that p(A4,) ~ |A,|, and such that for any & > 0 eventually

Az +eF,, ze€A,.
This section is devoted to the proof of the following result:

Theorem 16.24. For a Radon measure j1 on R? the following statements are equiv-
alent:

1) w is a roughening of Lebesgue measure with respect to the ellipsoids F;;
2) e = ()" (w)/|deta(t)| — A vaguely on R? fort — oo.

Proof. Here we shall prove that ; — A vaguely if @ is a roughening. For the
converse we need some extra material. So assume p is a roughening of Lebesgue
measure, and Ag, Ay, ... the corresponding partition. Let ¢ be continuous with
compact support. We have to show that [ ¢du; — [@dA. We may and shall
assume 0 < ¢ < 1. Introduce a function y which is constant on each atom A,,, with
the value wA, /AA,. Let v = A on the atoms where y vanishes, and v = ©/y on
the remaining atoms. Then vA4,, = AA, for all n, and | — v|(4,) = 0(AA4,). We
shall prove that

/(pdv, —>/<pd)&; /gpd|,u—v|t — 0. (16.18)

The first limit is standard. Forany ¢t > 0 let §(¢) denote the maximum of the diameters
of the sets ()~ (A4,) which intersect the support S of ¢. It suffices to prove that
3(t) — 0. The integrals then converge by uniform continuity of ¢, with the arguments
used for Riemann integrals. Here are the details for showing that §(¢) — 0:

Choose sg > 0 so large that SBy*9(B). For each n let z, be a point in A, and
set A2 = A,, — z,,. Let ¢ > 0. There exists ty such that for ¢t > ¢y:

1) St = a())(S)BE 1459

2) a(t)™ (Er450)By*0 T (B);

3) ABeE, if A, intersects E;.

Lett > t9. Suppose a(t)~!(A4,) intersects S. Then A, intersects S;, hence
Ei+s, by 1). Hence A%BeE;4s, by 3). Hence a(r)"1(A9)Bey0t1(B) by 2).
Hence diam(a(1)~!(4,)) < ediam(y*0+1(B)). This proves the first limit relation
in (16.18).

Now consider the second limit. Let > 0 be small. The set £ = {|y — 1| > n}
is a finite union of atoms. We have the inequalities:

/(woa(t))lx—lldVS/ X+1dv=/ xdA + A(E) = Cp),
E E E

| weatnlx=1iav = [ goatar =|dealy [ gav.
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So [@d|v—p|s <n [ edv,+C(n)/|deta(r)|. The first term may be made small by
choosing 7 small. The second term may then be made small by choosing ¢ large. [

In order to prove that u is a roughening if u, — A vaguely, we have to do some
extra work. We shall need the following property of a sequence of Radon measures
Un which converges vaguely to Lebesgue measure: If D, are Borel sets contained
in the ball B, each D,, the difference of two convex Borel sets, and if there exists a
constant§ > 0 suchthat A(D,) > § eventually, then u, (D) ~ A(D;). This follows
from the proposition below.

Proposition 16.25. Let (i, be Radon measures on the open set OBR? which converge
vaguely to Lebesgue measure A on O. Let KBO be compact, and let C,,BK be convex
Borel sets. Then 1, (Cyp) — A(Cy,) — 0.

Proof. We may assume that w, (C,) — co and A(C,) — ¢1. We claim that ¢g = ¢;.

First suppose C,, — C, and |C| > 0. We may assume C is closed. It has an
interior point pg. Let C” be the set C blown up by a factor r > 0 from the center
po- So C" = pg + r(C — po). Vague convergence implies i, (C") — A(C")
whenever C"BO. Since C'~*BC,BC ¢ eventually for any ¢ > 0 we conclude that
pn(Cp) — A(C).

The remainder of the proof is a compactness argument. We spell it out. If there
is a proper affine subspace M such that C,,BM + ¢B holds infinitely often for each
e>0,thency =c9 =0.

Henceforth assume ¢y + ¢; > 0. Choose a point in each set C,,. This sequence
(or a subsequence) converges to a point zo. We may find a set of d + 1 limit points
Zg,...,zq in K whose convex hull is a simplex X with interior points. By taking
appropriate subsequences we may assume that each of these d + 1 points is limit of
a sequence of points in C,. This then holds for all points in ¥. Any interior point
of X lies in C, eventually.

Let ABK be countable and dense. By a diagonal argument we may extract a
subsequence (k) such that Fy,(a) := 1¢,, (a) converges for eacha € A. Let F be
the closure of the set of a € A for which the limit is one, and let U be the interior
of F. Then U contains the interior of the simplex ¥ above. Each point in U lies in
Ck,, eventually. Hence U is convex. If z € Cy,, infinitely often, then this also holds
for all @ € A in the interior of the convex hull of z and U. Hence these a lie in U.
Hence z € F. So C, — F € €, and we may use the opening argument to conclude
that cg = . O

In order to prove that a Radon measure p is a roughening if u; — A vaguely,
we need to construct a partition. The atoms A of our partition will have the form
A= Eg,or A = RN K where Risaring, R = E; \ E; withs < ¢, and K a convex
cone. So let us start by partitioning R? \ {0} into convex cones.
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Let g be a positive integer. We want to define a partition €, of RY \ {0} into
cones. The surface of the cube (—1, 1)¢ consists of 2d squares. Partition each into
subsquares of side length 1/29. There are 2d 2"2"4 such squares on the boundary of
the cube (—1, 1)?. Let €, consist of the cones generated by these squares.

We still have to say a few words about the boundary points of the squares. The
large square (—1, 1] can easily be subdivided into 29" subsquares congruent to
(0,1/29]%. So we try to partition the boundary of the cube (—1, 1)¢ into 2d squares
congruent to (—1, 1]*. For d = 3 it is not possible to write the boundary of the cube
as the disjoint union of six squares (—1, 1]2. There are eight vertices! However, one
can divide the boundary of (-1, 1)¢ into the disjoint sets

Sie = (=1L, D) U x{kyx [-1,1]977, i=1,....d, k = +1.

Divide the open interval (—1, 1) into 24+ — 1 disjoint intervals (a, b] of length 1/24,
and one final open interval (1 — 1/29,1). There is a similar partition for the closed
interval [—1, 1]. Now use the product partition on the squares S;x to obtain €.

We shall now introduce a finite partition 4(y) of the ring y(B) \ B. The atoms
of this partition are cells of the form A = R; N K where K is one of the 2d 2h+ah
cones above, and Ry the ring y*+1/2%(B)\ yk/2*(B) fork = 0,...,29 — 1. We
need a lower bound for the volume V' of the atom A, and an upper bound for the
diameter D.

Lemma 16.26. Suppose y' = ¢'C, t € R. Define

8o = min w! Cw, N = max wl Cw. (16.19)
weIB weIB

Then the volume V and the diameter D of the atoms of the partition above satisfy
V> (80/2)27%/d?), D < (no+ Vh)|yl/29. (16.20)
Proof. Let0 < s <s1 < 1. Lett;w € dEy, fori = 0, 1 for a vector w € dB. Then
(51 —50)80 = 11 — 1o = [|¥[l(s1 — s0) 0. (16.21)

The volume V of K N (y*1(B) \ y*0(B)) may be expressed as an integral
1
V= [ ) )
S

where S is the square generating K and #;(p)p € dy% (B). Since ||p| < vd
the inequality (16.21) gives t1(p) — to(p) = (51 — 50)80/~/d, and to > 1/+/d.
Hence V > (h/d)|S|(s1 — 50)80/d%/?. This gives the first inequality in (16.20).
Now take two points pg = rowg and p; = rjwj in the cell A, where the w; are
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unit vectors. Since the vectors w; lie in K N dB, and BB(—1, l)d, it follows that
lwy — wo| < v/h/24, the diameter of the square S. We find

Py = poll = P = rowr ]| + [[rows — rowol|

= r1 —ro + rollwi — woll < nollyll/27 + |ly|vh/24.

This yields the second inequality in (16.20). O

Proof of Theorem 16.24, part 2). We shall now prove that a Radon measure w is a
roughening of Lebesgue measure if i, — A vaguely. We first formulate some extra
conditions on the normalizations «(¢). See Theorem 16.14. Let o, = «(n). Then
Op = oY1 ... Yn,and y, = eCn . We assume that a(¢) = Oln)/,iﬂ forn <t <n+1,
n > 0, and that ||y, || < 2|y ||, and all C,, are close to C. Define §, and 7, as in the
lemma above, but now for C,,. We assume that 8, > &9/2 forn > 1, and 1, < 2ny.
These conditions do not affect the asymptotic behaviour of «(¢) for ¢t — oo.

Let the partition +¢ consist of Eq and the rings E,, 11 \ E,. For g > 1 define A,
to consist of Eg and the sets o, (D), n > 0, where DBy, (B)\ B is an atom in A (yy).
The atoms A of 4, are intersections of convex cones o, (K), with K € €,, and rings
E@m+1)/29 \ Emjaa, m > 0. We claim that u(A4,) ~ A(4x). Let Dy = ;! (An) be
the corresponding atom in the partition of y, (B) \ B. By the lemma above the volume
of D,, is bounded below by (89/4)(2-%7 /d%/2) since 8, > 8y/2. Proposition 16.25
gives w(An)/AM(An) = pr, (Dn)/A(Dy) — 1 since yg, — A vaguely on R, and
the sets D, are differences of convex sets and contained in the compact closure of
2lly|B.

Note that 4,4 is a refinement of #,. Define 4 as the partition which agrees
with 4, onthering E,; \ E,, where g, increases to co so slowly that the asymp-
totic equality w(A4,)/A(A4,) — 1 holds for the atoms of #. The diameter of the
corresponding sets D, = a(k,) ™' (An)Byx, (B) \ B tends to zero since g, — oo.
Choose z, € An,andlet AY = A, —z,. Then oz,:nl (A%)Be, B for a sequence &, — 0.
Hence A%B¢, E,. Now observe that Ey, BF; for z € A,. So the condition 1, — A
vaguely implies that p is a roughening of Lebesgue measure for the ellipsoids F, and
the partition . O

16.7 A characterization. This section contains a simple characterization of the do-
main of attraction of excess measures which have a continuous positive density.

We start with a linear expansion group y?, r € R. Choose coordinates such that the
unit ball is adapted. Let «: [0, 00) — GL vary like y’. By Theorem 16.14 we may
assume that « is continuous and that the ellipsoids E; = «(¢)(B) satisfy cl(Es)BE;
for 0 < s < t. Let p be an excess measure with a continuous positive density g on
R4 \ {0}. The symmetry relations y*(p) = e’ p hold for t € R. Equivalently, by (14)
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in the Preview

gy (w) =gw)/q", w#0,teR, g=edety.
Define the function fy on E§ by

| deta(t)] folae(t)(w)) = g(w)/e’, w € adB, t > 0.

By Proposition 16.22 a typical density for o and p is any continuous positive proba-
bility density f which is asymptotic to fp in co. Such densities satisfy

e’ deta(ty)| fa(ty)(wp)) — g(w), t, — 0o, wy, — w # 0. (16.22)
The corresponding probability distribution 7 satisfies the basic limit relation:
e'a(t) () - p weakly on eB¢, t — 00, £ > 0. (16.23)

Let z + F; be a continuous family of ellipsoids, centered in z € [Rd, which
describes the scale around the point z. We assume that the ellipsoids diverge for
z — 00. As in Section 16.6 we define a Radon measure u to be a roughening of
Lebesgue measure for the ellipsoids z + F, if there exists a partition of R¢ in bounded
Borel sets A, of positive volume, |4, | > 0, such that any bounded set intersects only
finitely many sets A4,, such that (A,) ~ |A,|, and such that for any ¢ > 0 eventually

Az +eF,, ze€A,.

We can characterize the domain of attraction for excess measures with positive
continuous densities: Any probability distribution in the domain £D°°(p) of such an
excess measure may be expressed as fdu where f is a typical density and u is a
roughening of Lebesgue measure for the ellipsoids determined by the normalizations.

Theorem 16.27. Let y', t € R, «: [0,00) — GL and p be as above. Let f be a
typical density for a and p. Any probability distribution w which satisfies (16.23)
has the form dnw = fdu for a Radon measure . on R® which is a roughening of
Lebesgue measure with respect to the family of ellipsoids F; in (16.17). If the Radon
measure |4 on R< is a roughening of Lebesgue measure with respect to the ellipsoids

F; above, then any probability measure w which agrees with fdu outside a bounded
set will satisfy (16.23).

Before giving the proof, let us discuss the conditions.

The conditions on the normalizations «(¢) enable us to give a straightforward
definition of the ellipsoids F, since each z € Ej lies on the boundary of a unique
ellipsoid E;. The factor 3 in the definition of the ellipsoids is not strictly necessary.
It ensures that F,/ is comparable to F, for all z’ € z + F,. If we leave it out then the
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origin lies in the closure of z + F, for all z, and it is difficult to interpret the ellipsoid
z + F, as the local scale.

As in Chapter III one may think of the family of ellipsoids z + F; as a geometry.
The family determines a Riemannian metric in terms of the quadratic functions Q,
defined by F, = {Q, < 1}. Since Q depends continuously on z it enables us to
define the length of curves given by piecewise smooth functions ¢: [0, 1] — R¥:

1
L(Ty) = [0 9T Quod(t)dt. Ty =1tp(t)[0<1 <1},

The length does not depend on the parametrisation. One introduces a metric by
defining dy(zg, z1) as the infimum of L(I") over all curves I" leading from zg to z;.
Continuity of z — Q ensures that d satisfies the axioms of a metric, and agrees
with the topology. We refer to Section 11.4 for details. Here we only want to
observe that the metric does not depend on the coordinates. Focus on a point z €
dFE; with ¢ large, and regard E,; as the unit ball. In these coordinates E;; is the
ellipsoid (1) "' (t 4 5)(B) ~ y*(B). The Riemannian metric associated with the
renormalized ellipsoids a (1) ™! E, 4 is the image of dy under the linear map a(z). It
is defined by

di(wo, w1) = do(a(wo), ar(wy)), wo,w; € R,

Convergence of the ellipsoids a(z) " 'a(t + s)(B) to y*(B) for t — oo may be
shown to imply convergence of the metrics d; — do Where doo on R¥ \ {0} is the
Riemannian metric associated with the family w + Gy, and G, = y*(B)/3 for
w € y*(dB). The metric do is invariant under y’:

y(w+ Gy) =z+ G, z=7y(w).

The ellipsoid F, determines the scale around the point z. The ellipsoid z 4+ F; is
not the unit ball around z in the Riemannian metric dy, but one gets a good estimate
of the distance between zy and z by taking ¢ > 0 small, and counting the number
of points zo, ...,z = z which are needed to ensure that the ellipsoids z; + ¢F7;
form a chain linking z¢ to z. The Riemannian distance, dg(zo, z), is approximately
2em. In particular, if we intersect the elliptic surface dE; with a two-dimensional
linear subspace, we obtain a closed curve in dE;. The length of this curve in the
Riemannian metric dy is 67, since one may choose coordinates such that E; is the
unit ball, and the sets z + ¢ F;, z € JE,, then are balls of radius ¢/3 centered in points
on the surface of the unit ball.

In Section 16.2 we introduced the polar representation, a homeomorphism
®: (w,1) — y'(w) from the cylinder 9B x R to R? \ {0}. Similarly, the homeomor-
phism W: (¢, w) — o(¢)(w) in Section 16.3 maps the half-cylinder dB x [0, co) onto
R \ Eo. One can transfer the Euclidean metric from the half-cylinder to a metric d
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on R \ E,, by setting d(zo.z1) = ||(wo.t0) — (w1, 11)|| for z; = W(w;, ;). The
metric d agrees with 3dy on the surfaces dE;, but the metrics d and 3d, are not
identical on Eg. If the ellipsoids E; are balls the complex eigenvalues of y all have
the same absolute value. The metric dy is determined by the balls; the metric d will
also depends on the imaginary part of the eigenvalues of C.

We prefer to work with the family of ellipsoids z + F, rather than the metric d
or dg. We are only interested in the asymptotics. For our purpose one may replace
F; by any family of ellipsoids F, which is asymptotic to F; for ||z|| — co. For many
applications it suffices that there exists a constant M > 1 such that

(1/M)F,BF.8MF,, |z|| > M. (16.24)

The geometry z 4 F;, z € R¥, allows us to introduce flat functions and roughenings
of Lebesgue measure.

Recall from Section 11.1 that a function L: R? — (0, c0) is flat if it is asymp-
totically constant on the ellipsoids z + F;:

L(z,)/L(zp) > 1, |lzn|| > 00, z,, € zn + F,.

Here we do need the constant 3 > 1 in the definition of the ellipsoids F; in (16.17).
The rings R; = E;+1 \ E; may be covered by a finite number of ellipsoids z + F;
with z € Ry, and this number has a bound which does not depend on ¢. It follows that
flat functions are asymptotically constant on such rings. Hence for any flat function L
one may introduce a function Ly = 0 [0, 00) — (0, 00), such that

L(a(tn)wp) ~ Lo(tn), tn — 00, wy, € 0B.

We may choose Lg such that 19 is C' with derivative A(z) which vanishes for
t — oo. See Section 11.2.

If we modify the typical density f1 by a flat function L, the new density >, = L f;
satisfies

R0 | deta(ty)] fo(e(tn) (wa)) = g(w), 1y —> 00, Wy = w £ 0,

We may then introduce normalizations f(¢) = «(z(t)) related by a time change,
such that (16.22) holds for f» with « replaced by B. Flat functions do not affect
convergence, but may affect the normalization curve via a time change.

Now turn to roughenings of Lebesgue measure. The conditions imply that on the
scale of the ellipsoids z 4+ F; for large z there is not much difference between the
roughening p and Lebesgue measure A.

Example 16.28. Suppose u is a roughening of Lebesgue measure, and (A4,) an
associated partition. If u has a density £, the only condition on 4 is that the average
of h over an atom A, should tend to one for n — co. Given the partition (A,) one
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may also define a roughening p by picking a point z, in each set A,, and putting
mass |A,| into this point z,,.

Given an enumeration py, pi, . . . of the points with integer coordinates, one may
choose j to be the counting measure of the set Z¢, and A, the box p, +(—1/2,1/2]¢.
Since E; eventually covers any bounded set, this partition satisfies the conditions
for a roughening for the ellipsoids F,. If f is a typical density for o and p then
Y keza f(k) converges, with sum ¢ € (0, 00), and the random vector Z with integer
valued components, which assumes the value k € Z¢ with probability pr = f(k)/c
lies in D°°(p) with the normalizations «(¢). O

After this digression on flat functions and roughenings we now come to the proof
of Theorem 16.27.

Proof. First assume 7 lies in D°°(p). The measure (1/f1)d r is finite on compact
sets (since 1/ f1 is continuous on such sets), and agrees with u outside a bounded set.
Hence we may assume that du = (1/f1)d . Then

dpe i= ()~ (dp)/| deta(n)| = (1/g)e’a(t) " (dn), gr=e'|deta(t)|foalt).

By Proposition 16.22 above g; — g uniformly on compact subsets of R? \ {0} for
t — oo. This implies 1/g; — 1/g uniformly on compact subsets of R¢ \ {0}. The
second factor p; = e’a(r)~' () converges vaguely to p on R \ {0}. It follows
that (1/g:)dp; — (1/g)dp = dA vaguely on R? \ {0}. Here A denotes Lebesgue
measure on R?. So u; — A vaguely on R? \ {0}.

We need convergence on R?. Observe that u;(B) = u(E;)/|deta(t)]. The
condition on w implies that u(E;) ~ |E;| for t — oo, since for m > my there
exist finite unions of atoms Ay, U,, and V;, such that E,,_ 18U, BE,B8V,BE,+1,
and w(Ay,) ~ |A,| implies w(Up,) ~ |Up| and w(Viy) ~ |Vin| provided |Uy, | — oo
and |V,,| — oo for m — oo. Thus ps(B) — |B|. The same relation holds for ¢ B
for any & > 0. It follows that jt; — A vaguely on R¥. Finally apply the implication
2) = 1) in Theorem 16.24.

Now suppose  is a roughening of Lebesgue measure, and f; is typical. We may
assume that d w = f1du by altering 1 on a bounded set. Then

ea(t)™!(n) = e'[deta(r)] f(a(n)d(a() ™" (1)/|deta()] = gidu,.

Since p; — A vaguely (by Theorem 16.24) and g; — g uniformly on compact
subsets of R \ {0} the right side tends to gd A vaguely for t — oo. |

For the Euclidean Pareto excess measure p, with density 1/[Jw]|4 /7 it is possi-
ble to give a geometric description of D°(p;). As observed in the Preview, it suffices
to specify a sequence of ellipsoids E, such that £, ~ 2E,. Such sequences de-
termine the typical densities, and the geometry, F,, z € R<.
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16.8* Interpolation of ellipsoids, and twisting. Ifa: [0, o0) — GL varies like y?,
then it is possible to recover the curve, up to asymptotic equality, from the sequence
(x(n)) by a simple interpolation procedure. For ellipsoids it is not clear how such
a procedure should be defined. Even if one has the complete family of ellipsoids
E:, t > 0, there may be many continuous curves «: [0,00) — GL, such that
a(t)(B) = E;, since one may replace a(¢) by «(¢)S(¢) where the S(¢) map the unit
ball onto itself. Such a transformation of the curve o will be called twisting.

We shall first discuss twisting. Replace «(¢) by B(¢) = «(t) o S(¢) where
S: [0, 00) — O(d) is continuous and varies like /

-1
St,, Sthtsy > 1, th > 00, 55 > s, s €R.

Choose t,, — oo such that S(t,) — S for some S in the compact group O(d). Then
S(ty + s,) — S if s, is bounded and

ﬂ([n)_lﬂ(tn +50) = S(tn)_la(tn)_la(tn + Sn)S([n)(S(tn)_IS([n + 5n))
N S_lysS, t, — 00, s, — 5§ € R.

Let X be the set of limit points of S(¢) for t — oco. This is a closed connected subset
of O(d). The curve B varies like y* if

STlySSs =95, SeX, sek. (16.25)

The condition is satisfied for scalar expansion groups.
Now letus look at rotation expansions. Suppose y': w + e w,and S : [0, c0) —
O(d) varies like the rotation group R?, t € R. The argument above applied to

B(t) = a(t)S(¢) gives
,B(Zn)_lﬁ(tn +52) = V'R

So B varies like the rotation expansion e™ R’, t € R. If p has density /, and scalar
symmetries y* = e®’, then the measure p with density 2(e*'0) = h(e™ R7'0) is an
excess measure with symmetries e** R” and the densities 4 and & agree on 0B:

h(e™ R'0) = h(e"'0) = e 'h(0), 6 < IB.

The normalizations «(¢) and B(¢) define the same family of ellipsoids E;. One
obtains the typical density in D*°(p) from the density in D°°(p) by rotating along
the boundaries of these ellipsoids.

We now turn to the problem of interpolation. Given two centered ellipsoids Ey
and E; with cl(Eg)BE; is there a natural interpolation? Does there exist a one-
parameter group of linear transformations o such that £y = «(Eg) and Ej is
adapted? The ellipsoids E; = a’(Ej) then satisfy cl(Eg)BE; fors < .
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Choose coordinates such that £ is the unit ball and

2 22
E = %Z—lz+---+—;’<1}, l<ay <+ <ay. (16.26)
aj ay

Take o' = diag(al,...,a’;),t € R. The ellipsoids

z2 z2
E; =a'(B) = {%+...+Tdt< 1}
aj ay
satisfy the requirements. This procedure was used in Section 12.1 to embed a growing
sequence of ellipsoids with E,+; ~ cE, into a continuous family of ellipsoids E;,
t > 0, such that

M(EBE:, 0<s<t; E;+s, ~CEs, th—>00, 5, —>5,5€R.

The interpolation recipe above is geometric. In dimension d = 2 the numbersa; < a»
are determined by the inclusions

aq E()BElﬁazE()

with a; maximal and a, minimal (since this holds in the special coordinates consid-
ered above).

There are other interpolations. We restrict attention to the plane. If Ey and E;
have the same Euclidean shape then E; = cREj for a rotation R, and one may
use rotational expansions ¢’ R’ to define E,. One may also use shear expansions.
For simplicity assume the centered ellipses £y and E in the plane have equal area.
Consider a line tangent to both. Assume this line is vertical. Then Ey and E; both
fit in a common vertical strip {|x| < b} and the two ellipses are related by the one-
parameter group of shears along the vertical axis. Now introduce an expansion factor
¢ > 1. If it is large enough the map ¢ +— ¢! E, will be increasing.

Example 16.29. Let « = rA = r diag(1l,a) with r,a > 1, and let R be a rotation
over the angle 6. Then

ﬂ:rAR:r(1 0)(c S):r(c s)’ ¢ =cosf,s =sinb.
0 a —s c —as ac

The nature of the group B’ is determined by the characteristic polynomial of AR
P(A) =det(AR —AI) = (c —A)(ac —A) +as> =A% —c(l —a)A +a.

We distinguish four cases:

1) The characteristic polynomial has two distinct positive zeros A; < A,. There
are two independent eigenvectors e; and e, and (AR) e; = Ale;. Now B! is a family
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of diagonal matrices diag(A}, A5) with respect to the base (e1, €2). As 6 moves away
from 6y = 0 the eigenvalues of 8 move closer together and the eigenvectors move
away from the positive quadrant until for cos & = 2./a/(1 + a) both lie along the
line y = —./ax and the eigenvalues coincide.

2) There is a double zero Ag = /a. In this case there is only one eigenvector
eo = (1, —4+/a), and B! is a family of shear expansions along the line Rey.

3) When cos 6 decreases below the value 2./a /(1 + a) there is a pair of conjugate
complex zeros A & iu with u # 0. There is a base of complex eigenvectors e =i f.
In coordinates where e and f are orthonormal 8’ is an expansive rotation group.

4)Forcos 6 < —2./a/(1+a) theroots A1 and A, of the characteristic polynomial
are negative. There is no one-parameter group B’ such that 8 = aR. O

16.9 Spectral decomposition, the basic result. This section contains the proof of a
basic result in the Spectral Decomposition Theorem. For a discussion of the theorem,
aformulation in terms of regular variation, and an extension to affine transformations,
we refer to Section 18.4.

If the invertible matrix Q has no eigenvalues on the unit circle in C, then RY is
the sum of two invariant linear subspaces, U and V, of dimension dy and dy, with
dy + dy = d, such that Q is an expansion on U and a contraction on V. We may
write 0 = Qu ® Qy where Q(u,v) = (Quu, Qyv), identifying U x V with R¥.
The eigenvalues of Qy lie outside the unit circle, those of Qy inside.

The behaviour of the trajectories w, Qw, Q%w, Q3w, ... is simple. If w € V
then Q"w — 0;if w € V¢ then |Q"w| — oo. We shall see that the trajectories z,
Ayz, Asz, ... show a similar dichotomy in their behaviour for sequences of linear
maps A, = Qp ... 0140 when @, — Q.

Below we give a proof of this basic Spectral Decomposition Theorem. The result
is linear algebra. The notation in this section differs from that in the remainder
of the book. We work with linear transformations, and it is convenient to write
O=yland 4, = n_l. Thus o, = agy1 ... yn becomes A, = Q... 0140, and
o, Yoy 41 — y becomes A,114, — Q.

The reader may want to keep the two-dimensional case in mind and think in terms
of matrices of size two. Any matrix of size two with two distinct positive eigenvalues
is the direct sum of an expansion and a contraction after multiplication by a suitable
constant r > 0. We choose r so that the eigenvalues of the new matrix satisfy
0 < ry <1 < ry. Actually the d-dimensional case is not more complicated than
the two-dimensional case.

Itis convenient to assume that Ay is an invertible linear map from an inner product
space L onto R¢. The Q, are invertible matrices of size d, and hence 4, : L — R¢
is invertible for each n. We shall prove that there is a decomposition L = X + Y
into orthogonal subspaces, such that dim(X) = dim(U) = dy and dim(Y) =
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dim(V') = dy, and such that A, may be replaced by block diagonal matrices B, ® E,
where B,: X — U and E,,: Y — V satisfy the same relations as A, but on lower
dimensional spaces:

Byi1B;' = Qu, EntiE;'— Qy.

Theorem 16.30. Suppose Ag: L — R? is an invertible linear transformation from
the d -dimensional inner product space L to R¢. Let Q,, — Q with Q = Quy ® Oy
as above. Write

Ap=0y,...0149, n=>0.

SetY ={z e L | Az - 0and X =Y+ ={x € L | x L Y}. Then
dim(X) = dim(U) and dim(Y) = dim(V'). Write

C(x u\ [ Bux+Cypy
An: (y) ~ (v) - (an—i-Eny :
Set /f,, =B, QE,: (x,y)— (Byx, Eny). Then

Andy' > 1. Byi1By' = Qu. Ent1E,' — Qy.

The proof below is due to Meerschaert & Scheffler [2001].
For simplicity we assume

1Qul = 4llull, [[Qv] < [lv]l/4. (16.27)
Since Q, — Q there exists ng such that
[10n — Q| =:en <e:=1/4, n=>no. (16.28)
For any z € L we write
Apz = wp = (Un.Vn),  Tn = |unll. sn = [vnll.

We shall now first investigate the limit behaviour of these sequences w,. All
results in this section derive from the two simple inequalities below:

Lemma 16.31. Foralln >0

Tng1 = 41y — eny1(rn + Sn)
Sn+1 = Sn/4+ ent1(rn + sn).

Proof. The triangle inequality for the norm gives

Qn+1(n,vn) — Qun, V)|l < |Qn+1 — Qlllwnll < ent1(rn + sn).
Now use (16.27). O
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Corollary 16.32. Forn > nyg
Fna1 = 31 —Sns Snt1 < Sn/2+ Ent1ln. (16.29)
In R¢ we introduce the open set
0 ={w=(u,v) € R | [ul > o]}
Lemma 16.33. If Az = wy, € O for some m > ng then w41 € O, and
Tm+1 > 2ry,.

Proof. The assumption wy,, € O implies s, < ry,andhencery,4+; > 2r, by (16.29).
Also

Sm+1 < Sm/2 + Tm/4 < TFm < Fm+1
by (16.29), the assumption s, < ry, and our inequality rp,4+; > 2r,. Hence
Wm+1 € 0. O

Proposition 16.34. Let z € L, and set w, = Anz. If w, € OF for alln > ng then
wy — 0; if wy,, € O for some m > ng then w, € O forn > m and r, — o0 and
Sp/ ¥y — O.

Proof. Suppose s, > r, for n > ng. Then (16.29) gives s,4+1 < 3s,/4, and hence
sp — 0. Because r, < s, by assumption, it follows that w,, — 0. If w,, € O for
some m > ng then wy,,+1 € O by the lemma above, and r,,,+1 > 2ry,,. By induction
wy € 0, and ryqq > 2ry, for all n > m. It remains to prove that s, /r, — 0. Let
n=m+ j >m. By (16.29)

Snt+1 = Ent1ln +Sn/2 < enyitn + €nln—1/2 + Sp—1/4
<. <éups1ln + 8nrn—1/2 +---+ 8m+1rm/2j +Sm/2j+1‘

Let 7 € (0, 1) be small. Choose k so large that 4% < 5. Then by (16.28)

Sn+1 _ En+1 Ent1-k | 1 1 1 1

e = 2 T e T z(m o 22j+1) MEYIESE
The sum in brackets is less than 7/2, the remaining k + 2 terms each vanish for
n=m+ j — oo. Hence s,/r, < neventually. It follows that s, /r, — O. O

Remark 16.35. The rate of convergence s,/r, — 0 depends only on the sequence
&n,and the integer m. Let Oy, = {z € L | Ayz € O} form > ng. Proposition 16.34
gives a uniform bound on the rate of convergence s, /r,;, — 0 for z € O,,.

Remark 16.36. The definition of O depends on the norm on U and V. Suppose
8 € (0,1]. Set

G, ) = Vul2/82 + [[v]2.
The arguments above remain valid, but now for the set O = {||lu|| > §||v||}, and for
m > ngo(9).
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Each map A, induces a decomposition L = U, + V, where U, = A4,,}(U) and
V, = A;1(V). The behaviour of the linear subspaces U, may be quite erratic, but
the subspaces V;, converge, as we shall see.

Proposition 16.37. Define the linear subset Y BL by
Y={zelL|Ayz — 0}.

Then dim(Y') = dim(V), and V,, — Y. For any z € Y the sequence w, = A,z
satisfies /sy — 0. More precisely, there exists a sequence 1, — 0, such that
In < NuSp holds uniformly in z € Y.

Proof. The open sets O, = {z € L | A,z € O}, m > ny, are increasing, and
cover L \ Y by Proposition 16.34. Choose an orthonormal basis ep1, ..., emnd,
inV, = A;ll(V). Since 0B is compact there is a subsequence m; < mp < ---
such that e,,,; — e; fori = 1,...,dy. The linear space V spanned by the
orthonormal basis ey, . . ., eg,, is disjoint from Oy, since V}, is disjoint from O,, D Op,
forn > m. So VooBY = (| 0,)¢, and dim(Y) > dy. The set O,, U {0} contains
Uny = Ayl (U). Since Y is disjoint from Oy, it follows that Y N Uy, = {0}, and
hence dim(Y) < d — dy = dy. Conclusion dim(Y) = dy. By a subsequence
argument the sequence V}, converges to Y.

Letz € Y. Set A,z = (uy, v,). Proposition 16.34 shows thatr,, < s, forn > ng
since A,z € O°. By the second remark above A,z € 0§ for n > ngy(6), and hence
rn < &8s, for n > no(8). Since this holds for any § > 0 it follows that r,, /s, — O.
The bounds 7¢(§) do not depend on z. |

We thus have the following description of the behaviour of the sequence (1, v,) =
A,z in terms of r, = |lu,|| and s, = ||v,|. If z € Y then r, /s, — O uniformly in
zeY;ifze X =Yt thens,/r, — 0 uniformly in z € X, even uniformly for
z € Oy, for any given m > ng (by the first remark above).

Write A, as a blocked matrix with respect to the decompositions L = X + Y

andR? =U + V:
s ()= () = (o)
The blocked diagonal matrix fin =B, ® E, maps x +y € Linto B,x + E,y €
U+V =R
Proposition 16.38. A, A" — I.
Proof. We have to show that D,, Bn_1 — 0 and C, En_1 — 0. Choose u,, € U N dB

such that | D, B, || = ||DuB, 'uy||, and set x, = B, 'u, € X. Then A,x, =
Buxy + Dyx,, = uy + v,. Write r, = ||uy| and s, = ||v,||. Then r, = 1 by
assumption, and s, = s,/r, — 0 by Proposition 16.37. Since s, = | D,]|| this

proves D, — 0. The proof that C, E,, — 0 is similar. O
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Proof of Theorem 16.30. Therei 1s a positive integer m such that Q™ satisfies (16. 27)
HenceA,,mA — 1. If Ay, A — [ then Ay, +lA — Q! 1mphesAk, +,A —

Q', and, since Q' is block dlagonal, this in turn 1mp11es Akn +,A Piins 0. Hence
An/f;l — I, and ffnﬂff;l — 0. O

We now return to the original notation. Let y € GL(d) andlet0 <51 <--- <4
be positive numbers such that y has no eigenvalues on the ¢ circles with radius s in C.
There exist invariant linear subspaces U, . .., U, of dimension dy = dim(Ug) > 0
with sum do + -+ - + d; = d, which span R¢, and linear maps y*®): Uy — Uy such
that y%®) (1) = y(u) for u € U, and such that all eigenvalues of y*) lie between the
circles with radius s¢ and sg 41, where we set so = 0 and 5441 = oo. Identifying
R4 with the product Uy X --- X U; we may write y = y® @ ... ® y@. This
decomposition is obvious if one writes y in Jordan form.

If o, = aoy1...yn, where @g: L — R is an invertible linear map from the
d-dimensional vector space L to R?, and y, are invertible matrices converging to y,
then there is a corresponding decomposition L = Xo + --- + X, with dim(X) =
dim(Uy) = di fork =0, ..., q, and there exist 8, (k): Uy — X such that

n~ Bn(0) ® Bu(@) Pn(k) ' Busr () > y®, n—>o00, k=0,....4q.

If L is an inner product space one may choose the subspaces X to be orthogonal.
Under this extra condition they are unique. Full details are given in the Spectral
Decomposition Theorem below. The proof for the case ¢ = 1 and s; = 1 was given
above with Q = y~ ! and 4, = o, 1. The general result follows by a repeated
decomposition, starting with Q = sy~ !, for some k and then proceeding with a

decomposition of Qy or Qy. After g steps we have the following result:

Theorem 16.39 (Discrete Spectral Decomposition Theorem). Let y € GL(d) and
0 <81 < -+ < 8q. Assume y has no eigenvalues on any of the q circles with
radius sy in C. Define Uy, ..., U; and )/(0), e, )/(q) as above, and assume that
dy = dim(Uy) is positive fork = 0, ..., q. Let L be a d-dimensional inner product
space, and o : R¢ — L an invertible linear map. Let

ap = AoY1..-Yn. ¥Yn € GL(d), yn — .

We have the following results:

1) There exist orthogonal subspaces Xo, . .., Xq which span L such that
X4+ Xy={zeL|sta, (z) >0}, k=1,....q.

The limit relation above together with the orthogonality determines the subspaces
Xo, ..., Xq.
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2) If z does not lie in Xy + -+ + X4 then ||s,’:a;1(z)|| — oo, fork =1,...,q.
3) dim(Xg) = dim(Uy) = di fork =0,...,q.
4) Write

a,(00) ... o,(0g)
oy = N an(ij):Uj—>X,-.
an(q0) ... an(qq)
Then

q
O(n(uo+"'+uq) =x0—|----+xq, Xi = Zan(ij)”j’
j=0

and
oy ~ a, = diag(a, (00), ..., 0,(99)): uo+---+uy = ay(00)u;+---+an(qq)uy.

5) Moreover o, (kk) Y api1(kk) — y® forn — 00, k =0,....q.
6) We may write &, = 0,(00) ® - - ® a,(qq) if we identify L with Xo % --- % Xy
and R? with Uy x -+ x Uy. Then

8 1 >y =7V @ @y@.

17 Heavy tails — examples

In this section we consider the domain £ (p) for excess measures p with diagonal
symmetries y’. We shall look at three cases: scalar symmetries and scalar normal-
izations; scalar symmetries and non-scalar normalizations; diagonal symmetries and
diagonal normalizations. The rotational component due to the imaginary part of the
eigenvalues of the generator, may be incorporated in our description of the domain
of attraction of excess measures with scalar symmetries. In view of the Spectral
Decomposition Theorem this yields a complete picture of the domains of attraction
of excess measures whose generators have a basis of complex eigenvectors. Excess
measures with maximal symmetry are treated in Section 17.5.

Section 17.6 is devoted to multivariate stable distributions. Section 17.7 treats
the limit laws for high risk scenarios Z E& where (Ep) is an increasing sequence
of ellipsoids. As in the case of exceedances over horizontal thresholds we give a
Representation and an Extension Theorem. For elliptic thresholds there are non-
degenerate limit vectors which live on the boundary dB. Moreover the symmetry
group of the limit measure p may split: y* = y§ ® o on R% x R91, where y{ is an
expansion group, and ¢’ a one-parameter group of orthogonal transformations.
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17.1 Scalar normalization. Scalar normalizations are widely applied. The limit
expression for high risk scenarios has a simple form:

Z'/r =W, r— oo, (17.1)
where Z" denotes the vector Z conditional on | Z| > r.

Proposition 17.1. If Z € D*°(p) with scalar normalizations, then (17.1) holds,
where W has distribution dpg = 1gcdp/p(B°).

Many authors use the term multivariate regular variation to describe the tail be-
haviour of random vectors which satisfy (17.1). Mikosch [2005] gives a very readable
account of the theory of excess measures with scalar normalizations.

The tail asymptotics of the vector Z in (17.1) are determined by the scalar function

p(r)=P{Z|>r}, r>0, (17.2)

which varies regularly, and the spectral measure p*. The symmetries y*, ¢ > 0, of
the excess measure p are scalar expansions. The tail exponent A > 0 together with
the spectral measure determines the excess measure

p(rBS) =a/r*. a=p(B°).
The symmetries y* and their generator C have the form
Yi(w)=e"w, C=1tI, 1=1/1A>0.

Heavy tails correspond to large 7. The tail function p in (17.2) varies regularly with
exponent —A.

Example 17.2. A vector Z with continuous density of the form
@) = fr(OLE)/r*** r=|z|l. 6 =z/r € 0B,

where L: [0,00) — (0, 00) varies slowly in infinity, and where f, converges uni-
formly to a continuous function fo, on dB, will belong to D>°(p) with exponent A
and spectral density X foo. )

Scalar normalization does not imply tails of the same weight in all directions. The
vector Z may have non-negative components! If Z > 0, and if the marginal tails are
comparable,

1= Fi(t) ~ciL@t)/th, t—>o00,¢>0,i=1,....d (17.3)

for some slowly varying function L, then Z € £°(p) with scalar normalizations if
and only if the componentwise maxima converge.



17 Heavy tails — examples 265

Let us now take a closer look at the balance condition (17.3). For scalar normal-
izations one may use (17.2) to write (16.1) as

(r () p(r) = p weakly on eBS, r — o0, &> 0. (17.4)

The df Fy of the vertical component Z; satisfies

1-F,
I=Fal) | P{W; > 1}, r — oo. (17.5)
p(r)
More generally (17.4) implies
P{Z erE
HZerEy | (B oo (17.6)
p(r)
for any Borel set E whose closure does not contain the origin, and which satisfies

p(0E) = 0.
We shall apply this result to positive-homogeneous functions s : R4 — Rof degree
one. Such functions are linear on rays:

s(rw) = rs(w), weR?, r>0. 17.7)

Example 17.3. The positive-homogeneous functions of degree one form a linear
space. Examples are wy, wy+- - -+wgq, §w, max; w;, [wy|—-3wz, Jwi + -+ wj =
|wll2, lw|l,. The maximum of two positive-homogeneous functions is positive-

homogeneous. In particular the positive part s = s Vv 0 of a positive-homogeneous
function is a non-negative positive-homogeneous function. O

For a convex open set U containing the origin the gauge function of U is the
unique function ny: R4 — [0, 00), which satisfies (17.7) and {ny < 1} = U.
These functions are more general than those defining the rotund-exponential densities
in Section 9.2. The functions ny are continuous and convex. The zero set of ny is a
closed convex cone, {ny = 0} = UT™, see (5.9).

Theorem 17.4 (Balance). Let Z have df m that satisfies (17.4). Let s and t be
positive-homogeneous Borel function of degree one which are p-a.e. continuous.
Suppose p{t > 1} is positive and finite. Then

Pis(Z)zry ps=1)
P{it(Z)=r}  plt =1}

In particular, if p charges the open upper halfspace {wg > 0}, then p{wg; > 1} =
¢ € (0, 00), and

€[0,00], r— o0. (17.8)

P{s(Z) =r} pls=1}
1= Fsr)

€ [0,00], r — oo.
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Proof. Tt suffices to prove the second relation. To this end set £ = {s > 1}. Then
JdEB{s = 1} U D where D is the discontinuity set of s. (If w is a continuity point of
s and s(w) # 1 there is a neighbourhood U of w and an ¢ € (0, 1) such that either
s<l—eonU,ors > 1+ ¢ Hencew ¢ dE.) Now apply (17.6) and (17.5), and
remark that P{W; > 1} > 0 holds if p charges the open halfspace {wy; > 0}. |

For a nice application to insurance see Wiithrich [2003].

Scalar expansions are geometric and do not depend on the coordinates. If Z €
D>(p) with scalar normalizations then A(Z) € D*(A(p)) for any linear trans-
formation A. If one regards A as a change of coordinates then the excess measure
remains the same, but the unit ball and hence the spectral measure will change in gen-
eral. The norms with respect to the old and new unit ball are positive-homogeneous;
the relation between the two limit relations is expressed in the Balance Theorem.

The simplicity of the asymptotic theory for heavy tailed distributions which al-
low scalar normalizations seems to be due to the fact that one may introduce polar
coordinates, and write Z = R® with R = ||Z||. We may and shall assume that Z
does not charge the origin. The basic limit relation (17.4) is equivalent to asymptotic
independence of the radial part and the angular part conditional on R > r forr — oo.

Proposition 17.5. Let Z = R®. Suppose p(r) = P{R > r} varies regularly for
r — oo with exponent —A < 0. Let ju, be the distribution of the angular part ©®
conditional on R > r. If iy — oo weakly on OB then (22) of the Preview holds
where W has distribution jLeo(d0) x Adr/r**1 on B in terms of polar coordinates,
and (17.4) holds with exponent A and spectral measure p* = [Loo.

Proof. We have to show that weak convergence i, — [Loo On dB implies conver-
gence Z"/r = W. Let uj denote the conditional distribution of ® conditional on
s < R < t. Convergence of the distribution of (R/r, ®) conditionalon R > r to a
product measure follows from the obvious equality

P = (p(t) — p(t +s)uj + pt + $)s4s. $>0

which shows that uj — pe fort = ¢s — oo for any ¢ > 1. The equivalence
of asymptotic independence for the polar coordinates and convergence of high risk
scenarios for complements of ellipsoids was shown in Theorem 16.15. O

In polar coordinates, positive-homogeneous functions have the form s(r,0) =
rs1(0) for some function s; : dB — R. This allows a simple extension of the Balance
Theorem:

Proposition 17.6. If s and t are non-negative positive-homogeneous functions such
that s1 and t; are p*-a.e. continuous on 0B, and if ¢ > 0 and Et9(W) € (0, 00),
where W has distribution 1gcdp/p(B€), then
Es(Z)[|Z]| = r]  Es7(W)
% b
E:(Z)Z]| =r]  E9(W)
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The Euclidean Pareto excess measure p, with density 1/||w||T* on R? \ {0} is
symmetric for scalar expansions. All halfspaces J supporting the unit ball have the
same mass, p(J) = C, where C = C(d, 1) is given in (12.2). Hence

p{0>ry=C/r*, r>0,0¢cdB.

If A is an integer the converse does not hold. Two excess measures which give the
same weight to all halfspaces need not be equal. This result is due to Kesten. See
Hult & Lindskog [2006a] for details. The example below is a variation of an example
in Basrak, Davis & Mikosch [2002].

A probability measure on R? is determined by its mass on halfspaces since this
determines the multivariate characteristic function. One may restrict to halfspaces
H which do not contain the origin. For excess measures this is not true. Let pg be
an excess measure on the plane. Suppose y’(pg) = e’ po where y'(w) = e w for
T = 1/2m with m a positive integer. There are infinitely many excess measures p
with these symmetries which give the same mass to all halfspaces:

p(H) = po(H), HeH.

Example 17.7. Restrict attention to halfplanes H(6,t) = {w € C | R(e®w) >t}
with + = 1. Note that p(H(0,1)) = p(H(6,1))/t>™. We may assume that
p{lw| = 1} = 1. The corresponding random vector is W = Rw, where R and w
are independent, R has Pareto density 2m/r 2™ on [1, 00), and  lives on the unit
circle in C with distribution p*. This distribution is characterized by its Fourier coef-
ficients ¢ = EwX, k € Z. Obviously co = 1 and c_; = Eo % = Eok = Cr. We
shall assume that —w is distributed like . This implies that (—1)¥c; = E(—w)* =
Ewk = c. The odd coefficients vanish. An example of p* is given by the density

f('?) =1+ azcos2¢ + bysin2¢ + agcosdg + -+ (17.9)

with @z, and by, real, and ) |azn| + Y |h2x| < 1 to ensure that f is non-negative.
The Fourier coefficients are ¢z, = (a2n + ib2y)/2forn =1,2,....
Let H®) = {w € C | %(e’Pw) > 1}. Set X = R(e'’w). By independence

oo
1
Since —X is distributed like X, and | X | < 1, we find, setting s = 1/r,

[e’e] 1 1 1
p(H(0)) =m/ P{|X| > 1/r}r—0F2m g, = 5/ P{X2" > s}ds = E[Exzm.
1

0

Write X = (e!%w + e 1%®)/2. We see that EX 2™ is a linear combination of terms
Ew?* with |k| < m. We conclude that p(H) for any halfplane H = H(0,1)
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is determined by ¢, 0 and the Fourier coefficients c,g, |k| < m, of the spectral
measure p*. The coefficients a, and by, in (17.9) for n > 2m do not affect p(H). In
particular the densities

go(w) = 1/[wP™?", g(w) = (1 +sin2 + 2m)g)/w>*?",  w = re®

give the same weight to all halfspaces. )

17.2 Scalar symmetries. If the excess measure p is symmetric for scalar expan-
sions, the normalizations for vectors in the domain of attraction need not be scalar.
The normalizations may be chosen to vary like a group of scalar expansions. For max-
stable limit laws with identical heavy tailed marginals G; (1) = e~/ ¢ >0, the
normalizations are diagonal matrices () = diag(a;(¢),...,aq(t)). The functions
a;(t) vary regularly with the same exponent A, but need not be asymptotically equal.
In the geometric theory of excess measures the domains are larger. As a bonus of our
analysis of these domains we shall also obtain the structure of the domains when y?,
t € R, is a group of rotational expansions: y’ = €%’ R’ for a one-parameter group
R in O(d). Our only condition is that the complex Jordan form of the generator is
diagonal, and that the diagonal elements all have the same real part.

Excess measures symmetric for scalar expansions are determined by an exponent
A = 1/t > 0 which determines the rate of decay for the tails, and a spectral measure
which determines the distribution of the excess measure over the directions. Let D
be a bounded convex open set containing the origin. Then D is adapted and

o(rD¢) =cp/r*, r >0, cp = p(D°).

The exponent does not depend on the set D.

Let o, be linear transformations. Suppose «,, Yo, 11(w) — cw for a constant
¢ > 1. The ellipsoids £, = «,, 1(B) allow one to visualize the linear expansions o,.
For simplicity take o, such that

pn=P{Z e ES} ~e".

Asymptotically the ellipsoids grow by a fixed amount at each step

Eni1 ~cE,, c=¢€".
The ellipsoids E, actually only contain half the information of the sequence (c;)
about the asymptotic behaviour of . Even if the ellipsoids are balls, E, = r, B,
with ry41/r, — ¢, this does not mean that the o, are scalar expansions.

Example 17.8. Let the excess measure p have density h(rf) = ho(60)/r¢** for
a continuous function hg: B — (0,00). Assume p(B€) = 1. The probability
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distribution 7 with density f = hlpgc lies in D°°(p). So does the distribution with
the twisted density f(r6) = ho(R,0)/r?+* where r — R, € O(d) is a continuous
curve of rotations which varies slowly:

Rr_ancnrn -1, 1y, —> 00, cp —>c, ce€(0,00).

A similar twisting is possible whenever Z € D°°(p) may be normalized by scalars.
Simply replace 7, by R; ! (), where 7, is the conditional distribution of Z given

1zl =r. O
The ellipsoids need not be balls.

Example 17.9. Let E,, = «,(B) be centered ellipses in the plane. Assume E, 41 ~
cE, forc > 1. Write E,, = c"F,. Then F,,4+; ~ F,. The ellipses F; may grow at
a polynomial rate, and so may each of the axes, for different polynomials. Assume
for concreteness that the major semi-axis has length 7, and the minor length 1/./n.
The ellipses become very elongated, and their area grows like +/n. Let ¢, denote the
angle of the major axis of E, with the horizontal. Since F;+; ~ F, implies that the
overlap of F;, and F,,y; is large, the difference ¢, +1 — ¢, has to be small. Indeed
a simple computation shows that F, .1 ~ F, implies ¢n4+1 — ¢, = o(1/n%?). So
the sequence @, has a limit, ¢o,. The ellipses become needles which converge to the
line with slope ¢uo.

If the angles g, satisfies the stronger condition ¢, — oo = 0(1/n3/2), then one
may rotate the ellipsoids E}, so that the major axes all lie along the line with direction
Voo Without destroying the asymptotics.

Is it possible to describe the asymptotic behaviour of the ellipses F}, in general
terms? The condition F,+; ~ F, implies |Fy,| = r,|B| where rp41/r, — 1. So
scale the ellipses to have area m. Such an ellipse is determined by two numbers,
the length ¢ > 1 of the major semi-axis, and its angle ¢ € [0, 7). Is it possible to
represent such ellipses E, F by points zg,zr € R? so that the asymptotic relation
F, ~ E, translates into the simpler relation d(zf,,zg,) — 0 in some appropriate
metric? The representation zx = re!® = (¢ —1)e?¢ e C is continuous and has the
desired property in terms of the Riemannian metric

d 2
ds? = ( ! ) ¥ r2d6?. (17.10)
r+1

Then E; = c'r(¢t)E}, where r(t + s)/r(t) — 1, and where the E are ellipses with
area 7 corresponding to a continuous curve z(¢) in C with the property that it bogs
down in the metric (17.10):

d(z(tn +54),2(th)) = 0, 1, > 00, s, —> 5, s €R.
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The ellipses E; give one half of the picture. To see the linear expansions o; we
introduce the open square S of area two inscribed in the unit disk B. The paral-
lelograms S;¥ = ¢ ", (S)/r(n) inscribed in the ellipses E,; determine «,,. These
parallelograms of area two move around inside E,;. We now have an extra degree
of freedom for twisting. Even when the direction ¢,, of the major axis of the ellipse
E;; converges to a limit direction, the parallelograms inside the ellipses are allowed
to keep on revolving, their form oscillating ever slower between a rectangle and a
diamond. O

Suppose the excess measure p has density A(rf) = h*(8)/r¢** on R¥ \ {0}
where h* is a continuous positive function on dB. The domain D (p) falls apart
into subdomains. Every subdomain is determined by a sequence «, such that
o, Yoy 41 — 21, or rather by the equivalence class of such sequences (&) under
the relation of asymptotic equality. The sequence (o) determines a sequence of el-
lipsoids E,, = o, (B) such that E,,+1 ~ 2E,. The ellipsoids E, may be normalized
to have the volume of the unit ball

E, =rE;, |E;|=|B]|.

Then r,41/r, — 2 and E,; are ellipsoids with constant volume which change shape
slowly
|E;+1 \E;| — 0.

In addition to the sequence (r,) and the sequence (E; ) there is a sequence of
transformations S, € O(d) which map the ball B onto itself. These transformations
tell us how the spectral density i* fits on dE,, or on JE, . The ellipsoids E, may
rotate clockwise and at the same time the spectral density on dE, may rotate anti-
clockwise. The linear normalization «,, determines E,,, but it does not determine S,,.
To understand the rotations S,, we compare two sequences o, and 8, = &, S, which
yield the same ellipsoids £,. Let f be the function associated with o, as described
above: f(a,(0)) = h*(0) for 8 € dB. Define g similarly on dE, in terms of .
Then on the elliptic surface g may be derived from f by a rotation S, (in terms of
coordinates in which E,, is a ball). Thus for excess measures p whose symmetries are
scalar expansions, and which have continuous positive densities, the domain D (p)
is determined by:

the exponent t = 1/A > 0;

the spectral density 2*: dB — [0, 00), the restriction of the density of p to dB;

a sequence of ellipsoids E,; of volume |B|, such that £, | ~ E;

a sequence of positive numbers r, such that r,1/r, — 2;

a sequence S, € O(d) such that S, 41 — S, — 0;

a roughening of Lebesgue measure.

The roughening of Lebesgue measure depends on the geometry induced by the
ellipsoids FE,,, as described in Section 16.7; the first five objects in the list may be
chosen freely. There is no natural construction of «,, in terms of E, = r, E and S,.
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The measure p may have extra symmetries. Let § be the symmetry group of p.
Every T € § has the form T = oy’ since t(p) = e’p for some 7 € R. Let §* be the
subgroup of symmetries o which preserve mass, o (p) = p. Thisis a normal subgroup,
and is compact. (Else there is a sequence of ellipsoids o, (B) which diverges to a
degenerate ellipsoid contained in a hyperplane {§¢ = 0}, and the complement has
finite mass p(B€). Contradiction.) By Theorem 18.74 €* is a subgroup of O(d) in
suitable coordinates. The unit ball is adapted in any coordinates since the symmetries
are scalar. The spectral density #* is invariant under ¢ € §*. So if the rotations Sy,
above lie in ¢ they have no effect. We shall not pursue this matter here. The extreme
case §* = O(d) was treated in the Preview and in Section 12.1.

Now consider rotational expansions. The complex Jordan form of the generator
is diagonal, and the real parts of the diagonal elements are equal. All eigenvalues of y
lie on the same circle in C. We now have a restriction on the sequence of rotations
S, in the list above. Suppose d = 2m and y*(w) = €'+ @y for w € C™ where
we identify R? with C. The condition (16.25) implies that the limit points 7" of the
sequence (S, ) above should lie in U(m), the group of unitary matrices in GL(C, m).
The converse also holds by a Lie algebra argument. In general the limit points lie in
a subgroup of O(d) of the form

U@my) x---xU(mg) x O(do), do+2my+---+2my =d.

So far we have not imposed any regularity conditions on the excess measure p
except that it does not live on a linear hyperplane. Now assume more. Suppose the
convex support of p is the whole space. Then for every distribution F in its domain of
attraction the marginals F1, ..., F; have upper and lower tails which vary regularly
with the same exponent. In general the direction of the halfspace H; = o;{n > 1}
will wander all over the unit sphere. With these halfspaces H; we may associate the
high risk scenarios Z 7. Tt is this family of high risk scenarios, normalized by o;!
which converges in distribution to the limit law dp’ = 1;dp/p(J) associated with
the horizontal halfspace J = {n > 1}.

Theorem 17.10. Suppose Z € D°(p) for an excess measure p with a symmetry
group of scalar expansions with exponent T > 0. Assume p{0 > 1} > 0 for all
unit functionals 6 on RY. Let F be the df of the random variable Y = n(Z) where
n # 01is a linear functional. Then 1 — F(r) varies regularly with exponent —1/t for
r — oo.

Proof. Assume p(B€) = 1, and let E, = B(¢)(B). Then (11) in the Preview
gives p(t) = n(E{) ~ e7! fort — oo, where 7 is the distribution of Z, and
E;rs ~ eME, by (12). Forr > 1let E(r) = E;() be the ellipsoid of the continuous
increasing family E,, t > 0, supporting the halfspace H, = {n > r}. Then t(e‘r) —
t(r) = ¢/A +o0() forr — oo. Write H, = A;)J, where the halfspace J,
supports the unit ball in the point w(r). Then J.c, supports the unitball in w(e€r), and
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|lw(e"ry)—w(ry)|| — Oforr, — ocoandc, — csincee ""MA yAieenr,) = 1.
By weak convergence and the condition on the convex support JT(H ) ~ p(Jy)p(t(r))
for r — oo. The conditions on p ensure that w +— log p(Jy,) (With Jy, the halfspace
supporting B in the point w € dB) is continuous on dB. Hence

w(Heey) /7 (Hy) ~ p(t(er))/p(t(r)) — ¢4, r — oo.
This is what we claimed. O

Similarly one proves that R(y) = P{|Y| > y} varies regularly in infinity if p is
full, see MS Theorem 6.1.31, or for instance that P({Y < =2y} U{y <Y < 3y})
varies regularly. However the extra conditions in the theorem do not ensure that F is
balanced. The quotient (1 — F(y))/R(y) need not converge for y — oo.

Example 17.11. Suppose d = 2, and identify R? with C. Let p have density g
where g(re's) = go(e's)/r? for some continuous positive function go on the unit
circle in C, such that p := p{v > 1}/p{|v] > 1} > 1/2. Let Z = (X,Y) have
density f(re's) = go(e'“tLUN) /13 on r > ry for a continuous slowly varying
unbounded function L. Then P{Y > y} ~ p(H(,))/y for y — oo, where Hy is
the halfplane which supports the unit disk in the point e’S. Let Y have df F, and let
R(y) = F(—y) + 1= F(y). Then (1 — F(y,))/R(yn) tends to p for y,, — oo if
L(y,) =0 mod 2x,andto 1 — pif L(y,) =7 mod 2. O

Proposition 17.12. Let Z € D*°(p), where p has scalar symmetries y' (w) = e*'w
for some T > 0. Suppose ¢: R — [0, 00) is bounded, vanishes on a neighbourhood
of infinity, and is continuous outside a closed null set. Assume ¢ does not vanish
a.e. on (0,00). If ¢ vanishes a.e. on (—00,0) assume that p does not vanish on the
halfspace {6 > 1} for any unit functional 8, otherwise assume p does not live on a
hyperplane through the origin. Then the function

¢:(0.r) = LEpB(2)/r), [0]=1r=1
varies regularly for r — oo with exponent —1/t uniformly in 6 € 0B.
Proof. Let 6, € 0B, t, — 00, ¢, — ¢ > 1. Then
@O cne™) /@ (On.e™) — 1/c!?

since 0(Z)/ce’ = 6'(A(t')Z)/c for suitable 6, € dB, and ¢, > 0. One may write
the quotient as

/ (8, (w)/cn)dpn(w) | / 0O W)dpa(w).  pn = A () > p.

Take a convergent subsequence 6, — 6’ € 0B, say. The continuity conditions ensure
that ¢(0),(wp)/cn) — @(6'(w)/c) for w, — w # 0 by the Continuity Theorem,
Theorem 4.13, since the univariate marginals of p have GPDs of the same type, with
continuous density. O
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If one restricts the normalizations to be scalar (or diagonal) one obtains stronger
projection theorems. For diagonal normalizations coordinate projections on coor-
dinate subspaces preserve convergence — as is obvious by ignoring the remaining
coordinates. This is the situation for coordinatewise extremes. As a consequence, for
scalar normalizations all projections preserve convergence.

Proposition 17.13. If Z € D°(p) with scalar normalizations then A(Z) € D*°(Ap)
with scalar normalizations for any linear map A from R¢ onto R™, 1 <m < d.

17.3* Coordinateboxes. A samplecloudofn independentobservations Zy, ..., Z,
from a distribution on R¢ determines a coordinate box. Define

Xpn=2Z1V---NVZy, Y,=(=Zy)V---V(=Zp). (17.11)
There is a minimal box B, that contains the sample:
B, = [-Y M, XV x ... x [y D, x D] = [-7,, X,]BRY (17.12)

For dimension d > 1 this box is not the convex hull of the sample cloud. The
vectors X, and —Y, are coordinatewise extremes. However, if the boxes B, suitably
normalized, converge in distribution to a non-degenerate limit box then the convex
hulls of the normalized sample clouds converge, and moreover the distribution of the
limit box determines the distribution of the limit convex hull.

We first look at the univariate situation.

Proposition17.14. Let Z 1, Z,, . .. be independent observations from the distribution
7w on Rwith df F. Define X, and Y, by (17.11). Suppose R(t) = F(—t)+ 1 — F(t)
is positive for t > 0 and varies regularly in oo with exponent —A < 0. If

F(=1)/R(t) — p €[0,1], t — oo, (17.13)
then
(r~YI)(w)/R(r) — p weakly on (—e,&)¢, &>0, r — o0

where p is a Radon measure on R \ {0}, and

p(—oo,—r] = p/r*, plr.oo) =(1—p)/rt, r>0.

Let R(cy) ~ 1/n. Then

(Xn, Yn)/cn = (U,V)
where U = (1 — p)Y*Uy and V = p''*Vjy are independent and Uy and Vi have
af G(t) = eV on (0, 00). If (17.13) does not hold there are no positive affine

transformations o, such that (a;, ' (X,), @, 1 (Y,)) converges in distribution to a non-
constant limit.
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Proof. The first part follows from regular variation and (17.13) as in Section 6. Let 7,
be the distribution of Z conditional on |Z| > r. Convergence 7,/ R(r) — p implies
convergence of the normalized sample clouds, and their convex hulls [—Y},, X,]/cx
to the convex hull [V, U] of the Poisson point process with mean measure p. This
gives the distribution of (U, V). Conversely if there exist positive affine o, yielding
a non-constant limit (U, V) then

U=p1~p)*U). V=pp"N).
This determines p. Hence in (17.13) there is a unique limit point. O

Theorem 17.15. Let B,, = [—Y,, X,] be the coordinate box determined by the first n
points of a sequence of independent observations Z1,Z,, ... from the df F with
marginals F;, i = 1,...,d. Suppose R;(t) = F;(—t) + 1 — F;(t) varies regularly
with exponent —A; < 0, and the balance conditions hold:

Fi(=t)/R;i(t) —> p; €[0,1], t > o00,i=1,...,d. (17.14)
Let y, = diag(cpy, ..., cpg) where Ri(cpi) ~ 1/n. Suppose
' (Xn). v (Ya)) = (U.V) € R*.
Then the normalized sample clouds converge:
Ny ={vn(Z1),...,vn(Zy)} = No weakly on R¢ \eB, &>0,

where Ny is a Poisson point process on R4 \ {0}. Its mean measure p is symmetric
for the group of expansions Q' with generator diag(ty, ..., 1q), T, = 1/A;.

Proof. Tt helps to introduce the maps z > z+ and Js on R?:
2t =(z1v0,...,zgv0), Js=diag(8;.....84), §e{—1,1}%.

We may assume 0 € By, replacing X, by X, and Y, by Y., or by adding the origin
to the sample cloud. The normalized vertices of the box B, may be written as

Wy = Js(W), W) =max{Js(v, (Z). ... sy (Z))}
Let W? denote the vertices of the limit box [V, U]. Then
W s e{—1.119) = W86 e {—1,1}9) e R+2".

Convergence Wn‘g = W% makes W% max-stable and gives ny,’ Y(ms) — ps weakly
on [0, 00)% \ [0, w] for w € (0, 00)¢ by Theorem 7.3 where 7z = (Js)* and the
ps are Radon measures on [0, c0)? \ {0}. Finally one has to check that the family ps,
§ € {—1,1}9, determines a unique Radon measure p on R? \ {0} which is finite on
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e B¢ for ¢ > 0 such that (J5p)™ = ps, and that the weak convergence above implies
ny,; () — p weakly on ¢ B¢ for & > 0. This is simple algebra. Observe that

p=> ps=Y pX o5 =pkp
8

KB8D

where D = {1,...,d} and px: RP? — RX the natural coordinate projection. Ap-
plying px to both sides gives pK = 2/P\K > sk P! Recursively express pK as a
linear combination of 5 with IBK. |

The balance condition (17.14) may be dropped if one allows non-linear normal-
izations of the form ¢ = ¢; ® --- ® @4 where the ¢; € M" are linear and strictly
increasing on the two half axes but the slopes may differ.

17.4 Heavy and heavier tails. Ifthe y’,¢ > 0, are expansions by diagonal matrices
y! = diag(e?!?, ..., e%") with 0 < a; < --- < aq the tails in different directions
have different weights. The group ¥’ imposes natural coordinates in the space where
the excess measure p lives. This also holds for vectors in the domain D*°(p) of an
excess measure with these symmetries, but only to a certain extent. By the Spectral
Decomposition Theorem there exist coordinates in which the normalizations may be
chosen to be diagonal.

Example 17.16. Consider a unimodal probability density f on R? of the form

fxy) = fillxD A f2(ly])

where f1 and f; are continuous strictly decreasing functions on [0, co) and f>(¢) <<
fi1(¢) fort — oco. The level sets { f > ¢} are closed rectangles for 0 < ¢ < cg.
The vertical height is negligible compared to the horizontal width of the rectangle for
¢ — 0. Hence the behaviour of the density along rays is determined by the lighter
tail, except for horizontal rays. O

For exceedances over linear thresholds it is the other way round. There the heavier
tails dominate the scene.

Proposition 17.17. Let Z = (X,Y) € R'\. Suppose the upper tail of Y varies
regularly with exponent —A < 0, and is heavier than the tail of || X ||,

PUXN = t}/PY =1} -0, t— oo.
Then for any ¢ € R"

P{Y +cTX >t} ~P{Y >1}, t— o0.
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Proof. Assume ¢ # 0. Let Z have distribution . Let y, — oo. There exist
8, — 0+ such that

PUIXN = 8nyn}/PAY = 2yn} — 0,

since this holds for fixed 6 > 0. Define the open vertical cylinder C,, = {||x| <
8n¥Yn}. The two sets

V=0 +8nynt N CuBly = yu — 8nynt N Cy

enclose the sets {y > y,} N C, and eventually {y + ¢ x > y,} N C,. The relations
PY = yn + Snynt — 7 (Cp) ~ PY = yn + Snyn} ~ PY = yn —Snyn}

imply that the probability of the extreme sets above are asymptotically equal. Since
we may neglect 7(C,) this gives the desired asymptotic equality. O

If successive components of Z have heavier tails this does not make the coordi-
nates natural. To each coordinate we may add a linear combination of the preceding
coordinates without altering the tail behaviour.

Even if the tails of the components of Z vary regularly with distinct exponents
there are no canonical coordinates. There is a canonical sequence of d — 1 projections
onto spaces of decreasing dimension, such that each projection produces lighter tails.

Theorem 17.18. Suppose Z = (Z1,...,Zg) and R;(t) = P{|Z;| > t} varies
regularly with exponent —A; < 0. If

Ri_1(t)/Ri(t) >0, t—>o00,i=2,...,d

then Ay > -+ > Ag > 0. Let &1,...,&; be independent linear functionals. Set
X =(X1,...,Xg) with X; = &(Z), and S;(t) = P{|X;| = t}. Suppose

Si—1@)/Sit) >0, t—>o00,i=2,...,d.
Then S;(t)/R;(t) — ¢; € (0,00) fort — oo and
Xi=cnZi+-+ciZ;, i=1,....d
with |cl~,~|’1f =cifori =1,...,d.
Proof. By induction. O

In the geometric approach nearly all linear functionals have the tail behaviour
of the heaviest component by Proposition 17.17; in the coordinate based approach
it is special to have d variates with heavy tails which are comparable. Let us say
a few words about this disparity. Even if the coordinates measure incomparable
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quantities like returns and changes in volatility, the assumption in looking at the
bivariate distribution, is that there is an organic bond. Both variates form part of a
description of some complex underlying model. If one believes that the symmetry
visible in the sample cloud is spurious, then it can hardly be used to determine high risk
scenarios in halfspaces which contain only a few or no sample points, and statements
about risks and losses in terms of unbounded loss functions become dubious. On the
other hand if the observed symmetry fits in the model of a limiting excess measure the
dependency might be said to reveal some hidden structure of the underlying system
which may persist over regions which are of interest to us. Persistence is more likely
in the algebraic structure than in the spectral measure; it is more likely for simple
scalar expansion groups and uniform spectral measures than for groups with complex
generators and asymmetric distributions on the sphere. In cases where symmetry is
present a geometric approach seems to be appropriate. The ellipsoids associated
with the normalization of the sample cloud are geometric objects. These ellipsoids
suggest a more gentle change in the rate of decrease of the tail as a function of the
direction than what is prescribed by the asymptotics for exceedances and densities,
where almost all tails have comparable rates of decrease.

For non-negative vectors in DV (p) the ellipsoids are coordinate ellipsoids, and
the minimal axes are coordinate axes. If the d coordinate tails are comparable, then
so are the tails of all positive linear functionals.

Divergence of the shape of a sequence of ellipsoids does not imply that the direc-
tion of the major axes converges, as we know from Example 17.9. It is also possible
that the ellipsoids are coordinate ellipsoids, that the axes are not comparable, that the
tails of the marginals vary regularly with the same exponent, and that Z € D°°(p) for
an excess measure p whose symmetries are scalar expansions, but that normalization
by diagonal matrices is not possible.

Example 17.19. Let f, have a continuous unimodal density with elliptic level sets
{fo>e ) =E =a(B) = (x> +y?/1* <}, 121

Then £, lies in the domain of the excess measure with density 1/r3. The vertical
tail of fo is heavier than the horizontal tail, and the normalizations o, are diagonal.
Replace the excess measure by an excess measure with density h(rf) = ho(6)/r>
where A is continuous and positive, but not constant. Replace oy by B; = o;S;
where S; is a rotation over ¢(t) = +/¢. The tails of the corresponding density f are
comparable to those of fj since the geometry of the ellipses E; is not altered, but the
normalizations 8, can not be diagonalized. For any unit vector wg the curve 8, (wq)
spirals out to infinity. See Section 16.8. O

By the Spectral Decomposition Theorem such spiralling behaviour is not allowed
for distributions in the domain of excess measures with diagonal symmetries, y* =
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diag(rf,..., rfi) with r; < --- < rgq. Atthis point the reader is advised to have a look
at Example 18.13 in the section on the SDT.

17.5* Maximal symmetry. For scalar expansion groups y*(w) = e w on R?,
there is a unique excess measure p with density g which is 1 on the unit sphere 0B:

gw) =1/[w|™*, w#0, 1 =1/z.

In this section we study excess measures p for linear expansions, which have maximal
symmetry. In first instance we look at excess measures with continuous unimodal
densities on R? \ {0}, with elliptic level sets.

If the density g is one on the unit sphere, it is continuous, unimodal, and has
elliptic level sets, since g(y’(w)) = 1/¢* for w € 9B with ¢ = edety by (14) in
the Preview. Suppose g = ¢; < 1 on dE; for some ellipsoid E;. This information
does not determine g as we have seen in Section 16.8. However if the generator of
the symmetry group y* = e!C, t € R, is symmetric, or if y’ is symmetric for all
t € R (or for a sequence ¢, — 0, t,, # 0, or for two values t1, t, which are rationally
independent), then one may apply an orthogonal coordinate transformation to bring C
and the linear transformations y’ into diagonal form. The new coordinate planes are
symmetry planes of all the ellipsoids E;. The family of ellipsoids E;, and hence g,
is uniquely determined by E;, and the condition that the symmetry planes of E; are
symmetry planes of E; for every ¢t € R.

Questions which interest us are: How symmetric is the excess measure p with
density g? Does there exist a simple analytic formula for the density? Do there exist
typical densities f, unimodal, with elliptic level sets, which are invariant under the
measure preserving symmetries of p?

Before looking into these questions let us discuss the link with linear expansion
groupsy' = e'C whose generators have complex diagonal Jordan form. The diagonal
entries of the diagonal form of C lie in N > 0, and every non-real diagonal element
T + Ai is matched by an element  — Ai. The real Jordan form of C is a blocked
diagonal matrix, with blocks of size two representing the entries t +Ai with A > 0, as
in (18.25), and blocks of size one containing the real entries. Choose abasisey, ..., eg
on which C has this blocked form. This basis is not unique; it may be replaced by
fr = trer, with 1y # 0, provided that tx+1 = t, if the two vectors ey, ex11
correspond to a pair of conjugate non-real complex eigenvectors, a block of size two.
The basis determines an inner product, and hence a unit ball B. Set E; = y’(B). The
one-parameter group of matrices ! = e!C = diag(e™?,...,e%"), where 7 € R
are the diagonal elements of the real Jordan form of C, generates the same ellipsoids:

Pt(B)zEtz)/t(B)’ te[R?

and hence the same density g, if we specify g = 1 on dB.
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There are many ways leading to excess measures whose densities have elliptic
level sets.
For diagonal expansions y’ = '€ C = diag(ty,...,t4), with0 < 77 < ---
< 14, let g be the density of the corresponding excess measure p such that g = 1
on dB. The level sets are coordinate ellipsoids. This density depends on the Jordan
basis. Assume t; > 7. Then, by (16.8), the spectral measure p* on 9B is not a
multiple of the uniform distribution. Besides, there is no simple formula for this
density g. For each w # 0 there exists # = ¢(w) such that y~*®)(w) € 9B. One
has to solve
e 2wl 4 e P Yl = 1. (17.15)

The right hand side is strictly decreasing in . So there is a unique solution ¢ = #(w)
to this simple equation. Only in very special situations the solution is an explicit
analytic expression of w. The density g has the form

g(w) — 1/qt(w)’ qg= elttittia

(If 7y = 71 then ||y~ (w)| = e **||w]| and hence ¢(w) = log||w|/z and ¢'™ =

lw]|4*1/%.) The density g is unimodal with the elliptic level sets:
2 2
cy _ w1 wd
lg>1/g% =liw) <c} = | 5oq +-+ 5 <1f, ceR
The symmetry of the measure p is meager. If 7; < --- < 74, then the group of

measure preserving symmetries is discrete: it consists of the 2¢ linear maps which
change the sign of some components.

Proposition 17.20. Let 01 < -+ < 0y, be the distinct entries of (11, ...,tq) with
multiplicities dy, . . . , dpm with sum d. Suppose p is the excess measure with density g
on R? \ {0} as described above. An affine transformation o such that a(p) = p has
the form

a(w) = (a1 (wy),...,am(wy)), w=(wi,...,wWy) € [Rdl‘l""-i'dm

with o; € O(dl'),i =1,...,m.

Proof. The affine transformation « preserves the level sets {g > ¢}. Soa(B) = B
for the unit ball B = {g > 1}. Thus « is orthogonal. Now consider the ellipsoid
E = {g > 1/2}. Then «¢(E) = E and hence the half-axes of «(E) have the same
size Tx, as those of E. It follows that « preserves the m di-dimensional subspaces
associated with o1, .. ., 0., and is orthogonal on each of these subspaces. O

Let us now describe all such maximally symmetric excess measures associated
with the generator C = diag(zy, ..., tg). The symmetry group § is 8§ x H where
8 = 0(d;) x --- x O(dy,) and H is the one-dimensional group y* = e, € R.



280 IV Thresholds

Let po be a Radon measure on X, = [0, 00)™ \ {0} such that 87 (pg) = e’ po,t € R,
where B! = ¢S for § = diag(oy,...,0m). Let £ = fi1 X -+ X L, be the uniform
distributionon T = dB; X - - - X d B, where By, is the unit ball in R% . The space T is
a (d —m)-dimensional compact manifold. The extremely symmetric excess measure
p in the proposition above has the form p = ®(u x pg) where ®: 7 x X — R4\ {0}
is defined by

D(w, xX) = (X1W1. ..., Xppwm) € RITFFdm,

Let D, be the unit ball of R” with the /”-norm for a p € [1,00]. One may
describe the measure pp on X in terms of a spectral measure p,, on [0, 00)™ N 3D
as the image of the product measure dpj, x e'dt on ([0,00)™ N dD,) x R. If Py is
concentrated in one point £ € [0, 00)” N dD,, then p is an elementary excess measure
concentrated on the (d 4+ 1 — m)-dimensional orbit §&. Only for p = oo there exists
an explicit expression for the density g. The unit ball D is the cube (—1, 1)™. As
above define 7 so that y ™/ (x) € 0Dy for x € X:

t = max (logxg) —ox <= max{x1/e’, ... xpm/e”""} < 1.
1<k<m

Define t = t(w) = max;<x<m, (log || wk||) — ok forw € R4 \ {0}. Then

g(w) = go(llwi]l/e” "™ . flwn /7). w = (wr.... . wp) € RAFTH,
Proposition 17.21. Let p be an excess measure on R \ {0} with symmetries y* (p) =
e'p,t € R, where y' = diag(e™’,...,e%"") with0 < t; < --- < tq. Suppose p has
maximal symmetry. Let 7' = e'C. Then ' (p) = e’ pfort € R, if and only lfé with
respect to the decomposition R? = Rl x ... x R4 has block diagonal form with
blocks ék = oy + A where Ay, is skew symmetric fork = 1,...,m, and the o; are
the distinct diagonal elements.

Proof. We may regard the R% as subspaces of R?. By the proposition above R is
invariant under e "% 7', and the restriction e "%k y{ = ¢'(Ck=9%) is a one-parameter
group in O(dy). Hence Cy, — oy is skew-symmetric. See Example 18.69. |

The density of p is determined by its restriction to the (d — 1)-dimensional surface
S = 9(B; X---X By,), where By is the unit ball in R%, or its restriction on y*(S). The
symmetry imposes the condition that the density is constanton 7 = dB1 X -+ X 0By,
and on the sets dry By X -+ X 0ry, By,. The compact manifold 7 is a subset of S, but
its dimension is d — m.

What do typical densities 1ook like? Let p have a continuous density g of maximal
symmetry.

If 1y < --- < 14, then the typical density is determined by d regularly varying
functions. A typical density is a continuous function of the form

() =ho(r1(z1l), ..., ra(zal)), z=(z1.....24) € RY
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where hg is a continuous function which agrees with cg outside some ball rB — to
ensure that f is bounded. (We are only interested in the behaviour of f far out.) The
re: [0, 00) — [0,00), fork = 1,...,d, are homeomorphisms of the halfline [0, co)
onto itself which vary regularly with exponent one in infinity:

rr(entn)/rie(ty) — ¢, t, — 00, ¢y —> ¢ > 0.

The inverse functions zx = r;~ have the same properties.

Let ¢: R — [0, 00) be a continuous function such that {¢ < r} = E, is a
centered ellipsoid for 7 > 0. Assume {¢ = r} = dE, forr > 0, and {p = 0} = {0}.
We shall say that ¢ lies in R(d) if moreover

Ecry ~CcEr,, 1h— 00, ¢y = c>0.

For d = 1 the ellipsoids E;, are intervals (—z(r), z(r)), where z = ¢ as above
is a homeomorphism from [0, 00) onto itself which varies regularly in infinity with
exponent one.

Ifr; = =17 = 1, then g(w) = ¢/||w||?+"/7, and typical densities have
the form f(z) = ho(p(z)), with ¢ € R(d), and hy: [0, 00) — (0, 00) a continuous
function which agrees with the function ¢/ rd+17 for r > ry for some ry > 0.

In general the sequence 71, . . ., Tz contains dy entries oy, with0 < 07 < -+ < 0y,
and typical densities are continuous functions f on R? of the form

f(Z) = h0(§01 (Zl), ce, (pm(Zm)), 7 = (Zl, e Zm) c [Rdl‘f'“"f‘dm

with ¢ € R(dy) fork = 1,...,m, and ho a continuous function which agrees with
go on [0,00)™ \ rB for some r > 0.

Proposition 17.22. Let p be an excess measure on R% \ {0} such that y*(p) = e'p,
t € R, where y' = diag(e'™,...,e"") with0 < 11 < -+ < 14. Assume p has
maximal symmetry and a continuous density g. Let B: [0,00) — A vary like y'.
There exists a probability distribution = on R? with typical density f such that
e'B(t)" () — p weakly on e B€ for all & > 0.

Proof. By the Spectral Decomposition Theorem, Theorem 18.18, we may choose
orthogonal affine coordinates such that 8(¢) ~ 81(f) ® -+ ® Bm(t), t — oo, where
Br : [0,00) — GL(dk) is continuous, varies like e’ for k = 1,...,m, and such
that the function ¢ € R(dy) has level sets {¢x < e™'} = Br(¢)(B). Now check
that

el SB1En)wnt, ..., B (tn)Wam) — g(w),

ty, —> 00, (U)nl,. . "wnm) —Swe |Rd1+'"+dm.

Weak convergence follows as in Section 16.5. O
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For exceedances over horizontal thresholds distributions of maximal symmetry
may be handled in the same way. For vertical translations maximal symmetry is
cylinder symmetry and typical densities are determined by a positive function g* on
(0, 00), specified by the circle symmetric spectral measure, which satisfies (15.21),
and a homogeneous-elliptic function in # &, which reflects the normalization, as
described in Section 15.2.

The symmetry of the excess measure may be less than the symmetry allowed by
the generator. If the generator C = diag(zy, ..., t4) is real diagonal with m distinct
diagonal entries o1, ..., 0, with multiplicities di, ..., dy as above, then one may
replace the uniform distribution du on the manifold 7 = dB; X --- X 0By, by some
other distribution, say ¢ (61, ...,0,)du(61,...,06,). This determines the excess
measure. Assume go on [0, 00)™ \ {0} and ¢ on T are continuous and positive. Then
so is the density g of the excess measure p. Any probability distribution 7 € D (p)
has the form dw = fdv where f is atypical density and v a roughening of Lebesgue
measure. The typical density f may be expressed in terms of the symmetric typical
density, the function ¢ and a continuous curve

Ri® - ®Ry:[0,00) > O(dy) x -+ x O(dy)

which varies like the identity, as in the case of scalar symmetries in Section 17.2.
This description of typical densities reflects the decomposition of the normalization
curve given by the Spectral Decomposition Theorem. Similar techniques apply when
the generator of the excess measure has a complex diagonal Jordan form.

17.6* Stable distributions and processes. For very heavy tails sample sums behave
like sample extremes. In any direction one term will predominate. Given a sequence
of independent observations Zi, Z,, ... from such a heavy tailed distribution one
may form the partial sums S, = Z{ + --- + Z,. If these can be normalized to
converge in distribution to a non-degenerate vector W

a, (Sy) = W,

with a, (W) = A,w + a,, then W is said to have a stable or operator stable dis-
tribution. The distribution of W is infinitely divisible and there is a Lévy process
S: [0,00) — R¥ such that S(1) = W. This Lévy process is stable in the sense that
all vectors S(¢) are of the same type. The most famous example of a stable distribu-
tion is the Gaussian distribution. The associated stable process is Brownian motion.
Here we shall only consider stable distributions with heavy tails. For the general case
see MS.

Lemma 17.23. Let N, be an n-point sample cloud on R? with mean measure
on = ndmy,, and let Ny be a Poisson point process with mean measure the Radon
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measure po on O = R? \ {0}. Suppose p, — po weakly on £B€ for all ¢ > 0. Set
W, =/ w(dNy — xdpa), n =1, (17.16)
o

where x is continuous on RY and 1 < x < 1,p. Iffor each & > O there existsr > 0
such that
[ holde, <o nzn.

rB

then the integral (17.16) defines a random vector Wy forn = 0, and W,, = W,

Proof. Vague convergence implies |, |lwl|?dpo < e. Hence Wy is well defined, see
Section 2.6. Weak convergence on £ B¢ for all ¢ > 0 implies

[ w@N, = xwidpn = [ w(@o~ zw)dpo)
rB¢ rB¢

whenever pg(drB) = 0. (By Skorohod’s Representation Theorem we may assume
N, — Ny weakly on rB€ almost surely. This implies almost-sure convergence of
the integrals fch wdN, — fch wdNy.) Now observe that the vectors

W,(r) = / w(dNy, —dpy), n=>0
rB\{0}

are centered, and that var | W, (r)| < frB\{O} lwl||?dp,. (Equality holds forn = 0

and var([ ¢dN) < [ ¢?dp holds for any sample cloud with mean measure p and
any bounded function since var(¢(Z)) < E¢(Z)?.) Now apply Lemma 4.10. O

Heavy tails imply light poles. If p has a spherically symmetric density h(w) =
1/||w]|¢*1/7 and 7 is large then the level sets {h > e~} are balls which grow fast
for n — oo since the density decreases slowly. For n — —oo the size of the ball
decreases fast and hence the pole is light. Instead of balls we shall use the ellipsoids
E, = a,(B) below, but the thrust of the argument is the same. Eigenvalues of the
generator in i > 1/2 ensure that the pole is so light that the integral of r2 over the
unit ball converges.

Proposition 17.24. Let Z € D*°(p) where p is an excess measure with expansion
group y'. Suppose the eigenvalues of the generator C lie in the open halfplane
N > 1/2. Then [ |w||* A 1dp is finite and the stochastic integral

W= w(dN — x(w)dp)
R\{0}
is well defined for the Poisson point process N with mean measure p and any con-
tinuous compensator x between lp and l,p. Let Z,Z>, ... be independent copies
of Z. The partial sums Z1 + - - - + Z,, properly normalized, converge in distribution
toW.
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Proof. Lete! at_l () — p weakly on e B¢ fort — o0, and assume that the ellipsoids
E; = o4(B) are increasing and cl(E;)BE; for 0 < s < ¢, and that a;lan_H =
¥n — y. Choose coordinates such that y(B) D e¢™ B forsome tg = 1/2+6 > 1/2.
(Choose a complex Jordan form with & > 0 close to zero below the diagonal instead
of 1.) Then eventually y,(B) D e*B with T = (1 + §)/2, and more generally there
exists f¢ such that

e'E, De"E;_s, 0<s<t, t>1.

(If f is increasing on [0,00) and f(n + 1) > f(n) +a forn > ny with0 <a < ¢
thenc + f(¢) > sc + f(t —s) fort > to.) Since e’ w(Ef) — p(B€) we also have a
constant 4 such that

n(ES) < Ae™', 1>0.

The measure p; = e’o; ! () satisfies

pi(e T B) = e'm(eTES) <e'm(Ef_,_)) < AT, s >0.

For s > ¢ the inequality is trivial since p;(R?) = e’. Hence

/ rzdpt < Z e—2nr82rpt(e—anC) < leAe Z e—nS — O(e—mS).
efmch

n>m n>m

Now apply the lemma above to the sample clouds with mean measure p;, for 7, =
logn. O

The converse is less simple. Convergence of the sample clouds implies con-
vergence of their sums to the sum of the limiting Poisson point process provided
r2 A 1dp, converges weakly. It is less obvious that convergence of the sums implies
convergence of the summands.

For maxima the converse implication was proved in Section 7. In general maxima
behave badly. Even the simple equation @ V x = b may fail to have a solution.
However a max-stable df H determines the df of the mean measure by the equation
H = e R Convergence of maxima F — G entails convergence of the sample
clouds by the asymptotics

n(l—F,) ~—nlog F, — logG.

See Theorem 7.3. For sums one may use characteristic functions to show that the
relation between the finite measure ||w||?> A 1dp(w) and the distribution of the cor-
responding id vector is a homeomorphism. Moreover sums of large sample clouds
may be approximated well by sums of Poisson point processes by the lemma above.
See Kallenberg [2002] or MS for details.
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17.7* Elliptic thresholds. Exceedances over elliptic thresholds suggests that one
should be looking at the asymptotic behaviour of ZE#, where Z£¢ denotes the
vector Z conditioned to lie in the complement of the ellipsoid E, and E{BE5B--- is
an increasing sequence of open ellipsoids. Do there exist «, such that

Wy =a, Y (ZE1) = W, E, =an(B), pn=P{Z € ES} - 0+, (17.17)

where W lives on the complement of B, and has a non-degenerate distribution? We
allow affine normalizations; the ellipsoids need not be centered.

Using exceedances over horizontal thresholds as our guide, it is clear how one
should proceed. Show that the limit distribution has the tail property: There are many
ellipsoids £ O B such that WE¢ is of the same type as W . Exhibit a one-parameter
group y’,t € R, such that the tail property holds for all ellipsoids y*(E), ¢t > 0. This
yields a Representation Theorem. For the Extension Theorem we choose a sequence
1 <ky <ky <--- suchthat p, /pk, ., — 2 say, and construct a continuous curve
B:[0,00) — A which varies like y* such that Ex, = B(t,)(B) for a sequence t,
with ¢, 41 — t,, — log2.

We need some conditions on the ellipsoids E, and the probabilities p,. We
assume p,+1 ~ Pp. In our analysis we shall encounter three problems:

1) The distribution 77 of the limit vector W may live on dB. Such a distribution
need not be degenerate. It will be shown that in that case the vector Z has light tails.

2) The one-parameter group y’, ¢ € R, exists, but y need not be linear, and if it is
linear it need not be an expansion. Even if one assumes cl(E,)BE, 4+ foralln > 1,
in the limit one only obtains the weaker inclusion BBy’ (B) fort > 0, or equivalently
cl(B)By'(cl(B)). In order to ensure that the y’ are expansions, one has to impose a
condition on the rate of increase of the ellipsoids Ej,.

If y is not an expansion, the tail property may fail to hold. We shall derive a
different representation. The limit distribution may be instable. On replacing the
ellipsoids Ej, by ellipsoids F,, ~ E,, and «,, by B, ~ «, such that 8,(B) = F,,
one may obtain a different limit distribution.

3) If we want to embed a,, in a curve which varies like y’, we need the symmetries
of the limit measure g to be orthogonal.

Let us now first look at the solutions to the inclusion BBy (B) for affine transfor-
mations y. An example of such a transformation y is: blow up the unit ball by a factor
two from a point zg in B, or a point zg € dB. A rotation is also possible, or, in R3, a
rotation in the horizontal plane, and a linear expansion in the vertical direction.

Recall that Q is a linear expansion if the eigenvalues lie outside the unit circle
inC. Themap y: w — Q(w — zg) + zo then is an affine expansion with center z.

Proposition 17.25. Suppose y(B) D B for an affine transformation y. There are
two possibilities: 'y is an affine expansion with center zy € cl(B), or y is linear and
has an eigenvalue on the unit circle. In the latter case RY = Lo+ L, where Lo and
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Ly are invariant, and Ly L L. On Ly y is an orthogonal transformation; on Ly a
linear expansion.

The proof is given below. We need a lemma.

Lemma 17.26. Suppose R? = Lo @ L is the direct sum of two proper linear
subspaces. Let ro By be the intersection of the ball D = p + B with Ly. If DBr By +
Ly forallr > ry, then p =0and Ly L L.

Proof. In the plane this is obvious. The general situation may be reduced to d = 2
by restricting to Reg 4+ Re; for unit vectorse; € L;,i =0, 1. O

Proof of Proposition 17.25. If the origin is a fix point of y then y is linear. The
sequence y~"(z) is bounded for any z € B. By looking at the Jordan form of the
matrix of y we see that the translation part is lacking, and hence one may assume
that y is linear and satisfies

ABy(A), A=qg+ C, C =cl(B).

As in Section 18.9 on orbits, the Jordan form yields a decomposition R? = Lo @ L,
in invariant subspaces, and y = yo ® y;. Here the eigenvalues of y; all lie outside
the unit circle in C, and the complex Jordan form of yy is diagonal with the diagonal
entries on the unit circle. We may write Lo = Loo + L1 where Lo, the eigenspace
of the eigenvalue one, consists of the fix points of y, and L¢; is invariant.

Firstassume Lgg # {0}. Let Ao Lo be the projection of Aalong L = Lo+ L;.
Let po € dAp. Then (po + L) N A = {p} for some point p, and y(p) = p. Thus p
is a fix point, and hence p = pg. So Ag = A N Lgo. Choose the origin in the center
of Ag. Then Ag + L D A and the lemma above implies that g = O and Loo L L. It
remains to prove the proposition when Loy = {0}.

Assume Lo = Lg;. Then the origin is the only fix point. We claim that A contains
the origin. Indeed the averages a, = (a + y~'(a) + --- 4+ y'™(a))/n lic in A by
convexity, and from the Jordan form of y it is clear that a,, — 0. If Lo = {0} we are
done.

So assume Lo # {0}. Let AN Ly = A9 = po + Co, a disk of radius rg > 0
centered in pg. If r¢ = 0 then y(pg) = po by invariance, which implies that
po = 0 (since Log = {0}). If ro > 0let U be uniformly distributed on Cy. Then
vo(po + U) = po + U in distribution since yq preserves Lebesgue measure. Taking
expectations, we find y(po) = po and hence py = 0 as above. Let T = rdBy + L,
withr > ro > 0, and By the unit ball in Lg. Let z = (z¢9,z1) € TN A. Then y™"(z)
is bounded. Let w = (wg, w1) be a limit point. Then wy = 0, and ||wg|| = r. This
contradicts ||w|| < ro forw € AN Ly. We conclude that 7 N A is empty. The lemma
shows that A is centered, and Lo L L;. O
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Let us briefly consider measures p which satisfy y(p) = p/q, where y(B) D B.
Let R(y,q) = R(y.q.R?) be the set of all such measures on R. First assume
q € (0,1) and y is an affine expansion with center zo € cl(B). We only consider
non-zero Radon measures on R¢ \ {zo}. The measure p is infinite on any open
neighbourhood of zg, and finite on the complement of such a neighbourhood. Any
finite measure p* on y(B)\ B has a unique extension to a Radon measure p € R(y, q)
on R? \ {zo} which lives on D, = U,~¢ ¥"(B). Itis finite on B€. If zg € B then
D, = RY; if zo € OB then D, is a proper open subset of R4. The set D, and its
complement are invariant. Hence p(B¢) > p(Dy) = oo if p charges the complement
of D,.

Example 17.27. Let zo = (0,1) € R?, and let y(z) = 2(z — zg) + zo be a scalar
expansion with center zo. Then D, = R x (—o0o, 1). Let p live on D, with density
g(w) = 1/||lw — z0]|>/%. Then p € D(y.q) for some g < 1, and p(B°) is finite,
even though g is not bounded on dB. There exist open disks E,, — B such that
p(ES) = oo for all n. O

Now suppose y has an eigenvalue on the unit circle. Then y is linear and y =
Yo ® Y1 on Lo + L where yy is orthogonal on Ly, y; a linear expansion on L, and
Lo L Ly. Let p € R(y,q). If yo = id then the restriction of p to {xo} x L1 lies
in R(y1,q, L1). More precisely for any invariant compact set K¢BL¢ the measure p
restricted to Ko X L1, projected onto L lies in R(y1,¢, L1). This holds for any
orthogonal yy, provided Ky is invariant, a closed ball in L¢, or a closed ring, for
instance. Again set D, = | Jy"(B). Then D, = By x L; where By is the unit
ball in Lg. Any finite measure on y(B) \ B extends to a unique Radon measure
Poo € R(y.q) on Dy, \ Ly. This measure is finite on B€. If p € R(y, q) charges the
complement of D, then p(B€) = oo.

For ¢ = 1 the situation is different. If y is not orthogonal then for any compact
set K disjoint from L¢ or {z¢}, the images K, = y"(K) will diverge. They also have
the same mass as K. One may recursively construct a sequence of positive integers
ki < ka <--- suchthat Ky, is disjoint from K U Ky U---U K, . If K is disjoint
from B then p(B€) < oo implies p(K) = 0. In short we have:

The measures p € R(y, ¢) are Radon measures on R? \ M and live on D, Here

{zo} if y is an affine expansion with center zg,

M
Lo if y = yp ® y1 where yy is orthogonal and y; a linear expansion;
(17.18)
D, =|Jy"(B). (17.19)

n>0

We now turn to the limit relation (17.17). We begin with an example to show that
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affine transformations are needed in (17.17), even when the symmetries of the limit
measure are linear.

Example 17.28. Let the measure p have density
gu)/v?, ueR, velR\{0}

where g is a probability density on R. Then p is a Radon measure on the complement
O of the horizontal axis, and an excess measure for the weak expansions y* (u, v) =
(u, e'v). The image, y(B), of the open unit disk contains B but does not contain the
closure of B. We shall assume that g is continuous on [—1, 1] and vanishes outside
this interval. Then p(B¢) is finite. There is a vector Z = (X, Y) € D*(p) with
a continuous strictly positive density f for which affine normalizations may not be
replaced by linear normalizations.

Let M and L be continuous functions on [0, o) such that L, = L 4+ M and
Ly = L — M are positive and increasing, and vary slowly in infinity. Let Y be
standard Cauchy, and for Y = y > 0 (and for Y = —y) let X have density

£y = €O = MW)/LY). —Li() = x = La(y),
N G = M) > L().

Let ¢ > 0. Define the rectangle R = (—1, 1) x (—¢, ¢) and set

R; = (=Li(e"), La(e")) x (—=gqe’, ge') = as(R),
oy (u,v) = (M(e") + L(e")u,e'v).

Then P{Z &€ R,} ~ P{|Y| > ¢ } ~ (2/qm)e™" and (/2)e'a; 1 () — p vaguely
on O. The high risk scenarios Z ¢ normalized by «; converge weakly to a vector
with distribution 1gedp/p(R). With some extra effort o; 1 (Z EFy may be shown
to converge to a vector on B¢ for the ellipses £; = o;(B), and one may make
f continuous and strictly positive. If M(¢)/L(t) — g € [—1, 1] one may choose
(0,q) as the new origin and use linear normalizations; if there is no limit, linear
normalization is not possible. O

Lemma 17.29. Suppose v, — vy weakly on RE. Let D, be open convex sets,
Dy — D with D open and non-empty. Suppose do, = lpcdv, — do weakly.
Then o lives on D€, and do = dvy on U = int(D€).

Proof. The measure o lives on D€ since f @dv, — 0 for any continuous ¢ with
compact supportin D. Vague convergence 0, — 1y dvg holds on U since [ ¢do, —
Ju ¢dvo for any continuous ¢ with compact support contained in U O

We are interested in the asymptotic behaviour of the high risk scenarios ZZn
where £, = «,(B) are increasing ellipsoids. Let v be the distribution of Z, mg
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the non-degenerate distribution of W, and set u, = «;, Y()/ pn. The basic limit
relation (17.17) states that 1gcdpy, / pn — 7o weakly on R,

Introduce the set A of all points (y, g) € 4 x (0, 1] for which there exist sequences
k, < my such that

. -1 )
Yn 1= Om, = Vs Gn = DPmn/ Pk, — 4, Mp >k, — 00.

Suppose (y,q) € A. Then

Yn(Wmy) = My /qn on RY. (17.20)

Set D, = y,(B) and D = y(B). Then D,, — D, and D, and D contain B. One
finds

lgedpk,/qn — mo/q  weakly on RY,
Ipedp, /qn = yn(1Bedpim,) — y(dmo) weakly on RY.
Lemma 17.29 with 0 = m9/q — y (7o) gives

y(dmo) = dmo/q on int(D),
y(dmo) < dmo/q ondD.

Hence 7o(y(K)) = gmo(K) for compact K disjoint from cl(B) and mo(y(K)) >
qmo(K) for compact KBIB. The measure 0 = o(y, q) lives on dB. For compact
sets K disjoint from B:

mo(y(K)) = q(mo(K) +0(K)), KBB®, 0 =0(y.q). (17.21)

The probability measure 7y above satisfies the relation 7o(y(K)) = gmo(K)
apart from the defect o on dB. Outside the closed unit ball the probability measure
7o behaves like the measure p € R(y, g¢). We first show that any y with (y, 1) € A
is orthogonal.

Proposition 17.30. If (y, 1) € A then y is orthogonal, and y () = mo.

Proof. Choose K disjoint from B U M and compact. Then K; = y(K) is disjoint
from D U M, and hence K is disjoint from cl(B) U M, and 7o (y"(K)) = mo(K1)
for all n > 1. If y is not orthogonal then by the argument above the sets y”(K)
diverge, mo(K1) = 0, and by (17.21) 7o(K) = 0. So ¢ lives on M. Since 7y is
non-degenerate M = Ly = R4 and ¥y = ¥, and is orthogonal. This proves that y
is orthogonal. Then (17.21) with K = 0B = y(K) gives 6(dB) = 0, and hence
mo(y(K)) = mo(K) for all compact sets KBB€. |

Without conditions one can get any limit.
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Example 17.31. Let p be a Radon measure on R? \ {0} such that p(B€) = 1. We
shall construct a vector Z with probability measure 7 on R such that

o, () /cn — p vaguely on R4 \ {0}.

Here ¢, are positive constants which satisfy ¢,+1 ~ ¢, — 0. Moreover the ellipsoids
E, = a,(B) satisty E{BE,8--- and p, = n(ES) ~ pp+1 — 0.

Let pp < p, pn — p vaguely, and p,(B€) — 1. We assume that p, lives on
R, = {1//n < |z|| £ +/n} with mass p,(R,) = ry ~ rp+1 > 0. Let Z/(2n)!
have distribution p,, / r,, conditionalon Z € S, := {(2n—1)! < ||z|| < 2n+1)!},and
let 7(Sy) = an ~ an+1. Set E,, = a,(B) and o, (w) = 2m)w. Setc, = a,/ry.
Then o, ! () /¢y = pn on Ry,. O

We impose two regularity conditions on E, = a,(B) and p, = w(E}):
1) pnt1 ~ pn > 0, with p, :=n(Ef) — 0;
2) There exists a constant 79 > 1 such that

En+1BE;;O = a,,(rOB). (1722)

If E iscentered then E” = rE, otherwise E” is the ellipsoid E expanded by a factor r
from its center. Write o;, = 165 ...8,. The second condition is equivalent to

BBS,(B)BrgB, n=>1

since E,+1 = o5 (8,+1(B)). The condition is satisfied if E,+; ~ E,. It ensures
that the sequence (8,,) is relatively compact in .

We shall now describe how one may obtain a point (y,q) € A withg # 1. We
shall construct a point in A such that ¢ > 1/2 and such that y(cl(B)) intersects
2B¢if g > 1/2. Let m, > n be the minimal index such that E,,, does not fit
in 0, (2B) or pm,/pn < 1/2. The corresponding sequence (yn,qn) is relatively
compact. Choose a subsequence with limit (y, ¢) say. Then ¢ > 1/2. If ¢ > 1/2
then y(cl B) intersects 2B¢, and hence ¢ < 1 by Proposition 17.30. In the same way
for any r > 1 and g¢ € (0, 1) one may construct a sequence m, > n such that the
corresponding sequence (y,, ¢, ) is relatively compact and all limit points (y, ¢) have
the property ¢ = qo, or ¢ > go and y(cl B) intersects rB€. This proves

Proposition 17.32. There is a sequence (Yn,qn) € A with g, < 1 and (Yn,qn) —
(v, 1) € A.

Corollary 17.33. Successive ellipsoids are asymptotically equal.

Proof. Let 8, := o, 'ay+1 — id. Then o, '(E,+1) = 8,(B) — B is equivalent to
E,+1 ~ E,. The sequence (3,) is relatively compact. It suffices to prove that limit
points are orthogonal transformations. So suppose 6, — y. Then p,41/pn — 1.
Hence (y, 1) € A. Now apply Proposition 17.30. |
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Proposition 17.34. Suppose (y,q) € A withq < 1. If y(B) = B then my(0B) = 1.

Proof. Rings {ro < ||z|| < r1} with 1 < rg < rq are invariant under y. The rela-
tion (17.21) gives mo(R) = gmo(R), hence mo(R) = 0, and mo{||z|| > 1} =0. O

Let us now first look at the case where 7 lives on 0B.

Proposition 17.35. If W lives on 0B then Z has thin tails. There is a sequence of
ellipsoids F,, = Ey, such that Fyy1 ~ F, and P{Z € F;; |}/P{Z € F;{} — 0. In
particular E|| Z||" < oo foralln > 1.

Proof. If (y,q) € A and y(B) = E # B then (17.21) gives mo(R? \ cl(B)) >
qmo(0B \ dE) > 0 since 7y is non-degenerate and 0B N JF lies in a subspace. So
(y,q) € A implies y(B) = B. Letgo € (0,1) and let » > 1 be small. As above
choose m, > n minimal so that E,,, does not fit in o, (rB) or pm,/pn < qo. Let
(y,q) be a limit point of the associated sequence (y,,¢,). Since y(B) = B for
(y,q) € A we conclude that ¢ = q¢ and ¢, < qo eventually. This holds for any
r > 1 and any g¢ € (0, 1). |

Example 17.36. Let Z have density f(z) = ce™2®) where np is the gauge function
of a bounded convex open set DBR? containing the origin. The constant may be
computed, 1/¢c = d!|D|. Let ay(w) = rw for r > 0. Then «;1(Z"P) = W
for r — oo where W lives on 9D with density g(rf) oc r? with respect to the
uniform distribution on dB since P{W € C} = |C N D|/|D| for any cone C.
So ellipsoids are not needed here. Now suppose D = B is the open unit disk
in R2. The limit vector W = (U, V) is uniformly distributed on the unit circle
if ap,(u,v) = r,(u,v) with r, = /n. Let B,(u,v) = (ryu,(r, + a)v). Then
Bn ~ an since o, 1By (u,v) = (u, (1 + a/ry)v) — (u,v). Fora > 0 the ellipses
E, = B, (B) are slightly elongated in the vertical direction. The normalized high risk
scenarios converge, 8, Lz E; ) = W/, but the limit vector is no longer uniformly
distributed over the circle. A simple computation gives the density g(u, v) = cae_‘“’2
on {u? 4 v2 = 1}. The reason for the instability of the limit relation becomes clear
if one looks at the mean measure p, of the normalized sample clouds. The density
of p, goes to infinity uniformly and monotonically on any compact subset of D. ¢

Proposition 17.37. Suppose (y,q) € A, g < 1, and 79(0B) < 1. Then my lives on
D, U (M NaB).

Proof. Let U be the complement of cl(D,). Then U is invariant under y since D,,
is, and U N cl(B) = @. Hence mo(U) = gqmo(U) which gives mo(U) = 0. The
boundary 0D« is invariant under y, and o(dD,, \ cl(B)) = ¢q(dD, \ cl(B)) gives
mo(D, Ucl(B)) = 1. Finally observe that D, contains B and 0B \ M. O
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We shall now show that the support Sg of the limit distribution ¢ determines
the kind of transformations y for which (y,q) € A, with ¢ < 1. Define the linear
subspace L

L=\t =0}, £(So) is bounded, (17.23)

the intersection of the hyperplanes {§ = 0} for which & (Sy) is bounded. If we project
7o along L we obtain a probability measure with bounded support. If L = R?
then y is an affine expansion; if L # R¢ then y has an eigenvalue on the unit circle,
y=v®pyionR? = Lo+ Ly and L = L. We shall write Sy for the support of
the Radon measure p = p, on R? \ M, which satisfies y(p) = p/q and agrees with
1o outside cl(B).

Proposition 17.38. Let (y,q) € A withq < 1. If y is an affine expansion, then £(S)
is unbounded for every non-zero linear functional .

Proof. Let K D B be compact. Then Sp \ K = S, \ K. If the non-zero linear
functional £ is bounded on this set, then S, B8{§ = &£zo} by Proposition 16.10, and
7o < pon R? \ {zo} implies SoB{E = £zo}. So g is degenerate. |

Similarly one shows:

Proposition 17.39. Suppose (v,q) € Aandg < 1. Let L # R%. Theny = yo ® 1
onlo+ Liand L1 = L.

The support of my determines the structure of the symmetries y, and hence the
subspaces Lg and L; if y has an eigenvalue on the unit circle. The measure 7y on
the complement of the closed unit ball determines the Radon measure p.

Proposition 17.40. If 7¢(0B) < 1 then mwo((0B) \ M) = 0.

Proof. Let(y,q) € A,andg < 1. Let A = (dB)\ M, and suppose 79(4) = p > 0.
Then the sets A, = y"(A) are disjoint and 7g(A41) = p1 > qp, and wo(Ap41) =
q" p gives p < 1/q — 1. Now choose a sequence (y,,qn) € A such that ¢, < 1
andg, — 1. If L # R? then M = L=+ does not depend on n, and we are done. If
L = R? the y, are affine expansions with centers z,, € cl(B). If z, € B infinitely
often then 7y(dB) = 0. If 79(dB) > 0 then there exists a point zg € dB such that
wo(dB \ {zo}) = 0 and y,, has center z, eventually. O

Our next example shows that 774(dB) € (0, 1) is possible.

Example 17.41. Let Y have a standard Cauchy distribution, and let Z have dis-
tribution 7, where 7 is a mixture of the distribution of the vector (0,0,Y) and
the uniform distribution on the unit ball B in R3. Let E, = «,(B) where a;, =
diag(l — &y, 1 — g,,n). If &, = 1/n then an_l(ZEVCl) = W where W = (0,0, V)
and V has density 1/2v2on R\ (—1,1). If &, = ¢/n?/? with ¢ > 0, then the limit
distribution is non-degenerate: it is a mixture of the distribution of (0,0, V') above
and the uniform distribution on the unit circle in the horizontal coordinate plane. <



17 Heavy tails — examples 293

What do the limit laws look like? There are two situations. If £ W is bounded for
a non-zero linear functional ¢ then there is a linear subspace M = L determined by
the support of W, as described above, such that y = yo ® y; for (y,q) € A where y,
is an orthogonal transformation on Lo and y; a linear expansion on Ly = Lg. If
EW is unbounded for all £ # 0 then y is an affine expansion with center zg € cl(B),
and M = {z¢}. In principle z¢ depends on y.

In general 7wy = 0g + (o, where dog = 13pd g liveson M N dB, y(op) = 0y,
and g lives on B¢ and satisfies

po(y(K)) = qupo(K), K C B compact, (y,q) € A. (17.24)

The measure oy may change when one replaces the normalizations o, by normaliza-
tions B, ~ ay.

Theorem 17.42 (Representation). Let Z be a random vector in R¢ with distribu-
tion w. Let E{BE,B--- be open ellipsoids. Assume (17.17) holds, where W has a
non-degenerate distribution g on B€. Let (17.22) hold, and let py+1 ~ pn.

DIf W) = 1a.s. thenE|| Z||" is finite for alln > 1;

2)If P{|IW|| > 1} is positive, there exists a one-parameter group of affine trans-
formations y', t € R such that y'(B) D B fort > 0, and a Radon measure
p on R4 \ M, which lives on Do, = | y"(B), such that mo(M) = mo(0B) =
wo(M N dB), and

dng=dp on(BUM), y'(p)=e'p, teR,

and such that one of the following holds.

2a) y! are expansions with center zy € cl(B), and M = {z,}.

2b) There are proper invariant linear subspaces Lo and Ly, suchthaty' = y5®y]
where y§ are orthogonal linear transformations on Lo = M, and y} is a linear
expansion group on Ly = M=,

Proof. We have to construct a one-parameter group y’, t € R, such that B C E; =
y'(B)fort > 0,and y’(duo) = e'duoon E¢. Letus first construct the ellipsoids E;
fort > 0. Let (y4,qn) € A such that g;,'" — 1/e for a sequence m, — oo, and
set 7, = v, and E, = 1,(B). We claim that the sequence (Ej) is bounded. For
any ellipsoid £ and any unit functional 6 define Sp(E) = {c1 < 0 < c»} to be the
smallest closed slice containing E, and set §o(E) = infg 1o(Sg(E)¢). Note that the
inf is achieved in some point 6. We concentrate on the situation where the y, are
affine expansions with center z,, € cl(B). If yg is degenerate it lives on a hyperplane
through zg, and g is degenerate. Hence §¢(B) is positive, and 8o(E,) — 8o(B)/e.
First suppose z, — zo € B. If the diameter of E, diverges, there exist directions 6y,
such that the slice Sy, (E,) contains a centered ball r, B with r, — 00, and hence
80(En) — 0. If zg € B we replace B by 2B and consider the limit of the high risk
scenarios Z%2B)°
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By a diagonal procedure we may extract a subsequence so that y,E’”"’] (B) — E;
forallt > 0, where E;, t > 0, is an increasing sequence of ellipsoids, and o (E;)¢ =
e’ o(B€). The sets Ef play the role here of the horizontal halfspaces in Section 14.8.
There exist B, r > 0, such that 8,(E;) = E;4, forall ¢t > 0, and B,(duo) =
e"(duo) on Ef. Indeed for any r > 0 there may exist many such B,. Quotients
a = BB/ map B into itself and leave 1o invariant. We may now use Lemma 18.79
to construct the generator of the one-parameter group )’ as in Theorem 14.7. O

With the sequence of high risk scenarios Z E we have associated an excess mea-
sure p on R4 \ M, extending (1o, and a one-parameter group of affine transformations
y',t € R, whichsatisfy y’(p) = e’ pandy’(B) D Bfort > 0. Let-8 denote the com-
pact group of affine transformations o which satisfy o(p) = p. See Theorem 16.11.
We introduce three conditions:

1) mp(dB) = 0;

2) any excess measure p; which agrees with p on B€ coincides with p;

3) & is a group of orthogonal transformations: o(B) = B if o(p) = p.

The first condition holds if we replace B by a slightly larger ball »B. The sec-
ond condition is discussed in Sections 18.10 and 18.11. It ensures that for each pair
(B.e ') € A witht > 0 one may write 8 = y~'o for some o € §. The third condi-
tion ensures that the symmetries of 7 are exactly the measure preserving symmetries
of p.

Theorem 17.43 (Extension). Let the assumptions of the previous theorem hold, and
also the first two conditions above. Set M = M + €B. Then

on()/ pn — p weakly on MS, € > 0. (17.25)
Moreover there is a continuous curve f3: [0, 00) — o, which varies like y' such that
e'B(t) " (m) — p weakly on M, € >0, t — oo. (17.26)

If the third condition also holds one may choose the curve B such that B(—log p,) =
anoy for a sequence (oy,) in 8.

Proof. We first prove that the limit relation (17.25) holds for €/2 if it holds for
€. Choose r so large that o(B)BrB for all 0 € 8. Choose b > 0 so large that
y~b(Ms,) € M. Let Dkn/Pn — e?. Then B, = o, 'y, is relatively compact.
For simplicity assume convergence, 8, — 8. Then

o, (7)) pn = Bl (1) D) (P / Pn) — €°B(p) = p

on B(MS) = yP(Mf) D M¢

/2 This proves (17.25). In the general case we use a
subsequence argument.
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Now choose 1 < ki < kp < --- such that pg, ~ e™". Define o, = @167 ...6,.
There is a sequence t, € § such that B(n) := ay, 7, satisfies B(n)"1f(n + 1) — y.
Set y, = rn__118nr,,, with 7o = id. Then a1yy...yn = ag,t = B(n), and y, =
B, L,Bn — v. Interpolation gives a continuous curve f: [0, 00) — # which varies
like y’. See Section 18.2 for details. Then (17.26) holds since p satisfies y* (p) = e’ p.
We shall assume pg, = e™". Then tx, = n and ok, = 1,. Note that B(¢,)(B) ~
E, = ay(B). Choose B, ~ B(ty) such that B,(B) = E,. Then B, (7)/pn — p
weakly on M¢ for € > 0, and hence ,Bn_l(ZEﬁ) = W. Hence B8, ~ a,0, fora
sequence g, € § by the Convergence of Types Theorem. Replace S(z,) by o0, and
interpolate to obtain a new continuous curve §, which is asymptotic to the old one
since t,+1 —ty, — 0. O

18 Regular variation and excess measures

This section is a toolbox for the first four sections of the chapter. It contains a short in-
troduction to multivariate regular variation. There are subsections on the Meerschaert
spectral decomposition, on Lie groups, and on the Jordan form for one-parameter
groups of linear and affine transformations and their generators. We develop the gen-
eral theory of excess measures, and discuss symmetry and local symmetry of excess
measures.

We characterize the one-parameter groups for which excess measures exist. As
an introduction we describe the excess measures on the plane. This general theory
extends the theory of excess measures for exceedances over horizontal and elliptical
thresholds developed above.

We close with an example. The final subsection exhibits a probability distribution
on the plane for which exceedances over linear thresholds, exceedances over elliptic
thresholds, and coordinatewise maxima give different pictures of the tail behaviour.

18.1 Regular variation. For the convenience of the reader we insert a brief intro-
duction to multivariate regular variation here.

A function ¢: [0, 00) — R, whose slope tends to a constant A in infinity, satisfies
the relation:

oty + sp) —ty) > As, t, > 00, 5, > 5,5 €R. (18.1)

In particular the sequence b, = ¢(n) satisfies b,+1 — b, — A; and, conversely,
for any sequence (b,) such that b, — b, — A the continuous piecewise linear
function ¥ with value b, inn = 0, 1, ... satisfies (18.1).

Proposition 18.1. If ¢ satisfies (18.1), and agrees with the continuous piecewise
linear function  above in the pointst = 0, 1, ..., then ¢ — \ vanishes in infinity.
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Proof. Suppose t,, — 0o. Set's, = t, — [ty]. Assume s, — s € [0, 1]. Then

@(tn) = Y (tn) = @(tn) — @([ta]) = ¥ (tn) + ¥ ([tr]) > As —As = 0.
Conclusion: for any ¢ > 0 eventually |¢(¢) — ¥ (2)| < e. |

If ¢ satisfies (18.1) then ¢o(f) = @(t) — At locally is close to horizontal for
t — oo. What about the global behaviour of ¢,? That may be wild. For any
sequence of reals ¢y, ¢y, . . . there exists a function ¢y whose slope tends to zero, and
which satisfies pg(¢,) = ¢, for a sequence of time points 0 = 7y < #; < ---. Indeed,
one may (obviously) construct ¢g to be linear on the intervals [t,, #,41] with slope
1/2".

If ¢(r) — A then f(r) = e®® solves the linear ODE f(t) = A(r) f(r) with
A(t) — Afort — oo; and f also satisfies

F(tn + 50)/f(tn) —> €. 1 — 00, 54 > 5. 5 € R. (18.2)

Conversely, by Proposition 18.1, any f: [0,00) — (0, c0) which satisfies (18.2)

is asymptotic to a piecewise C! function g which satisfies () = A(t)g(¢), with

A(t) = A, fort — oo. A function which satisfies (18.2) will be said to vary like e**.
If f is measurable, the weaker condition:

ft+5)/ft) = e, o0, s€R, (18.3)

implies (18.2) by the Van Aardenne—De Bruijn—Korevaar Uniform Convergence The-
orem. The last limit relation is better known in the form

R(xy)/R(x) — y’l, x — 00, y >0, (18.4)

where we write x = e, y = ¢*, and R(u) = f(r) for u = e". The func-
tion R: [1,00) — (0, 00) is said to vary regularly in infinity with exponent A. If
R(xy)/R(x) has a finite limit Q(y) when x — oo, for any y > 0, then Q(xy) =
Q0(x)Q(y). If, moreover, R is measurable, then Q is a power function. Regular
variation thus has two aspects: It describes the asymptotic behaviour of solutions of
linear ODEs; and (in different coordinates) it describes the asymptotic form of a basic
functional relation.

A natural question suggested by the limit relation (18.4) is: What are the minimal
conditions? Does a decreasing function R, for instance the tail of a df, vary regularly
if the limit relation (18.4) holds for y = 2,3 and for positive integers x? See Feller
[1971] Section VIII.8 for a very readable answer to this question. Regular variation
is of great importance in asymptotics since it is able to pass the Laplace transform
barrier as was shown by Karamata in 1930. Laplace transforms will not be used in
these lectures. So we shall stick to the simpler expression in (18.3). There is an
extensive literature on regular variation; see for instance Bingham, Goldie & Teugels
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[1989], or Geluk & de Haan [1987], or Jessen & Mikosch [2006]. Aczél [1969] is a
good introduction to functional equations.
We now turn to the multivariate case.

Definition. Let y’ = ¢’C,t € R, be a one-parameter group of affine transformations.
A function «: [0, 00) — A varies like y' if

a(tn) 'alty +su) = ¥*s tn —> 00, 5p > 5, s ER (18.5)

Actually one is not so much interested in the function « as in the class of functions
which are asymptotic to « in infinity in the sense that a(#)~!8(¢) — id for t — oo.
If B varies like y?, and « is asymptotic to S, then (18.5) holds for . This is an easy
exercise. It is also easy to see that the limit y(s) in (18.5) satisfies the functional
equation y(s1 + s2) = y(s1)y(s2), if it exists for each s € R.

Definition. If A: [1, 00) — GL is measurable and
AGYAx)' > yC, x> 00, y >0,
then A varies regularly with exponent C.

Note the order of the factors on the left. Seta(r) = A1 (e") (ora(t) = AT (e?)).
By the multivariate version of the Uniform Convergence Theorem « then varies like
y' = 7€ (or like ¢’C"). For a proof of the UCT see Balkema [1973] or Meer-
schaert & Scheffler [2001]. The latter is the standard work on multivariate regular
variation. It may seem confusing to have two names for concepts which are so closely
related. In practice it is convenient to have two approaches to the same fundamental
theory. In the univariate case it is reasonable to describe the normalizations for heavy
tails in terms of regular variation. For distributions in the domain of the exponential
limit law the scaling varies slowly, but the full normalization varies like a group of
translations; see Section 18.3 below. The basic limit relation (18.5) is equivalent to
uniform convergence on bounded s-intervals for ¥ — oo. So, by the UCT, condi-
tion (18.5) is weaker than the conditions imposed in the definition of regular variation
above.

Definition. A one-parameter group of affine transformations y’, ¢t € R, on R¢ is a
group of affine transformations which may be represented by matrices of size 1 + d
as in (2) in the Preview, as y’ = ¢'C. The generator of a Lie group C is any matrix
of size 1 + d with top row zero.

For a matrix in Jordan form one can write down the exponential and logarithm by
hand, since the power series break off after a finite number of terms; see (18.22).

Example 18.2. Let y* = ¢’C be a one-parameter group of affine transformations,
with generator C # 0, and let ¢ : R — R satisfy the Cauchy equation: ¢(t + s) =
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@(t) + ¢(s). Then G(t) = e?®C satisfies G(t + 5s) = G(¢)G(s). There exist non-
measurable solutions of the Cauchy equation. (Just write R as a vector space over the
rationals @, choose an (uncountable) base, say 1, \/5 \/5 ... and let ¢ interchange
two base elements, say 1 and +/2.) Then G(¢), t € R, is not a one-parameter group. <)

The parameter ¢ of a curve «(¢) which varies like y* = ¢’C may be interpreted

as time. The asymptotic behaviour of «(¢) is related to stability of the corresponding
ODE, § = £C(t), with C(t) — C. See Bellman [1969] and Agrachev & Sachkov
[2004]. In the multivariate situation often it is the set {«(¢) | ¢ > 0} rather than the
function t — «(¢) which one is interested in. We could declare two curves ¢t > ()
and ¢ — f(t) equivalent if the sets {«(¢) | ¢ > 0} and {B(¢) | ¢t > O} are equal, or
asymptotically equal. This equivalence relation is rather drastic. We shall assume
that there is a well-behaved time change which transforms the one curve into the
other:

Definition. Suppose « varies like y%f, and f like y*!, with a, b > 0. We say that o
and f are related by a time change if there is a continuous strictly increasing function
¢: [0,00) — [0, 0c0) such that

B() = ale()), t— oo, (18.6)
where ¢ satisfies (18.1) with A = a/b, and ¢(0) = 0.

Regular variation concerns the normalization. Our primary interest is in the excess
measure and limit law. Concentrating our attention on the normalization is like
taking a picture, and instead of showing the photograph, only giving technical details,
like shutter speed, focal distance, light intensity. For different photographs of the
same object these technical details may vary considerably even if the same camera is
used. We can only point out here that statisticians have always been concerned with
normalizations. In a Gaussian world the affine normalizations represent the location
vector and the covariance matrix, the objects of supreme interest. There still is a
considerable gap between the sequence of normalizations which one needs to keep
the edge of the sample cloud in focus, and a continuous curve in 4 which varies like
the one-parameter group of symmetries of the excess measure, but the relevance of a
limit theory for the normalizations to the study of high risk scenarios should be clear.

In the univariate case regular variation often applies to distribution tails. In the
multivariate case the term regular variation has been used to describe the tail behaviour
of dfs on [0, oo)d in the domain of attraction of a max-stable distribution, and more
recently for fat-tailed probability distributions on R< in relation to coordinatewise
extremes. See Resnick [2004], Rootzén & Tajvidi [2006]. A more algebraic approach
was developed in Jurek & Mason [1993]. More recently Meerschaert and Scheffler
in MS have developed a truly geometric general theory of regular variation for finite
measures in the domain of attraction of excess measures on R \ {0} with heavy tails.
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18.2 Discrete skeletons. If the curve a: [0,00) — s varies like y?, then y, =
a(m) 'a(n + 1) — y, and the sequence «(0), (1), ... determines the asymptotic
behaviour of the curve. One recovers the original curve (up to asymptotic equality)
by a simple interpolation formula. The interpolation formula yields a curve which
is continuous and piecewise C!. Such curves are simple to handle, and will play an
important role in future constructions.

Leta, = agyy ... yn wWith y, — y. Set

a(t) =y}, n<t<n+1,1>0. (18.7)

Then # — a(t) is continuous and varies like y?. The sequence B(n) will be called a
discrete skeleton for the curve B.

There is a slight technical difficulty with (18.7), as may be seen from the two
examples below.

Example 18.3. There is a sequence of 2 by 2 matrices ¥, — y such that y’, ¢ € R,
is a continuous one-parameter group in GL(2), but the y, do not even have a square
root. One may take y,, diagonal with determinant det y,, = 1. O

Example 18.4. A matrix y does notdetermine the group y’, 7 € R. If R? is the rotation
over the angle ¢ in the plane, and o maps the disk B onto the ellipse £ = «(B), then
the matrices y* = a o R'™ o ! map E onto itself, and y = —I whatever . O

The group y* = €', t € R, is determined by its generator C, not by y. So
let oy, = aoy1...Yn, With y, — y = ¢€. There are two questions. Does there
exist a continuous curve «: [0, 00) — # which varies like ¢?C, such that o (n) = a,
eventually? If B:[0,00) — o varies like e!C, and B, ~ o, does it follow that
a(t)"1B(t) — I fort — 00?

Proposition 18.5. Suppose o, = oY1 ...yn where v, ~ ™€ for a sequence
rq € [I/M, M] for some M > 1. Set s,, = r1 + --- + 1. There exists a continuous
a: [0,00) — A which varies like y* = '€ such that a,, = a(s,) eventually.

Proof. Choose ¢ € (0,1/M) such that |[¢C| < 1/2. Set D = ¢C and §' = e'P.
Then ||§ — I]| < 1. (This follows from e'/2 < 2.) Hence 8§, — § implies that
D, = logé, is well defined by its power series forn > ng (assoonas ||6, — 1 || < 1),
and D, — D.

Define a(s, +1) = ayy’ for0 <t < ry4+1 —¢&, and set B, = a(sp+1 —¢€). Then

—1 - -1 - )
By ony1 = vy e o =8y gy =08, = 68

since Y41 ~ y™+1 is given. For n > ng write 8, = P and close the gap between
B and @y, 4+ by defining

a(Spq1 —e+16) = Bpe®, 0<r1<1, n=>n,.
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Finally redefine &(0) = ay,y "0 and a(s) = «(0)y*. The curve «: [0,00) — A
is continuous and piecewise C!, with derivative &(¢) = «(¢)C outside the intervals
[sn — &,8,], n > ng. On the interior of these intervals &(¢) = a(t)Cy,—; where
C,=¢'D,—C. O

Proposition 18.6. Suppose a and B both vary like y', and a(s,) ~ B(sn) for a
sequence s, — oo which has bounded increments s, 11 — Sy. Then a(t) "1 B(t) — id
fort — oo.

Proof. 1t suffices to prove the result for a subsequence, which we may assume in-
creasing with increments which satisfy 1 < s,4+; — s, < M for some M > 1. Now
proceed as in Proposition 18.1. O

18.3* Regular variation in 4A%. What do excess measures on the real line look
like? There are two kinds of halflines: upper and lower halflines. By a symmetry
argument it suffices to determine all excess measures which are finite on a halfline
[Jo, 00).

In (6.8) we listed three classes of excess measures in their simplest form. One
may translate these measures, scale them, or multiply them by a constant to extend
the class. This does not yet yield all excess measures with an upper halfline of finite
positive mass.

So let us start with the simpler problem of determining all one-parameter groups
of affine transformations y*: v + a(t)v + b(t) on R. We may restrict attention to
positive affine transformations, y € A™. (Similarly in the multivariate situation the
linear part of y* has positive determinant.) Each y € 4™ has the form y(v) = av+5b
with a > 0, and determines a unique one-parameter group. If a = 1, then y
is a translation over b, and y’ is a translation over tb; for a # 1 one may write
y() = a(v —c¢) + ¢, with (1 —a)c = b. Then y is a scaling with center ¢, and
y'(v) = a'(v —¢) + ¢. Write a = e*. Use (2) in the Preview to represent these
groups y’ as matrix groups with matrices of size two. The derivative in 7 = 0 yields
the generator C since /€ =1 +tC + O(t?) fort — 0:

Al -6 9)=6 o)
(e ) =6 )~ (80

The lower right entry t in C is the Pareto parameter of the excess measure, and of
the associated GPD G in (5) in the Preview. The lower left entry has no geometric
significance. It depends on the coordinates, like the center ¢c. One may choose
coordinates so that C has Jordan form. It then is simple to write down the expression
for y! = e'C.
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If pis an excess measure and y’ (p) = e’ p, and p[ jo, 00) = 1, then p[y* (jo), 00) =
e, and hence

y(Jo) > Jo-

So start with a positive affine transformation y and a real jo such that y(jo) > jo.
The orbit

UssJ) ={"Go) |t € R} (18.8)

is an unbounded open interval: R if y is a translation v +— v + b; (¢, c0) if y is an
expansion with center ¢; (—oo, ¢) if y is a contraction with center c.

Proposition 18.7. Given a positive affine transformation y and a real jy such that
v(jo) > Jjo, there is a unique excess measure p on (j«, j*) such that y'(p) = e'p
and p|jo,00) = 1.

Proof. Define R: (js«, j*) — (0,00) by R(y'(jo)) = e~!. This defines p on
(js, J*) by R(v) = plv,00) for v € (j«, j*), and y'(p) = e’(p) holds since
R(y'(v)) = R(y'v*(jo)) = ey (v) for v = y*(jo). O

Do we now have all excess measures p which are finite and positive on some
halfline [jg,00)? No! One easily checks that 1/v? is the density of an excess
measure p on R \ {0}. Excess measures may live on more than one orbit! In the
univariate case we shall restrict attention to excess measures which live on an open
interval, and satisfy p[jo,00) = 1 for some jo € R. The excess measure then is
determined uniquely by the symmetry group, and j.

We now want to extend the correspondence between one-parameter groups of
transformations y’ and excess measures p to a correspondence between curves which
vary like Y’ and probability distributions in the domain of p. We shall not distinguish
curves which are asymptotic, or dfs which are tail-equivalent. We start by selecting
a well-behaved curve.

Suppose o, = )1 ... Yn Where y, — y. Assume y(jo) > jo. Then y,(jo) >
Jjo for n > ny, and hence o,+1(jo) > an(jo) for n > ng. Define «(¢) by interpo-
lation, as in (18.7): «a(t) = Oln)/,’,ﬂ forn <t <n+41,n > ny. The inequality
Yn(jo) > Jjo implies that z — Y/ (jo) is increasing on the orbit of y, generated by
Jo. Hence t — «(t)(jo) is increasing for ¢ > ny. We have the following result:

Proposition 18.8. Suppose o, = oy ... yn where y, — y for a positive affine
transformation y. Let y(jo) > jo. Then oy(jo) is eventually increasing. Set
lim o, (o) = Voo < 00, and let yo < Voo. There is a continuous curve « . [0, 0c0) —
AT, which varies like y*, such that a(n) = a,, eventually, and such that

t=y@)=a()(jo), t=0 (18.9)

is a strictly increasing continuous map from [0, 00) onto [yo, Yoo)-
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The curve a: [0,00) — AT above varies like y’. Let y(jo) > jo, and let p
denote the excess measure on the orbit (j., j*) of jo associated with y* and j,. We
shall construct a continuous df F which satisfies

e'a(t) ' (dF) — p weakly on [v,00), ¥ > ji, ¢ — 00. (18.10)

Proposition 18.9. Givena, y and jo as above, define the df F on the interval [yo, Yoo)
by F(y(t)) = 1 — e with y(t) as in (18.9), and let R be the tail function of the
excess measure p determined by y and jgy in Proposition 18.7. Then T = 1 — F
satisfies

T(a(t)))/T(@(t)(jo) = e'T(a(t)(v)) > Rv), v € (jx.j"). t — oo

Proof. Write v = y*(jo). Lett, — oo. Forn > ng there exists a unique s, such that
a(ty)(v) = a(ty + 5n)(jo). (For r > s the limit relation a(¢,) ' (et (t, + r)(jo)) —
0" (jo) > vimplies a(t,)(v) < y(t, +r) eventually. Similarly «(z,)(v) > y(t, +9)
for ¢ < s. By the Intermediate Value Theorem there exists s, € (g, r) for which
equality holds. Since ¢ + y(¢) is strictly increasing the value of s, is unique.) Now
observe that

e T(a(ta + 51)(jo)) = e — e~ R(jo) = R(y*(jo)) = R(v)

by definition of 7', s and R. O

If B: [0,00) — AT varies like y’, then B(¢) ~ a(t) fort — oo, if we define o by
interpolation as above with ,, = B(n). Lett, — 00, and v, — v € (J«, j*). Then
vl = a(tn) "' B(tn)(vy) — v. Hence v}, = a(8,)(vy) for a sequence §, — 0, and
B(ty)(vn) = a(sy)(vy) if we choose s, = t, — 8,. In particular B(1,)(jo) = Voo-
The proposition thus gives the following result:

Theorem 18.10. Let p be the excess measure on (j«, j*) associated with the group
y!in AT, and the point jo. Thus y'(p) = e'p fort € R, (j«, j*) is the orbit of jo
defined in (18.8), y(jo) > jo, and p[jo.o0) = 1. Let B: [0, 00) — AT vary like y*.
There exists a df Fo such that 1 — Fo(B(t)(jo)) ~ ¢! fort — oo. Any probability
distribution 7w with df F tail asymptotic to Fy satisfies:

e B(t,) () — p weakly on [v,00), t, — 00, U > Jjx.
We shall now prove the converse. A df F € DT (r) determines a curve in 4.

We need to introduce the inverse function to the von Mises function ¥ introduced in
Section 6.
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If y satisfies (6.4), the inverse function j = < exists, is C2 on a neighbourhood
of ¥ (yso) = 00, and satisfies

A@) = j'() =

J'o v
JEOR(OE
By the Intermediate Value Theorem
Aty + sn) N J(tn + sn) — j(tn)
A(ty) ' Alty)
These relations are well-known from IT-variation, the second-order theory of regular

variation developed by de Haan [1970]. Set 8(¢)(v) = j(¢t) + A(¢)v. Then (18.12)
gives

1
GO =a(j()) >0,

(j(0) =d'(j{t)) >0, t— co.

(18.11)

-5, th—>00,s, >seR. (18.12)

J(tn + sn) + Aty + sp)v — j(tn)

A0 —>s+v=:0°")

ﬂ(tn)_lﬂ(tn +50) (V) =

fort, - ocoands, — s € R.

Theorem 18.11. Let F € D1 (1). Let y* = ' where C is a generator with lower
right entry T, and let y(jo) > jo. Let p be the excess measure on (j, j*) associated
with C and jo. There exists a continuous curve a: [0,00) — A1 which varies like

y! such that (18.10) holds.

Proof. Choose coordinates such that p lives on (—o0, 0), R, or (0, 00), according as
7 < 0,7 =0,0rt > 0;and jo = sign(z), y'(v) = e*vfort # 0,and y'(v) = v+1
fort =0. Write T(y) = 1 — F(y).

First suppose t > 0. Then T varies regularly with exponent —A where A = 1/7.
We may choose T continuous and strictly decreasing on [0, oo0) with Tp(0) = 1,
such that To(y) ~ T(y) for y — oco. Define y(r) by To(y(t)) = e~!, and set
a(t)(v) = y(t)v. Then

V(tn +50)/y(tn) = To_l(e_tn+s'1)/T()_l(e_ln) —e'", 1, > 00,5 =S

since TO_1 varies regularly with exponent —t. Hence « varies like y’. A similar
argument holds for 7 < 0. The upper endpoint of the df F' is finite, and one may
choose coordinates so that it is the origin. For 7 = 0 one may assume that | —F ~ e~V
where e~V satisfies the von Mises condition, and the proof is given above. O

In the univariate case a description of the domains of attraction in terms of curves
of positive affine transformations which vary like a group of affine transformations —
translations, or expansions or contractions with a given center — may seem like an
exercise in abstraction. In the multivariate case regular variation is a natural approach
to the asymptotics of exceedances.
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18.4 The Meerschaert spectral decomposition. The Meerschaert Spectral De-
composition Theorem, SDT, treats the case where the diagonal elements of the real
Jordan form are not all equal. The SDT is the counterpart in regular variation of
Oseledec’s Theorem in the theory of dynamical systems. We shall discuss the theo-
rem and some of its implications. For the proof we refer to Section 16.9, and to MS.
The results in this section may be found in MS, Section 4.3. We shall discuss the
application of the theorem to exceedances over horizontal thresholds, and give a sim-
ple extension for affine transformations. The SDT is a result on multivariate regular
variation in GL or +; its application is not limited to heavy tailed distributions.

It will be convenient to assume that the probability distribution of our random
vector lives on a d-dimensional linear space L, on which as yet there are no coordi-
nates. We shall write £(R?, L) for the space of all invertible linear maps from R¢
to L. A function A: [0, 00) — £(R?, L) varies like y* = e’C if

A(tn)_lA(Zn +sp) >yt = esC’ th > 00, s =5, s € R. (18.13)

For the moment y*, ¢ € R, is a one-parameter group of linear transformations on R¢.
Affine transformations are treated in Theorem 18.18.

We first discuss the case where y? = e’ are diagonal linear transformations,
C = diag(ty,...,74), with 7y < --- < 4. In that case it is possible to choose the
normalizations to be diagonal too, in appropriate coordinates.

Proposition 18.12. Suppose A: [0, 00) — £(R?, L) satisfies (18.13), where C =
diag(zy,...,1q) with 1y < --- < t4. There exists T € £(R%, L), and diagonal
matrices

B(t) = diag(e®' D, ..., e% W) ~ T71A(r), t — oo, (18.14)
where the @y : [0,00) — R are continuous, piecewise C' functions, which satisfy
ok(t) >, t—o00, k=1,...,d.
If L is an inner product space one may choose the coordinate map T to be an isometry.
Proof. This is a special case of the SDT below. O

Example 18.13. Let 7 be a probability distribution on the d-dimensional linear
space L. Assume

e'a(t) Y (n) - p weakly on eB, t — o0, £ > 0,
where a: [0, 00) — £(R¥, L) varies like y* = diag(e’™, ..., e'™). We assume

O<ny<---<14.
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Then p is an excess measure on R? \ {0} with symmetries y* = ¢’C. The linear
isomorphism T : R¢ — L from the proposition above defines coordinates on L. Let
Z = (Zi,...,Zg) be the random vector on R? with distribution 77 (7). Let K be
the open cube K = (—1, l)d, and for ¢t > 0 let R; be the rectangle

Ri = (=b1(1),b1(1)) X - X (=ba (1), ba(1)) = B@)(K), bi(t) = e,
Z'! denotes the vector Z conditioned to lie outside R;. Normalize the components:
W = (Z{/bl(t),...,Zé/bd(t)) € K°.

Then W; = W fort — oo, where W has distribution 1%dp/p(K€). O

If the generator C of the linear group y’ is in real Jordan form, the diago-
nal elements of C denote the expansion rate in the corresponding directions. Let
01 < +-+ < oy, denote the distinct diagonal elements of the generator, with positive
multiplicities d1, . . ., dy,. Then one may write

RY = RY x ... x R9m, ! =y ® QY.

where y,i is a one-parameter group on R . The eigenvalues of y]’c all lie on the circle
of radius r; = ¢’°% in C. If p is an excess measure such that y*(p) = e’p then
the marginals pg on R% satisfy Vi (pk) = €’ pi. The tail behaviour of this marginal
excess measure is determined by the exponent o. For &€ > 0

r ¢ Lr%p(rB°) < rf, r— oo.

The SDT gives similar tail bounds for probability distributions in the domain D°°(p).

Letus introduce some notation. Given functions f; : X — Y fork = 1,...,m,
one defines the function f = f1 ® -+ ® f,, from the product X = X1 x --- x X,
to the product ¥ = ¥Y; x --- x ¥Y,, by

(fl ®"'®fm)(x1w-wxm) = (fl(xl)w--»fm(xm)) €Y, (x1,....,xm) € X.

If L is ad-dimensional linear space, L = L1 +---+ L, where Ly is alinear subspace
of dimension di, and dy +- - -+ d,,, = d, then L is isomorphic to L X--- X L,,, and
we shall use the same notation for linear maps. Thus if Ag: R% — Ly is a linear
map fork =1,...,m,wewrite A = A1 ® --- ® A, for the linear map which maps
(Wi, ..., W) € ROT"FTdm into Ajwy + -+ + Apwm € L.

Theorem 18.14 (Meerschaert Spectral Decomposition). Let A: [0, 00) — £(R%, L)
vary like y*, see (18.13). Assume y' = y{ ® --- ® vy}, where y} is a one-parameter
group of linear transformations on R% , all eigenvalues of yy lie on the circle of
radiusry = e’c inC, ry <---<rmanddy +---+ d, = d. There exist linear
subspaces LiBL of dimension dy, fork = 1, ..., m, which span L, and continuous
curves By : [0, 00) — L(R%, L) which vary like y,i, such that

B(t) = Bi(t) ® -+ ® Bu(t) ~ A(t), t — oo. (18.15)
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Proof. See Meerschaert & Scheffler [2001], Theorem 4.3.10, and Corollary 4.3.12.
|

The SDT allows one to transfer the spectral decomposition of the one-parameter
group y* = ¢'C, t € R, to linear normalization curves B(t) which vary like y*. The
theorem thus allows us to restrict attention to curves A: [0, 0o) — £(R¢, L) which
vary like y?, where the y’ are linear transformations which grow at the same rate in
all directions, in the sense that all eigenvalues of y’ lie on a fixed circle with radius
rt =e'"inC.

The SDT becomes more transparent if one regards A(¢) as linear isomorphisms
from one linear space L’ to another linear space L. In the setting of high risk scenarios
L' is the space on which the normalized vectors live, the normalized sample clouds,
and the excess measure. On L’ we use the coordinate w. The z-space L is the
domain of the original random vector Z, the sample clouds {Z1, ..., Z,}, and the
high risk scenarios Z# and Z% ‘. The one-parameter symmetry group y’, ¢ € R, of
the excess measure acts on L’; the generator C of this group determines the spectral
decomposition

L'=L,+--+L,, dim(L}) =di, di+-+dn=d=dim(L). (18.16)

The subspaces L;c are invariant under y?, and the eigenvalues of the restriction y,i
lie on a circle of radius r]tc = e'% withr; < .-+ < rp,. The SDT gives a similar
decomposition for z-space L = Lj + -+ + Ly, with dim(Lg) = dy = dim(L}).
Moreover one may replace the original normalization curve A(¢), ¢t > 0, by a curve
B(t) = Bi(t) ® -+ ® Bm(t),t = 0, where By (t): L), — Li varies like y;. This
decomposition of B(z) reflects the decomposition y* = y! ® --- ® /.

However there is a crucial difference between the decomposition of L” and of L.
The decomposition (18.16) of L’ is unique, as is clear by writing C and y* = ¢’C in
Jordan form. The decomposition of L reflects the rate of decrease of the tails of the
distribution 7 of the random vector Z in the different directions. This decomposition
is not unique, as we saw in Section17.4. The convention ry < - -+ < 1y, for rp = €%
implies that the tails of 7 become heavier as the index k increases. The subspace L,
of the heaviest tails is unique, and so are the subspaces

My=Lgy1++Lpm, k=0,....m—1, (18.17)

and the dual subspaces M ,j = {& | EM} = 0}. The subspaces My in this decreas-
ing sequence have a simple intrinsic characterization in terms of the original curve
A:[0,00) — £(L', L).

The rvs £Z for which £ does not vanish on L,, all have the same tail exponent.
These tails need not be comparable. The decomposition here differs from the one in
Section 17.4, where tail exponents were allowed to be equal.
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Let us first discuss uniqueness of the curve B(f) = B1(t) ® --- Q@ By, (¢),t > 0.
Let Q be a linear transformation on L. Set B’(t) = QB(t). Then:

1) The curve B’ varies like y* since B'(t)"'B’(t +5) = B(t)"'B(t + 5). The
factors Q™! and Q cancel.

2) B'(t) = B{(1) ®---® By, (t) where B; (1) = Q¢ Br(t),and Q = 01 ®--- ®
Qmmaps Ly +---+ Ly, onto Ey + --- + E,, with E = Q(Lg) because Q is a
linear isomorphism.

Conclusion: One may replace B(t) by B’(t) = QB(t) in the SDT provided B’(¢) is
asymptotic to B(t) for t — oo.

Proposition 18.15. Let A(t) and B(t) be as in the SDT. Let L = My D M; D --- D
M,,, = {0} be the linear subspaces in (18.17). Let E1, ..., Ey, be linear subspaces,
such that My = Exyq + -+ + Ey and

dim(Ey) = di = dim(L}) = dim(M_y) —dim(My), k=1,...,m.

There exists a curve of invertible linear maps A'(t) = A|(t) ® --- ® A, (1), t > 0,
such that A'(t) ~ A(t) fort — oo, and such that A (t): L) — Ey varies like y;
fork =1,...,m.

Forany such curve A': [0,00) — £ (L', L) there exists alinear transformation Q
on L such that Q(Ly) = Ex and A'(t) ~ B'(t) = QB(t) fort — oc.

Proof. Recall from linear algebra that one may identify the linear space M = L¢ +
My with Lo x My if M is the direct sum of Lo and My, i.e. if dim(Lg) +dim(Lg) =
dim(M). If E is a subspace of M such that M is the direct sum of E and My, then one
may identify E with the graph of a linear map F: Ly — M. The correspondence
between E and F is one-to-one. Hence with Ej we may associate a linear map from
Ly to ExBMy_q:

Wi = Wk + Opy1,xWk + -+ Omkwi, Qjk: Ly — Lj.

Any linear transformation Q on L determines a matrix (Q;;), where Q;; is a linear
map from L; to L;. Assume Q;; is the identity on L;, Q;; = Ofori < j, and Qj;
fori > j is determined by the decomposition L = E; + --- + E,, as above. Then
B'(t) = OB(t) = B{(t) ® --- ® By, (¢) where B, (t): L} — Ej varies like y;. We
claim that B’(¢) ~ B(t) fort — oc.

Given the spectral radii 7y < --- < 1y, of y, choose constants g5 < ry < s§ such
that

g1 <r <81 <@ <rn <5< <Sp-1<gdm <rm <Sm.

There exists #o > 0 such that

IBe)|l < st IBZM < 1/qh, t>to, k=1,....m.
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Then B~1(t)B'(t) = (Sk;(t)) where Sg;(t) = Bk_l(t)ijBj(t). Hence (Sg; (7))
is lower diagonal, Sk (?) is the identity fork = 1,...,m, and fort > t9, k > j

1Sk I < 1B~ 1 Qs N B (Il = M(s;/qx)' — 0, 1 — oo

Hence B(t)"!B’(t) — id for t — 0.

So we may take A’ = B’ = QB in the proposition. This proves existence.
Conversely, if A" has the desired form then A’ is asymptotic to A, and hence to B by
the SDT, and to B’ = QB by the argument above. O

Corollary 18.16. Ina Euclidean space L one may choose the subspaces Ly inthe SDT
to be orthogonal. Under this extra condition the decomposition L = L1+ -+ Ly,
is unique.

The spaces My and their duals M k+ = {& | £(M}) = 0} have a simple character-
ization in terms of the curve A(¢), ¢t > 0 in the SDT.

Proposition 18.17. Let 0 < ¢ < 041, where we set 09 = —00 and Oy +1 = 00.
Then
EMy) =0 < & :=e “EA(t) > 0, t— 0.

If§ & My, then ||| — oo

Proof. We may assume ¢ = 0 by a simple transformation: replace o} by o} — ¢, and
A(t) by e~ A(t). We shall assume that the subspaces L; are orthogonal, see above,
and define N9 = M}y and N; = NOl to be the subspace of all vectors orthogonal to
No. We write £ = (&, £1) where &; vanishes on Nj_; fori = 0,1. Set {; = £EB(¢).
This is a linear functional on R¢. Asymptotic equality A(t) ~ B(t) for t — oo
implies

1E N = 115 AT B ~ [1&]-

So we may replace & by ¢;. The ellipsoid E; = B(¢)(B) has the form E;, =
{Qor + Q1 < 1}, where Q;; is a quadratic form on N;. Since ||B;(t)|| — 0 for
LiBNyand || B;(t)~"|| — Ofor L;BNy the ellipsoid Eg; = {Q¢; < 1}on Ny contains
the ball rB N Ny eventually for any r > 1, and the ellipsoid £y, = {Q1; < 1} on
Ny is contained in the e-ball eB N Ny eventually for any ¢ > 0. If & # 0 then
Cor = &9 B(t) satisfies $o: (B) = &0(Eos) > r&(B), and hence ||{os|| — oo, which
gives ||| — oo. If & = 0, then ¢;(B) = &1(E1r) < €&1(B), and hence {; — 0,
and ¢ — 0. O

Asymptotic equality A(¢) ~ B(t) implies that the ellipsoids F; = A(¢)(B) and
E; = B(t)(B) are asymptotic. This not only means that the volumes are asymptotic,
| F¢| ~ | E¢]. By (18) in the Preview it also implies

Mg, = 1F, It = o(|E(]), t— oo.
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In particular for any ¢ > 0 eventually e ®E,;BF;Be®E;. The ellipsoids F; also
converge to the linear subspace Ny in the sense that for any compact set KBNg and
any ¢ > 0 eventually KBF;B(Ng + ¢B).

We now turn to affine transformations on R¢. These may be regarded as linear
transformations on R'+< by adding a virtual zeroth coordinate, as in (2) in the Preview.
However it is not clear that this coordinate is preserved by the matrices By in the
decomposition. Hence we write affine transformations as w — a + Aw, where a is
a vector in L, and A an invertible linear map from R? to L.

Theorem 18.18 (Affine Spectral Decomposition). Lety’ = yi®---®y},t € R, bea
one-parameter group of affine transformations on RY = R4 +-+dm  Write y,i(wk) =
qr(t) + Q,’cwk Jor wy € R, where Oy is an invertible linear transformation on
Rék. We assume that the eigenvalues of Qy all lie on the circle of radius ry in C,
where 0 <1y < -+ < Fp.

Let L be a d-dimensional linear space, and let «(t), t > 0, be affine transforma-

tions:
a()(w) = a(t) + AH)w, a(r): R > L,

where A(t) are invertible linear maps, and a(t) vectors in L. Assume
a(ty) Loty + s0) = ¥5, tn = 00, sp — 5, 5 € R.

Then one may write L = Ly + -+ + Ly, as the sum of linear subspaces Lj of
dimension dy, and there exist invertible affine maps By (t), t > 0,

Bi () (we) = bi(t) + Be(wi,  Pr(t): R% — Ly,

with by (t) € L, and By (t) invertible linear maps, such that

B):=p1(t) Q@+ ® Bm(t) ~a(t), t— oo.

If L is an inner product space, one may choose the linear subspaces Ly orthogonal.
Suppose qi = 0 forry # 1. For ry > 1 the maps By (t) may then be chosen linear,
br(t) = 0, and for ry < 1 one may choose by (t) = py for some point py € L.

Proof. The curve A: [0, 00) — £(R¥, L) varies like Q*, ¢ € R, where Q0 = Q| ®
-+ ® Q, is the linear part of y. By Theorem 18.14 there exists a decomposition
L =Ly+-+ L, and Bg: [0,00) — £(R%, L) such that A(t) ~ B(t) =
B1(t) ® --+ ® Bj(t) for t — oo. By the remark following the theorem we may
choose the subspaces L to be orthogonal. Set B(¢)(w) = a(¢t) + B(t)w. Then
B(1) ~ a(t) since a(t)'f(t)(w) = A(t) ' B(t)w — w for t — co. Hence B
varies like y*. Write a(t) = a1 (t) 4 -+ - + am(t) with ag (t) € Ly, and B (1) (wy) =
ar(t) + By (t)wg. Regular variation of B,

lg(fn)_lﬁ_(ln +sp)(w) = y(w), t, > 00, sy >, s€R
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implies that By : [0,00) — £L(R%, L) varies like vg fork = 1,....m. Now
suppose g = 0 for rp # 1. If rp > 1then y., t € R, is a linear expansion group,
and B (1) ~ B(t) fort — oo by Lemma 16.13; for r, < 1 the eigenvalues of yi lie
inside the unit circle in C, and there exists a vector p; € Ly such that B (¢) ~ Bi(t)
with B (¢)(w) = px + Br(t)w by Lemma 15.15. O

It is possible to choose the origin in L such that the B (¢) are linear maps for
rr # 1. If the linear part of y has no eigenvalues on the unit circle, then one may
choose a new origin in R¢ and in L such that y! is a group of linear transformations,
and such that a(¢) ~ A(t), where A(t) is the linear part of () in these coordinates.
If y has an eigenvalue on the unit circle in C, it may not be possible to replace the
affine transformations «(¢) by linear transformations, even if y is linear, as is shown
by Example 17.28.

The SDT is a basic tool in the analysis of D°°(p). In MS the domain D> (p) is
characterized as the set of probability measures which vary regularly with exponent C,
where C is the generator of the one-parameter group of symmetries of p.

We now turn to the domain D”(p). Let us first show that the vertical coordi-
nate n may be incorporated in a coordinate system such that the linear subspaces

My in (18.17) are coordinate spaces. Let ej,...,eq be a basis for L such that
€4, +tdj+1----€q is a basis of My for k = 0,...,m — 1, and, equivalently, the
coordinates &1, ..., &4, 4...4q, Span Mk+.

Lemma 18.19. Let n = c1§1 + -+ + ¢;&; be a linear functional with c¢; # 0. Then
one may replace §; above by 1 to obtain a new coordinate basis &1, ... ;. This
basis also satisfies

M,:' is spanned by &1, . .. ’5211+~~+dk’ 0<k<m.
Proof. For each i the elements &,...,& and &, ..., &/ span the same space. |

Let 7 € D®(p), where y’(p) = e’ p, with p' = '€ a linear expansion group.
Let 0y < --- < 0y, be the distinct diagonal elements of the real Jordan form of C,
with multiplicities d, ..., d,. Both z-space and w-space have a decomposition
R? = R9 x -+ x R%m, such that

yt='}/{®“'®)/,tn:[RdlX"'X[Rdm—)[Rd1X"'X[Rdm
e'B(t) () — p weaklyon eB®, t— o0, £ >0
B(t) = B1(1) ® ++ @ Bm(1): R -+ x R — RY1 oo x RO,
where By (¢) varies like yf = e Ck on R% . Here Cy is in real Jordan form, with all

dy diagonal entries equal to oy. Let ;. and pg denote the corresponding projections
of = and p on R% . Suppose the vector Z = (X,Y) € R**! has distribution .
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Let F be the df of the vertical component Y. We are interested in conditions which
ensure

1) 1 — F(y) varies regularly in co with exponent —4 < 0;

2) R(y) = F(—y) + 1 — F(y) varies regularly in co with exponent —A < 0;

3) F(—y)/R(y) — p € [0, 1] for y — o0;

4) Z € D"(p).

By the lemma above we may choose the vertical coordinate 1 to be one of the
coordinates in the decomposition above, Y = n(Z), and n = §;. With this coordinate
is associated a rate of decrease 0. By Proposition 18.17

Y’R(y) >0, y—>o00, c¢<l/oyg,

— 00, y—>o00, c¢>1/0.

Proposition 18.20. If C, = oyl and p is full, then 2) holds with A = 1/ok. If
in addition pi{6 > 1} > 0 for every unit functional & on R%, then 1) holds with
A =1/oy. If dp, = 1 then Bi(t)wr = bi(t)wy for a non-zero real by (t), and py, is
a measure on R \ {0}. Assume by (t) is positive eventually, and py[1, 00) > 0. Then
1), 2), 3) and 4) hold.

Proof. The first two statements follow from Proposition 17.12. The last statement
holds since y’, ¢t € R, is a one-parameter group in Al B(t) € Al fort > 0, B(t)
varies like y*, and the limit measure p does not vanish on {v > 1}BR¢. |

If the eigenvalues of y? all lie on the circle with radius r’, the Jordan form may
have entries below the diagonal, indicating a shear component, or blocks of size two,
indicating a rotational component. The distribution tail of the vertical component Y,
or of | Y|, need not vary regularly in these cases. However there exist bounds in terms
of R-O variation, see MS, Theorem 6.1.32 and Definition 5.3.12.

The condition (X, Y) € O implies that the convex hulls of the sample clouds
may be normalized to converge, and A = I' = R?. In particular horizontal half-
spaces which do not contain the origin are steady.

Example 18.21. Suppose Z = (X,Y) € R? lies in the domain D”(p), where p
is an excess measure with symmetries y’: (u1,u2,v) = (e "uy,e’us,v +1t). Let
Jo be a horizontal halfspace such that p(Jy) is positive and finite. One may choose
coordinates (Z1, Z,,Y) with

Zi=ao+a1 X1 +axXa+aY, Z,=b1X1+bXs+bY

such that a(t) "1 (ZH®) = W fort — oo where W has distribution 1s,dp/p(Jo),
and where the a(¢) € A" are diagonal,

a(t) (U, uz,v) = (e Ouy, e?2Duy b(t) + c(t)v),
9i(1) = 0, b(r) = c(1). ¢(t)/c(t) — 0.
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Here H (t) are horizontal halfspaces {y > y(¢)} such that P{Y > y(t)} ~e™%. ¢

18.5 Limit theory with regular variation. We now return to the basic limit relation:
pr = e'a(t) ' (w) — p vaguelyon O, t — oo. (18.18)

Here 7 is a probability distribution on R¢, and p a Radon measure on the open set O.

We assume that O is maximal and that «: [0, 00) — s varies like y? = €.

We shall prove that the limit measure satisfies the basic symmetry relation y’ (p) =
e’ p, that O is invariant under y?, and that this also holds for the intrusion cone A
and the convergence cone T', introduced in Section 5, and the corresponding sets of
halfspaces. We begin with a simple lemma.

Lemma 18.22. If p, — p vaguely on O, and B, — B in A, then B,(pn) — B(p)
on B(0).

Proof. Let ¢ be a continuous function on §(0) with compact support K. Let U
be a neighbourhood of B~!(K), whose closure is a compact subset of O. Then
@n = Y o B, is a continuous function with support contained in U forn > ng. Hence

S ¥dBn(p) = [ ondp — [@dp = [¥dB(p). O

Proposition 18.23. The limit measure is symmetric, and O is invariant.

Proof. Lets € R. Letr, =t, + s, with s, — s and t,, — oco. Then (18.18) gives
&(tn) T tn + Sn)Pry-tsy = € a(ty) " () = % py,. (18.19)

By regular variation a(t,) 'a(r,) — y*. Let n — oo in (18.19) to obtain the
symmetry:

Y (p) =e€'p, seR

The left side converges on y*(0). Hence so does the right side. By maximality
y$(0)BO. Similarly y~(0)B0, which gives OBy*(0). |

A variation of this argument gives the powerful Extension Lemma.

Lemma 18.24 (Extension Lemma). Let «: [0,00) — A vary like y', and let p be
a Radon measure on the open set OBR? such that y*(p) = e'p fort € R, and
Y1 (0) = O. Let 7t be a probability measure on R, and UogBO open. If

p: = e'a(t) () — p vaguely on Uy, t — oo,

then vague convergence holds on U = | g v* (Up).
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Proof. In view of Proposition 5.16 it suffices to prove that vague convergence holds
on Uy = y~(Up) foreachs € R. Solety: R — [0, 1] be continuous with compact
support KBUs. Let t,, — 00, s, — s. First observe that y*(K) is a compact set in
Up. Hence y*(K)BVBK1BUy for some open set V' and compact K;. If §,, — y* then
3, (K)BV eventually, ¢, = ¥ 06, = Y oy®,and 0 < ¢, < 1k, forn > ng implies

/(pndptn-l-sn %/woysdp' (18.20)

Now observe that (18.19) holds. For 8, = a(t,) 'a(t, + s,) this gives

/@ndptn-l-sn :esn/‘pdptn-

The limit (18.20) then yields convergence to [ ¥ o y*(dp) = e* [ Ydp. O

We do not need the full force of (18.18). Suppose this limit relation only holds
for a sequence which diverges to infinity. If the sequence contains the integers n!
and n! + 1 then (18.19) with ¢, = n! and r, = n! 4+ 1 implies that y(p) = ep. If
the sequence also contains the numbers n! + log 2 then y'°22(p) = 2p. It follows by
Theorem 18.28 that y*(p) = e*p for all s in the closed additive group generated by 1
and log 2. Since log 2 is irrational this equation then holds for all s € R, and hence p
is an excess measure.

Proposition 18.25. [f (18.18) holds for a sequence t,, — 00, and t,, 41—ty is bounded,
and if y*(p) = e*p forall s € R, then (18.18) holds fort — oc.

Proof. Let r, — oo. We shall show that (18.18) holds for a subsequence of ().
So assume r, = f, + s, where s, — s > 0. Use (18.19) to write p,, =
es"a(rn)_la(tkn)ptkn. Lemma 18.22, applied to the sequence a(r,) a(ly,) —
y~*, allows us to take the limit on the right. Hence p,, — e*y~%(p). By the
symmetry assumption the right side equals p. O

If the halfspace Jo8 O has finite measure, then so has y*(Jp) foralls € R. Thusthe
set #o of all halfspaces J B O of finite mass is invariant under the affine transformations
y!, t € R. Recall that a halfspace JoBO is sturdy if Jy is interior point of FHy;
equivalently for any sequence J, — Jy, eventually J,80 and p(J,) < oco. The
directions of sturdy halfspaces form an open cone A in the dual space, the intrusion
cone. Let y*(w) = a(s) + A(s)w. Then y~° maps the halfspace H = {§ > c} into
Yy (H) = {§A(s) = ¢ — §a(s)} since

zey S (H) < vy’(z) e H < £A(s)z + Ea(s) > c.

Both the intrusion cone, A, and J2, the set of sturdy halfspaces, are invariant under
t
yht e R
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Example 18.26. Suppose A contains the functional £, = (1,1, 1). If the y’ are
scalar expansions all one can say is that A contains all functionals £ sufficiently close
to £y since the intrusion cone is open. If Yy = (e’,e?",e3) then A contains the
orbit {(r,r2,r3) | r > 0} and hence by convexity all £ = (a, b, c) € (0,00)3 with
b? < ac. The same holds for the convergence cone. O

Proposition 18.27. Suppose (18.18) holds. The convergence cone T', and the set J0*
are invariant under the transformations y".

Proof. Let s, — s, t, — oo, and set r, = t, + sy, and B, = a(t,) La(r,).
Then B, — ¥, and B,(p,,) = e p, by (18.19). Now suppose J € H' and
p(8J) = 0. Then p;, (J,) — p(J) for any sequence J, — J. Choose J, such that
Br' (Jn) = y~*(J). Then

Prn (Y 5(I)) = pry (B ' (In)) = € p1, (Jn) = €°p(J) = p(y—*(J)).

Hence p;(y~*(J)) — p(y~5(J)) for t — oo holds for any J € H' for which
p(dJ) = 0. Since y 5 (#T)is openin H it follows that y 5 (FT)BHT by maximality
of #T. Equality follows as above. O

18.6 Symmetries. We shall now embark on an investigation of excess measures.

For a measure p on R? there is a maximal open set O on which p is a Radon
measure. The set O consists of all points z € R4 which have a neighbourhood on
which p s finite. If & is a symmetry of p then «(O) = O. Recall that « is a symmetry
of p if there is a constant ¢(«) > 0 such that «(p) = c(a)p.

Theorem 18.28. Let p be a Radon measure on an open set OBR?. The set § of
symmetries of p is a closed subgroup of A. For o € § let c(a) > 0 be the constant
such that a(p) = c(a)p. The map c: § — (0,00) is a continuous homomorphism
into the multiplicative group of positive reals.

Proof. Tt is clear that ™! is a symmetry if « is, and that o8 is a symmetry if «
and B are symmetries. So § is a group. It is also clear that c(¢™') = 1/c(«) and
c(af) = c(a)c(B). It remains to show that § is closed and ¢ continuous. So let
o, € § converge to ag € 4. We shall assume that the open set O is maximal.
We claim that ¢g(O) = O. Above we saw that o, (O) = O by maximality of O.
Let U = w + rB be a small open ball in O. The images E, = «,(U) are open
ellipsoids, and Eq is contained in the union E; U E; U .... Hence Eo¢B0. This
proves o (0)BO. Similarly iy ' (O)BO. Together this gives ag(0O) = O. Now let
@ > 0 be continuous with compact support K contained in O, and [ ¢dp = g > 0.
Let K180 be a compact neighbourhood of K. Then

c@n [vdp= [ wdan(p)= [oaz'dp— [ goaiiap= [ pdanip
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The sequence ¢ (o) is bounded eventually (by p(co(K1)) max |¢|/g), and hence has
a finite limit. This also holds for the sequence c(a; ) = 1/c(a). So the limit ¢(ag)
is positive, and does not depend on ¢. This shows that o is a symmetry. Hence § is
closed. The relation c¢(o;) — c¢(atg) shows that ¢ is continuous. O

The set § of measure preserving symmetries is a closed normal subgroup of §
since it is the kernel of the continuous homomorphism o + c(«). If p is an excess
measure, and y’(p) = e’p for ¢ € R, then any symmetry « has the form

a=y'o=0"y", t=logc(a), 0,0/ €38.
The one-parameter group y’, ¢ € R, is not unique, unless the group § of measure
preserving symmetries is discrete. We need some elementary Lie group theory to
understand the situation.
A one-parameter group o’ = e’4 is determined by its generator,

;s
ool —1d
A = lim
t—0 t

where we use the representation (2) in the Preview if the transformations a are non-
linear. Let g be the set of generators A of all one-parameter groups o' = ¢4 for which
there exists a constant ¢ = c¢(a) > 0 such that o’ (p) = ¢’p forr € R. The set g is a
linear space. It is called the Lie algebra of the group §. Actually g is determined by
the connected component of the group ¥ which contains the identity. The component
of the identity is a normal subgroup, &y, which is both open and closed in §. Any
sequence o, in ¥ which converges to the identity will lie in §y eventually, and has
the form o, = e, n > ny, for a null-sequence A, in g. Section 18.13 gives more
details.
The homomorphism « +— ¢(«) on & corresponds to a linear functional 6 on g:

cle?) = N g€ g.

Thekernel s = {6 = 0}Bg of 8 is the Lie algebra of the group & of measure preserving
transformations. The y € § which satisfy (9) in the Preview are determined by a
hyperplane in the Lie algebra g:

yi=e'C, C e{6=1)8g.

Example 18.29. If p is Lebesgue measure on (0, 00)> then & is the group of positive
diagonal matrices, and ¥ is the group of matrices of size three with one positive entry
in each row and column, and six zeros. There is a discrete group of six measure
preserving transformations, which permute the axes. The group & is not compact.
The Lie algebra g of § consists of all diagonal matrices; —8 is the trace. So C is a
generator for p if C is diagonal, and the diagonal sum is —1. O
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Let C generate the group y* which satisfies y’(p) = ep, and let 0 = e be a
measure preserving transformation. The three transformations

eSTC oy, yo: o=e5 y=eC, Sec{ =0}, Cec{d=1

map p into ep. In non-commutative groups the three may be distinct. Meerschaert
& Veeh [1993] give a thorough analysis of symmetry groups for excess measures
associated with linear expansion groups.

Definition. An excess measure p is an XS-measure if the group of symmetries § is so
large that § (Jy) is a neighbourhood of Jy, and if p lives on an orbit of the component
of the identity of §.

Examples are the multivariate GPDs, but also Lebesgue measure on (0, 00)? , or on
acone {v > |u||}. Balkema [2006] contains further examples. Such XS-measures p
have the tail property of the univariate exponential distribution in an excessive degree.
For all halfspaces J close to Jy the high risk scenarios dp’ = 1;dp/p(J) have the
same shape.

18.7* Invariant sets and hyperplanes. With an excess measure are associated an
open set OBR?, a one-parameter group of affine transformations y* = e’C, and a
halfspace Jy of finite positive mass. Here we shall prove that p(dJg) = 0. We first
show that invariant sets have mass zero or infinite.

Definition. A set E is invariant under y’, t € R, if
Y(E)=E, tecR. (18.21)
Any invariant set is a union of orbits I, = {y’(z) | t € R}.

Proposition 18.30. If E is invariant, then so is its closure c1(E), its interior int(E),
the convex hull, the cone, and the affine subspace generated by E.

Proof. Suppose z, — z € cl(E). Then y'(z,) — y'(z). Hence y'(z) € cl(E).
If UBE is an open neighbourhood of z then y*(U)BE is an open neighbourhood of
Yi(2). If z = pozo+++++ pmzZm With p; >0, po+++++ pm = 1,and z; € E, then
Y(2) = poy'(z0) + -+ pmy'(zm). Similar arguments show that the cone and the
affine hull generated by E are invariant. O

Invariant Borel sets have mass zero or infinite since

p(E) = p(y' (E)) = e 7" p(E).

We shall now derive a similar result for affine subspaces. In particular this ensures
that p(dJy) = O for any halfspace Jy of finite mass.

First we prove that any affine subspace contains a maximal invariant affine sub-
space.
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Lemma 18.31. For a given affine subspace A let Ay be the union of all orbits T'BA.
Then Ay is an affine subspace. It may be empty.

Proof. 1f z, and z, are distinct points in Ay, and z is a point on the line L through z;
and z; then y?(z) is a point on the line y?(L) through y’(z;) and y*(z,). Hence Ay
is closed for lines. O

Proposition 18.32. Let p be a o -finite measure on R9, and y!,t € R, aone-parameter
group of affine transformations such that y'(p) = e'p fort € R. Then any affine
subspace A contains an invariant affine subspace Ag such that p(A \ Ag) = 0.

Proof. Let Ag be maximal. For z € A\ Ay there exists t > 0 such that y°(z) & A
for 0 < |s| < ¢. Choose t = t(z) maximal. We shall see below that z + #(z) is
measurable. Hence A4, = {t > 1/n} is a Borel set. Suppose p(4,,) = ¢ > 0 for
some m > 1. The sets y*(A,,),0 <t < 1/m, are disjoint Borel sets, each with mass
p(y'(A)) > c/e. This is not possible for a finite or o-finite measure. O

For any EBR? define
tg(z) =inf{s > 0| y*(z)—z € E}, zeR“.

The function z — g (z) is a first entrance time and is universally measurable if E is
a Borel set. We only need a special case.

Lemma 18.33. If E is open or closed then z +— tg(z) is measurable.

Proof. 1f E is open one may restrict s in the definition of g to the positive rationals
and tg is the infimum of functions g1 g, with g > Orational. If £ BR?\ {0} is compact
then tg = suptg, where E, is the open 1/n-neighbourhood of E. If EBR? \ {0} is
closed then tg = inftg, where E, = E N{l/n < |z|| < n} is compact. Finally
observe that tg is measurable for E = {0} since by the Jordan representation of the
generator C for s > 0

Vi(2)=z <= z€E) +---+E,,

where E) is the eigenspace of C for the eigenvalue A € C, and A1, ..., A, are the
eigenvalues on the imaginary axis for which As/27wi is an integer. O

Corollary 18.34. Excess measures do not charge the boundary of halfspaces of finite
mass.
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18.8 Excess measures on the plane. One can explicitly write down all excess mea-
sures on R?, and with some extra effort, on [Rd, for d > 2. First choose a symmetry
group ' = €€, t € R, of affine transformations on the plane. The generator C
may be represented by a matrix C of size 3 with top row zero. If the group contains
no translation component, one may choose the origin so that the transformations y’
are linear, and C is a matrix of size 2. We give the matrices in their Jordan form.
There are two classes of translations (of order one and two), and four classes of linear
transformations: diagonal, scalar, shear, and rotation. The generators are

000 00O\ 0y a0y (A0 P

S T NN G|

0 0 A 010
The parameters A, i, T are real, u < A, and t # 0. Depending on the sign of A and
u there are 3+ 1 + 5 4 3 + 3 4+ 3 = 18 qualitatively different groups.

Invariant sets have mass zero or infinite, as we saw above. Compact invariant
sets have measure zero since p is a Radon measure. It follows that there is no excess
measure for pure rotations (A = 0), or for the trivial group: scalar transformations

with A = 0. (All disks have measure zero.)
The simplest invariant sets are orbits:

I, ={y'(z) |t €R}
Many orbits are graphs. They are of the form
X = y2/2, X = 6’”, y = x“/'l, y=cx, y=xlogx.

Only the spiral orbits associated with rotations do not have this simple structure. The
image of the measure ¢ ~’dt on R under the map 7 — y’(z) is an elementary excess
measure p, on the orbit I', which satisfies y*(p;) = e’ p;, at least if the orbit is not
compact. If the orbit is curved then p, is full. Only for pure translations (A = 0),
pure shears (A = 0), and scalar transformations, there are no curved orbits, and the
support of a full excess measure has to contain at least two orbits.

For rotations with A < 0, the orbits are spirals, and the complement of any disk
rB has infinite measure for p,. All halfplanes have infinite measure. This yields a
third group for which there is no excess measure. For the remaining 15 groups excess
measures exist.

In these lectures we have concentrated on two kinds of excess measures. Those
for which there exists a halfspace Jy of finite measure such that y*(Jo)BJo forz > 0;
and those which are symmetric for expansions (linear groups whose generator have
only eigenvalues with positive real part). Of the fifteen one-parameter groups which
admit an excess measure only the group of pure shears, A = 0, is not of one of these
two kinds.
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Example 18.35 (Pure shears: y'(u,v) = (u,v + tu)). Orbits are the vertical lines
{u = ¢} with ¢ # 0, and the points on the vertical axis. Any excess measure is a
mixture of excess measures p. on the orbit through (¢,0), ¢ # 0. For ¢ > 0 the
excess measure p. is normalized by p.{v > 0} = 1. Then

pe(J)) =€V, i ={v=>1},

and in general p.{v > b} = e¢~b/¢ so that we have p.(H) = oo for any halfplane

H = {v < b + au}. Similarly excess measures with mass to the left of the vertical
axis give infinite mass to v > b + au. To have a halfplane with finite positive mass
the excess measure has to live on one side of the vertical axis. We assume that it lives
on the right. Then one may write

p= / pedp(c)
for some measure p on (0, co). Note that p has a density if u has:
du(u) = m@u)du < dop(u,v) = e **umu)dudv.

(Form = 1(4,) with 0 < a < b both sides give mass (b —a)e™ to {v > cu}.) In
general

M(s) = p(Js) = / ledu(e), Uy ={v=s).

We see that M is a Laplace transform (of the image fi of y under the map ¢ + 1/c¢).
In particular there exists 59 € [—00, o0], the abscissa of convergence, such that the
integral is finite for s > s¢ and infinite for s < s¢. If ¢ is finite one may choose the
origin in (0, s¢). The function M then is analytic on i > 0, and 0 is a singular point.
The measure p is a Radon measure on O = R? \ {(0,v) | v < 0}. All halfplanes

H B0 have finite mass. If so = oo there are no halfplanes of finite mass; if 59 = —o0
then p is a Radon measure on R2, all halfplanes v > au + b with a, b € R have finite
mass, and are sturdy. O

Given the one-parameter group one would like to couple mixtures of elementary
excess measures to halfspaces of finite mass. If p(Hp) is finite then so is p(H;)
for H; = y'(H). Then p is finite for all halfspaces contained in a finite union
H; U---U H,,, and also for all halfspaces HB0 with direction 6 € A. For pure
shears, and excess measures on the right halfplane, there is only one such family
of halfspaces, H = {y > ¢ + bx}, b € R, ¢ > co, where ¢ is the abscissa of
convergence. In general the situation is less simple.

Example 18.36 (Hyperbolic Orbits). Let p be an excess measure which lives on
(0,00)? with symmetries y* : (u,v) — (e 'u, e’ v). The generatoris C = diag(—1,1).
The orbits in (0, 00)? are hyperbolas. Let p. be the measure on I, = {uv = ¢}
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which projects onto Lebesgue measure on the positive horizontal axis. If p = p,
then O = R? and the intrusion cone A is the open left halfplane.

In general the excess measure p on (0, 00)? is a mixture of elementary measures:
p = [ pedpu(c) for a measure 1 on (0,00). There are four classes of halfplanes,
represented by

fu<l}, {v=>1}, {v>u+1}, {u+v<1}.

A simple computation gives p{u < 1} = u(0,00), p{v > 1} = [cdu(c), and
pfv > u + 1} is finite if and only if [(c A \/c)du(c) is finite. The fourth class
of halfplanes, H,, = {au + bv < 1} with a,b > 0, is different. If x is a Radon
measure on (0, oo) and ;4(0, 1) is finite, then p is a Radon measure on R? and p(H,p)
is finite. However u need not be a Radon measure on (0, 0c0). Suppose u has density
1/|c — 1|. Then p(U) = oo for every open set U which intersects the orbit I';.
Now p is a Radon measure on O = R? \ I'y. Halfplanes H,;,BO satisfy ab > 1/4.
Halfplanes of finite mass cannot see the measure p inside the convex region bounded
by the hyperbola I'y. So halfplanes cannot distinguish measures which agree with p
outside this convex region. Moreover the halfplane H B0 cuts off compact sets from
the orbits I, 0 < ¢ < 1. As ¢ varies, the halfplane y’(H) will see both more and
less of the orbits it intersects. The basic assumption of the recipe still applies in this
situation. The mean measure p(y’(H)) = e ! p(H) increases as ¢ decreases. O

18.9 Orbits. We now turn to excess measures on open subsets of R?. Understanding
the structure of the orbits of the one-parameter group y’ in 4 (d) makes it possible
to describe excess measures as mixtures of elementary excess measures on orbits,
thus revealing the product structure. One factor is the exponential measure on R, the
other a spectral measure on a disjoint union of affine and quadratic subsets. We shall
characterize the one-parameter groups for which excess measures exist.

There are two kinds of affine one-parameter groups, those which contain a transla-
tion component, and linear groups. The generator C is a matrix of size 1+ d with top
row zero. We assume that it has Jordan form. If C19 = 1 then y* maps the horizontal
coordinate plane {£; = 0} into the horizontal hyperplane {§; = }. If C;o = 0 then
y' = €'C are linear transformations, and one may take C to have size d.

If there is a translation component the map

®: (u,t)— Y, 0, R'xR—>L=R?

is a homeomorphism. It maps vertical lines into orbits. A Radon measure p on an
open invariant set OBL which satisfies y’(p) = e’ pis the image under ® of a product
measure p*(du)e~'dt on R**1. If p(H,) = 1 then the spectral measure p* is a
probability measure.

Henceforth we assume that y’ = e’ are linear transformations on the linear
space L = R4, and that C is a matrix of size d in complex Jordan form. We shall

tC
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identify complex numbers with submatrices of size two in the usual way, see (18.25).
For unbounded orbits I, = {y’(p) | ¢t € R} there is a measure p, on I, which
satisfies y*(pp) = e’ pp, and pp{y’(p) | t = 0} = 1. This measure is the image
of the measure e *dt on R under the map 7 — y’(p). We claim that it is a Radon
measure on the open set L \ Log, where L is the linear space containing the bounded
orbits. We shall prove that any excess measure is a mixture of such elementary excess
measures pp.

One might try to write excess measures as mixtures of such elementary measures
with regard to a mixing measure on the space U of unbounded orbits, the quotient
space

U=(L\Lo) ~.

Here the points p and g are equivalent, p ~ ¢, if both lie on the same orbit. Open
sets in U correspond to invariant open sets in L \ Lgo. Unfortunately the quotient
space U need not be Hausdorff.

Example 18.37. Let C = diag(—1, 1). Orbits are hyperbolas or half-axes. The two
positive half-axes do not have disjoint invariant neighbourhoods. O

Let us now first see what orbits look like. Orbits, or rather the functions y?(z),
t € R, are solutions of linear ODEs, x = Cx, see Hirsch & Smale [1974]. We are
interested in the sets I';, rather than the dynamics. The generators C and rC with
r > 0 give the same orbits, traversed at different speeds; the orbits of —C are the
orbits of C traversed in the inverse direction. The matrix C in complex Jordan form
falls apart into blocks C;* = J + Al of size m with A’s on the diagonal and ones
below. The matrices e’ have the same decomposition with blocks ¢’C% = e* e/ .
For m = 4 the matrices are

1 0 0 0 0000

g | ot 1 00 1000

=l + 10" 7Tlo1 00 (18.22)
t3/30 t2/2 t 1 0010

The behaviour of the orbit is determined by its projections on the corresponding
m-dimensional invariant subspaces. If A is not real we identify the m-dimensional
complex subspace with a 2m-dimensional real subspace in the usual way.

In order to get insight in the behaviour of orbits, we write

L=RI=R" @C% =L, ®Lo®L_
p = (x,2) = (p+, po, p-)
d=d,+2d. =dy +do+d_,

where d, do and d_ are the real dimensions of the invariant subspaces L, Lo and
L_ corresponding to eigenvalues in X > 0, @ = 0and ) < 0.
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Suppose C = CJ* = J + Al as above. First assume A lies on the imaginary
axis. The orbit I', diverges in both directions, ||y*(p)|| — oo for t — oo and for
t — —oo, unless p lies on the vertical axis, in which case I', is a point or a circle.
If RA > 0 then y’(p) runs from the origin to infinity for p # 0 as ¢ increases; if
NA < 0, it runs from infinity to the origin.

The decomposition of C into blocks C;" makes it possible to describe the orbits.
The orbit I', is bounded if and only if p € Lo, where LooBL¢ is the subspace
spanned by the eigenvectors with eigenvalues on the imaginary axis. If the orbit is
unbounded then ||y’ (p)|| — oo for t — oo or for 1 — —oo. The orbit diverges in
both directions if and only if p4+ and p_ both are non-zero, or if py € Lo \ Loo.
Now suppose {y*(p) | t — oo} is bounded, and ||y’ (p)| — oo for t — —oo. Then
p+ =0, p— # 0,and pg € Lgo. If moreover pg € ker(C) then y’(p) converges for
t — oo; otherwise the limit points form a torus in Lo, the closure of I',.

If y'(z) = z for some ¢t # 0, but not for all, then the orbit is (homeomorphic to)
a circle, if y'(z) # z for all ¢t # 0 the orbit is (homeomorphic to) a line. An orbit
may be bounded but not compact. Think of a line wound around a torus. The set of
fix points is a linear space. It is the kernel of the generator C. From the description
above we see:

Proposition 18.38. The union of the bounded orbits is a linear subspace Lgg. This
subspace Loy is spanned by the eigenvectors whose eigenvalues lie on the imaginary
axis.

Proposition 18.39. Unbounded orbits are closed in L \ L.

Proposition 18.40. The following statements are equivalent:
1) All orbits are bounded;
2) C is diagonal with entries on the imaginary axis;
3) if p is a Radon measure on an open set and y' (p) = e'p, t € R, then p = 0.

Proof. In view of the discussion above it suffices to show that symmetric Radon
measures p on an open set OBL vanish. Let K be a compact subset of 0. Choose an
open neighbourhood of K whose closure is acompact subset K of O. Then p(K;) =
c1 is finite. By 2) the y’ lie in the compact group O of orthogonal transformations.
Hence there is a sequence #,, — oo such that y» — I. It follows that y 7 (K)BK,
eventually. Hence

e p(K) = p(y™(K)) < p(K1) = c1, n > no.
We conclude that p(K) = 0. O

If p is a Radon measure on L such that y’(p) = e’p fort € R, then the restriction
of p to any invariant linear subspace will have the same properties. In particular the
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restriction to Lo is the zero measure. We shall now give a decomposition of L (and
p) by an increasing sequence of linear subspaces which allows us to write excess
measures p as mixtures of elementary measures p, somewhat in the same way this
was done when y’ had a translation component.

Proposition 18.41. There is an increasing sequence Loo = MoB...8M,, = L of
invariant linear subspaces, and a set SBL \ My with the following properties for
k=1,...,m:

1) the set Sy := S N (Mg \ My_1) is closed in My \ My_q;
2) the map @ : (z,t) > y'(z) is a homeomorphism from Sy X R onto My \ My_;

3) if p is a Radon measure on the open set OBL such that y* (p) = e'p fort € R,
then p(My) = 0, and there exist Radon measures pZ on O N Sy such that

Oi(dpge™"dt) = Iy \m,_dp, k=1,....m.

Proof. The construction of the subspaces proceeds by induction, starting with M, .
If there are unbounded orbits, there is a proper invariant linear subspace M 3L = RY,
and a closed subset S of L \ M such that all orbits in L \ M are unbounded and
intersect S in a unique point. Only the first coordinate x; = &;(x) or the first two
coordinates will play a role in the construction. One may write S = Sp X M, where
So is a quadratic surface of real dimension O, 1 or 3 in the one- or two-dimensional
space R or R?, or C or C2, depending on whether the corresponding eigenvalue is
real or complex.

Suppose C has a real non-zero eigenvalue 7. Assume C;; = 7. Remember
that C has Jordan form. It may have ones below the diagonal. Since &1y’ = e™'&y,
the map Y’ changes the value of the first coordinate x; by a factor e*’. So take
M ={& =0'and S = {|§;| = 1}. Then S is the point pair {—1, I}BR. Each orbit
in L \ M intersects S in a unique point.

Suppose C has an eigenvalue w which does not lie on the imaginary or the real
axis. Assume C1; = w. Then¢;y! = e®!¢y, where { is the first complex coordinate.
The map y’ changes the value of the first (complex) coordinate z; by a factor e®?.
Sotake M = {¢; = 0}, and S = {|{1| = 1}. Then Sy is the unit circle in C. Since
Rw # 0the map ¢ > |e®!| from R to (0, 00) is a homeomorphism and for any vector
z € L'\ M there is one value of 7 € R such that |e®’z| = 1.

Now assume all eigenvalues of C lie on the imaginary axis. If C is complex
diagonal then L = Lo and we are done. So assume Cp; = 1. First suppose
Ci11 = Co = 0. Then&1y" = £ and &,y" = £ +1£1. The linear map y* transforms
the first two coordinates (xp, x») into (x1, X2 + tx1). So take M = {£&; = 0} and
S = {&, = 0} \ M. Then Sj is the horizontal axis in R?, with the origin removed.
For any vector x € L \ M there is a unique ¢ € R such that x, + tx; = 0.
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Finally assume C1; = Cpy = ic withc¢ # 0.
Then ¢1y" = e'“'¢y and Loy' = ' (8o + 180).
So y! transforms the first two complex coor-
dinates (z1,22) into e'!(z1,z» + tz1). As t
varies, the second coordinate of the image point
e“*(z, + tz1) moves along the line z, + Rz;
with constant speed, and at the same time is ro-
tated around the origin (see figure). The first co-
ordinate traverses a circle, the second the spiral above:
t + e''(1 +it). The first coordinate just moves
at constant speed around the circle with radius The first coordinate traverses a circle,
|z1]. On the orbit in C2 there is a unique point the second the spiral above:
(w1, wp) with minimal norm. This is at the value t el (14 i),
of ¢ which minimizes z, + tz;. We shall not
compute the coordinates w; and w,, but only remark that from plane geometry it is
clear that w; is perpendicular to w,. So (w1, wy) lies on the complex-homogeneous
three-dimensional real quadratic surface uju, + viv, = 0in R* where we identify
wr = u + ivg € C with the vector (ug,vi) € R?2. Weset M = {{; = 0} and
So = {u1uz +viv2 = 0} \ {(0,0,0,0)}.

In the construction first use up the non-zero real eigenvalues, and then the complex
eigenvalues which do not lie on the imaginary axis. If these have been depleted, we
are left with a linear subspace on which all eigenvalues of C lie on the imaginary
axis. If C is diagonal, we are done; if not we may use one of the last two procedures
to decrease the dimension. |

We can now determine the one-parameter groups for which excess measures exist.
Theorem 18.42. Excess measures exist for the one-parameter group y* = e'C,
t € R, ifthe group has a translation component, C19 = 1 in the Jordan form, or if the
group is linear and C has a real eigenvalue A < 0, or an eigenvalue A € {{R > 0},

or if the Jordan form has a diagonal submatrix ((1) 8), and only in these cases.

Proof. In the cases mentioned in the theorem one may construct a measure p, living
on the orbit I'; which is finite on a halfspace Jy defined in terms of the first or first
two coordinates. To obtain a measure that is full one may take a finite mixture of
such elementary measures. If the condition is not fulfilled then C is linear. We may
assume that all eigenvalues have the form { = 7 4 i@ with ¢ # O and ¢ < 0, and
we may assume that R¢ = C% with d. = d/2. It suffices to show that for any
elementary measure p, and any halfspace J the mass p,(J) is zero or infinite. Since
0z(0Jg) = 0 it suffices to show that p,{§ > jo} = co whenever I'; intersects the
open halfspace {§ > jo}. We may take jo € {—1,0, 1}.

Let 1 be the measure on R with density e~*. We have to show that 7 N (—oo0, 0]
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has infinite n-mass whenever
T'={t e R[NRe@) > jo}
is non-empty, where
@(1) = e Py(t) 4 -+ + €9 e Py (1),

Here the Py are complex polynomials, and 7 < 0, ¢ 7# 0, and the complex numbers
T; + i@y are distinct. First assume all t; vanish, and the polynomials are constants,
Py = cx # 0. The function ¢ is periodic or almost periodic. It is bounded and so is
its derivative. For any interval [s1, s3], and ¢ > 0, #g > 1, there exists ¢ > ty such that
lo(s —1) — @(s)| < e forsy <s < s,. For T non-empty there exists § > 0 such that
T N (—o0, 0] contains infinitely many intervals of length > §. If there are 5 < 0,
let T be the minimal value. We may restrict attention to the terms with 7z = 7. Set

T ={t eR|NE P ci+--+ePc,) > joe ).

Observe that the right side vanishes for ¥ — —oo. Hence the argument above applies
here too. Similarly if the polynomials are non-constant with degrees g1, ..., gm, We
may neglect all powers 7 with g < g = max{g1,...,&m}- O

For exceedances over horizontal thresholds or ellipsoids there is a simple descrip-
tion of the orbits by means of a homeomorphism @ from the product X x R onto the
natural domain of the excess measure:

®:(x,1) =y (x), xeX,

where X is the horizontal coordinate plane or the unit sphere in appropriate coordi-
nates. The excess measure p is the image of the product measure p*(dx) x e dr.
In general such a representation holds locally.

Lemma 18.43 (Local Sections). Let y! = '€, t € R, be a one-parameter group of
affine transformations on R¢, p a point in R¢, and & a non-zero linear functional.
Let M be the hyperplane {& = c} containing p. Define

®(z,t) =y'(z), zeM, teR.

If the derivative ECp of the function t — Ey'(p) int = 0 does not vanish there
exists § > 0 such that ® restricted to D x (=6, 8) is a diffeomorphism. Here the set
D = M 0 (p + 6B) is the open disk in M of radius 8, centered in p.

Proof. Introduce coordinates such that p = 0 and £ the vertical coordinate. Then M
is the horizontal coordinate plane, and we may write ®(x, ) = y(x,0), x € R*. In
these coordinates

<1>’(o,0):((1) q), s =ECp £0.

N

Now apply the Inverse Function Theorem. O
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In case the orbit I', is unbounded it is natural to wonder whether one can take the
disk D in the lemma so small that ® maps the full open cylinder D x R onto an open
tube around the orbit I',,, and that this map is a diffeomorphism.

If y is not linear (in any coordinates) then one may choose D to be a horizontal
coordinate plane in the Jordan coordinates. Proposition 18.41 above exhibits such
diffeomorphisms ® with D = {|¢| = 1} a pair of hyperplanes or a cylinder for a real
or complex eigenfunctional ¢ whose eigenvalue does not lie on the imaginary axis.
In general such a cylinder D x R need not exist. The example below presents an
orbit 'y of a one-parameter group of affine transformations which preserve Lebesgue
measure. The orbit is unbounded, ||y?(0)|| — oo both for # — —oo and for  — oco.
The images y" (§B) intersect the unit ball infinitely often, no matter how small one
takes § > 0.

Example 18.44. It is simpler to use a group of linear transformations and a point
p #0. Letd =4,and C = J, y' = ¢/ asin (18.22). Points on the vertical
axis are fix points; for other points the orbits diverge. Take p = (0,0, 1, 1), and
z, = (12/n%,—6/n,1,1). Then y"(z,) = (12/n%,6/n,1,1). O

18.10* Uniqueness of extensions. If we know the one-parameter group of symme-
tries of the excess measure p, then p is determined by the spectral measure. Suppose
that p has a density g. If p is an excess measure for exceedances over horizontal
thresholds, it suffices to know g on a horizontal hyperplane; if p is an excess measure
for exceedances over elliptic thresholds, it suffices to know g on the unit sphere. The
extension follows by (14) in the Preview.

If the symmetry group is not given, the situation is less simple. In this section we
consider the following situation: We are given a Radon measure p on an open set U
in R4 , an affine transformation y, and a constant C > 1 such that

y(u) = Cp on Uy = y(U)BU.

The sequence Uy = y*(U), k € Z, is decreasing. Forn > 1 the measures y" (i)
and C"u agree on U,. For —m < 0 one may define u,, = C™y~™(u) on U_y,.
This measure agrees with u; on U_; for j = 0,...,m. Asin Section 14.4 there is a
unique measure p on O = | J U, the y-extension of p which satisfies

y(p) = Cp, 1lydp=dp.

So the Radon measure w on U above has a unique extension to a Radon measure p
on an open set O, which satisfies y(p) = p. A problem arises if there is a second
affine transformation « with the same properties as y. Do the two extensions agree?

In the simplest case p is an excess measure on R? \ {0} with a continuous density
and symmetries y’ (p) = e’ p. Let i be the restriction of p to the complement U of a
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compact set K, andlet(K) D K,anda(u) = Cuona(U). If the ¢-extension of
agrees with p then @ = y’o for ¢t = log C and an appropriate measure preserving
transformation o of p. In particular o will be linear. It is an open problem whether
the a-extension agrees with p. A similar problem was encountered in Section 14.4
and left unresolved. In this section and the next we present some partial results.
Suppose « and y are affine transformation, and y(B) = «a(B). This does not
imply y2(B) = a?(B), nor y~'(B) = a~'(B). If & is the uniform distribution
on B, then y () = a(m) does not imply y?(7) = a?(x) or y 1 () = a1 (7).
Example 18.45. Take y = diag(1l,2) and « = yR where R is a rotation over

/2 counterclockwise. Then y?(B) is a vertically elongated ellipse, «?>(B) = 2B;
y~1(B) is a horizontal ellipse, o ~! (B) is this ellipse rotated over /2. O

We begin by showing that for a compact set K with non-empty interior the equal-
ities % (K) = y*(K), k > 1, imply the same equality for all k € Z. We need an
algebraic result.

Proposition 18.46. Let y € A, and let § be a subgroup of + such that y§y~' = §.
If o, ;== a7 "y" € G forn > 1, then this holds for alln € Z.

Proof. First note that

oor=ay =y Tla)y T =yorly T €.
Now suppose 0_,, € §. Then
Ot = "y =y () @y Ty T = yor lommy Tl €6
By induction the result holds for all m > 0. O

Corollary 18.47. Let § be a compact subgroup of A. If a "y"™ € § forn > 1, then
also forn < 0. Moreover§ contains a compact subgroup X suchthaty Xy~! = X,

andoz_kyk e K, ke”.

Proof. Let # be the algebraic group generated by the elements 0, = o™ "y",n > 1.
The elements

ylony = (7o) @y = o7 o
lie in # and generate y~'Hy. So y~!'FHyBH. This relation then also holds if
we replace J¢ by its closure, the compact group K, say. Proposition 18.83 gives
y 'Ky = K. Hence also yKy~! = K. The proposition above, applied to X,
gives ¢ Kyk € X fork € Z. |

Theorem 18.48. Let w be a finite non-degenerate measure on Hy. Leta,y € AP,
and suppose a(Hy) = y(Hy) = H1BH4, and () = y(u) = Cu on Hy for
some C > 1. Then o*(Hy) = y*(Hy) := HiBHy_, for k € Z, and there exists
a Radon measure p on the open set O = | J; Hy such that a(p) = y(p) = Cp and
lg, dp =du.
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Proof. Write Hy = R" x [cx,00). Then C > 1 implies ¢; > ¢y = 0. Write
a(v) =av+cq, y(v) = cv+cy witha,c > 0, and set M(¢) = [i[t, 00). Here ji is
the vertical component of i, and & and y describe the effect of o and y on the vertical
coordinate. Then M(&"(0)) = M(p"(0)) = 1/C". The asymptotic behaviour
of M determines the value of a and c¢. In particular a = ¢, as some reflection will
show. Hence @ = 7 and @¥(0) = 7/(0) = c¢ implies «X(Hy) = y*(H) for
k € Z. Let g be the compact group of those 0 € A which preserve @ and map
H onto itself. See Theorem 18.75. Then «” (Hy) = y"(H4) for n > 1 together
with a(n) = y(u) = Cu implies «” (1) = y"(u) for n > 1 by induction. Hence
a "y" € § forn > 1. Corollary 18.47 gives this relation for n € Z. Hence
Um = C"a ™™ (u) = C™y~™(u) on H_,, for m > 1, and the y- and «a-extensions
of u agree. O

Suppose u is a finite non-degenerate measure on U = K€, where K is a compact
set with non-empty interior. Leto, y € 4 map K onto the same compactset K1 O K.

Proposition 18.49. Ler ., «,y and U, K, K; be as above. Let C > 1. Suppose
a(pn) =y() = Cuon K5. Ifa™(K) = y"(K) forn > 1, then a®(K) = y*(K) =
KiBKy 41 fork € Z. There exists an affine subspace M such that (\ Ky = M N K.
There exists a unique Radon measure p on M such that

a(p) = y(p) = Cp, lydp=dpu.

We may choose the origin in a point p € K such that o and y are linear, and M is a
linear subspace.

Proof. First observe that 0, := o™"y" lies in the compact group of affine transfor-
mations mapping K onto itself forn = 1,2, ..., and that 6,,() = w. The compact
group K generated by 01,07, ... contains the elements o = o ¥y* for k € Z,
and yKy~! = X by Corollary 18.47). As above the extension p is unique. As in
Section 17.7 the intersection (] K has the form K N M for an affine subspace M.

|

Theorem 18.50 (Uniqueness Theorem). Let p be a Radon measure on R? \ {0}
and y a linear expansion such that y(p) = Cp for some constant C > 1. Let F be
a convex compact set such that p(F€) is finite. Let o € A such that FBo(F) and
a(lpedp) = Cdp holds on the complement of a(F). If « is linear then a(p) = Cp.
If the convex hull of the support of p is the whole space R< then o is linear:

Proof. Let U = U(e) be the union of all open halfspaces of mass . We choose ¢ > 0
so small that F' lies in the complement K of U. Let K, be the complement of U(e/C")
forn > 0. Then KBK; and K, = o (K) = y"(K) and (i) = y(p) = cpeon K.
Now apply the previous proposition. If « is linear the same argument applies with
U (e) the union of all sets {|§]| > 1} of mass &. |
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18.11* Local symmetries. An excess measure may be more symmetric in some
points than others. The local symmetry enables us to show that excess measures for
expansions agree if they agree on large enough open sets.

If i is a non-zero finite measure on the open set U, and p; and p, are multivariate
GPD measures which agree with u on U then p; = p5, unless t; = 1, = —1. This
is obvious. The densities are analytic functions. If they agree on the set U they agree
everywhere. If the Pareto parameter is —1 then the GPD measure has a density which
is constant on some open paraboloid P. If u is uniformly distributed on U, all one
can say is that P contains U. In this section we derive two uniqueness results for
excess measures.

Example 18.51. Let pon O = C x R\ {0} be the sum of a measure on the open cone
C = {|z| < v} withdensity 1/(|z|?> +v?)2, and a measure po on the spiral (e’ T/’ )
on the boundary of C, which satisfies pg{v > ¢} = 1/c for ¢ > 0. Then p is an
excess measure for the group of linear expansions y*(z,v) = e(e’z,v). On C the
local symmetry group consists of the affine transformations with determinant £1; off
cl(C) the local symmetry group consists of all affine transformations; on the spiral it
consists of the linear transformations y?, and elsewhere on dC \ {0} it is the linear
group generated by the rotations in the horizontal plane and scalar expansions.

From the example we see that for each w € O in the support of p there exists
a neighbourhood U and a collection of symmetries « such that «(p) = O(«)p on
U Na(U). Let §,, denote this group of symmetries. Observe that ®: §,, — (0, 00)
is a homomorphism. If p vanishes on a neighbourhood of w, then §,, = 4, but ® is
not defined.

We shall restrict attention to symmetries o close to id for which o also is a
symmetry for |[¢| < 1. Hence it is more convenient to work with the Lie algebra
gw and the linear map 6: g, — R corresponding to the homomorphism ®. See
Section 18.13 for details.

Definition. Let p be a Radon measure on the open set OBR. For each w € O in
the support of p define (g, 6). Here gy, is a Lie algebra, a subalgebra of the Lie
algebra a of the group of all affine transformations, and 6y, : g, — R is a linear
functional on g, which vanishes on the Lie bracket, 6,,([4, B]) = 0 for A, B € gy, .
If there exists an open neighbourhood U = w + ¢B of w and an open ball W = §B
in gy, such that

a(p) = eg(A)p onU Na(U), o= e Aew,

then (g, By) is called a local symmetry of p in w; if g, is maximal, it is called the
local symmetry.

It is not obvious that local symmetries may be described in terms of Lie algebras.
Let us say a few words to clarify the matter.
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For simplicity assume p has a smooth positive density g, and o = ¢4 and

B! = e'B preserve the density locally, say on the open set UBR?. One may regard
A and B as vector fields on U. Then g(a’(z)) = g(z) forz € U, if t > 0 and
af(z) € U,0 < s < t. In terms of the vector field A this means that Ag = 0
on U. Similarly Bg = 0. It follows that Xg = O for all X € RA + RB. So
the vector fields which preserve g around a point w form a linear space. Now define
y(t) = a'Bla'B7!. Letz € U, and assume U contains the elements o'! f22a51 B52 2
for =8 < s;,t; < 6,i = 1,2. Then g is constant on the curve ¢t — y(¢)(z). By
continuity this implies that ([4, B]g)(z) = 0. We conclude that the generators of
the local one-parameter groups which preserve the density form a Lie algebra. If
g(e(z)) = e%g(z) locally, then

] e@,’t _ 1
lim

t—0 t

M _ g(z) = 6ig(2),

(Aig)(z) = lim

1—0

and Xg = 6(X)g where 6 is the linear function with value 6; in A;. Note that

[A, B]g vanishes since g(y(¢)(z)) = g(z) —the positive factors cancel. It remains to

show that these identities for the vector fields allow one to choose ¢ > 0 and § > 0
so small that

ga) = ee(A)g on Up Na(Uy), o= e, A €SB, Uy =w+eB. (18.23)

Choose ¢ > 0 so small that U contains the compact closure K of Uy = w + ¢B.
Letr > ¢, and o, — id in 4. Then o, (K)Bw + rB eventually. So there exists
§ > 0 such that e4(K)BU for all A € §BBg,,. (Even for all A € §BBa.) For
z € Up and ||A|| < § the curve ¢ + z(t) = e'4(z), 0 <t < 1, lies in U, and
hence (Ag)(z(t)) = dg(z(t))/dt = cg(z(t)) with ¢ = e gives g(e'4(z)) =
e o (), and g(a(z)) = e?@g(z). We have established (18.23). The group
structure of local symmetries given here is the Frobenius Theorem. See Varadarajan
[1974] for details.

The flow z > z; = ¢!€z, t € R, on R? induces a flow of measures 1 > [i;.
This is clear if u is the point mass in a point zg, or a mixture of such point masses.
In general for a flow on O one may define for any function ¢: O — R the function
¢ by ¢:(z) = ¢(z;). For functions with compact support we define ;¢ = uey,
in the same way in which one sets T'(n)¢ = [@(T)dn = E@(T(Z)) if 7 is the
distribution of Z and 7' any measurable map. The flow is measure preserving if
uy = p for all t € R. For smooth functions ¢ with compact support we may
interchange integral and derivative, and find uC¢ = 0. The flow is symmetric if
Uy = eft W, orequivalently uC = 6u for the vector field C. As above the generators
of the local symmetries form a Lie algebra in each point w € O in the support of w.

Example 18.52. It may be impossible to extend local symmetries to global symme-
tries. Let p on O = C \ {0} have density g(re’?) = e“/r3 for0 < ¢ < 2m,r > 0.
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Then p is an excess measure: y’(p) = e’p for y': w — e’w. The local symmetry
(gqw, By) is the two-dimensional Lie algebra g, with generators

= %) =00 9)

and the linear map (/) = 6(J) = 1 for almost all w € C. The associated Lie group
G consists of the maps w — zw, z € C \ {0}. The set O is open, connected, and
invariant under §; but § is not the symmetry group of p. O

We shall now give a simple, more positive extension result.

Lemma 18.53. Let p be a Radon measure on the open set OBR?. Let a > 0, and
o € A. Suppose for each w € O there exists an open neighbourhood Uy, such that

a(Uy)BO, o(ly,dp) = alyw,,)dp. (18.24)
Then a(0)BO, and a(p) = ap on o (0).

Proof. If two measures are defined and equal on the sets a(Uy,) they coincide on the
union «(0). |

Corollary 18.54. Let § > 0 and 6 € R. Suppose (18.24) holds on Uy, for a = y*,
lt| < 8, with a(t) = €% for each w € O. Then y'(0) = O for |t| < §, and
Y (p) = €% p on O. These relations then also hold fort € R.

Proposition 18.55. Let p be a Radon measure on the open set OBRY. Let O be
invariant under the one-parameter group y* = €', t € R. Suppose C € gy, for
each w € O in the support of p, and 0, (C) = 0y for some constant 0y € R. Then
y'(p) = e%'p, 1 € R.

Proof. The invariant points of the one-parameter group form an affine subspace My
in R4, which may be empty. For w € O \ My, by Lemma 18.43 there exists § > 0,
a centered open ball D in R”, a smooth map ®: D x R — O, and an affine map
@o: R — R, such that o (R") is a hyperplane, ¢(0) = w, and such that

O(x,1) = ¥ (po(x)), xe€R"reR

restricted to D x (=6, §) is a diffeomorphism onto an open neighbourhood U of w.
There is a measure du = dug x e~ %dt on D x R such that the image of u on
D x (—8,8) under @ is p on U. The restriction of ® to D x (t — §,t + §) is a
diffeomorphism onto an open subset U’ of O for each ¢ € R, and the image of
on D x (t —§,t + &) is the measure p on U’. (Let C be a compact disk in D, and
suppose the relations hold for u restricted to C x [0, s). The local symmetry in the
points w € ®(C x {s}) allows one to increase s slightly.) The restriction py of p to
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the open set ®(D x R) need not be the image of u since ® need not be injective,
even if the orbit through w is unbounded, as we saw in Example 18.44. However
Y!(po) = %7 py holds for ¢ € (=8, 8) since the equality holds on slices U*. Hence
Y!(po) = e%? py holds for all z. This relation then also holds for p on O. If 6y # 0
then p vanishes on My; if 6 = 0 then p may be an arbitrary Radon measure on
My N O. |

Example 18.56. Let p have density g on O = R? \ {0}, where g(u,v) = u? + v?
foru,v > 0, g = 1 on (—o0, 0)?, and g vanishes elsewhere. Here the exponent
depends on w. There is local symmetry, but no global symmetry, even though O is
connected. O

If p is an excess measure, the local symmetry is constant along orbits of the global
symmetry. If gBa is a Lie algebra, and a € 4, then ' = aga™! is a Lie algebra. If
0 is a linear functional on g which vanishes on [g, g], then 8’: «Ca™! — 6(C) is a
linear functional on g’ which vanishes on [q’, ] since ABa™! = aAa"'aBa™!.

Proposition 18.57. Ifa = e for some A € q then ¢ = g and 6’ = 6.

Proof. The Lie groups ¢ and §’ = a§a~! coincide for @ € §. Locally one may
define ®(e€) = ¢%C for C € g. Then ®(By) = O(B)O(y) for B and y close to
id. In particular O(a’ySa?) = O(y*) for y* = €€, |t| < §, |s| < c; and hence
O(a'Ca™") = 6(C) for |t| < §. By iteration

O'Ca™) =0(@*Cra) =60(C,) =0(C), t>0,t=n8§+50<s<§
where Cp = C and C,, = a‘gCn_loz—‘g forn > 1. O

Corollary 18.58. Let p be a Radon measure on the open set OBR?, and y*, t € R, a
one-parameter group of affine transformations such that y'(0) = O, and y'(p) =
el'pforallt € R. Then

8yt w)s Oyt w)) = (Gw, Ow), we O, teR.

Theorem 18.59. Suppose p on R4 \ {0} is an excess measure for the linear expan-
sions y*, and po on R? \ {wo} is an excess measure for the affine expansions y§ with
center wg. Let U be a bounded open set containing the origin. Suppose eachw € 0U
has a neighbourhood U, on which py agrees with p. Then wo = 0 and py = p.

Proof. Let y' = '€ and y{ = ¢'“0. Then C and Cy lie in g, for all w # 0 by the
proposition above. Observe that wg & U since pg(wo + €B) = oo foralle > 0
and p(wg + €B) is finite for ¢ < ||wg|. From Lemma 18.43 it follows that wo # 0
implies that p is finite on a neighbourhood of the origin. Contradiction. So wo = 0,
and O = R? \ {0} is invariant under 5. Apply Proposition 18.55 to p and y{, and
conclude that p and po both are excess measures for yj. Since for each w # 0 the
orbit y§(w) intersects dU, the measures p and pg agree on a neighbourhood of w. [
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We now turn to exceedances over horizontal thresholds. We restrict attention to
excess measures p which vanish off their natural domain RP x (J«,J ™), where the
interval (j«, j*) is the domain of the vertical component p of p. The symmetry group
of § is a one-parameter group of positive affine transformations on R, and (j«, j*)
is an orbit of this group. There exists a point jo € (j«, j*) such that the restriction
of pto [jo, j*) is a probability measure. This probability measure is a GPD, and the
shape parameter t of the GPD is the Pareto parameter of p.

Theorem 18.60. Let (1 be a finite non-zero measure on the horizontal slice
U = {a < v < b}. Let py and py be excess measures for exceedances over
horizontal thresholds on their natural domain. Suppose p1 and p, agree with |
on U. If p1 # pa then T = —1, and one may choose the vertical axis so that | is a
product measure on R" x (a, b).

Proof. If p; and p, agree on U then the vertical components p; and p, have the
same density on (a, b). The logarithm of the density is an analytic function on the
subinterval where the density is positive. Hence p; = p, unless 17 = 1, = —1.
If py = p2, the domains agree, and the argument of the previous theorem implies
that p; and p, agree on a neighbourhood of every point w in their common domain
R x (j«, j*). If T = —1 then the vertical component of x is uniformly distributed
over aninterval (a,c) withc < b. Ifc < bthenc = j| = jJ, p1 = p2,and p1 = p2
by the argument above. If fi is uniformly distributed over (a, b) then j;* # j; is
possible. However if w is not a product measure then one may compute j* from the
conditional distribution of p given v, for v € (a, b). Bring the generator C of p;
into Jordan form, and reduce dimension to d = 2 or 3 by a suitable projection. If
there are eigenvalues outside the imaginary axis, or if the complex Jordan form is not
diagonal then the corresponding projection of p on R? x (a, b) will reveal j*. So
too if there is a non-zero eigenvalue and p is not symmetric. O

The criteria above have been developed for excess measures with extra symmetry.
If 11 is a finite measure on an open set U, and the local symmetry in w € U is (g, 6)
where g, = RC is a one-dimensional Lie algebra, then two excess measures which
agree with i on U will have the same symmetry group y* = ¢’ and agree on the
invariant open set
0 = U yl(U), yt = ¢'C.

teR

18.12 Jordan form and spectral decompositions. Any square matrix may be writ-
ten in a simple form, either as a diagonal matrix, or with some ones added just below
the diagonal.

Let y* = e’C be a group of linear transformations on R?. Assume C is in
Jordan form. If all eigenvalues of the generator C are real then on a suitable basis C
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has diagonal block form with blocks Cg" = I + J of size m > 1 where { is an
eigenvalue, I the identity matrix and J the matrix with ones just below the diagonal
and zeros elsewhere: J;; = 1ifi = j + 1 and zero else. The matrix J maps the
base vector ¢; into ¢; 1 fori = 1,...,m — 1 and e, into the zero vector. Hence J ¢
maps e; into e; 4 fori = 1,...,m — g, and maps the remaining base vectors into
the zero vector. In particular J” = 0. So the power series expansion gives

CIHD = (1 4t + 120224+ 1T /R, h=m—1.
There are as many blocks for the eigenvalue ¢ as there are independent eigenvectors
for £. If there are complex eigenvalues then one has a complex matrix of this form,
and since the non-real eigenvalues come in pairs one may replace the complex block
¢l + J of size g with { = £ +in, n > 0, by areal block of size 2¢g by replacing each
complex entry z = x + iy by a 2 by 2 real matrix

z=Xx+Iiy «<— (_xy ic]) (18.25)

Itis often simpler to regard C as a map from R @C% into itself, where d, +2d, = d.
The eigenvalues of y’ are the complex numbers ekt where ¢y = £ + iny are the
eigenvalues of the generator C. Hence the absolute value of the eigenvalues of
y' = €€ are determined by the diagonal entries & in the real Jordan form of the
generator C. Let §; < --- < §; be the distinct diagonal elements in the real Jordan
form of the generator, with multiplicities dy, ..., d;. Then all eigenvalues of y lie
on one of the ¢ circles of radius ry = eék in C. The Jordan spectral decomposition
writes

Yw) =11 ®--®yy) (w) = (yi(w1),...,ys(wy)),

(18.26)
w=(W,...,wy) € R x ... x R%

where Yy has all its eigenvalues on the circle of radius r; in C. See MS Sections 2.1
and 2.2 for details.

The reader will not miss much if he envisages the Jordan matrix to be diagonal with
all eigenvalues real. Jordan blocks with ones below the diagonal are rare. If one picks
a matrix according to a probability measure with a density on R? ? Jordan matrices
with ones below the diagonal form a null event; see Hirsch & Smale [1974]. Matrices
with non-real eigenvalues do occur with positive probability. Non-real eigenvalues
translate into rotations and spirals in the distribution of the excess measure.

For the result below we need to know how Jordan bases are constructed. We
shall assume that C is nilpotent: C d = 0. The general case may be reduced to this
situation.

A Jordan basis for a nilpotent matrix C is abasis e;;, 1 < j < j;,i € I, where
foreachi € I the vectors e;q, ..., e;;, form a chain. Here a chain is a finite sequence
of non-zero vectors aq, . .., ay suchthat Ca; = 0and Ca; = a;_q fori =2,... k.
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For anilpotent matrix C a Jordan base may be constructed easily. First observe that
ker(C) contains a decreasing sequence of linear subspaces K, = ker(C)Nim(C™),

m = 0,...,mg. Choose a base for K,,,, extend to a base for K,,,_, and proceed
until we have a base g;, i € I, for ker(C). This base contains subsets which form
a base for K,,,, m = 0,...,mq. For each vector g; now choose a maximal chain

8ils--.,&im; With g;1 = g; and Cg;; = g; j—1 for j = 2,...,m;. The collection
of all these vectors g;; is a Jordan base.

Proof. Tt suffices to prove independence. So assume

D Aigie= D, > hijgi
i

J<Jjo i

where one of the As is non-zero. Apply C/0~! to both sides. This gives Y_; 4;g; = 0.
Contradiction. |

Proposition 18.61. Let C be nilpotent and let ay,...,ay be a chain. There is a
Jordan basis for C which contains this chain.

Proof. Since Ca; = 0 one may incorporate a; as element g5 € K; of the base (g;)
of ker(C). Extend the chain (a;) to a maximal chain gy, .., gkm,. Incorporate
this chain in the Jordan base (g;;). O

For an invariant subspace one may choose a Jordan basis which extends to a Jordan
basis for the whole space.

Proposition 18.62. Let C: R — R? be linear. Let L be a linear subspace of C¢
such that C(L)BL. There is a Jordan basis for C such that a subset is a Jordan basis
for the restriction Cr, of C to L.

Proof. If Fy is the kernel of C? then F N L is the kernel of C g. The same argument
applies to C — A for each eigenvalue A. So the decomposition of C¢ into linear
subspaces F, corresponding to the eigenvalues A of C induces a decomposition
of L into linear subspaces F N L corresponding to the eigenvalues of Cy. Hence
we may assume that C is nilpotent. Let K be the kernel of C. Then K N L is
the kernel of Cr. For the kernel K there is a decreasing sequence of subspaces
K=KyD:+D Ky =1{0}. Similarly KN L = Eg D --- D E4; = {0}. We claim
that there is a basis of K such that for each K; and each E; a subset is basis of this
subspace. This follows from the lemma below. O

Lemma18.63. Letay,...,aqg andby, ..., by be bases of the linear space M. Let Ay,
be the linear subspace spanned by a,...,ay, and define By, similarly for m =
0,...,d. There is a basis ey, ...,eq which for each m contains a subset which is
basis for Ay, and a subset which is basis for By,.
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Proof. By induction on the dimension d. The result is trivial for d = 1, 2. Suppose
the desired property J holds for dimension less than d. Let M have dimension d.
If a; and b, are linearly dependent, choose e; = a; and let M; be the quotient space
M/E with E = Ce;. Then ay,...,aq and by, ..., by yield bases (a}) and (b))
for M. By hypothesis there is a basis e}, . . ., e/, of M with the property &. Choose
e; € M which map into e]. The basis ey, ...,eq of M has the desired property .
If a; and b; are independent we have to be more careful in our construction. Let
e1 = ay and e; = by, and let M, be the quotient space M/ E where E = Ce; + Ce,.
Suppose by € Ay withk > 1 minimal, anda; € B, withg > 1 minimal. The vectors
az,...,0k—1,0k+1,--.,aq are independent modulo E, since together with e; and e,
they span Cc4. Similarly the vectors by, ..., by_1,bg+1,...,bg yields a basis with
vectors b] for M. Let B,, be the subspace of M, spanned by b/, ...,b;,. Then
B{ = {0} and B(; = B;_l. Since £ holds in M, there is a basis e}, . .. ,e; for M,
with subsets spanning B;,, and A4),. Lete; € M mapinto e, € M, fori =3,...,d.
Supposem > k and A4, isspanned by e}, ..., e,,. Then A, isspannedbyey, ..., ep.
Similarly form < k,let A;, be spanned by ey, ..., e,, ;. Then A, is contained in the
spanof ey, ..., em+1. Successively replace es, ..., ex by e; = e; + Bjes so that a,
is a linear combination of ey, es, ..., é;,+1. Then each subspace A, is spanned by a
subset of e1, ..., e4, with ¢; as above for 3 <i < k, and ¢; = ¢; else. This remains
true if we replace e; by e; + «;e; for i > 3, and arbitrary o;. We may choose the ¢;
so that each of the subspaces B, is spanned by a subset of these new vectors. O

18.13 Lie groups and Lie algebras. This section is an overview of Lie groups for
excess measures rather than an introduction to Lie groups.

With certain linear subspaces of the d2-dimensional linear space of all real ma-
trices of size d one may associate a group of linear transformations on R4, Loosely
speaking the exponential function maps the linear subspace into the group. The lin-
ear subspace is called a Lie algebra, g; the associated group a Lie group, §. For
one-dimensional linear subspaces, g = RC, the situation is simple. The associated
Lie group § is the one-parameter group generated by C. Actually a one-parameter
group y! = ¢’C .t € R, is ahomomorphism from R into GL, rather than a group. The
map ¢ — '€ is a homomorphism from g to § but need not be an isomorphism. The
group § may be compact. Think of the group of rotations in the plane. The image §
need not be a closed subset in the space GL of all invertible linear transformations
on R¢. The image § = % may spiral around on a torus in GL.

Example 18.64. The one-parameter group y* = e’C in C?> = R* with generator

C = diag(ai, bi), withab # 0 and i = +/—1, is dense in the two-dimensional torus
T = {diag(e®,e¥") | 0 < @, ¥ <27},

unless there exists ¢ # 0 such that y* = I. Then at and bt both are zero modulo 27.
This happens only if a/b is rational. O
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Theorem 18.65. If § = {y' = e!C | t € R} is a one-parameter group of affine
transformations, and p an excess measure, such that (9) in the Preview holds, then §
is a closed non-compact subgroup of the group A and the map exp: g = RC — §
is an isomorphism.

Proof. If § is compact C has a basis of complex eigenvectors with eigenvalues on
the imaginary axis, and there is no excess measure. So too if § is not closed in 4.
Section 18.9 gives details. O

By (2) in the Preview the group of affine transformations on R4 is a closed group
of linear transformations on R'*¢ . So we may restrict attention to linear groups. The
operator norm on the space of all matrices of size d is defined by || A|| = max{||Ax]|| |
| x| = 1}, where || x| is a norm on R?. The inequality | AB|| < ||A||||B|| holds, and
ensures that power series f: X — Y ¢, X" converge uniformly on | X || < r with
| (X)) <> |en|r™ provided the sum on the right is finite. In particular X + exp X
converges uniformly on bounded subsets of the space of all matrices of size d, and
X +— log X converges uniformly on compact subsets of the open unit ball / + B
around the identity. The exponential function is non-linear, so the proper setting for
studying these maps is differential geometry. Indeed the relation between differential
geometry and Lie groups is very close. Lie groups give rise to many fundamental
concepts in differential geometry.

In the general theory a Lie group is a manifold associated with a Lie algebra.
This makes it possible to construct universal covering groups associated with any Lie
algebra. In our approach differential geometry does not play a role; our Lie groups
are subgroups of 4 (d)BGL(1 + d), not necessarily closed.

Definition. A Lie algebra g is a linear space of matrices of fixed size which is closed
for the Lie bracket:

A,Beg=[A B]:=AB—BA€cg.

The Lie group § associated with g is the smallest group of matrices containing exp(g).
It is a subgroup of GL but need not be closed.

Let us start with some concrete examples.

Example 18.66. If 1 is a linear space of matrices, with basis X1, ..., X,,, and if these
matrices commute, X; X; = X;X; for 1 <i < j < m, then f is a Lie algebra since
[A, B] = 0for A, B € h. The map exp is a homomorphism from § to # = exp(h)
since e4tB = ¢4eB if A and B commute, as one sees by writing out the power
series. The set J¢ is a commutative connected group. Such a group is known to be

isomorphic to the product of a vector space and a torus. )

In general a Lie algebra is not commutative and e48 #£ e4eB. Let us consider
the Lie group associated with the vector space m of all matrices of size d, which
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obviously is a Lie algebra. The map sign det from the group GL to the group {+1}
is a continuous homomorphism. The kernel is the set GL™ of linear transformations
of positive determinant. It is both open and closed as subset of GL. The group GL™*
also is the Lie group associated with the Lie algebra m of all matrices of size d. In
general it is not the image of m under the exponential map. Details are given below.

Example 18.67. Let m be the linear space of all matrices of size d, and let M
be the group of matrices of size d with positive determinant. Then exp maps m
into M. The power series log(I + X) = X — X?/2 + --- maps the open ball
I + B onto a set UBm, and has inverse exp, as may be seen by writing out the
power series for exp(log(I+X)). See Curtis [1979] for details. The map log yields an
analytic homeomorphism between the open neighbourhood / + B of the identity /
in the group GL of all linear transformations on R? and an open neighbourhood U
of the origin in the d?-dimensional linear space m by Brouwer’s Theorem on the
invariance of domains, see Dugund;ji [1966]. (The Inverse Mapping Theorem will
give adiffeomorphism from some open ball I 4-¢ B onto an open neighbourhood of the
origin in m.) We may identify GL with the set {det # 0} in . We claim that for each
matrix X with det X > 0 there is a continuous curve in GL™ linking X to the identity.
(Assume X has Jordan form. If there are ones below the diagonal in the complex
Jordan form we may continuously alter these into zeros; the diagonal elements may
be continuously altered to lie on the unit circle by changing their absolute value; the
elements on the unit circle may be altered into ones. We end up with a real diagonal
matrix with ones and minus ones. Any pair of minus ones may be altered into a pair
of ones by a rotation. So we end up with the identity if the determinant of the original
matrix was positive.) Conclusion: A group which contains the ball I + ¢B for some
& > 0 contains all matrices with positive determinant. O

Example 18.68. If d = 2 then the image e™ contains the matrices —/ and diag(1, 2),
but not their product diag(—1,—2). There is no one-parameter group y’ = e'C
such that y = diag(—1, —2). A straightforward calculation shows that the equation
X? = diag(—1, —2) has no solution. O

In order to see what is happening here, one may reduce the dimension and look
at matrices with zero trace: the sum of the two diagonal elements vanishes. This
yields a three-dimensional group, SL(2). For a readable analysis of this group, see
Duistermaat & Kolk [2000]. Even in the simple situation of matrices of size two a
full description is quite complex.

Matrix multiplication is notorious for non-commutativity. A geometric example
is given by the group SO(3) of all rotations in R3.

Example 18.69. Take a match box in mind. Let «; denote a rotation of 90 degrees

around the x-axis, and o, a rotation of 90 degrees around the y-axis. Then ocl_lazoel

results in a 90 degrees rotation around the z-axis. Since rotations only involve the
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coordinates perpendicular to the axis, one may write down the matrices for rotations
around the vertical axis, and the generator

cost —sint 0 0 -1 0
Y= ¢'¢ = |sint cost 0], C= y@={1 0 0
0 0 0 0 0 0

In any dimension a one-parameter group of rotations R(t) = e’ satisfies
RTOR@t)=1=>ET+E=0

by taking derivatives in ¢ = 0. (Check that taking the transpose commutes with
powers: (AT)" = (4™)T, and hence (e4)T = e(AT).) We conclude that the generator
of a one-parameter subgroup of SO(d) is anti-symmetric. The converse also holds
since the implication above also goes in the other direction. In principle we can now
determine in any dimension d the subgroup of SO(d) generated by two given one-
parameter rotation groups with linearly independent generators A and B. Extend the
set {A, B} to a basis for the Lie algebra by adding Lie brackets until one obtains a set
of independent matrices X1, ..., X,, with the property that all Lie brackets [X;, X/],
1 <i < j < m, are linear combinations of X1, ..., X,,. By Example 18.64 the Lie
group associated with such a Lie algebra need not be a closed subgroup of SO(d);
the map exp may curl up the m-dimensional Lie algebra to fit into the compact set
SO(d). O

A good way to measure non-commutativity is by looking at the product
o(t) =o' Bla”iB7, o =4, B =eB 1 eR.
A second order Taylor expansion gives
I+ At+--- )T +Bt+---)I—-—At+---)({—Bt+--+)
=1+ ABt?> — BAt> + 0(t3), t—0

and hence (¢(t) —I)/t> — AB — BA = [A, B]. Itis clear now why Lie algebras
should be closed for the Lie bracket. If ¢’4 and e'8 lie in € then ¢![4-8] € € since

J/’Etn] — o'l4:B] v =¢(1//n) € 8. (18.27)

Example 18.70. Let o and B’ be rotations in R3. Choose coordinates so that the
x-axis is the rotation axis of &, and the horizontal plane contains the rotation axis
of 8. The generators are:

0O 0 O 0 0 ¢ 0 ac O
A=10 0 al, B=]|0 0 b = [A,B]=]|—-ac 0 O
0 —a O —c —=b 0 0 0 0
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If A and B are linearly independent then ac # 0. The three-dimensional group SO(3)
of rotations in R® with determinant 41 contains no two-dimensional subgroups. ¢

Example 18.71. A™ is the group of positive affine transformations on the real
line. Generators are matrices of size two with top row zero. The group AT is
non-commutative:

0 0\ (0 0\]_(0 0) (0 0\ _ (0 0

0 1)°\1 O “\1 0 0 0) \1 0)°
Write this as [4, B] = B. Then e4’y = o’y = ey and eB'y = p'y = y + 1.
Check that

)y =a'Bla By =e'(e(y—t) +1) =y + (' = ),
and hence (¢(t) —id)/t?> — B, asin (18.27). O

A two-dimensional non-commutative Lie algebra has a basis X1, X,. SetY :=
[X1,X2] = aX; +bX,. Wemay assume b # 0. Set X = X;/b. Then X and Y are
independent, and [X, Y] = Y. So any non-commutative two-dimensional Lie algebra
is isomorphic to the Lie algebra of the group of positive affine transformations on the
reals.

These examples should give an idea of the relation between Lie groups and Lie
algebras. The theory of Lie algebras helps to understand a rather tricky issue for
densities of limit high risk scenarios or excess measures in dimension d > 3. Suppose
the density g is continuous and invariant under two one-parameter groups y! = €',
t € R,i =0,1. Then g is constant along orbits of these two groups, and also along
any continuous path which consists of a finite number of arcs from these orbits:

g(2) = g(z0). z=y(o) v =W

The Lie algebra g generated by Cy and C; may have dimension m > 2. This will be
the case if the Lie bracket [Cy, C1] is linearly independent of the elements Cy and C.
It may be shown that any Lie algebra g generates a Lie group §, which locally has the
dimension of the Lie algebra, by the Campbell-Hausdorff formula. The dimension
of the closure of ¥ may be larger still. Even though the group ¥ is generated by two
one-parameter subgroups, the orbits of § will typically be m-dimensional manifolds.
The algebra forces a continuous density which is constant along the curves y!(zo),
t € R,i = 0,1, to be constant on the set §zy.

On compact groups and their orbits one may define the uniform distribution.
A random affine transformation U is uniformly distributed on the closed group 84
if P{U € §} = 1, and if y(U) = U in distribution for each y € §. The distribution
of U is called the Haar measure on §. If M = §z is an orbit of § then the vector
Z = Uz isuniformly distributed on M in the sense that y(Z) = y(Uz) = y(U)z =
Uz = Z inlaw foreachy € 9.
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Theorem 18.72. Let §BA be a compact group. There exists a unique probability
measure | on G, the Haar measure, such that y(u) = p forally € §.

Proof. See Halmos [1950]. O

The importance of orthogonal groups becomes clear from the theorem below.

Lemma 18.73. Suppose Z is a random vector and y an affine transformation such
that y(Z) = Z inlaw. If Z is standardized, then y is orthogonal.

Proof. Let y(z) = b+ Az. Thenb = E(b + AZ) = EZ = 0, hence AAT =
EAZZTAT = EZZT =1. O

Theorem 18.74. A compact subgroup of A is a closed subgroup of the group O of
orthogonal linear transformations in appropriate coordinates.

Proof. Let U be uniformly distributed on the compact group &, and let Z, be uni-
formly distributed over the d + 1 points 0, eq,...,es, where ey, ..., e,  are inde-
pendent vectors in RY. Set Z = UZy. Then Z has compact support, Z is non-
degenerate, and y(Z) = Z in law for each y € §. Choose coordinates such that Z
is standardized, and apply the lemma above. O

Theorem 18.75. If p is a finite measure and full, the symmetry group is compact.

Proof. First note that symmetries are measure preserving. We may assume that
p(R?) = 1. Let Z, have distribution p forn = 1,2,.... The symmetry group &
is a closed subgroup of #, hence locally compact. If § is not compact, there is
a sequence (y,) which diverges. Trivially y,(Z,) = Z and Z,, = Z. By the
Convergence of Types Theorem (Theorem 1 in the Preview), the sequence (y) is
relatively compact. O

The converse problem of constructing a probability measure for a given compact
group of symmetries is discussed in Meerschaert & Veeh [1995].

Excess measures are defined in terms of one-parameter groups of affine trans-
formations. It is possible that the actual symmetry group of the excess measure p is
larger. In that case there is a non-trivial group & of measure preserving symmetries.
The group § is a closed normal subgroup of the closed symmetry group § since
it is the kernel of a continuous homomorphism to (0, co), see Theorem 18.28. The
group & for excess measures for linear expansions is compact by Theorem 16.11. For
excess measures associated with exceedances over horizontal thresholds the group §
need not be compact.

Example 18.76. In the case of Lebesgue measure on the paraboloid y > xf + x%
in R3 the symmetry group § has dimension m = 4. The measure preserving sym-
metries form a three-dimensional subgroup &, isomorphic to the group of affine
Euclidean transformations on the plane. O
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What does the theory of Lie groups tell us about closed subgroups ¥ of GL? If
there is an open set in GL which contains exactly one element of ¥, then ¥ is discrete
and each element is an isolated element of §. In particular there exists ¢ > 0 such
that (I +¢eB)Ng = {[}. If § is not discrete it contains a non-trivial Lie group. The
proof is simple:

Proposition 18.77. A closed subgroup of the general linear group is discrete or it
contains a one-parameter subgroup.

Proof. Suppose there is a sequence «, € § which converges to / with o, # 1.
Write o, = e4” with A, = log(ay,) for ||, — I|| < 1. Then 4, — 0. Choose
integers m, — oo such that ||m, A,| — 1. By taking an appropriate subsequence
we may assume that C, = my A, — C. Then |C|| = 1. Lett € R. Setk, = [tmy].
Then k, A, — tC and ekn4n — ¢!C_ Since € is closed, and contains the elements
a,’f" = ekndn it contains the limit e’ . O

The matrix C is a generator of a Lie group for the closed subgroup § if § contains
the elements ¢’C for t € R. This is the case if there is a sequence o, = ed” € §
and a sequence of integers m, — oo such that m, A, — C. Let g denote the set of
generators. It is not difficult to show that

1) A,B € gimplies A + B € g;

) Ifa! = e'4 € §forallt € R,andalso B! = B, thenlog(a! Bl ") /t? —
[A, B] fort — 0.

It follows from 1) that g is a linear space, and from 2) that it is a Lie algebra.
Moreover, locally, the closed Lie group ¥ is the image under the exponential map of
an open centered ball in g:

Proposition 18.78. There exists ¢ > 0 such thatlog(y) e gfory € &, ||y —1I|| < e.
The result follows from the more technical statement in the lemma below.

Lemma 18.79. Let L be a linear space of matrices M, and '§ a group of matrices
which contains the matrices eM, M € L. Let y, € &, y» — 1, and suppose
Cn = logy, & L. Then there exists a subsequence Yy, a null sequence B, € L, a
sequence r, — 00, and a matrix A &€ L such that

(e By )l o4 1 eR.
Proof. Leta = ||A|| and b = ||B||. Then e4+t8 —eBe4 = O(ab) for a,b — 0
by comparing the power series expansions. Hence e Be4T8 = ¢4 4 O with Q =
O(ab). Differentiability of the power series for log around X = I in e4 gives
log(e BeAt8) = A4+ Q' with Q' = O(ab). Write C, = A, + B, with 4,, L L. Set
Sn = 1/an. Then |[s, A, | = 1. So there is a convergent subsequence: sk, Ak, — A.
The bound above implies s, t log(e™Bkn eAkn tBin) — 1 4. |



18 Regular variation and excess measures 343

Let &y be the connected component of the identity in the closed group §. By
definition §j is the setof all y € § which may be linked to the identity by a continuous
curve in §. Each such y is a finite product of elements oy = ek with Ay € g and
lloe — 1| <.

Proposition 18.80. Let S be a closed subgroup of GL, and §y the connected com-
ponent of the identity. The set §y is a group. It is closed in GL. It is openin §. It is
a normal subgroup of §.

Proof. 1f £(t) is a curve connecting id to «, then B&(¢) connects 8 to Bo. Hence one
can reach Bo if one can reach @ and 8. So § is a group. If W = I + ¢B satisfies
W N&, = W N then this also holds for W for any o € §y. So & is open in §.
Hence so are the left cosets, and so is the complement § \ &, as a union of left cosets.
So &, is closed in &, and since § is closed in GL, the set §; is closed in GL. Two
elements o and &’ lie in the same left coset, if and only if they may be connected. If
o' € a8y, and B’ € B, then o’ B’ may be connected to a8, and hence o’ 8’ € aff%,.
So &y is the kernel of the quotient map o — &y, which is a homomorphism. O

Corollary 18.81. G is the Lie group generated by g.

So closed subgroups of 4 and GL have a simple structure. They fall apart into
a finite or countable collection of copies of a connected closed group &y, which is a
manifold modelled on the Lie algebra g.

Example 18.82. The group Ag of all affine transformations which map H ontoitself
consists of two connected parts diffeomorphic to R” x R" x GLT (h) x (0,00). ¢

A closed group may be isomorphic to a proper closed subgroup of itself: The
group 2Z of even integers is isomorphic to Z. For compact groups in # this is not
possible.

Proposition 18.83. If § is a closed subgroup of A with finitely many connected
components, and H a closed subgroup of §, isomorphic to G, then # = §.

Proof. First assume § is connected. Then so is #, and the Lie algebra [ is a linear
subspace of g, and with the same dimension as g (and # and §). So ) = g and
J¢ = ¢ since each element of § is a finite product of elements in €Y. In general the
isomorphism preserves the number of components. So # fills out §. O

We conclude with a few words on homomorphisms. Excess measures use contin-
uous homomorphisms ®: ¥ — (0, c0). Such homomorphisms correspond to certain
linear functions on the Lie algebra g.

Proposition 18.84. Fora Lie group § with Lie algebra g a continuous homomorphism
O: § — (0,00) has the form ®(e') = e'%4 for a linear function 6: g — R.
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Proof. Define §(A) = log ©(e4). Then §(tA) = tH(A) since this holds forr = —1,
t = 1/m, and in general for t € Q. Set C, = log(e/"*8/"). The power series of
the exponential function gives n(e4/**8/* 1) - A+ B, andhencenC, — A+ B.
This gives

0A + OB = log O(e?) + log O(e?) = nlog(@(e4/"eB/")) = nlog @)
=nd(C,) = 0(nC,) — 6(A + B).

Hence 64 + OB = 6(A 4+ B). The equality holds for arbitrary A and B in g. |
Corollary 18.85. If (A) = log ©(e?) then O([A, B]) = 0 for A, B € q.

Proof. Set ¢(t) = e'4e!Be t4e™'B Then Og(t) = 1. Set C, = logo(1//n)
for n > ng. Then 6(C,) = 0, hence 6(nC,) = 0 and nC,, — [A, B] gives
0[A, B] = 0. O

The results above also hold if ® is only defined on a neighbourhood of the identity.

Proposition 18.86. Let A € g have complex diagonal Jordan form with diagonal
entries on the imaginary axis. If ®: 8§ — (0,00) is a continuous homomorphism
then A = 0.

Proof. The closure J of the one-parameter group e’4, ¢ € R, is a compact group.
Hence ©(H) is a compact subgroup of (0, co). This implies O(H) = {1}. |

Our description of Lie groups is ambivalent. Symmetry groups of excess measures
are closed. So for our purpose it is natural to think of a Lie group as a connected
closed subgroup of GL or +4. In the general theory one prefers to think of a Lie group
as a manifold modeled on a Lie algebra. The exposition given above for the closed
subgroups of GL is in the spirit of von Neumann [1929]. A simple introduction to
matrix Lie groups is Curtis [1979]. More advanced texts on Lie groups are Bump
[2004], Duistermaat & Kolk [2000] and Varadarajan [1974]. Lorente & Gruber
[1972] gives a good impression of the complexity of the system of multidimensional
subgroups of GL(d) for d < 6; Winternitz [2004] describes the subgroups of SL(3).

18.14 An example. In these notes three methods for handling extremes of multi-
variate samples have been developed. In each case one looks at exceedances. In
each case there is a class of convex open sets which determines which points of the
sample are to be termed extreme. Extreme points fall outside some convex set from
this class. The convex sets are open halfspaces, open ellipsoids, and translates of the
open negative orthant. The edge of the normalized sample cloud is described by a
limiting Poisson point process. The mean measure of this Poisson point process is
the excess measure. There are situations where all three approaches may be applied.
Do the three approaches then yield the same excess measure?
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A distribution may lie in the domain of attraction of many different excess mea-
sures. In the example below, high risk scenarios on halfspaces converge for every
direction. The limit distribution depends on the direction; but not continuously. In
addition to these directional limit laws for exceedances over linear thresholds, there
is a limit law for exceedances over elliptic thresholds, a limit law for exceedances
over translates of the negative orthant, and one for coordinatewise maxima. In our
example the corresponding excess measures are different in each case.

We shall construct a probability distribution 7 on the plane, and excess measures

pi onopensets O; fori = 0,...,m, with the same scalar expansions:
vipi)=¢épi, Y :wrew, teR, i=0,...,m, (18.28)
such that fori =0,...,m
(e' /")y~ () — p; vaguelyon O;, t — oo, (18.29)

and such that for any halfplane J = {au + bv > 1}, a® + b? = 1, the scaled high
risk scenarios converge:

ZH )y =W/, H, =r], r— oo,

where W7 is a vector on J with density g/. Convergence J, — J does not imply
Wi = w' Ttis possible that J; and J; intersect and

P{W’2 e 1} >0, P{W’ e} =0. (18.30)

Example 18.87. Let C; D --- D (), be a strictly decreasing finite sequence of
proper closed cones (sectors) in R2. We assume that C; N [0, 00)? = {(0,0)}. Set
Co = R? and Cp,r1 = {(0,0)}. Let go be a continuous positive function on R,
periodic modulo 27r. The density (in polar coordinates)

g(r.@) = golp)/r’., r>0, ¢ €l0,2m)

determines excess measures ok, with densities gk = glc,\c ., » Which satisfy (18.28).
The probability distribution 7 of Z has density f, which, outside some large disk,
has the form

f(r.@) = (logr)*g(r,¢) on Cx \ Cxy1. k=0,...,m.

It follows that (18.29) holds on O; = Cic+1’ and that W has density

g7 =glcocopi /o (J),

where k = k is the maximal index for which J intersects C. The two probabilities
in (18.30) are positive only if k;, = ky,, and then ox(J1)g7t = pr(J2)g”2. The
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integer-valued function J +— k is not continuous, hence neither is the map from J
to the distribution of W

The vector Z has heavy tails. The asymptotics for exceedances over elliptic
thresholds focuses on the global behaviour, and will see only the heaviest tails. The
excess measure is dp® = lc, dpm on R? \ {0}. The vector Z conditioned to
lie outside the ball rB converges for r — oo in distribution to a vector W with
distribution 1gcdp™ /p°°(B°):

Z'r=> W, r— oo

For componentwise maxima one looks at the sample points outside translates of
the negative quadrant. For heavy tails it is customary to replace the vector Z by
ZT = (X Vv0,Y vO0)on [0,00)2. The part of 7 in (—o0, 0]? does not contribute.
The asymptotic behaviour is determined by the cones C; which extend into the second
or fourth quadrant. The limiting excess measure for exceedances over translates of
the negative quadrant will be denoted by p2. This measure lives on

X = [—00,00)? \ [—00, 0]%.

The measure p€ and the exponent measure p¥ on [0, 00]? \ {0} of the max-stable
limit distribution are related: p" is the image of p< under the non-linear projection
z + zt. These limit measures are determined by the asymptotics for exceedances
over horizontal and vertical thresholds. If C; lies in (—oo, 0]? then p€ is the restriction
of p to X. The exponent measure p" charges the positive quadrant and the two
boundary halflines. If C; extends into the second or fourth quadrant then p" lives on
the boundary of the positive quadrant, and, under appropriate diagonal normalization,
the sample maxima converge to a limit vector with iid components, with Fréchet
distribution e=1/*"" on [0, 00). The excess measure p< shows greater variety. It is
the restriction of p; to X if C; extends into both the second and fourth quadrant and
Cj+1B(—00,0]?; otherwise it lives on two positive halflines, one vertical the other
horizontal, one in zero the other in —co. If p€ charges {—oo} x (0, 00) this just
means that for any ¢ > 0 for points W,y = (U,k, Vui) in the normalized sample
with V,,; > & the horizontal coordinate U, tends to lie far out on the negative axis
for large n. O

The example is rather artificial. Even in the simple case of heavy tails and a
limit measure with scalar symmetries, the conditions for convergence in the case of
D"(p), DY (p) and D> (p) are so different that in general a probability distribution
will typically lie in only one of these domains. This is clear if one looks at the nor-
malizations which are allowed in the different situations. The class of normalizations
is largest for H*°. The normalizations for {D° need not preserve the coordinate axes
nor the “horizontal” plane. The normalizations for D" preserve the “horizontal”
plane; those for DY preserve the coordinate axes. On the other hand D looks at
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the global asymptotics, and hence convergence may be destroyed by perturbations of
the distribution in directions which are not noticed in OD” or DV.

Now suppose the vector Z has non-negative components and heavy tails. Then
Z € DY (p) implies Z € D*°(p). If the d marginal tails T; = 1 — F; are equal,
then exceedances over linear thresholds will converge for all directions 6 € [0, c0).
In general convergence of exceedances over linear thresholds for one direction does
not imply convergence for any other direction. If 7; / T fails to have a positive finite
limit in oo for one of the coordinates, then convergence over linear thresholds with
direction 6 € (0, oo)d will fail too. We refer to Section 15.4 for a discussion on the
relation between the domains DV (p) and D" (p).

One of our aims in writing these notes has been to clarify the relation between the
different domains of attraction.



V Open problems

The reader will have noticed that there is considerable variation in the size of the
individual lectures. For standard topics we have presented the basic material and
given references for further reading. Where the material is new we have not hesitated
to include less basic results. This may sometimes give the impression that the road
splits into many smaller paths that wander off without a definite goal. That impression
is not incorrect. In writing a book one has to decide what to include. Our aim was
to give an impression of the state of the theory at this moment. By diminishing the
number of examples and technical results we could have reduced the size of the book
by a hundred pages. However, the book, like most books in mathematics, is not
intended to be read, except for the Introduction, the Preview, and the introductory
pages of the chapters and of some of the longer sections. It is directed at probabilists,
statisticians and risk analysts who want to see whether particular problems with
which they are confronted can be clarified, and perhaps even solved by using a more
geometric approach. Such a person wants to know what results are available on a
specific topic, say heavy tails with scalar symmetries and non-scalar normalizations.
To find out she will have to read the introductory pages of Section 16, skim through
the remainder of that section, and then zoom in on Subsection 17.2.

You are served a Preview, which opens up a new vision on multivariate extremes,
and an Introduction, which, in a lighter vein, describes the relevance of this theory
to financial mathematics and insurance and risk analysis. The main course is a novel
theory of multivariate Generalized Pareto Distributions. Side dishes are a limit theory
for exceedances over linear thresholds, and an extension of the classic univariate
theory of exceedances for heavy tailed distributions to the multivariate setting. As a
bonus the reader gets a nice introduction to Poisson point processes on open subsets
of Euclidean space, and to univariate and coordinatewise multivariate extreme value
theory. On top of that we offer you an introduction to univariate and multivariate
regular variation, including the Meerschaert Spectral Decomposition Theorem, to
Lie groups of affine transformations and the Jordan form in linear algebra, and to
multivariate stable distributions and Lévy processes. We zoom in on a number of
special situations which may be of particular interest to risk theory: light tails in
all directions, or only in one particular direction, heavy tails with the same rate of
decrease in all directions, or with different rates of decrease.

As the topics become more specific, the presentation becomes more technical.
This can not be avoided. It is hoped that the detailed subdivision of the material, the
use of starred subsections to indicate non-main stream material, the many examples
illustrating unexpected behaviour, the extensive index, and the back-references in the
bibliography will help to open up the book to the serious investigator.
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The foregoing chapters gave a description of work in progress. There we told
what we know about high risk scenarios; in this chapter we talk about what we do
not know. We shall discuss open problems in the analysis of high risk scenarios, both
from the probabilistic background of the models, and in the statistical analysis of data
in terms of these models.

The numbers at the end of each item refer to sections which contain relevant
material.

19 The stochastic model

1) Are the multivariate GPDs the only limit laws for high risk scenarios? One

can show that these are the only limit laws in dimension d = 2, and the
only cylinder symmetric limit laws for any dimension. The proofs are rather
algebraic. [13.1]

2) An XS-measure is an excess measure p, with halfspace Jy of unit mass, whose

3)

4)

symmetry group § is so large that §(Jy) is open in #. Examples are the
multivariate GPDs, and Lebesgue measure on the quadratic cone {v > |u||} or
on (0, 00)?. Also the heavy-tailed densities 1gc (1, v)/(v +uTu/2)@d+D/2+4
withA > 0and Q = {v < —uTu/2}. These measures have the rail property to
an extreme degree. Determine the class of all XS-measures, and their domains
of attraction. There are seven classes of cylinder symmetric XS-measures, see
Balkema [2006]. [12.2; 14.1]

The domain of the heavy tailed multivariate GPDs. Let p have density
1/|w||9+Y* with ¢ > 0. Then Z € D>(p) implies Z € D(r) by a two-
step conditioning, first on the complement of an ellipsoid, then on a halfspace
supporting this ellipsoid. Does the inclusion D (7)BD*(p) hold? [12.1; 17.2]

Do unimodal densities describe the global behaviour of distributions in the
domain of the Gauss-exponential law? Suppose 7 lies in the domain of attrac-
tion of the Gauss-exponential law. Does there exist a density f € Ug which
converges with the same normalizations as 7, such that dw = fdu where u
is a roughening of Lebesgue measure for f? The measure 7w determines the
normalizations «g. So we may use (8.11) to determine the asymptotic value
of f in the point z = ay(0). The function f o agy/f(z) will be close to
w > e~®"u/2+v) on bounded sets. This suggests that it might be possible
to construct a continuous function f in Uy by pasting pieces of the Gauss-
exponential density together. [11.4]



350

5)

6)

7

8)

V' Open problems

Rates of convergence. How does the rate of convergence behave with increasing
dimension?

High risk limit laws do not lie in their own domain of attraction. However there
are simple spherical distributions in the domain of attraction of the multivariate
GPDs. The standard Gauss distribution lies in the Gauss-exponential domain,
the spherical Student distributions lie in the domains of the heavy tailed limits,
and the spherical beta distributions lie in the domains of the bounded limit vec-
tors. For these classical densities one may compute the L! distance § between
the density of the normalized high risk scenario and of the limit vector. Choose
the optimal normalization. The number § then depends on the dimension d, on
the risk level p, and on the shape parameter t € [—1/2h, 00). The dependence
on the dimension is not crucial. For ¢ = 0 there is no dependence on d. With
hindsight, this is not surprising, since the horizontal coordinate already has the
correct limit distribution. [8.3]

The domain of the bounded multivariate GPDs. Describe D (p) where p is
Lebesgue measure on the paraboloid v < —uTuy /2. [12.2]

Many of our results are on L' convergence of densities, rather than weak
convergence of probability measures. What is the bonus for this stronger form
of convergence? [9.4; 10.3]

Skeletons for densities in the Gauss-exponential domain. Let f = e™% €
D(0) be unimodal. The increasing sequence of bounded convex sets {¢ < n}
determines the asymptotic behaviour of f in the same way in which a df

n

F € D7(0)is determined by a sequence y, 1 yoo for which 1—F(y,) ~ e™".
Such a sequence is a discrete skeleton.

In the multivariate case the sets {¢ < n + 1} N H,, where H,, are half-
spaces supporting the level set {¢ < n}, are asymptotically parabolical caps.
For any decreasing sequence of such halfspaces H,,, the hyperplanes dH,
are asymptotically equidistant. Are these conditions sufficient to ensure f €
D(0)?

In the univariate setting a sequence of positive reals ag,ai,... with
an+1/a, — 1 determines a skeleton (y,)for given yo by the relation y, =
Yn—1 + a,. Hence up to asymptotic equality (and a translation) the sequence
(a,) determines the tail of a df in the domain of the exponential limit law. In
the multivariate setting a similar constructive approach to the domain of the
Gauss-exponential limit law might be developed using skeletons consisting of
increasing sequences of bounded open strictly convex sets O, containing the
origin, and having a C ! boundary d0,,, as in the definition of Ug in Section 10.1.

In particular this approach might enable us to answer the following questions:
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i) Given a sequence of rotund sets D, does there exist a function f € Uy and
increasing sequences k,, — oo and r,, — oo such that { f > e_k”} =r,D,?

ii) Given an increasing sequence of balls B, = z, + r, B with center z, and
radius r, > ||z, ||, what conditions on the centers z, and radii r, ensure that
there exists a function f € Uy such that all level sets { f > ¢} are balls, and
{f >e™} = B,?

iii) Does there existan f € Uy such that { f > 0} is an open simplex, an open
paraboloid, or some other given open convex set? [9.4; 11.4]

How close can the distribution get to the exponent measure in the theory of
max-stable distributions? Let R be the df of an exponent measure p € MSE.
Does there exist a copula C such that

Cle+2z)=1—R(z), e=(l,....1), z € (—00,0/%, ||z|| < &?

For © — 0+ the heavy tailed multivariate GPD on H4 with shape parameter
T (properly normalized) tends to the Gauss-exponential distribution. For the
domains of attraction there seems to be a discontinuity in t = 04. Nice
densities in the domain of the Gauss-exponential law have rotund level sets,
but in the domain of the multivariate Euclidean Pareto distribution the level
sets { f > c} are elliptic for ¢ — 0+. For heavy tails the distribution has to
satisfy a structural condition (asymptotically elliptic distribution); for light tails
the condition is a local smoothness condition (continuously varying positive
curvature). What happens for t > 0 and small? Are the asymptotics based on
7 = 0 valid as a reasonable approximation in this situation? [13.1]

For heavy tailed distributions a similar discontinuity in the domains D> (p)
occurs. Take a spectral measure with a fixed non-constant density on the unit
circle. Let p, be the excess measure with this spectral measure and with
generator C,, = diag(1,1 4 1/n). In the limit the generator is scalar and
distributions in D (p) may be twisted. [16.1; 18.4; 17.2]

Suppose p; and p; are full measures on IRd, o1 and « affine transformations,
and C;,C, > 1 such that o;(p;) = Cip; fori = 1,2. If p; and p, agree
outside some bounded set, does this imply that p; = p,? [18.10]

What can one say about the convex hull C, of the sample cloud N, from a
distribution in the Gauss-exponential domain? If the distribution has a density
Lf with f € Ug and L flat for f then the convex hull locally may be described
by the convex hull of the Poisson point process M with intensity e~ u/2+v),
The convex hull of M is roughly parabolic. What can one say about the global
behaviour of the convex hulls C,,?



352

14)

15)

16)

17)

V' Open problems

Define the core sets K, for a distribution 7 as the intersection of all halfspaces
H of mass w(H) > 1 — 1/n. How much does the convex hull C, differ from
the core set? How many points of the sample cloud N, fall outside the core set
K, ? In any boundary point p € 9K, one may introduce coordinates so that p
is the origin and nx is close to the Gauss-exponential measure p. So one can
measure how far out the points of N, outside the core set are. What can one
say about the fluctuations in this landscape? Global peaks are simple. What
about the valleys?

There are some results for spherically symmetric distributions. It would be
interesting to see whether these hold when the condition of spherical symmetry
isrelaxed. A clear exposition of the basic ideas in the bivariate situation is given
in Nagaev [1995]. The results in Hueter [1999] are very general; the proofs
rather sketchy. See Finch & Hueter [2004] for more references. [11.5; 5.7]

The relation to coordinatewise extreme value theory. For heavy tails the relation
between coordinatewise extremes and exceedances over elliptic thresholds is
clear. For light tails there are many dark areas. In particular the domains of
exponent measures with exponential marginals have received no attention in
these notes. [Preview; 15.3; 15.4; 17.3]

If the vector Z has exponentially thin tails, the moment generating function
M exists, and one may use exponential tilting to emphasize the measure in
certain directions, replacing d7r by d7%(z) = e%?dn(z)/M(Z). Not much
is known about the limit theory in this situation. See Barndorff-Nielsen &
Kliippelberg [1999] and Wiedmann [1997] for multivariate Gaussian limits,
and Balkema, Kliippelberg & Resnick [2001] and Nagaev & Zaigraev [2000]
for more general limit distributions. We defined a scenario as a change of
measure. So the Esscher transform 7% may be treated as a high risk scenario. If
one allows ¢ to diverge in any direction the basic theory is similar to that for high
risk scenarios: finite-dimensional families of limit laws with large symmetry
groups. Note though that these scenarios are only defined for distributions &
with thin tails. [15.2]

What happens if one conditions on orthants [z, o), z € R?, rather than half-
spaces, and assumes that P{Z > z} — 0?7 See Balkema & Qi [1998].

Roughening Lebesgue measure should not affect weak convergence. L! con-
vergence on Hy is preserved if we multiply f € Ug by a flat function.
In Balkema & Embrechts [2004] it is shown that weak convergence is preserved
if we roughen Lebesgue measure, provided the density is rotund-exponential.
Does this also hold for densities in Ug? [10]
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Suppose f € Ug and L is flat for f. Is L f asymptotic to an element iz € Uy?
[10.1]

Itis simple to generate random vectors from the uniform distribution on a rotund
set. By viewing rotund-exponential densities as mixtures of scaled copies of
such distributions, random vectors from rotund-exponential densities may be
simulated in a two-step procedure. How does one efficiently simulate high risk
scenarios from such a density? [9.2]

Suppose our sample comes from a unimodal density in the domain of the
Gauss-exponential law. We have estimated a number of rotund level sets, say
atthelevels ¢, ¢ /2 and ¢ /4. How do we fill in the tails? For rotund-exponential
densities the level sets are scaled copies of a fixed rotund set, and this is no
problem. We then only have to estimate a univariate tail. But if the shape of
the level sets changes, or the barycenter of the sets, it is not clear what the next
level set (at level ¢ /8, say) should look like. [11.4]

How much variation is possible in the tails in different directions for unimodal
densities in the domain of the Gauss-exponential high risk limit law? [11.4]

Pancheva [1985] and Mohan & Ravi [1992] have looked at convergence of
non-negative random variables under power norming:

U =ebxe

witha > 0and b € R. This corresponds to positive affine normalizations of the
logarithm of X. For exceedances over horizontal thresholds of random vectors
Z = (X,Y) € R"*! one may perform such power scaling surreptitiously
by an initial non-linear transformation Z = (X,1logY). In how far does this
procedure allow us to generalize the limit theory for heavy tails developed in
Section 16?

A measure p on an open set OBRY is sign-invariant if —O = O and if
t(p) =p where ((w) = —w.

If p is sign-invariant then so is 7'(p) for any linear transformation 7'. If p is a
Radon measure on O = R¥ \ {0} then p® = (p + 1(p))/2 is sign-invariant. A
measure p* on the unit sphere dB in R¥ is standard if it is a probability measure
with zero expectation and covariance matrix I /d. The uniform distribution on
dB is standard. Suppose p is an excess measure for scalar expansions. Then so
is T'(p) for any linear transformation 7'. Can one choose 7 so that the spectral
measure of (7p)? is standard? [16.1]
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27)

28)

29)

30)

V' Open problems

Describe the behaviour of the convex hull C,, of an n-point sample cloud from a
density f = Le™¥°"P as in Theorem 9.1 with L flat. Do there exist constants
¢p > Osuch that Cy, /¢, —> D as.? [11.1]

There exists an elegant theory of weak convergence for increasing functions
on an open interval and for multivariate dfs. Develop a similar theory for
multivariate unimodal distributions. [10.1]

In R*® one may define a standard Gaussian distribution, a Gauss-exponential
distribution and a Gauss-exponential point process. Develop the correspond-
ing infinite-dimensional theory of GPDs. (For t < 0 there is no infinite-
dimensional theory because of the bound T > —2/(d — 1).) [13.1]

Develop a high risk theory for exceedances beyond cones or cylinders (rather
than ellipsoids, or halfspaces). [18.8; 17.7; 16]

We have concentrated on symmetry groups with simple generators, multiples of
the identity or diagonal matrices. In these cases there is a basis of eigenvectors
in R?. Complex eigenvalues may be represented as rotations in real coor-
dinates. Generators which do not have a basis of complex eigenvectors have
non-zero off-diagonal elements in their Jordan form. In dimension d = 2 such
generators yield a group of shear transformations along the one-dimensional
eigenspace. An investigation of the domain of attraction for shear expansions
in R? would be of interest. [17]

Regular variation. Suppose f: [0, 00) — 4 is continuous and varies like e?€ .
How much information do we need to reconstruct the curve 8 up to asymptotic
equality? If the generator C is given it suffices to know the sequence f(n). If
the ! are linear expansions it suffices to know the linear part of B(¢); if the
y! are translations in R, and B(¢)(v) = a(t)v + b(t), it suffices to know the
function ¢ > b(t), or the curve {(h(t),a(t)) | t > 0} as a subset of R2. [18.1;
15.5]

Regular variation. Suppose o;(w) = A;w + a, varies like y?, and y is linear.
It may be possible to replace a by f ~ o where B is linear. This is the case
if y is a linear expansion (with all eigenvalues outside the unit circle in C). In
that case At_lozt — id. If all eigenvalues of y lie inside the unit circle then
a; — a and oy ~ By where f;(w) = A;(w —a) + a.

Take a geometric point of view, and think of y?, t € R, as a one-parameter
group of affine transformations on R<, and of o, as maps from R< to the d-
dimensional affine space L. The vectors Z and the high risk scenarios Z#
live on L. They are normalized by affine maps «~': L — R?. Under what
conditions can one choose coordinates in L, and 8 ~ «, so that in these
coordinates the B(¢) belong to the same subgroup as the y’? [18.4; 18.1]
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Meerschaert & Scheffler [2001], Theorem 6.1.19, give a Convergence of Types
Theorem for excess measures for exceedances over elliptic thresholds. Does
there exist a similar result for exceedances over horizontal thresholds? [Pre-
view|]

Give a geometric description of the curve of ellipsoids, t — E; = «(t)(B),
where « varies like y’. For scalar expansion groups, y’(w) = e®"w, there is a
simple criterium, (19) in the Preview for regular variation of ellipsoids. [17.2]

Consider a continuous density f(x,y) = fy(x) f (y) in the domain D”(p)
of the Gauss-exponential measure p with the property that the conditional
densities f) are Gaussian. Such a typical density may be constructed, starting
from a sequence b,, = bg +ay +---+ a, witha,+1 ~ a, > 0, a sequence of
centered ellipsoids E, ~ E,_1, and a sequence of vectors i, = o + vy +
.«-+v, in R” where On+1—¢n = o(E, /ay) for ¢, = v, /a,. What conditions
on the sequence (a,, E,, v,) will ensure that the convex hulls converge? For
what measures p is the limit relation preserved, and convergence of the convex
hulls, if we replace fdA by fdu? [15.2;16.7]

Typical densities exist for exceedances over horizontal thresholds, exceedances
over elliptic thresholds, and for exceedances beyond translates of the negative
orthant, as for coordinatewise maxima. Now replace horizontal thresholds by
thresholds that are asymptotically parallel. In algebraic terms this means that
B:[0,00) — 4 is a continuous curve which varies like y* in A”. We drop
the condition that B(f) € A". We seem to run into difficulties here if we try to
construct typical densities. [18.8]

Explore tail self-similar limit laws. Here one replaces the one-parameter group
of symmetries in the definition of an excess measure by a single symmetry
relation: y(p) = ap for some a > 1. Obviously this implies y*(p) = a¥p for
all k € Z. The theory is simple (as long as there is only one symmetry), and
for distributions in the domain of attraction of a tail self-similar distribution the
recipe in the Preview will work. All one has to do is replace the spectral measure
by a period of the tail self-similar distribution. Regular variation reduces to the
study of sequences o, = gy - .. ¥Yn With y,, — y. In the univariate situation
the measure p with mass 1/2"*! in the points n € Z restricted to [0, 00)
yields a geometric distribution. Such measures occur as exponent measures
for maxima when one considers subsequences, the maximum of r,, independent
observations, where r,41/r, — 2. There is a well-developed theory in the
univariate case, but there are few applications. See Pancheva [1992] for basic
results on max-semistability, Temido & Canto e Castro [2002] for extension
to stationary sequences, and van den Brandhof [2008] for a nice application.
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The corresponding theory for sums of random vectors has been developed in
MS, Section 6.2 and 7.1. [14.4]

36) Develop the theory of regular variation and excess measures on infinite-dimen-
sional linear spaces. See Hult & Lindskog [2006]. [18.1; 18.7]

37) If p is an excess measure on R? \ {0} for linear expansions, can one choose
coordinates such that the unit ball B is adapted and also invariant under the
linear transformations which preserve p? [16.2]

20 The statistical analysis

The statistician in extreme value theory is faced with three interrelated problems:
1) she is only interested in the tail behaviour of the distribution;
2) she has to estimate an infinite measure;
3) this measure p has a continuous non-compact group of symmetries.
Let us briefly discuss each of these three points:

1) Since she is only interested in the asymptotic behaviour of the tail — she may
be asked to use the sample to estimate probabilities of regions which lie outside the
convex hull of the sample cloud — the statistician starts by throwing away at least 90%
of the sample, in the univariate case all points below a certain threshold. The crucial
question then becomes: How does one determine the threshold? In the univariate
case the threshold is a real number, but in the multivariate case the situation is more
complex. In general she deletes all sample points in a convex set: a halfspace, a lower
orthant, or an ellipsoid.

This procedure raises a more basic issue. Should the statistician give equal weight
to all points in the sample? By deleting a number of sample points the answer is clearly
no. Do there exist convincing arguments for giving each of the remaining sample
points the same weight? There is a variance-bias argument: The statistical advantage
of an increase in sampling diversity if the sample point just above the threshold were
to share some of its mass with the sample point just below the threshold may outweigh
the slight decrease in dependability.

2) In the theory of coordinatewise maxima the statistician has to estimate the ex-
ponent measure; in the theory of exceedances she has to estimate the excess measure.
These measures are infinite Radon measures p on open subsets OB[—oo, oo)d.

For the exponent measure there are two approaches. She may estimate the df
R(z) = p([—00,z]¢), or she may estimate the measure p itself in its upper end-
point together with the 2¢ — 2 lower dimensional marginals. See Proposition 7.9. In
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the case of exceedances over horizontal thresholds it suffices to estimate the prob-
ability measure dp’ = 1;dp/p(J) where J is a suitable horizontal halfspace; for
exceedances over elliptic thresholds the recipe is similar. For the measures associated
with multivariate GPDs the situation is different.

3) The infinite Radon measure p on O above has a one-parameter group of sym-
metries:
yi(p) =e'p, teR. (20.1)

There exists a base set ABO, a finite measure p* on a Borel set A¢BdA, and a home-
omorphism 7: O — Ay x R such that as in Section 18.9

1) T(p) = p* x e~"dt is a product measure on Ag X R;
2) orbits map into vertical lines: T'(y’(z)) = (T(z).1), z € Ao;
3) A is the inverse image of the halfspace Ag x [0, 00).

The measure p* is called the spectral measure. Since one may replace the Radon
measure p by a positive multiple of itself, one may assume that the spectral measure p*
is a probability measure, the distribution of a vector U*. Given the one-parameter
group y’, t € R, and the section Ay, the spectral measure determines the infinite
Radon measure p. For exceedances over horizontal thresholds the base set A is the
horizontal halfspace Jy and A¢ the bounding horizontal hyperplane. For exceedances
over ellipsoids A is the complement of the unit ball and A¢ the unit sphere — in
appropriate coordinates. The spectral measure depends on the choice of coordinates.
For the exponent measures associated with coordinatewise maxima of heavy-tailed
vectors several base sets have been suggested: The complement of a cube, a ball, or
a simplex. There is no canonical choice.

Excess measures (the Radon measures associated with exceedances) have the
advantage over exponent measures (associated with maxima) that the limit distribution
coincides with the excess measure on the halfspace Jy on which it lives.

The limit distribution for exceedances over horizontal or elliptic thresholds lies
in its own domain of attraction. If the sample comes from the limit distribution,
and she knows the generator of the stability group y?, t € R, she may project the
sample points onto a horizontal hyperplane (or an elliptic boundary) along orbits of
the stability group, to obtain a sample from the spectral measure p*. Essentially she
is in the situation where one has to estimate a spherically symmetric density. The
representation W = yT (U*, 0) transforms the data points W; into pairs (UX, T;) with
independent components. Since the variable T is standard exponential it suffices to
estimate the distribution p* of U™,

For high-dimensional data sets the reduction of the dimension from d to / is not
impressive. The real gain is that U* may have any distribution on R” (as long as the
distribution of W is non-degenerate).

If the underlying distribution is not the limit distribution, but lies in the domain
of attraction, then the statistician faces the same problems as in the univariate case.
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In addition she has to determine the form of the generator of the stability group, see
Section 14.9, and the values of the parameters in these matrices. Finally she has to
estimate the spectral distribution. It is not clear whether these tasks may be carried
out successively, if she wants good estimates.

Estimating the multivariate GPDs is a different matter. On the one hand she may
consider exceedances over thresholds in a particular direction. The spectral measure
then is known up to a finite number of parameters, so that the statistician is in the
classical situation of a finite-dimensional parameter space. On the other hand she
may consider convergence of the high risk scenarios in all directions. Spherical
distributions are replaced by distributions based on the gauge function of a rotund
set. Between the local and the global approach there is a range of questions which the
statistician may have to decide. Assume the spectral measure is Gaussian. Possible
questions are: Is convergence robust under slight changes in the direction of the
halfspace? For which halfspaces does the Gauss-exponential limit still apply? Does
the convex hull of the normalized sample cloud converge to the convex hull of the
limiting Gauss-exponential point process? See Example 9.14.

We now list a number of concrete problems which the statistician may encounter
in applying the limit theory for high risk scenarios as sketched in Chapters III and I'V.
As before the square brackets at the end refer to relevant subsections in the text.

1) Exhibit real life data sets which fit the theory. [8.5]
2) Provide synthetic data sets for a given rotund-exponential density. [9]

3) How does one associate a rotund set with a sample cloud? A bivariate sample
cloud may give a clear visual impression of an underlying spherical or elliptic
distribution, but it may also suggest that the level sets are egg-shaped rather
than elliptic. How does one construct the egg? [9.2]

4) Choice of the threshold. Inthe theory of extremes we want to estimate the mean
measure of the limiting Poisson point process. This measure satisfies certain
symmetry relations. Suppose it is a mixture of one-dimensional Lebesgue
measure on rays. Let A denote the set above the threshold. The statistician
restricts the sample to this set. With each of the k points x in the subsample
she associates a multiple c(x)/k of Lebesgue measure on the ray through
x where 1/c(x) is the length of the interval which A cuts off from the ray.
What conditions on A will ensure that this positive linear combination of one-
dimensional Lebesgue measures converges to p in probability? [7.4]

5) There is a growing expertise on the statistical analysis of distributions in the
domain of max-stable distributions. The results mentioned in the literature
should be applicable to the theory for exceedances over horizontal thresholds.
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As an example we mention sample copulas. These describe the relative rank of
the coordinates of the points in the sample cloud, see Section 7.3. For samples
from a df in the domain of a max-stable law one may form the sample copula —
an n-point subset of {1, . .., n}¢ which projects onto {1, ..., n} in each of the d
coordinates. Together with the univariate marginal samples the sample copula
determines the original sample. In the limit the normalized sample cloud from
a distribution in the domain of a max-stable law with standard exponential
marginals on (—oo,0) converges to a Poisson point process with standard
Poisson marginals on (—o0, 0), a so-called Poisson copula. The associated
sample copulas shifted to the negative orthant converge to the corresponding
simple point process on {. .., —2, —1}. How much information is lost by using
the sample copula to estimate the copula of the max-stable limit law? This
problem has recently been solved (under some extra conditions). The loss
does not vanish in the limit, but is of the same order of magnitude as the
statistical error due to sampling. Both may be described by a Gaussian process
based on a common Wiener process. See Einmahl, de Haan & Li [2006]. [7.5]

For a multivariate thin tailed distribution how does one decide that the level
sets are rotund, but not elliptical? [9.2]

For aheavy-tailed distribution how does one decide that the tails in all directions
have the same exponent? [16.1]

How does one choose the origin for heavy tailed distributions? Suppose the
distribution is a mixture of a Cauchy distribution, spherically symmetric around
an unknown point o, and an unknown asymmetric light tailed or bounded dis-
tribution. How does one determine ¢y? For the asymptotics it does not matter
where one chooses the origin; for finite samples it does make a difference. In
the univariate case the average of the upper and lower quartile might be a good
estimate. Is there a general procedure for distributions with balanced heavy
tails? [16.1]

How does one choose the coordinates? In the heavy-tailed situation one can
perform an initial affine coordinate transformation to change the elliptic cloud
into a spherical cloud. Now cut out all sample points within a ball of radius ry,
leaving only a fraction of the original sample. Project this subsample radially
(or rather along orbits) onto the unit sphere and check whether the sample of
unit vectors is centered and has a covariance matrix which is a multiple of the
identity. If not, how does one improve on the initial affine transformation?
[16.1; 8.5]

How does one test for unimodality? And how does one estimate the unimodal
density? [10.1]
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V' Open problems

If the excess measure p is heavy tailed and symmetric for scalar expansions
there are three models for the domain of attraction, depending on the normaliza-
tions allowed: scalar normalizations, diagonal matrices or arbitrary matrices.
For extremes one starts by throwing away the central points, thus reducing the
sample size by a factor ten. So the simple model of scalar expansions should do
unless one has a huge data set. What is the advantage of the larger models? [17]

How does one handle contamination? A contamination of 7 may be defined
as a mixture of two probability measures (1 — p)7 + pm with 0 < p < 1,
where 77 is more heavy tailed than 7. In particular 7 may live on a cone and
7 on the complement, or 7 may have exponential tails, whereas 7 has heavy
tails in certain directions.

In the univariate case sea level distributions determined by storms, currents and
tides may be contaminated by tsunamis, or by flood waves caused by meteorite
impacts. Life time distributions may be contaminated by pandemics or wars.
Credit risk distributions may be contaminated by economic breakdown due to
political revolutions. In the multivariate case we refer to Example 9.14, and
the discussion in Subsection 15.4. In robust statistics contamination is seen in
outliers. The task of the statistician is to detect and delete such anomalies in
the sample. In risk theory outliers have to be treated with extreme care. Do we
deal with errors which may cause some jitter but have no long term effect, or
do the outliers indicate real risks? In the latter case one may try to incorporate
the outliers in the basic model, or stick to the light tailed model, and embed that
in a larger model in which shocks (earthquakes, wars and system breakdowns)
are also taken into account. See Neslehova, Embrechts & Chavez-Demoulin
[2006] and Dell’ Aquila & Embrechts [2006]. [15.3]
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Page numbers in bold face lead to the formal definition.

4
A, 15

AT, 184, 186, 300

A" 36,184
e, 84

c(FE), convex hull, 38
cl(E), closure, 38
DT, 37,101, 121
D>, 37,233, 346
D" 37,185, 192, 346

DO, 37
DT, 37,120,

DY, 37,113, 346

DN, 222
D(0), 135
D(r), 176, 186
DW), 126

A, 88

0: H— 0,132
d:z, — 0,132
F,84,92

I, 90

GL(d), 15

¥, 84

FA, 88

H,y, 82

H(p), 88
HEy, 216

int(E), interior, 38

MT, 104
MS8E, 117
N, 67

o(E;): xy =, 227

P, 72
R, 76

b N’ X’ <<7 :>7 38

RE, 33,135, 136,
U, 148
Uy, 148

adapted, 236, 251, 256, 268, 356
admissible, 199
affine
expansion, 285
function, 84, 85
transformation, 15
Ansatz, 14, 24, 125, 231
asymptotic
affine transformations, 16
convex sets, 23
functions, 132
measures, 209
tail continuity, 104
atom of a measure, 44
atom of a partition, 46, 250

balance, 230, 265, 272, 275, 359
theorem, 265

Basel guidelines, 4

basic inequality, 159

beta density, spherical, 135, 178

Beurling slowly varying, 108

binomial distribution, 56

bivariate mean measure, 52

bland, 13, 124

box, coordinate, 273

CAT, 28, 36, 112, 199
Cauchy distribution, 17, 30
Cauchy equation, 297

chain, 334, 335

compact group, 294, 340, 341
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compact support, 76 covariance, 51, 55, 130, 137, 198, 207,
compact, relatively, 76 298, 353, 359

compensated Poisson point process, 97  CTT, 14

completely steady, 218, 219

component of the identity, 343 DAX, 130
componentwise maxima, 110, 121,264  decomposition
346, see also coordinatewise spectral, 22, 38, 258, 275, 333
extremes theorem, 118
condition on the boundary, 125, 186 decreasing, 87
cone, 84, 218, 222 degenerate distribution, 14
convergence, 32, 89,90,94, 185,200, Delta Project, 2
312,314 density
intrusion, 32, 88, 94, 200, 312, 313, power family, 134
320 Weibull, 33, 135
proper, 84 dependency, 122
consistency theorem, 96 dependogram, 116
contamination, 224, 360 diffuse, 44
convergence direction, 85
convex sets, 85 of convergence, 92
direction, 92 discrete skeleton, 223, 299, 350
in distribution, 69, 79 distribution
of densities, 152 Cauchy, 17
of point process, 69, 78 degenerate, 14
of types theorem, 14, 355 Euclidean Pareto, 131, 171
convex, 84 exponential, 101, 117
hull, 38, 82, 83, 93, 118, 225, 243 extreme value, 101
hulls, convergence of, 83, 94 Fréchet, 346
set, adapted, 236 Gauss, 29, 126, 217, 350
sets, convergence of, 85 Gauss-exponential, 127
support, 132, 220 generalized Pareto, see GPD
coordinate affine transformations, 28, 36, Gumbel, 29, 101, 103, 114, 115
112, see also CAT high risk, 124
coordinate box, 273 hyperbolic, 161
coordinatewise extremes, 110, 111, 224, max-stable, 101
273, 346, see also non-degenerate, 14
componentwise maxima parabolic power, 135
copula, 115, 116, 218 Pareto, 198
convergence theorem, 122 Pascal, 188
Poisson, 117, 359 point process, 49, 50, 63, 65, 66, 67
sample, 359 stable, 282

counting measure, 76 Student, 5, 29, 171
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uniform, see uniform distribution scalar, 221, 222, 266, 268, 277, 278,
divergence of a sequence, 132 345,
domain, 21 exponent measure, 103, 111, 180, 218,
attraction, 21, 113 224,346
elliptic attraction, 190, 233, 240 exponential
exceedance, 25, 101, 211 family: natural, 211
law, 101

high risk, 126
horizontal, 184
max-stable
affine norming, 113
monotone norming, 120
double-exponential, see Gumbel

egg-shaped, 136
elliptic
attraction, 233, 240
distribution, 178
threshold, 25, 37, 38, 234, 285
elliptical models, 5
enumeration of the points, 46
Esscher transform, 211
Euclidean Pareto, 23, 24, 131, 135, 171,
172, 176, 235, 255, 267, 351
exceedance, 101
domain, 21
elliptic threshold, 25, 38, 231, 234,
285
horizontal threshold, 17, 21, 183
univariate, 101
excess function, 166
excess measure, 19, 102, 179, 195, 198,
204, 235, 294, 295, 301, 318,
323,344
elementary, 318
for expansions, 238
exchangeable, 49
expansion, 235, 236, 236
affine, 285
group, 236
linear, 233, 285

marginals, 117

polar coordinates, 238
extension, 326
extension lemma, 312
extension theorem, 192, 294
extreme value, 101
extreme value theory, 2, 19

fiber bundle, 142

fixed points, 59

flat, 106, 159, 167, 171, 254
flimsy, 185

Fréchet distribution, 346

Galambos, theorem, 122
gauge function, 138, 265
Gauss distribution, 29, 126, 217, 350
Gauss-exponential, 23, 83, 135, 146,
349-351, 353-355
Gaussian space, 97
Gaussian field, 97
generalized inverse, 115
generator of a Lie group, 196, 199, 202,
297, 342
geometric extreme value theory, 27
geometry, 161, 253
Riemann, 163
global behaviour, 146, 233
GPD, 17, 101, 176, 186, 196, 205, 333,
349-351, 354, 358
Greenspan Uncertainty Principle, 7
Grigelionis, 57, 81
group
compact, 294, 340, 341
Lie, 315, 336, 337
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one-parameter, 19, 297, 336
orthogonal, 341

Gumbel
distribution, 29, 101, 103, 114, 115
marginals, 115, 121

Haan, de Haan—Resnick theorem, 113
Haar measure, 340, 341
halfspace, 84
halfspace
horizontal, 17, 36
heavy tails, 28, 130, 170, 222, 230, 263,
275,347
high risk
distribution, 124
limit distribution, 126
limit vector, 126
scenario, 17, 31, 35, 38, 123, 124,
142, 183, 220, 231, 263
homogeneous-elliptic, 216
horizontal, 183
halfspace, 17, 36
threshold, 18, 21, 25, 37, 183, 204,
211, 341, 355
hull, convex, 38, 83, 86,93, 118, 225, 243
hyperbolic distribution, 161

increasing partitions, 46

independence, 26, 51, 118, 180

initial position, 140

initial transformation, 141

instability, 291

integral, stochastic, 45

interpolation, 256, 299

intrusion cone, 32, 88, 94, 200, 312, 313,
320

invariant, 195, 316

Janossi density, 53

Jordan form, 21, 196, 198, 203, 204, 228,
235, 237, 262, 268, 278, 297,
304, 318, 320, 333

Index

Jordan spectral decomposition, 334
Keesten, 267

Laplace transform, 63, 64, 201, 296, 319

IcscH space, 70

Lebesgue measure, 21, 83, 88, 112, 117,
129, 167, 174, 175, 179, 193,
218-220, 222, 315, 316, 341,
349, 350, 358

level set, 15, 24, 134, 136, 235, 278, 351,
353

Lévy process, 54, 282

max-, 112

Lie algebra, 315, 330, 331, 336, 337

Lie bracket, 337

Lie group, 315, 336, 337

light upper tail, 28

linear expansion, 233, 285

group, 233, 240, 278

local limit law, 175

local scale, 253

local symmetry, 329

Lorentz group, 176

loss, 123

loss integral, 97, 99

lower endpoint, 111

marked point process, 44, 62, 146, 185

master sequence, 108

max-id, 100, 111

max-Lévy process, 112

max-stable, 101, 112,113, 114-119, 222,
284

maximum, componentwise, 110, 121

mean measure, 18, 20, 45, 96

bivariate, 52

Meerschaert spectral decomposition, 305

Mises, von Mises condition, 105, 136

Mises, von Mises function, 105, 206,217,
302

mixture, 43
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Mobius band, 142

Mobius transform, 118

model function, 108

monotone transformation, 104
multivariate, 119

multivariate
GPD, 176
monotone transformations, 119
slow variation, 157

needle, 83

non-degenerate, 126
distribution, 14

non-life insurance, 230

one-parameter group, 19, 21, 297, 324,
336, 340

operational risk, 5

operator stable, 34, 282

orbit, 200, 316, 320

order statistics, 103

orthogonal group, 341

parabolic
power laws, 175
parabolic cap, 129, 350
parabolic power laws, 135
paraboloid, 21, 83, 129, 174
Pareto, 101
Euclidean, 171
generalized, 101
distribution, see GPD
multivariate GPD, 176
parameter, 37, 176, 186, 300
Pareto distribution, 198
partition, 46
separating points, 46
Pascal distribution, 188
Peaks Over Thresholds, 19
point process, 41, 44, 47
convergence, 69, 78
distribution, 49, 50, 63, 65, 66, 67
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marked, 44, 62, 146, 185
simple, 67
Poisson copula, 117, 359
Poisson mixture, 48
Poisson point process, 48, 50, 102
compensated, 52
inverse map, 58
map, 58
polar coordinates, 172, 234, 235, 238
portfolio, 124
positive-homogeneous, 92,117, 161,265,
266
power family, 134
power laws, 101
Prohorov theorem, 73
projection, 198
theorem, 179, 180
proper cone, 84

quantile, 124

quantitative risk management, 1
quasiconvex, 134

quotients, convergence of, 143, 247

Radon measure, 19, 43, 76
rain shower, 41
random (counting) measure, 44
random set, 44
regular variation, 22, 101, 295, 296, 300,
312
relatively compact, 76
representation, 115
Skorohod, 73, 74, 93
theorem, 196, 293
residual life times, 101
risk, 13, 110, 183
high, 123
level, 123
theory, 123
rotund, 33, 138, 174, 353
rotund-exponential, 33, 135, 136, 353
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roughening of Lebesgue measure, 107, symmetry, 126, 180, 216, 352
168, 247, 252, 270, 349 stability relation, 113
stable distribution, 282
sample cloud, 43, 44, 81, 146 stable process, 55, 282
mixture, 44 standard distribution, 353
sample copula, 359 state space, 70
scalar normalization, 226, 264, point process, 47
see also expansion, scalar steady, 95, 185, 200
scalar symmetry, 268 completely, 218, 219
scale function, 105 stress testing, 30
scenario analysis, 30 structure theorem, 178
scenario, high risk, 17, 31, 35, 38, 123, Student distribution, 3, 29, 171
124, 142, 220, 263 sturdy, 185, 200
SDT, 34, 199, 258, 304, 305 completely, 201
self-neglecting, 108 measure, 88
self-similar, 188, 355 subspace theorem, 75
separation theorem, 86 superposition, 56
sequence, divergence of, 132 support, 92, 140
shape of distribution, 14 compact, 76
shear, 140, 237, 257, 311, 318, 319, 354 function, 92
sign-invariant, 353 process, 92
simple point process, 44, 68 symmetry, 127, 271, 314, 333
skeleton, discrete, 223, 299, 350 excess measure, 179, 193
Skorohod representation theorem, 73, 74, group, 179, 301, 341
93 local, 329
slow variation, 157 maximal, 278
small set property, 46 paraboloid, 129
spectral scalar, 268
decomposition, 22, 38, 258,275,333 spherical, 180
theorem, see SDT
theorem, affine, 309 tail property, 19, 27, 349
theorem, discrete, 262 tail self-similar, 188, 355
distribution, 196 theorem
measure, 20, 26, 38, 99, 196, 203, asymptotic invariance, 133
238, 357 balance, 265
probability measure, 34 basic inequality, 159
stability, 203 consistency, 96
spherical continuity, 75
beta density, 135, 178 continuous mapping, 73
distribution, 178 convergence of convex hulls, 94

Student, 29, 135, 350 convergence of types, 14, 355
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copula convergence, 122
decomposition, 118
extension, 192, 294
extension lemma, 312
Galambos, 122
geometric invariance, 131
Grigelionis, 57
Haan, de Haan—Resnick, 113
high risk probabilities, 134
local section lemma, 325
Meerschaert spectral decomposition,
305
polar representation, 242
power families, 134
Prohorov, 73
projection, 179, 180, 199
representation, 115, 196, 293
separation, 86, 87
Skorohod’s representation, 73, 74,93
spectral decomposition, 22,258,277,
305
affine, 309
discrete, 262
structure, 178
subspace, 75
uniqueness, 328
weak convergence, 77
thinned point process, 62
threshold
elliptic, 25, 37, 38, 234, 285
horizontal, 18, 37, 183
tight, 69, 73, 78, 79, 90
time change, 247, 254, 298
transformation
affine, 15
coordinatewise affine, see CAT
monotone, 104
multivariate monotone, 119
twisting, 256, 269, 270
type of distribution, 14
type, convergence theorem, 14, 355
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typical, 206
density, 23, 235, 245, 252, 254, 255,
278, 280, 355
distribution, 205, 206, 209, 243

uniform distribution, 14, 42, 114, 117,
119, 129, 174, 206, 212, 213,
215,279, 292, 340, 353

spherical, 128

unimodal, 15, 24, 38, 145-147, 157, 278,

349, 350, 353, 359
distribution, 134, 137, 147, 354
function, 134

uniqueness theorem, 328

univariate, 100, 301

upper endpoint, 111

upper halfspace, 18, 125

vague convergence, 76, 83, 225, 244, 247
Value-at-Risk, 3
VaR, 123
variance, see covariance
variation, regular, 22, 101, 295, 296, 300,
312
vary
like, 22, 207, 297
regularly, 24, 38, 234, 296
at infinity, 234
with exponent, 297
slowly, 157, 223
vertex, 29, 82, 175, 176, 218, 221
vertical component, 36, 185
vertical translation, 209, 211
volatility, 130

weak convergence, 72, 74, 77, 147, 192,
208

weakly, 73, 74, 89

Weibull density, 33, 135

XS-measure, 316, 349

zero-one point process, 44, 56
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